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Abstract: In the present paper we are interested in the study of the distance Laplacian eigenvalues of
a connected graph with fixed order n and chromatic number y. We prove lower bounds on the distance
Laplacian spectral radius in terms of n and x. We also prove results related to the distribution of the
distance Laplacian eigenvalues with respect to the values of the chromatic number y. For some of the results,
we characterize the extremal graphs, for others, we give examples of extremal graphs.

Keywords: Distance Laplacian spectrum, chromatic number, extremal graph, spectral radius

Résumé: Dans cet article, nous nous intéressons a létude des valeurs propres du laplacien des distances
d’un graphe connexe d’ordre n et de nombre chromatique x donnés. Nous prouvons des bornes inférieures
sur le rayon spectral du laplacien des distances en fonction de n et de x. Nous prouvons aussi des résultats
relatifs a la distribution des valeurs propres du laplacien des distances par rapport aux valeurs du nombre
chromatique x. Pour certains de ces résultats, nous caractérisons les graphes extrémaux, pour d’autres nous
en donnerons des exemples.

Mots clés: Le spectre du laplacien des distances, nombre chromatique, graphe extrémal, rayon spectral
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1 Introduction

In this paper, we consider only connected simple, undirected and finite graphs, i.e, undirected graphs on a
finite number of vertices without multiple edges or loops and in which any two vertices are connected by a
sequence of edges. A graph is (usually) denoted by G = G(V, E), where V is its vertex set and F its edge
set. The order of G is the number n = |V of its vertices and its size is the number m = |E| of its edges.

The adjacency matriz of G is a 0-1 n X n-matrix indexed by the vertices of G and defined by a;; = 1 if
and only if 45 € E. The adjacency spectrum of G is the spectrum of its adjacency matrix. For more details
about the adjacency spectrum of a graph see the books [9, 14, 15, 18].

The matrix L = Diag(Deg) — A, where Diag(Deg) is the diagonal matrix whose main entries are the
degrees in G, is called the Laplacian of G. The Laplacian spectrum of G is the spectrum of L. More details
about L and its spectrum can be found in the books [9, 18] and in the survey papers [39, 40].

The matrix Q = Diag(Deg) + A, where Diag(Deg) is the diagonal matrix whose main entries are the
degrees in G, is called the signless Laplacian of G. The signless Laplacian spectrum of G is the spectrum
of Q. More details about @ and its spectrum can be found in [7, 16, 17, 19, 20, 21].

Given two vertices u and v in a graph G, d(u,v) = dg(u,v) denotes the distance (the length or number
of edges of a shortest path) between w and v. The transmission Tr(v) of a vertex v is defined to be the sum
of the distances from v to all other vertices in G, i.e.,

Tr(v) = Z d(u,v).

ueV

The distance matriz D of a graph G is the matrix indexed by the vertices of G with D; ; = d(v;,v;) and
where d(v;,v;) denotes the distance between the vertices v; and v;. Let (01, 0s,...,0,) denote the spectrum
of D. It is called the distance spectrum of the graph G. We assume that the distance eigenvalues are labeled
such that 9y > 02 > --+ > 0,. For more about the distance matrix and its spectrum see the survey [6] as
well as the references therein.

Introduced in [3] the distance Laplacian DY of a graph G is defined as DY = Diag(Tr) — D, where
Diag(Tr) denotes the diagonal matrix of the vertex transmissions in G. Let (0F,0%,...,0L) denote the
spectrum of DL.It is called the distance Laplacian spectrum of the graph G. We assume that the distance
Laplacian eigenvalues are labeled such that 81L > (‘32L > .. > 8,%. For more results and details about distance
Laplacian spectra of graphs see [5, 37, 41, 45]

Recall that the chromatic number x = x(G) of a graph G is the smallest number of colors to be assigned
to G’s vertices such that no pair of adjacent vertices have the same color. A subset of vertices assigned the
same color is called a color class, every such class forms an independent set. A graph in which the vertex set
can be partitioned into two independent sets is bipartite; three sets tripartite; k sets k-partite or multipartite
with k independent sets. A k-partite graph is said to be complete when any two vertices are adjacent if
and only if they belong to different partition classes. A complete k-partite graph is said to be balanced, and
denoted by T (n), if for any two partition classes V' and V", | |V/|—|V"| |< 1. Tt is also called Turdn’s graph.

As usual, we denote by P, the path, by C,, the cycle, by S,, the star, by K4 p—q, 1 < a < n —1, the
complete bipartite graph, and by K, the complete graph, each on n vertices.

In the present paper we are interested in the study of the distance Laplacian eigenvalues of a connected
graph with fixed order n and chromatic number y. The origins of the study of the interconnections between
the chromatic number and the eigenvalues of a graph goes back to 1967 when Wilf [48] proved an upper bound
on the chromatic number y using the (adjacency) spectral radius A1, namely x < A; + 1, as an improvement
of the well-known [8] Brooks’ inequality x < A+ 1, where A denotes the maximum degree of a graph. Three
years later, two papers were dedicated to studying the problem of bounding the chromatic number using
the adjacency spectrum. Actually, Hoffman [32] and Hoffman and Howes [33] proved a series of bounds on
the chromatic number x using the adjacency eigenvalues of their frequencies, among which x > 1 — A\ /A,
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where ), denote the smallest adjacency eigenvalue of a graph. A tighter bound was given in [13] and in [22]:
X > n/(n—A1). For more details about the early results related to the interconnection between the chromatic
number and the adjacency spectrum see [14], particularly Chapter 3.

Inequalities involving several eigenvalues and the chromatic number were also proved. For instance, we
recall the following ones (see e.g. [9, 29, 32, 33]):
(a) >\1+)\nfx+2+"'+>\n SO,
(b) If n > x then Ao+ -+ + Ay + Ap—y41 > 0;
(c) If n>t-x then A1 + -+ Agy—1 + Ayy—1) > 0,
where A\ > Ao > .-+ > )\, is the adjacency spectrum of the graph and y denotes its chromatic number.

A Nordhaus—Gaddum type inequality (see [46], and [4] for a survey) for the spectral radius of a graph in
terms of the order and chromatic number is proved by Hong and Shu [35]:

M(G)+ M\ (G) < \/n(n— 1) (2 — ﬁ — X(lG))

where G denotes the complement of the graph G.

More bounds and results involving the chromatic number and the adjacency eigenvalues of graphs can be
found in [13, 23, 24, 25, 26, 28, 34, 42, 43, 44, 49].

Nikiforov [43] proved (as a corollary of a more general result involving difference between a diagonal
matrix and a Hermitian matrix) an inequality involving both the adjacency and combinatorial Laplacian
radii, A; and p; respectively, in addition to the chromatic number x: x > 1+ A1/(pu1 — A1).

For more results about interconnections between the chromatic number and the combinatorial Laplacian
spectrum see [23, 47]. A few results relating the spectrum of the normalized Laplacian (see e.g. [12]) and the
chromatic number of a graph can be found in [51].

Regarding the signless Laplacian spectral radius, denoted ¢y, it is proved in at least three papers [10], [30]
and [50] that ¢1 < 2n(1—1/x). Among other results involving the signless Laplacian eigenvalues, we can cite
the following inequalities proved in [36]:

2m 2m

1 —Gn = X and gn < — — ——;
n n(x—1)

where m denotes the number of edges of the graph.

For more results about interconnections between the chromatic number and the signless Laplacian spec-
trum see [16, 23, 31]

Concerning the interconnection between the distance spectrum and the chromatic number of a graph, only
a few results are known. As an example, we recall the following lower bound from [38]: 01 (G) > 01(Tx(n))
with equality if and only if G = Ty (n).

Above, we gave a short overview of the research related to the interconnections between the chromatic
number and different spectra of graphs: adjacency, Laplacian, signless Laplacian and distance. The present
paper is a contribution to that topic. In the next section, we consider the extension of the topic to include,
for the first time, the distance Laplacian spectrum. Actually, we prove results relating the chromatic number
of a connected graph to its distance Laplacian eigenvalues and their frequencies. In order to prove those
results, we need the following theorems from [3, 5].

The first theorem is about how the distance eigenvalues change under the deletion (or addition) of an edge.

Theorem 1 ([3]) Let G be a connected graph on n vertices and m > n edges. Consider the connected graph G
obtained from G by the deletion of an edge. Let (81L, ok ... ,w(‘?ﬁ) and (5{’, éQL, e 5,%) denote the distance

Laplacian spectra of G and G respectively. Then 5IL > 9F foralli=1,...n.



Les Cahiers du GERAD G-2016-89 3

The second theorem shows the similarity between the second smallest distance Laplacian eigenvalue and
the algebraic connectivity (the second smallest Laplacian eigenvalue, see e.g. [27]).

Theorem 2 ([3]) Let G be a connected graph on n vertices. Then 0L | > n with equality holding if and only
if G is disconnected. Furthermore, the multiplicity of n as an eigenvalue of DY is one less than the number
of components of G.

The next two theorem are about relationships between local structure of a graph and the distance Lapla-
cian eigenvalues.

Theorem 3 ([5]) Let G be a graph on n vertices. If S = {vi,v2,...vp} is an independent set of G such that
N(v;) = N(vj) for alli,j € {1,2,...,p}, then O = Tr(v;) = Tr(v;) for alli,j € {1,2,...,p} and 0+2 is an
eigenvalue of L with multiplicity at least p — 1.

Theorem 4 ([5]) Let G be a graph onn vertices. If K = {v1,va,...v,} is a clique of G such that N(v;) —K =
N(v;) — K for alli,j € {1,2,...,p}, then 0 = Tr(v;) = Tr(v;) for all i,j € {1,2,...,p} and 0+ 1 is an
eigenvalue of L with multiplicity at least p — 1.

2 Main results

In this section we present our results about interconnections between the chromatic number and the distance
Laplacian eigenvalues of a connected graph. Note that some of the results proved in this paper, were first
obtained as conjectures using the AutoGraphiX system, a software devoted to conjecture-making in graph
theory [1, 2, 11].

It was shown in [3] that 9% (G) > n with equality if and only if G = K, that is, if and only if x = n. At
that level, a question arises naturally: what would the gap between 0% and n be whenever x < n? We provide
the answer to that question right after the following lemma, which will be used in the proof of that result as
well as subsequent ones.

Lemma 1 Let Iy,ls,...,lx and n be integers such that Iy +1lo+ -+ 1lxy =n and l; > 1 fori=1,... k.
Let p = |{i : l; > 2}|. The distance Laplacian spectrum of the complete k-partite graph K, . . is
(n+1)B=0 o (n+ 1) =D nk=D o),

Proof. Consider the complete k-partite graph Kj, ;, such that (without a loss of generality) {1 > lo >
-+« > li, where at least Iy > 2 (if [y = 1, the graph is K,,). Let p be the largest integer, 1 < p < k, such
that [, > 2 and l,41 = 1. Denote by Vi, V,,..., V), the maximal independent sets in Kj, . ; that contain at
least 2 vertices each. For i € {1,2,...,p}, the vertices of V; have the same neighborhood and their common
transmission is n 4 I; — 2. Thus, using Theorem 3, 8% = n+1; is an distance Laplacian eigenvalue of Ky, 1.
with multiplicity /; — 1. This way, we just identified >-%_,(l; — 1) = n — k distance Laplacian eigenvalues
of Ki, .1, Since complement of Kj, . ; contains k connected components, according to Theorem 2, n is a
distance Laplacian eigenvalue of K, . ;, with multiplicity kK —1. Therefore, the distance Laplacian spectrum
of Kj, ..., is ((n +1)B=D L (n+ lp)(lp—l)m(k—l)’ 0). 0

Note that in the above lemma when p = 0, necessarily k = n and l; = --- = [, = 1. In that case the
graph is K, and the distance Laplacian spectrum is (n("_l), 0).

Theorem 5 Let G be a connected graph on n wvertices with chromatic number x and distance Laplacian
spectrum 8{‘ > 82L > ... > [“)ﬁ =0. If G % K,, then

8{“271—1— {n
X

Moreover, for n > 3 and every x € {1,2,...,n — 1}, there exists a graph G, with order n and chromatic

number x such that )
n

G, ) =n+ —‘ .

1 (Gnx) N
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Proof. Let G be a graph with chromatic number x. A y-coloring of the vertices of G partitions the vertex set
into x independent sets. Let l1,[2,...,l, be the cardinalities of those independent sets, and assume, without
a loss of generality, that I; > lo > --- > [,. Thus G is a spanning subgraph of the complete x-partite graph
Kj,,..1,- Using Lemma 1 and the fact that the addition of edges does not increase the value of the distance
Laplacian spectral radius, we have

8% > 81L (Kll,-«~7lx) =n+1.

Since [; is the largest among the independent sets cardinalities, it is at least equal to the average cardinality,
i.e., I1 > [n/x]. This proves the bound.

For the case of equality, according to Lemma 1, it suffices to take Gy, y = Kj, 1,1, where [; = [n/x]
and Iy + 1 +--- + [, = n, which is always possible. O

The following corollary completes in some way that result (from [3]) we mentioned above as the motivation
of the previous theorem.

Corollary 1 Let G be a connected graph on n > 3 wvertices with distance Laplacian spectral radius 0F. If
G % K, then OF > n + 2. Moreover the bound is the best possible as shown by, among others, the complete
n — l-partite graph (which is obtained from K, by the deletion of an edge).

Next, we provide a lower bound on the sum of the distance Laplacian spectral radius &F and the chromatic
number x over the class of connected graphs of order n. We also prove the sharpness of the bound by providing
a family of extremal graphs.

Corollary 2 Let G be a connected graph on m wvertices with chromatic number x and distance Laplacian
spectrum OF > 0% > ... > 0L = 0. Then 0F + x > n + [2y/n], and the bound is the best possible as shown

by a complete k-partite graph K, . 4, with k = [v/n] and l; = [24/n] — [/n].

Proof. From Theorem 5,
I n
o +x=>n+ X + x.

The latest expression, as a continuous function in y, reaches its maximum for y = y/n and therefore the
bound follows.

Using Lemma 1, we show that the bound is reached at least for a complete k-partite graph K, . ;, with

k= [vn] and I = [2/7] — [V7). 0

Note that the family of extremal graphs provided for the above bound is not unique. For instance, if
n = 5 there are three graphs for which the bound is reached: K, = K; 1,1, for which x = 5 and 8{“ =5,
Ks91 for which y = 3 and ¢ =7, and K,, = K3 (belongs to the mentioned family) for which y = 2 and
O0F = 8. All three graphs are illustrated in Figure 1.

Figure 1: Three extremal graphs on 5 vertices for the bound of Theorem 2.
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For a real interval T let u(I) = ug(I) denote the number of distance Laplacian eigenvalues that belong
to I, d.e., p(I) = |{0F : OF € I'}]|. When the interval is reduced to one number, say I = {a}, we write u(a)
instead of p({a}). Note that in the evaluation of x(I) an eigenvalue is counted as many times as it appears in
the spectrum. We next focus on the number of distance Laplacian eigenvalues that are less than the bound
of Theorem 5. The first result, stated in the next proposition, characterizes the graphs distance Laplacian
eigenvalues of which are less than that bound.

Proposition 1 Let G be a connected graph on n vertices with chromatic number x and distance Laplacian

spectrum 0F > 9F > ... > 9L = 0. Let by =n+ [g—‘ , then 1 ([0,by)) = n if and only if G is the complete
graph K, .

Proof. First, note that OF(K,) =n < b, =n + 1.
If pg ([0,by)) = n, then 9F(G) < by. According to Theorem 5, the only graph satisfying the inequality is the
complete graph K. O

We next characterize all graphs for which df is the only distance Laplacian eigenvalue not less than the
bound of Theorem 5.

Theorem 6 Let G be a connected graph on m wvertices with chromatic number x and distance Laplacian
spectrum OF > 0% > ... > 0L =0. Let b, =n+ [ﬁ—‘ If G 2 K,, then p([0,by)) < n—1 with equality if and
only if G = S,_p, UpKy, wherel <p<n—2.

Proof. The inequality follows immediately from Theorem 5. For the characterization of the extremal graphs,
we first prove that if G = 5,_, UpK; (p fixed and satisfying 1 < p < n — 2) then equality holds. It is
obvious that x(S,—, UpK;) = n—1. Therefore, the only complete multipartite graph containing S, _, U pK;
is K3 1,...,1 whose distance Laplacian spectrum is (n +2,n"2, 0). Thus 81L(Sn_p UpK1) > n+2. In addition,
Sn—p UpK; contains n — 1 connected components, and thus n occurs n — 2 times in the distance Laplacian
of S, UpK;. In conclusion, if G = 5,_, UpK; then p¢ ([0,by)) < n — 1. See Figure 2 for examples of
those graphs.

Conversely, it suffices to prove that if G 2 S,,_, UpKy, for some p (1 < p <n —2), G has at least two
distance Laplacian eigenvalues not less than b,.. So consider a connected graph G, such that G % 5,,_, U pK;,
for some p (1 <p <n—2)ie, x(G) <n—2. Let Ky, , .1, be acomplete x-partite graph containing G,
where Iy > 12 > --- > 1 and Ky, 1,1, % Ks1.....1. We have two cases:

e If [y > 3, then at least two distance Laplacian eigenvalues of Kl17l27--~7lx are not less than b,. Using
Theorem 1, it is easy to see that G contains at least two distance Laplacian eigenvalues not less than
by

e If [y = 2, then also I, = 2. Therefore, at least two distance Laplacian eigenvalues, n + [; and n + Is,
of Ki, 1,,...1, are not less than b,. Again using Theorem 1, G' contains at least two distance Laplacian
eigenvalues not less than b,.

O

We continue along those lines and study how large the number of distance Laplacian eigenvalues less than
the bound of Theorem 5 when the diameter of the graph is at least 3. For the extremal graphs we need
the following definition. A double star Sa, a, is the tree obtained from a Ks by attaching A; — 1 pendant
vertices to one vertex and Ay —1 pendant vertices to the other vertex (See Figure 3 for the double star Sg 4).
The double star Sa, a, contains n = Ay + Ay vertices among which n — 2 are pendant, and the two non
pendant vertices have degrees A; and Aj respectively. The complement of a double star Sa, aA,, Sa;.A,,
can be seen as the graph obtained from a complete graph Ka,+a,—2 and isolated vertices, say v and v, by
adding edges between v and A; — 1 from the clique and edges between v and the other Ay — 1 vertices from
the clique.
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Figure 2: All graphs for the bound of Theorem 6 on 5 vertices.

Figure 3: The double star Sg 4.

Theorem 7 Let G be a connected graph on n > 5 vertices with chromatic number x, diameter D and distance
Laplacian spectrum 0F > 0L > ... > 0L = 0. Let by =n+ [%‘ If D > 3, then 11 ([0,by)) < n —2 and the

bound is the best possible as shown by the complement of the double star Sp_2.2.

Proof. Since the diameter of S,,_, U pK is 2 for every p with 1 < p < n — 2, the inequality follows from the
previous corollary. So it remains to prove that equality is reached at least for S,,_2 2, the complement of the
double star S,,_22. Assume without loss of generality that the vertices of .S;,_2 2 are labeled such that v,
and vy are respectively the vertices with degrees 2 and n — 2 in S;,_2 2, v3 is the pending neighbor of v; in
Sp—2,2, and vy, . .., v, are the pending neighbors of v in S;,_2 2. Using that labeling, we can write the value
of the characteristic polynomial of D (Sn_g)g) as follows.

s =der(| o )

with M = (t — (n + 1))[,,—2 + Jn_2, where J,,_o is the all 1’s square matrix of order n — 2 and I,,_o is the
(n —2) x (n — 2)-identity,

n—3 times r—( %) 5
_ > . —(n+
N = ; ? ? and R_[ 3 t—2n—1) |

The determinant of M is det(M) = (t—3)(t—(n+1))™), and the inverse of M is ((t—3)(t—(n-+1)))~*-M’,
where M’ is the (n —2) x (n — 2)—matrix, all diagonal entries of which are equal to ¢t —4 and all non diagonal
entries are equal to —1. Now, using the properties of the determinants (see for example [14, Lemma 2.2.])
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p(t) = det(M)-det(R— NM~'NT)

= <t—3>(t—<n+1)><n-3>-detqt—<”+2> 3 }_

3 t—2(n—-1)
1 { (n+1t—(n?+n+4) 2(n—2)t— (2n2 —n —7) D
(t—=3)(t—(n+1) [2(n—2)t—(2n* —n—T7) (4n—11)t —4(n®> —2n —2)

_(n (n=5) —(n
= —(t ( t—tlg)) - det ((t_ (n+1))(t—3) |: (t (3+2)) (t—?(?;l—l)) :|

B (n+1t—(n*+n+4) 2(n—2)t — (2n® —n —7) ])
2n —2)t — (2n®> —n —7) (4n —11)t — 4(n* — 2n — 2)

= (t—(n+ 1)V —ant® — 4> + 50t + 12nt — 2n° — 8n* — 2n)t

Thus the distance Laplacian spectrum of S,_o 2 is (tl,tg, (n+ 1)("’4),153,0) where t1,to and t3 are the
solutions of the equation f(t) = 3 — 4nt? — 4t% + 50t + 12nt — 2n3 — 8n? — 2n = 0 with t; > t > t3.

Now, evaluating f(t) for a few values of t, we get f(2n +2) = 2n? —2n —8 > 0, f(2n) = —2n < 0,
f(n+2)=2n-8>0, f(n+1)=n—3>0, and f(n) = —2n < 0. Therefore, we have 2n < t; < 2n+ 2,
n+2<ty;<2n,and n <t; <n+1. Since x (Sn,g,g) =n—2, b, =n+2 and the result follows. O

In the above results we were interested in the maximum possible values from the distance Laplacian
eigenvalues that lie in the interval [0,b,). The next proposition is about the minimum number of those
values lying in that interval.

Proposition 2 Let G be a connected graph on n > 6 vertices with chromatic number x and distance Laplacian
spectrum OF > 0L > ... > 9L = 0. Let by =n + {%—‘, then 1 ([0,by)) > 1. The bound is the best possible as
shown by the path P,.

Proof. The inequality is trivial since 9% = 0 for any connected graph (see e.g., [3]). Thus to be done it
suffices to prove that for a path of order n > 6, dL_|(P,) > b, = by =n + [n/2].

Since the deletion of an edge does not decrease the value of any of the the distance Laplacian eigenvalues
(see [3]), we have OL_,(P,) > 9L ,(C,). From the distance Laplacian spectrum of C,, calculated in [3],
oL | > |n?/4] > n+ [n/2], for n > 6. This completes the proof. O

In the above four results we were interested in the number of distance Laplacian eigenvalues on each side
of the bound of Theorem 5, now we turn our attention to the gap between df and that bound. The next
result is a statement about how large the gap is when there is only one distance Laplacian eigenvalue not
less than the bound.

Proposition 3 Let G be a connected graph on n vertices with chromatic number x and distance Laplacian
spectrum 0F > 0F > .- > 0L =0, such that 8% < by, where by, = n+ [n/x]. Then 0f —b, < n — 3 with
equality if and only if G =2 S,_1 U K;.

Proof. The condition 85 < b, implies that p([0,by)) = n — 1, thus by Theorem 6, there exists
p € {1,..., n—2} such that G = S,_,UpK;. Since the deletion of an edge does not decrease the
value of 9%, we have 0F —b,_; = 0F —n -2 < 0F(S,_1UK;) — n — 2. Now, using Theorem 4, we
can easily show that the distance Laplacian spectrum of S,_1 U K; is (2n —1,(n+ 1)(”*3),71, O). Thus
Of —b, < n—3 with equality at least for S,,_; U K;. To show the uniqueness of the graph for which equality
holds, it suffices to prove that 0 (S, 2U2 x K1) — b,_1 < n — 3. Using Theorem 3 and Theorem 4, we
can easily show that the distance Laplacian spectrum of S,, o U2 x K is (2n -2, (n+ 1)("_3)7 n, 0). Thus
81L(Sn,gu2><K1)—bn,1:n—4<n—3. O
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In [3] it was pointed out that the order n is a special distance Laplacian eigenvalue (whenever it is) and
Lemma 1 states that n appears xy — 1 times in the distance Laplacian spectrum of a complete x-partite
graph. Is there any relation between the number of occurrences of n in a distance Laplacian spectrum and
the chromatic number in a graph? the next proposition answers the question.

Proposition 4 Let G be a connected graph on n vertices with chromatic number x and distance Laplacian
spectrum OF > 0k > ... > 9L = 0. Then u(n) < x — 1, with equality if and only if G is a complete
x-partite graph.

Proof. If G is connected, then pu(n) = 0 and the inequality is strict. Assume that G is disconnected and
let p be the number of its connected component. Denote by n1,n2,...,n, the numbers of vertices of the p
components of G. Thus G contains (all the edges of) the complete p-partite graph K, ..., Since adding
edges does not decrease the chromatic number of a graph, p < x with equality if and only if G = Ky, . n,-
According to Theorem 2, u(n) = p — 1, therefore the result follows. O

The above result states that for a connected graph on n vertices with chromatic number x and distance
Laplacian spectrum 9 > 04 > ... > 9L = 0, at most 8£7x+1 can be equal to n. So what the least possible
value of 8,%7)( 11 is? The answer is as follows.

Proposition 5 Let G be a connected graph on n vertices with chromatic number x and distance Laplacian
spectrum BlL > 62L > e > 8,% = 0. Then 8,’;1)( > n+ 2. The bound is the best possible as shown by any
complete x-partite graph Ky, . n, such that 2 € {ni,... ,nx}.

Proof. Let G be a connected graph on n vertices with chromatic number x. Denote nq,ns ... n, the numbers
of vertices of the x independent sets of G defined by the x-coloring such that ny > ny > --- > n,. Then G
is a spanning subgraph of K, n,..n, Let p = max{i : n; > 2}. Combining Theorem 1 and Lemma 1, we
have aﬁ_X(G) > aﬁ—x(Km,nz--.nx) =n+mn, > n+ 2. The case of equality follows from Lemma 1 and the
fact that n, = 2. O

Note that the condition play an important in the characterization of the extremal graphs. Indeed, there
exist complete x-partite graphs with pu(n) < x—1, i.e. aﬁ,xﬂ = 8£7X+2 =...=09L | =n,and 857)( > n+2,
such as the complete 4-partite graph K3 11,1 (see Figure 4) for which 0 =9 > 8 and 94 = 9} = oF = 6.

sy ds

Figure 4: The complete 4-partite graph K3 1,1,1.

The family of extremal graphs provided in the above proposition is not the only one for which the bound
is reached. Actually there exist graphs of order n with chromatic number x such that f = 9 = ... =
Of  =n+2and 9}, =0 = =0 =n. For instance, the distance Laplacian spectrum of
CyU(n—4)K; is (n + 4, (n+2)? pr=b, O), for n > 5. Figure 5 shows the graph Cy U4 x K; on 8 vertices
with chromatic number 5 whose distance Laplacian spectrum is (12, 10®, 84 0).
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Figure 5: The graph C4 U4 x K;.
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