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3000, chemin de la Côte-Sainte-Catherine
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Abstract: Nanoparticle-based drug delivery is a promising method to increase the therapeutic index of
anti-cancer agents with low median toxic dose. The delivery efficiency, corresponding to the fraction of the
injected nanoparticles that adhere to the tumor site, depends on nanoparticle size a and aspect ratio AR.
Currently, values for these variables are chosen empirically, and may not yield optimal targeted drug delivery.
This study applies rigorous optimization to the design of nanoparticles. A preliminary investigation revealed
that delivery efficiency increases monotonically with a and AR. However, maximizing a and AR results in
non-uniform drug distribution, which impairs tumor regression. Therefore, a multi-objective optimization
problem (MO) is formulated to quantify the trade-off between nanoparticles accumulation and distribution.
The MO is solved using the derivative-free Mesh Adaptive Direct Search algorithm. Theoretically, the
Pareto-optimal set consists of an infinite number of mathematically equivalent solutions to the MO problem.
However, interesting design solutions can be identified subjectively, e.g., the ellipsoid with a major axis of 720
nm and an aspect ratio of 7.45, as the solution closest to the utopia point. The MO problem formulation is
then extended to optimize nanoparticle biochemical properties, in particular ligand-receptor binding affinity
and ligand density. Optimizing physical and chemical properties simultaneously results in optimal designs
with reduced nanoparticle sizes, thus enhanced cellular uptake. The presented study provides an insight on
nanoparticle structures that have potential for producing desirable drug delivery.

Keywords: Cancer nanotherapy, multi-objective optimization, nanoparticle design
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1 Nomenclature

a Nanoparticle major axis
AR Nanoparticle aspect ratio
c(x) Spacial distribution of drug concentration in tumor
Dd Effective diffusion coefficient of drug in tumor
δeq Equilibrium separation distance between nanoparticle and vessel
EC Drug effective concentration
η Nanoparticle delivery efficiency
Fs Drag force coefficient
h0 Maximum distance between a nanoparticle and vessel
JNP Flux of nanoparticles entering the tissue from the blood
K0

a Ligand receptor affinity under zero external force
kB Boltzmann Constant
` Vector of vessels’ lengths
λ Characteristic length of the ligand-receptor bond
λd Cellular uptake cofficient of drug by tumor
λp Area fraction of tumor regions that receive drug greater than or equal to the effective dose (this

quantity is used as surrogate to the negative of tissue proliferation rate)
M Molar mass of drug
ml Surface density of ligands
mr Surface density of receptors
m10 Mass of drug encapsulated in 10 billion nanoparticles

Ṅin Nanoparticles inlet flow rate
R Vector of vessels’ radii
σ Oxygen and nutrients concentration
T Mean body temperature
Tinj Drug injection time
Ts Torque coefficient
τ Wall shear stress in blood vessels
UNP Speed on nanopartcles in blood
U∞ Blood speed in parent vessel
%wt Nanoparticle drug-loading capacity

2 Introduction

Cancer is a group of diseases characterized by the loss of growth control and disruption of tissue organization.

Anti-cancer drugs are commonly associated with intolerable side effects due to their high cytotoxicity. This

reveals a need to administer them in a controlled targeted manner to eradicate diseased cells while sparing

normal ones. Nanotherapy is an emerging treatment which aims at addressing this challenge by encapsulating

the drug in nanoparticles, which are delivered via the circulatory system to the tumor site, where the drug

is released.

Nanoparticles are subjected to various forces while they circulate the blood vessels, drift toward the vessel

walls (marginate), and adhere to the endothelium or internalize to a cancerous tissue where the payload is

released.1 These forces include buoyant, hemodynamic, gravitational, Brownian, and centrifugal loadings,

as well as Van der Waals, electrostatic, and steric nanoparticle-to-nanoparticle interaction. Therefore, the

nanoparticle mechanical properties considerably affect the overall effectiveness of the treatment [1]. This

study focuses on nanoparticle size and shape due to their impact on the flow and adherence of nanoparticles,

as explained in Sections 2.1 and 2.2.

1This study focuses on endothelium-adhering nanoparticles



2 G–2017–57 Les Cahiers du GERAD

2.1 Size effect

Nanoparticle size is an influential factor in the nanoparticle delivery process which successively comprises

margination, accumulation, and internalization. Margination is the lateral movement of nanoparticles toward

the vessel walls. While marginating, nanoparticles are subjected to hemodynamic, gravitational, Brownian,

and centrifugal forces [2]. Experimental [3] and computational [2] studies showed that Brownian forces have

dominant effect on the margination of small nanoparticles (diameter less than 500 nm); however, gravitational

forces are significant in the margination of bigger nanoparticles. Toy et al. [4] measured the nanoparticle

tendency to drift toward the wall in an in-vitro microcirculation model. Nanoparticles of diameters {56, 60, 65,

100, 300} nm and aspect ratios {0.45, 1} were considered to show that smaller and oblate-shape nanoparticles

are associated with higher margination rates. This complies with the fact that small nanoparticles have

stronger Brownian motion, allowing them to escape their streamlines. Bigger nanoparticles (of diameters

{200, 500, 2000, 5000} nm), delivered to an in vitro parallel flow chamber [5], showed that the margination rate

increases as the nanoparticle size increases. Notably, although large nanoparticles enhance margination, they

hardly cross the endothelium, thus large size is a limiting factor for the nanoparticle internalization. Decuzzi

et al. [6] developed a theoretical model for nanoparticle margination considering buoyant and hemodynamic

forces, and van der Waals interactions. The model showed that the lowest margination rate occurs with

nanoparticle radii that lies between 50 nm and 200 nm (depending on Hamaker constant). The study

suggested using diameters less than 100 nm for drug delivery applications where high margination rates are

favorable.

When nanoparticles approach the vessel walls, their ligands (in active targeting) adhere to the receptors

of the endothelial cells. The adherence strength depends on the nanoparticle size. The first experimental

demonstration for this dependency was done by Patil et al. [7] who used {5, 10, 15, 20} µm diameter

microspheres, coated with P-selectin glycoprotein ligands, and measured their accumulation in vitro. Decuzzi

et al. [8] provided a theoretical model for the probability of a nanoparticle to adhere to a certain vessel as a

function of the nanoparticle size and aspect ratio, vessel wall shear stress, and receptor-ligands association

constant, among other parameters. The model showed that there exist a nanoparticle size that maximizes

the probability of adherence for a given aspect ratio.

Nanoparticles binding firmly to the endothelial layer are transported into the tissue through clathrin-

dependent or caveolin-dependent endocytosis [9, 10, 11]. Due to the fact that the absorption of nanoparticles

by the tissue is nonphagocytotic, ligand-receptors interaction, and thus nanoparticle structure, plays very

important role in nanoparticle internalization. Foged et al. [12] measured the uptake of nano-spheres of

diameters {100, 500, 1000, 4500} nm by human denderitic cells in an in vitro model. Results showed that

small nanoparticles area associated with enhanced uptake rate. Similar conclusion was drawn in [13] and [14]

who studied the uptake of particles with diameters ranging from 100 nm to 5 µm by HeLa cells. In parallel,

if the drug is released at the endothelium, its transport in the tissue is governed by the diffusion-reaction

equation where values about the effective diffusion coefficient and cellular uptake rate are recorded in [15, 16].

The cell-particle interaction model of [8] was integrated in [17] with an in-silico models for tumor growth,

mechanics, and angiogenesis, which were developed by the successive work of [16, 18, 19]. Spherical nanopar-

ticles of {100, 600, 1000} nm radii were simulated in [17]. Results showed that although large nanoparticles

have high delivery efficiency, they accumulate at the tumor inlet, leaving the core free of drug. In contrary,

small nanoparticles showed a uniform intra-tumoral distribution but with low adherence strength. Van de

Ven et al. [20] expanded this model by adding the effect of drug concentration on the overall tumor pro-

liferation rate in order to examine the number of nanoparticles needed to reach the half maximal effective

concentration IC50.

2.2 Shape effect

Nanoparticles are usually produced using bottom-up fabrication methods such as self-assembly and nanop-

ercipitation. These methods are driven by minimizing energy and molecular self-assembly entropic effects,

favoring low aspect ratio structures. For this reason, early nanoparticle studies focused on nanospheres.
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Nanoparticle shape, however, plays an important role - besides the size - in nanoparticle margination, adhe-

sion, and uptake, as reviewed in [1].

Eccentric nanoparticles flowing in blood are subjected to non-uniform hydrodynamic loadings across their

axes of symmetry, causing them to rotate and deviate from their streamlines. Therefore, spheroids, discs,

and rods marginate faster than spheres [3]. Gavze and Shapiro [21] determined the drift velocity of micro-

scale spheroids flowing near a solid wall using an analytical model that computes the forces and torques

induced by the flow. The study showed that the aspect ratio corresponding to the maximum drift velocity

is directly proportional to the flow shear stress. Shah et al. [22] studied nanoparticles of aspect ratios 1

and 5. Results showed that the nanoparticles of higher aspect ratio deviate faster to the vessel wall. The

shape effect on margination was also studied in [23] which considered spherical, hemispherical, and discoidal

nanoparticles flowing at the same shear rate. Hemispherical nanoparticles was associated with the fastest

dispersion, followed by discoidal, and then spherical ones.

High aspect ratio nanoparticles have higher probability to adhere to a vessel wall due to increased contact

area - more number of ligands are exposed to more number of receptors. In addition, lodged nanoparticles

with such structures are subjected to reduced hemodynamic dissociation loadings. A computational model [8]

that measures the strength of adherence as a function of nanoparticle size and shape showed that the prob-

ability of a nanoparticle-to-cell adherence increases as the nanoparticle aspect ratio increase. Experiments

conducted in [24, 22] showed similar relation between the aspect ratio and binding strength. Finally, accumu-

lated nanoparticles of higher aspect ratio showed facilitated cellular uptake [25]. Such relationship between

endocytosis and nanoparticle aspect ratio is modeled in [26].

2.3 The objective of this study

Experimental studies typically focus on producing nanoparticles of small sizes, high entrapment efficiency,

high negative zeta potential, and high cumulative drug release. While these studies relate the nanoparticle

structure to other nanoparticle properties such as drug-to-shell weight ratio, they do not take into account

objectives related to tumor invasion. An alternative approach is to consider nanoparticle structures that

enhance margination, accumulation, and endocytosis in order to maximize tumor targeting. Time and cost

needed to develop in vitro and in vivo models are typically high, and further escalated by nanoparticles

production cost. Therefore, the development of computational models is beneficial to obtain reproducible

results at relatively low cost. These models, however, describe different mechanisms involved in nanoparticle

delivery and tumor response in an independent fashion. Thus, using them to design nanoparticles would

result in favoring some aspects of nanotherapy, such as enhancing adherence to endothelia or increasing

circulation time, rather than improving the overall treatment. In this paper, awe propose an optimization

framework for designing nanoparticles with the objective of maximizing tumor targeting, quantified by the

delivery efficiency η, defined as the fraction of the injected nanoparticles that adheres to the tumor.

3 Computational model

An analysis model is used to quantify the accumulation of drug carrying nanoparticles (NPs) at the mi-

crovasculature of a solid tumor, and drug release into the cancerous cells. The model used here is adapted

from models for tumor mechanics and drug delivery, reported in [8, 16, 17, 18, 19, 20]. It consists of flow,

accumulation, endocytosis, and tumor growth submodels, that are integrated as shown in Figure 1.

3.1 Tumor structure

The tumor is described in a 2D Cartesian coordinate system as an ellipse with major and minor axes of

1 mm and 0.7 mm respectively (see Figure 2). It is formed of viable tissue able to proliferate if the drug

delivered does not exceed as specific threshold. In reality, tumors are formed of viable, necrotic, and hypoxic

regions; however, this paper is implementing a simpler, yet more conservative model by considering the entire

region viable.
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Figure 1: Analysis model

Figure 2: Tumor structure model (dimensions are in µm)

3.2 Tumor vessels

Tumor hypoxic tissue releases tumor angiogenic factors, among other growth factors, to induce angiogenesis.

Angiogenesis is a physiological process through which new vessels are generated from pre-existing vessels

to supply cancerous cells with oxygen and nutrients. These tumor vessels have chaotic global organization,

dilated diameters, poor flow, and heterogeneous vascular density. Angiogenesis is modeled in [18, 27] and inte-

grated with a tumor growth model in [19]. Tumor vessels can be normalized by certain antiangiogenic agents

to retrieve the vessel normal structure and function, thus improving the delivery of nanomedicine [28, 29].

This study considers a tumor vasculature that has been exposed to antiangiogenetic therapy. The nor-

malized vessels have fractal properties resembling normal vascular organization [30]. A fractal-based tumor

vessel model, developed in [31], estimates a radii ratio between a tumor vessel branch and its daughter branch
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as 3−0.25. Blood capillary radius typically ranges from 2µm to 24µm. In the computational model used here,

the vasculature is composed of 4-generation network. For this reason, higher radii ratio is used to engage

wider range of capillary sizes (3.85µm to 20µm.) The flow in the capillaries is a creeping flow (very low

Reynolds number) driven by an inlet velocity of 0.2mm/s (from below). The flow model considers blood

non-newtonian properties, and is implemented in COMSOL Multiphysics Software. The resulting wall shear

stress is in the order of 0.1− 10 Pa, complying with the physiological data recorded in [8].

3.3 Nanoparticle accumulation

NPs are injected at the tumor inlet. The probability of a NP to adhere to a certain vessel is determined

in [8] as

Padh = πr20
(
mrmlK

0
a

)
exp

[
− λ

kBT

[
6
( a

AR
+ δeq

)
FS + 8

a2

r0
TS

]
a

r20

τ

mr

]
(1)

Equation (1) accounts for the NP-to-endothelial substrate contact area, NP-endothelium binding affinity,

NP Brownian motion, and disassociation forces and torques induced by the blood flow. The rate of NPs

attaching at the inlet vessel is Ṅ = PadhṄin. The rate of NPs leaving the inlet vessel defines Ṅin of the

daughter vessel. This process is solved successively using MATLAB to determine the number of NPs attached

to each vessel per second, thus calculating the delivery efficiency η as the total number of attached NPs to

the injected ones. Ultimately, the amount of drug leaking from the tumor should remain below the lowest

lethal dose (LDLo). The values of Ṅ composes the boundary conditions for the next subproblem - transport

of drug in the cancerous tissue.

3.4 Drug transport in the tissue

The model considers drugs that are released to the cancerous tissue from NPs adhering to the endothelium,

rather than internalized to the tissu. The drug is transported in the tissue by means of diffusion and cellular

uptake mechanisms which is modeled in [16] by the quasi-steady reaction-diffusion equation

0 = ∇ · (Dd∇c)− λdc

The value of the effective diffusion coefficient Dd is calibrated in [16, 19] to experimental data; however,

diffusion anisotropy in tumors is studied in [32]. In addition, detailed studies on cellular uptake mechanisms

are available in [9, 15, 33, 34]. The transport of drug in the tumor is solved in COMSOL for Neumann

boundary conditions which are obtained in the preceding NP accumulation subproblem.

3.5 Tumor growth

Each mesh in the tumor compartment represents an epithelial cell. Meshes are generated in COMSOL with

size ranging from 0.15µm to 40µm. Cell are subjected to an apoptosis–proliferation effects. Cell apoptosis

is modeled in [20] which also accounts for cell proliferation caused by oxygen concentration σ, an effect that

is neglected in this study. In normal cells, apoptosis happens naturally with an apoptosis rate A. The value

of A is set to zero because malignant cells lose their growth control. In this context, apoptosis is triggered if

the concentration of the drug in the cell exceeds a certain threshold (EC). Cellular growth and death effects

are quantified by proliferation rate λp, which is defined in [17] as

λp = σ(1− (c(x)− EC))−A

The value of λp depict the tumor volume reduction rate. The quantity λp refers in this paper to the fraction

of area that receives drug more than EC, as a surrogate of tumor proliferation rate.

3.6 Model validation

Frieboes et al. [17] simulated the delivery of nanospheres with diameters of {100, 600, 1000} nm. Each

nanoparticle size is simulated using 5 different binding affinities, represented by the parameters α and β, and
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the fractions of the accumulated nanoparticles were recorded for the 15 cases. We use our model to simulate

these different cases, and the resulting η is compared to the fraction of accumulated nanoparticles in [17].

To compare both models at similar tumor conditions, the average wall shear rate of 19.31 s−1 is set as pa-

rameter, referring to the tumor stage of day 24 in [17]. The parameters α ∝ mrm`K
0
a and β ∝ λµ/(kBTmr)

are used to calculate mr and m`. For example, α = 1010m−2 and β = 10−5m−2s are equivalent to

mr = 5.14× 1013#/m2 and m` = 1.95× 1010#/m2 if the proportionality constant is 1. Then, η is computed

at AR = 1 and a = {100, 600, 1000} nm.

To negate the differences in vessel surface areas between the two models, delivery efficiencies resulting

from the same α and β are normalized by their mean value. Both models show good agreement, which is

quantified by the statistical measure R2, demonstrated in Figures 3a, 3b, 3c, and 3d. The proportionality

constant K used in each simulation is stated in the caption of Figure 3.

The case of α = 108m−2 and β = 10−4m−2s is simulated as well; however, R2 is not quantified because

the fraction of nanoparticles accumulated in the tumor is very small, making it difficult to read from [17].

Nevertheless, this reduction in the accumulation rate is also used to validate our model, which similarly shows

that the value of η obtained in the case α = 108m−2 is significantly lower than the ones obtained in the cases

of α = 1010m−2 and 1012m−2.
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Implementation of the simplified model

Data collected from (Frieboes et al., 2013)

(a) α = 1 × 1010m−2, β = 1 × 10−5m−2s,K = 5,
yields R2 = 0.9759
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Implementation of the simplified model

Data collected from (Frieboes et al., 2013)

(b) α = 1 × 1010m−2, β = 1 × 10−4m−2s,K = 5,
yields R2 = 0.9713
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(c) α = 1 × 1010m−2, β = 1 × 10−3m−2s,K = 5,
yields R2 = 0.9142
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(d) α = 1 × 1012m−2, β = 1 × 10−4m−2s,K = 1/25,
yields R2 = 0.8845

Figure 3: Comparison of results obtained with our model with those of that reported in [17]
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4 Optimization of nanoparticle size and shape

We first considered the maximizazion of the delivery efficiency η. To that end, a full factorial design-of-

experiments was conducted within the design space defined by the constrains imposed on nanoparticle size

and aspect ratio. Nanoparticle radius is considered to be greater than 10 nm to avoid renal clearance

mechanisms, and below 1000 nm to ensure flow of nanoparticles in narrow tumor vessels. In addition, Nano-

spheroids of very large aspect ratios are not considered due manufacturability limitations. Therefore, the

aspect ratio is set to range from 1 (sphere) to 10, similar to [8].

Nanoparticles with higher aspect ratio are associated with increased contact area with the endothelial

substrate (i.e. higher avidity), and reduced dislodging effect of blood flow. On the other hand, bigger

nanoparticles have more contact area with the endothelium, but are subjected to stronger hemodynamic forces

and torques. Consequently, there exist a nanoparticle size where the nanoparticle-to-endothelium binding

strength is maximum. For the parameters considered in this study, this maximum lies on the boundary of

the design space because η increases monotonically with a and AR as shown in Figure 4. This indicates that

the delivery efficiency is maximized for a nanoparticle major axis of 1000 nm and aspect ratio of 10.

0

10

20

40

1000

η

60

800

AR

5

80

600

a (nm)

100

400

200
0 0

Figure 4: Delivery efficiency as a function of nanoparticle structure

Although maximizing η is ideal for toxicity reasons, it is not favorable in terms of tumor volume reduction

rate because nanoparticles tend to accumulate at the tumor entrance and spare the tumor core. This was

noticed in [17] by examining the distribution of nanoparticles across the tumor. The nanoparticle distribution

is also quantified in this study as shown in Figure 5, which illustrates the number of nanoparticles adhering

to each vessel in the vasculature tree after injecting 15,000 NPs. Figure 5b depict the case of delivering the

largest and most oblate nanoparticles; i.e, maximum η. It shows that most of the injected NPs adhere at the

tumor inlet vessel. When the delivery efficiency is low, the nanoparticles undergo a more uniform distribution

but with lower quantities (Figure 5a). This result shows that high delivery efficiency impairs the uniformity of

nanoparticle distribution, thus reducing the tumor area that receives enough drug concentration. To mitigate

this issue, the multi-objective optimization (MO) problem (2) is formulated considering the area fraction (λp)

of the regions that receive the effective dose (EC) as an additional objective function to η. For the drug

Doxorubicin, EC varies between 10 and 100 µM [20]. In this study, any region that receives more than 20

µM is considered subject to apoptosis.

maximize
a,AR

[η, λp]

subject to 10 ≤ a ≤ 1000 (nm)

1 ≤ AR ≤ 10

(2)
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(a) a = 10 nm, AR = 1 (b) a = 1000 nm, AR = 10

Figure 5: Number of nanoparticles attached to each level of vessels

Since η and λp are computed using simulation models, a gradient-based optimization approach would

require an elaborate effort to ensure that the gradients of these two functions with respect to the design

variables can be approximated reliably. Moreover, we would need to implement an appropriate methods

(such as the ε-constraint method) to generate an adequate amount of Pareto points to approximate the

Pareto front. Instead, we opted for solving Problem (2) using a derivative-free optimization algorithm.

Specifically, we selected the Mesh Adaptive Direct Search algorithm (MADS) [35] because of its rigorous

convergence properties and its capability to solve bi-objective problems and generate Pareto-optimal solution

sets. The termination criterion is set such that the maximum number of blackbox evaluations for all MADS

runs is 20. This is adequate for a two-dimensional problem, and insures a mesh size of less than 1E-2, which is

a sufficient approximation because it provides a precision of less than 1 nm for a? and less than 0.01 for AR?.

The solution of the MO (2) is represented in Figure 6 by the Pareto front which consists of the set of

optimal solutions that quantify the tradeoff between η and λ. Since it is steep at both ends, the designs

corresponding to the two extreme Pareto points (a = 1000nm,AR = 10) and (a = 553nm,AR = 5) should

not be considered because a tiny improvement in one objective requires a significant sacrifice from the other.

The utopia point [η = 100%, λp = 55%] is defined by the optimal values that would have been achieved if the

two objective functions were not competing, which is not the case in this MO problem. Choosing a Pareto

point and the corresponding design is a subjective choice. Here, a design corresponding to a Pareto point close

to the utopia point, e.g. a? = 720nm and AR? = 7.45, is selected because it leads to high η? = 96.80% and

very good distribution λ? = 50.31%. Using this design, drug distribution increases significantly as compared

to maximizing η alone. Both cases are shown in Figure 7, which depicts the tumor regions that receive drug

exceeding the EC after 50 seconds from injecting 1,500 NP/s with an injection duration of 10 seconds.

4.1 Multiple optimizers

There is a possibility that other combinations of a and AR lead to the same Pareto point (η = 96.8%, λp =

50.31%). To check for the presence of multiple optima, the optimization problem

minimize
a,AR

f = (η − 96.8)2 + (λp − 50.31)2

subject to 10 ≤ a ≤ 1000 (nm)

1 ≤ AR ≤ 10

(3)

is solved using NOMAD. The optimal solutions obtained using different initial guesses are listed in Table 1,

which shows that the set of minimizers is not a singleton.
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Figure 6: Pareto front referring to the tradeoff between η and λp

Table 1: Solution of Problem (3)

Initial Guess Optimal Solution
a0 (nm) AR0 a? (nm) AR? η?(%) λ?p(%)

500 5 982.5 5.64 96.8 50.2268
500 10 605 9.054 97.0667 50.13

Figure 8 depicts the isocontours of η over the design space using a full factorial DoE with 100 points.

The shape of the isocontours indicates that, at constant η, the nanoparticle design varies from being small

and oblate to large and more spherical. For η = 96.8%, nanoparticles range from (a = 1000nm, AR = 5.58)

to (a = 560nm, AR = 10) over a path that is defined by the isocontour. Large isotropic nanoparticles are

easier to manufacture, but harder to be uptaken by the tissue. In other words, the isocontours demonstrate

a tradeoff between facilitating endocytosis and manufacturability. From this spectrum, the result obtained

by the Pareto front of the MO (2), i.e (a = 720nm, AR = 7.45), maintains a good balance between η and λp.

Note that the model does not consider the effect of nanoparticle structure on endocytosis, but rather considers

that the drug is released at the endothelium. More details on the size and shape effects on endocytosis are

found in [1, 26, 25].

4.2 Sensitivity of the optimal solution

A parametric study is conducted to investigate the effect of the tumor vessels conditions, characterized by

the wall shear stress, on the optimal nanoparticle design. Different values of τ represent different tumor

stages or microenviroments. Note that this study is not an attempt to account for tumor heterogeneity,

but an investigation for the sensitivity of the optimal design as the flow parameters change due to tumor

progression/regression. Figure 9 plots the Pareto points using the average wall shear stress τ̄ studied so far,

and its perturbation by ±10% and ±20%. It shows that, for all the cases considered, a nanoparticle size of

720 nm and aspect ratio of 7.45 result in a point close to the utopia point. The proximity of these design

points implies that the obtained optimal solution is insensitive to moderate changes in the tumor structure.
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(a) Single objective optimization:
a? = 1000nm,AR? = 10, η? =
99.98%, λp = 16.2%

(b) Multi-objective optimization:
a? = 720nm,AR? = 7.45, η? =
96.80%, λ?

p = 50.31%

Figure 7: Areas that received drug exceeding EC = 20µM after 50 seconds from transporting in the tissue

Figure 8: The isocontours of η are shown in black curves labeled by their values. The design space is shaded by the values of λp
which are defined by the color-bar on the right of the figure

5 Extending the optimization framework to account for chemical prop-
erties

5.1 Active targeting

In active targeting, nanoparticles are decorated with ligands having high binding affinities to receptors that are

over expressed in malignant tissues. Receptors (R) are proteins that receive chemical signals from outside the
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Figure 9: Pareto points corresponding to different average wall shear stresses in the tumor vessels

cell, causing cellular responses. Ligands (L) are molecules that bind to a central atom to form a coordination

complex. The propensity of a ligand to a receptor is given by the chemical reaction R + L → RL. The

kinetics of the chemical reaction is measured by the Binding Constant which defines the affinity and avidity

of a ligand-receptor pair. Affinity is the binding strength of a single ligand to a single receptor. Avidity,

is the added strengths of all affinities. In this context, the avidity refers to overall strength of binding a

nanoparticle to the endothelium.

Integrins are receptors that bind cells together and with the cellular matrix. The integrin αvβ3 is dis-

tributed in endothelial cells, melanoma, and glioblastoma. The corresponding ligands include Vitronectin [36],

glycoprotiens such as fibronectin and fibrinogen, and proteins which include osteopontin and Cyr61. In ad-

dition, ligands can be designed to have enhanced binding kinetics with αvβ3-integrin. A novel example for

such synthesized ligands is the ProAgio protein which is developed by Turaga et al. [37].

In addition to the integrin αvβ3, E-selectin (CD62E) is used to mark tumor vessels. E-selectin is a cell

adhesion molecule, encoded by SELE gene, that is expressed in the endothelial cells [38]. In cancer cells, many

molecules are identified as E-selectin ligands such as the glycoprotiens CD44, ESL-1, and PSGL-1 [39, 40].

Recent studies show that active targeting enhances the performance of nanoparticle-based drug delivery.

For instance, drug-loaded poly lactice-co-glycolic acid (PLGA) nanoparticles, equipped with monoclonal

antibody active reagent (mAb) ligands, caused tumor volume reduction in mice ovarian cancer, as compared

to only slowing down the growth of tumor in the absence of ligands. Suh et al [41] used the biocompatible

polymer ligands: hyaluronic acid CD44 targeting moiety, and chitosan physical cross-linker. Results showed

that active targeting was associated with 8-fold increase in drug specificity when compared with conventional

intravenous injection.

5.2 Augmenting the design variables of the optimization problem

One of the many advantages of using optimization in the design of NPs is to obtain the optimal values of

multiple design variables at once, as compared to 1 variable per empirical study. Previous sections were

focusing on designing the NPs physical properties assuming specific ligand-receptor pair and densities. While

there is no control over the receptors properties in the endothelium (αvβ3–integrins are expressed and mr ∼
1014#/m2 [8]), the nanoparticles biochemical properties can be optimized. These properties include the

ligands density m` and the zero-load affinity constant K0
a . The no-load avidity per receptor (Acm`K

0
a) is

positive and considered to be less than 0.26µm2 [42], where Ac is the contact area between a nanoparticle
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and the endothelium (Ac ≈ πa2[1− (1− (h0 − δeq)AR/a)2]). In particular, typical values for per E-selectin

cellular avidity range from 0.014 to 0.0511 µm2 [42]. The no-load avidity of HL-60 cells adhesion to P-selectin

is 0.03µm2 [42], similar to that of Colo-205 adhesion with E-selectin. Another term that is constrained in

the optimization problem is the product mrm`K
0
a which is set to be between 108 and 1012 as in [17].

The multi-objective optimization problem formulation with respect to nanoparticle physical and chemical

properties becomes
maximize
a,AR,m`,K0

a

[η, λp]

subject to 10 ≤ a ≤ 1000 (nm)

1 ≤ AR ≤ 10

0 ≤ Acm`K
0
a ≤ 0.26 (µm2)

108 ≤ mrm`K
0
a ≤ 1012 (m−2)

(4)

The Pareto front resulted from solving Problem (4) is presented in Figure 10, which also includes the

Pareto front of Figure 6 for comparison. The optimizers A, B and C have similar chemical properties. Their

a? ∼ 300− 450nm is significantly less than that of Problem (2), which is in the range of 700− 800 nm. This

indicates that if ligands with m` ≥ 10 #/µm2 and K0
a ≥ 1 × 10−15 m2 are used, the optimal solution can

have a reduced nanoparticle size, thus better endocytosis.

On the other hand, the divergence in the values of m?
` and K0

a
?

from points A, B, and C to point D means

that a low receptor-ligand binding affinity is compensated by increased ligand surface density. Optimizing

physical and chemical variables in an all-in-one problem provides insight on the nanoparticle structures

suitable for a specific K0
a
?

and m?
` , properties that are not necessarily constant but harder to control than a

and AR.
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Figure 10: Pareto fronts referring to the cases of optimizing only physical properties, and physical and chemical properties

6 Conclusion

We proposed an optimization-based methodology for designing nanoparticles (NPs) that enhance targeted

anti-cancer drug delivery. Preliminary design-of-experiments demonstrated that delivery efficiency increases

monotonically with nanoparticle size and aspect ratio. However, maximizing a and AR yields nonuniform

nanoparticle distribution across tumor tissue, impairing the overall effectiveness of drug delivery. A bi-

objective design optimization problem was formulated to consider drug distribution, and solved using the
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derivative-free Mesh Adaptive Direct Search algorithm. A parametric study with respect to the average wall

shear stress verified that the optimal solution is insensitive to moderate changes in the tumor microenviro-

ment. The bi-objective optimization problem was then extended to consider design variables associated woth

chemical properties.

A modeling assumption was that NP loading capacity is constant; however, in reality, it decreases with

particle size as was shown empirically in [43, 44, 45, 46]. Also, many tumor structural parameters were

set to fixed values. Tumor structure is heterogeneous, and varies from a tumor to another, or through the

progression of the same neoplasm. Hence, a methodology to account for such variabilities during the process

of NP design is needed. Future work will include uncertainty quantification of tumor structure to provide a

robust nanoparticle design that is suitable for wide range of solid tumors.

To the best of the authors’ knowledge, the work presented here is the first application of numerical opti-

mization to the design of drug-loaded nanoparticles. In addition to obtaining optimal NP designs, the field of

nanoparticle drug delivery can benefit from optimization in additional ways. In recent studies, nanoparticle

properties, such as polymer concentration and drug-to-polymer ratio, were selected empirically to optimize a

set of competing fators such as NP size, entrapment efficiency, yield and negative zeta potential [43, 44, 45, 46].

In order to avoid unnecessary particle size reduction, the outcomes of our research can help in setting the

lower bound for the nanoparticle sizes that are relevant for anti-cancer drug delivery, thus accommodating

larger entrapment efficiency, yield, and negative zeta potential. Moreover, experiments conducted to study

nanoparticles flow, accumulation, internalization, and lodging in neovasculature, as well as studies to measure

nanoparticle delivery efficiency, pharmacokinetics, and pharmacodynamics are either assuming that NP struc-

ture is a parameter set to a fixed value, or are varying NP structure over a course of finite number of relatively

expensive and technically complicated trials. The outcome of these experiments, especially the ones related

to delivery efficiency, strongly depends on the size and shape of the injected particles, as articulated earlier in

this article. This study provides a means for suggesting nanoparticle structure candidates to be considered

by experimentalists in more elaborate investigations. Finally, the building blocks of targeted drug delivery

systems include entrapment efficiency, drug delivery efficiency, injection pattern, tumor proliferation rate,

nanoparticle capacity, and drug release profile. These components are being studied independently because

each of them defines a set of complicated research questions. However, optimization algorithms are capable

to integrate many of these design problems in a bigger and more realistic drug delivery system-of-systems.
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