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Abstract

Mirkin’s additive clustering (or qualitative factor analysis) algorithm explains simi-
larities between entities by sequentially finding a cluster of entities and a weight which
minimizes the residual sum of squared errors. Simple heuristics are used to find the
cluster at each step. We show that this step can be solved exactly by reducing it to
a series of quadratic problems in 0-1 variables with a cardinality constraint. These in
turn can be reduced to unconstrained quadratic 0-1 programs. Problems with up to
40 entities can be solved exactly. Both the case where weights must be positive and
the case where they are unrestricted in sign are considered.

Keywords: additive clustering, quadratic 0 − 1 programming.

Résumé

L’algorithme de Mirkin pour la classification additive (ou analyse factorielle qual-
itative) explique les similarités entre objets en trouvant séquentiellement une classe
d’objets et un poids qui minimisent la somme résiduelle des erreurs au carré. Des
heuristiques simples sont utilisées pour trouver la classe à chaque étape. Nous mon-
trons que cette étape peut être résolue exactement en la ramenant à une série de
problèmes quadratiques en variables 0-1 avec une contrainte de cardinalité. Ceux-ci
sont à leur tour ramenés à des programmes quadratiques 0-1 non contraints. Des
problèmes avec jusqu’à 40 objets peuvent être résolus exactement. Le cas où les poids
doivent être positifs et le cas où ils sont non contraints en signe sont tous deux con-
sidérés.

Mots clés: classification additive, programmation quadratique 0 − 1.
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1 Introduction

The additive clustering model (ADCLUS) has been independently developed in the USA
by Shepard and Arabie [30], Arabie and Carroll [1] and in the former USSR by Mirkin
and his collaborators [16, 20, 21, 26, 32, 33, 34] (under the name of Qualitative Factor
Analysis). Generalizations of the model and algorithms to fit them have been proposed by
numerous authors: MLADCLUS [13], INDCLUS [4, 6, 15], GENNCLUS [7], weak hierar-
chies additive clustering (which is intermediate between the standard additive clustering
and the standard hierarchical model) [3], SEFIT [23], fuzzy additive clustering [27, 28],
additive two-mode clustering (also known as box additive clustering) [25]. Applications
of the additive clustering model can be found in various areas, like phonetics: the well
known 16 consonant phoneme problem [1, 30, 31] of Miller and Nicely [19], the 26 letters
confusion problem [35]; sociology: the 14 worker problem [22, 30] of Roethlisberger and
Dickson [29]; marketing [2]; psychology [14], to cite only a few. Extended models of addi-
tive clustering have also applications in marketing [7] and in biology [3][9]. Recently, the
additive clustering model has been discussed in the context of neural computation: see Lee
[17]. Recent surveys on clustering methods can be found, e.g., in Mirkin [24], Hansen and
Jaumard [11].

The additive clustering model represents inter-objects similarities as combinations of
discrete and overlapping properties. An ADCLUS representation consists of a set of m
(possibly overlapping) clusters, each having an associated nonnegative weight wk, k =
1, . . . , m. For any pair of objects, the predicted similarity is the sum of the weights of the
clusters containing the given pair of objects. In matrix notation, the ADCLUS model can
be written as

Ŝ = PWP t (1)

where Ŝ is an n × n symmetric matrix of reconstructed similarities ŝij (assuming that n
denotes the total number of objects), W is an m × m nonnegative diagonal matrix with
the weights wk, k = 1, . . . , m in the principal diagonal, P is an n × m rectangular matrix
of binary values pik (with pik equal to 1 if object i is in cluster k, 0 otherwise) and P t

denote the transpose of P . Given a symmetric n× n matrix of similarities S, the problem
is to estimate P and W in order to minimize the sum of the squared errors ‖Ŝ −S‖2. (the
matrix ”norm” used in this paper is defined by ‖B‖2 =

∑
i�=j

b2
ij for a matrix B = (bij); in

particular we do not care for the diagonal elements of the matrices).
Shepard and Arabie [30] impose that the cluster containing all objects must be part of the
solution. Particularizing this cluster, the reconstructed similarities can be written as

Ŝ = PWP t + C (2)

where P and W are as above and C is an n×n matrix (not necessarily nonnegative) having
zeroes in its principal diagonal and the additive constant c (which has to be determined)
in all the remaining entries.

The additive clustering problem is a particular case of the qualitative factor analysis
developed by Kupershtokh, Mirkin and Trofimov (see, e.g., [16][22]). The qualitative factor
analysis for proximity matrix aims to reconstruct a given proximity matrix by using a
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predefined set of boolean matrices with simple structures. No restriction is made on the
sign of the matrix weights. If the set of boolean matrices is the set of matrices M that
can be written M = ppt where p is a boolean vector, and if the weights are restricted to
be positive, we obtain the additive clustering problem (in the additive clustering problem,
only the cluster containing all objects can have a negative weight; see Shepard and Arabie
[30, p.101] for a discussion about the sign of the weights).

Several methods have been suggested for fitting the ADCLUS model. In their original
paper, Shepard and Arabie [30] first determine candidates for the clusters by considering
maximal cliques (with ponderation on the edges corresponding to the similarity values)
in the complete graph whose vertices are the n objects, and in a second step determine
iteratively the associated weights while reducing the number of clusters (the clusters whose
associated weight is less than a prespecified ε are eliminated). Arabie and Carroll [1] pro-
pose the MAPCLUS algorithm which combines a penalty approach with a gradient-based
method of optimization. The obtained solution is then improved by using some exchange
heuristics. Mirkin [22] searches for the clusters and their associated weight sequentially,
i.e. at each iteration looks for the cluster that reduces the most the objective function
(this problem will be referred to as the 1-cluster problem). Such a cluster is found by
a neighborhood approach: beginning with an arbitrary cluster, objects are removed or
added one by one until no amelioration of the objective function can be obtained. In [15],
Kiers proposes a sequential algorithm for the more general model INDCLUS. Assuming
initial values for the m clusters, their weight and the additive constant, one iteration of the
algorithm goes as follows: choose a weight, and assuming all the rest is fixed, determine
its optimal value. Then let the corresponding cluster vary, and determine the optimal one
by solving an unconstrained quadratic 0− 1 problem. Finally do the same for the additive
constant. The algorithm stops when no improvement is possible.

In this paper, we reconsider Mirkin’s sequential approach and solve exactly the 1-cluster
problem at each step. The paper is organized as follows. In Section 2, we present formally
the sequential approach. In the four next sections, we consider the 1-cluster problems
corresponding to the four combinations of the two properties ”presence of an additive
constant”/”absence of an additive constant” and ”positive weights”/”weights unrestricted
in sign”. In Section 7, we prove convergence of the corresponding four sequential algorithms
for the m-clusters problem. Finally, Section 8 presents some computational results.

2 The sequential approach

Given a symmetric similarity matrix A = (aij), the 1-cluster additive clustering problem in
its most general form is to find the cluster (defined by its characteristic vector p) together
with its weight w and an additive constant c such that the sum of squared errors between
the given and explained similarities is minimized. Mathematically this amounts to solving
the problem

min
∑
i�=j

(aij − wpipj − c)2
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s.t.

{
p ∈ {0, 1}n

w ≥ 0.

The sequential approach for the m-clusters problem is as follows. We begin by solving
the 1-cluster problem with A = S, where S is the initial similarity matrix, obtaining an
optimal solution (p1, w1, c1). We then compute the residual matrix S1 = S−w1(p1)(p1)t −
c1ee

t (where e is the vector with all components equal to 1) and solve again the 1-cluster
problem for A = S1, obtaining the solution (p2, w2, c2), and so on. See Table 1 for a more
formal description.

S0 ← S
k ← 0
While (stopping condition not met)

Solve the 1-cluster problem with A = Sk, obtaining the optimal solution
(pk+1, wk+1, ck+1).
Compute the residual matrix Sk+1 = Sk − wk+1(pk+1)(pk+1)t − ck+1ee

t

k ← k + 1
EndWhile

Table 1: Sequential algorithm for the m-cluster additive clustering problem

After k iterations, the residual matrix is

Sk = S −
k∑

�=1

w�(p�)(p�)t −
(

k∑
�=1

c�

)
eet

or, equivalently, the decomposition of the initial similarity matrix S is

S =
k∑

�=1

w�(p�)(p�)t +

(
k∑

�=1

c�

)
eet + Sk.

Note that since a same cluster can be obtained at several iterations, it could take more
than m iterations to have m distinct clusters. One possible stopping rule is to stop when
‖Sk‖2 ≤ ε with ε sufficiently small.

Let Φ(Sk) be the norm of Sk as defined in Section 1, i.e., Φ(Sk) =
∑
i�=j

(Sk
ij)

2. At

iteration k, we have to find Sk+1 = Sk − wppt − ceet, w ≥ 0, p ∈ Bn that minimizes
Φ(Sk+1). Since Φ(Sk) does not depend on w, p and c, this is equivalent to maximizing
ΔΦ(Sk) = Φ(Sk) − Φ(Sk − wppt − ceet). Hence the 1-cluster problem at iteration k can
be formulated as

max δφ(Sk, p, w, c) (3)

s.t.

{
p ∈ Bn = {0, 1}n (4)
w ≥ 0 (5)

with
δφ(A, p, w, c) =

∑
i�=j

(aij)2 −
∑
i�=j

(aij − wpipj − c)2
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= 2
∑
i�=j

aij(wpipj + c) −
∑
i�=j

(wpipj + c)2. (6)

Note that contrary to what does Kiers, we optimize simultaneously the weight, the
cluster and the additive constant.

In Sections 3 and 4, we consider the case where there is no additive constant in the
formulation of the 1-cluster problem. In Section 3, we assume in addition that w is unre-
stricted in sign. This last assumption is also made in Section 5 where however the additive
constant is present. Finally, in Section 6 we consider the 1-cluster problem as described
in (3)-(5). In Section 7, we show that the corresponding sequential algorithms converge
all to the null (residual) matrix (in a finite number of iterations for the positive additive
clustering problem without additive constant).

3 The sign-unrestricted 1-cluster additive problem without
additive constant

In this section, we assume that there is no additive constant c (or equivalently that c is
fixed to 0). We do not however exclude the cluster containing all elements but rather
handle it as any other cluster. We assume further that the weight w is not restricted to be
positive, i.e., we do not consider constraint (5). The 1-cluster problem is then the following
(we omit the parameters A and c for conciseness)

max
p∈Bn

δφ(p, w) = 2w
∑
i�=j

aijpipj − w2
∑
i�=j

pipj . (7)

3.1 Mathematical properties

If 0 ≤
n∑

i=1
pi ≤ 1, δφ(p, w) = 0. If

n∑
i=1

pi ≥ 2, an optimal w may be derived in closed form

by writing that the derivative of δφ(p, w) with respect to w vanishes. We find

w(p) =

∑
i�=j

aijpipj∑
i�=j

pipj
(8)

which, after replacement in (7), gives the optimal value:

δφ(p, w(p)) =

(∑
i�=j

aijpipj

)2

∑
i�=j

pipj
. (9)

Hence problem (7) is equivalent to

max
p∈Bn;e.p≥2

g2
1(p) (10)
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with

g1(p) =

∑
i�=j

aijpipj√∑
i�=j

pipj

. (11)

3.2 Solution

Assume that the matrix A has strictly negative and positive components (this may be the
case starting from the second iteration of the sequential algorithm). Then problem (10)
can be decomposed into two problems

max
p∈Bn;e.p≥2

g1(p) (12)

and

min
p∈Bn;e.p≥2

g1(p). (13)

By the assumption we have just made, the optimal value of (12) is positive while the
optimal value of (13) is negative. It follows that the optimal value of problem (10) is the
maximum of the square of these two values. If A is positive, we need only consider problem
(12) and if A is negative only problem (13).

Noting that
∑
i�=j

pipj = (
∑

i pi)(
∑

i pi − 1), problem (12) amounts to solving the para-

metric 0 − 1 quadratic problems for s = 2, . . . , n.

max
1√

s(s − 1)

∑
i�=j

aijpipj (14)

s.t.

⎧⎨
⎩

∑
i

pi = s

p ∈ Bn

while problem (13) amounts to solving

min
1√

s(s − 1)

∑
i�=j

aijpipj (15)

s.t.

⎧⎨
⎩

∑
i

pi = s

p ∈ Bn

(note that the latter is essentially the former with A replaced by −A). For fixed s, these
constrained quadratic 0 − 1 problems can be reduced respectively to the unconstrained
ones (see for example Hansen [10]):

max
p∈Bn

∑
i�=j

aijpipj − M

(∑
i

pi − s

)2

and

min
p∈Bn

∑
i�=j

aijpipj + M

(∑
i

pi − s

)2
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with M sufficiently large to ensure the constraint is satisfied by the optimal solution, e.g.,∑
i�=j |aij | + 1.

The procedure to solve problem (7) is given in Table 2.

M ← ∑
i�=j

|aij | + 1

z∗ ← 0
s ← 2
While s ≤ n

Solve the 0-1 quadratic problem

max
p∈Bn

∑
i�=j

aijpipj − M

(∑
i

pi − s

)2

.

Let ρs be the optimal value and ps an optimal solution

If
(ρs)2

s(s − 1)
> z∗ Then

z∗ ← (ρs)2

s(s − 1)
; p∗ ← ps; w∗ ← ρs

s(s−1)

EndIf
s ← s + 1

EndWhile

s ← 2
While s ≤ n

Solve the 0-1 quadratic problem

min
p∈Bn

∑
i�=j

aijpipj + M

(∑
i

pi − s

)2

.

Let ρs be the optimal value and ps an optimal solution

If
(ρs)2

s(s − 1)
> z∗ Then

z∗ ← (ρs)2

s(s − 1)
; p∗ ← ps; w∗ ← ρs

s(s−1)

EndIf
s ← s + 1

EndWhile

Return p∗, w∗

Table 2: Procedure for the sign-unrestricted 1-cluster additive problem without additive
constant
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This procedure requires to solve 2(n − 1) quadratic 0-1 programs. This number can
be reduced by computing lower and upper bounds on the optimal value of s. Appendix I
shows how to compute such bounds for the maximization problem (12).

3.3 Convergence rate

Recall that the residual matrix A′ is given by A′ = A − w∗p∗(p∗)t.

Proposition 1

Φ(A′)
Φ(A)

≤ 1 − 2
n(n − 1)

.

Proof:
By definition of ΔΦ,

ΔΦ(A) = Φ(A) − Φ(A′) = δφ(p∗, w(p∗)) = max
p∈Bn;e.p≥2

δφ(p, w(p)).

Let auv (u �= v) be an element in matrix A of maximal absolute value and consider
the feasible solution (p̂, ŵ) with p̂ defined by p̂u = p̂v = 1, p̂i = 0 for i �= u, i �= v,
and ŵ = |auv|. Then

Φ(A) − Φ(A′) ≥ δφ(p̂, ŵ) = 2ŵ2.

By definition of auv,
Φ(A) =

∑
i�=j

a2
ij ≤ n(n − 1)a2

uv.

Combining these two inequalities, we obtain

Φ(A′) ≤
(

1 − 2
n(n − 1)

)
Φ(A)

which proves the result.

Note that this result was also obtained by Mirkin [22], despite the fact that he does not
solve the 1-cluster problem exactly. Indeed, by looking carefully at the proof, we observe
that the fact that p∗ is optimal is not used but rather the weaker condition that p∗ is at
least as good as the solution p̂ corresponding to auv.

4 The positive 1-cluster additive problem without additive
constant

In this section, we consider the case in which the weights of the clusters are restricted to be
positive. This restriction implies that, if at a given iteration of the sequential algorithm an
element sk+1

ij of the residual similarity matrix becomes negative, this element will remain
negative at all further iterations, and hence the residual matrix will not tend to the null
matrix even if an infinite number of iterations are performed. In order to avoid this bad
behavior, we require in addition that the residual matrix remains positive. This leads to
the constraints

aij − wpipj ≥ 0 ∀i, j | i �= j

w ≥ 0.
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The 1-cluster problem to solve is then the following
max δφ(p, w) = 2w

∑
i�=j

aijpipj − w2
∑
i�=j

pipj (16)

s.t.

⎧⎪⎨
⎪⎩

wpipj ≤ aij , ∀i, j | i �= j
w ≥ 0
p ∈ Bn.

4.1 Solution

The solution method is based on the following observation.
Observation 1 Let (p∗, w∗) be an optimal solution. Then w∗ = aij for some i, j such that
p∗i = p∗j = 1.
Indeed, for p fixed we have w ≤ aij for all i, j such that pi = pj = 1, and the function
w 	→ δφ(p, w) is non-decreasing on [0, w] where w = min

(i,j)|pipj=1
{aij}.

This suggests to solve problem (16) with w equal to ak� and the additional constraints
pk = p� = 1 for each (k, �) such that k �= �. After division by ak�, the problem corresponding
to (k, �) is the following:

max
∑
i�=j

(2aij − ak�)pipj

s.t.

⎧⎪⎨
⎪⎩

pk = p� = 1
pipj = 0, ∀(i, j) | aij < ak�

p ∈ Bn

or
max

∑
(i,j)|aij≥ak�

(2aij − ak�)pipj − M
∑

(i,j)|aij<ak�

pipj (17)

s.t.

⎧⎪⎨
⎪⎩

pk = p� = 1
pi = 0 ∀i | aik < ak� or ai� < ak�

p ∈ Bn

with M =
∑

(i,j)|aij≥ak�

|ak� − 2aij | + 1.

The procedure to solve problem (16) is summarized in Table 3.

4.2 Convergence rate

The same result that for the sign-unrestricted variant holds:
Proposition 2

Φ(A′)
Φ(A)

≤ 1 − 2
n(n − 1)

.

Proof:
Similar to that of Proposition 1, noting that since A is positive, ŵ = auv satisfies the
positivity constraint.
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z∗ ← 0
For all (k, �) such that ak� > 0

Solve problem (17), obtaining an optimal value F k� and solution pk�.
If ak�F

k� > z∗ Then
z∗ ← ak�F

k�; p∗ ← pk�; w∗ ← ak�

EndIf

EndFor

return p∗, w∗

Table 3: Procedure for the positive 1-cluster additive problem without additive constant

However, in this case, we have a more interesting result.
Proposition 3 The residual matrix A′ has at least one more null element than A.

Proof:
Follows from the fact that w∗ is equal to an element of A.

This result will be used in Section 7 to show that after at most n(n−1)
2 iterations of the

corresponding sequential algorithm, the residual matrix is null.
Another interesting property of the algorithm is the following:
Proposition 4 Let A be a similarity matrix, and A′ be the residual matrix after application
of the 1-cluster procedure to A. Then

ΔΦ(A′) ≤ ΔΦ(A).

Proof:
Assume that A′ = A − w∗p∗(p∗)t, where (w∗, p∗) is an optimal solution of

ΔΦ(A) = max 2w
∑
i�=j

aijpipj − w2
∑
i�=j

pipj (18)

s.t.

⎧⎪⎨
⎪⎩

wpipj ≤ aij , ∀i, j | i �= j
w ≥ 0
p ∈ Bn,

and let (ŵ, p̂) be an optimal solution of

ΔΦ(A′) = max 2w
∑
i�=j

(aij − w∗p∗i p
∗
j )pipj − w2

∑
i�=j

pipj

s.t.

⎧⎪⎨
⎪⎩

wpipj ≤ aij − w∗p∗i p∗j , i �= j

w ≥ 0
p ∈ Bn.

Clearly (ŵ, p̂) is also a feasible solution to problem (18), hence

ΔΦ(A) ≥ 2ŵ
∑
i�=j

aij p̂ip̂j − ŵ2
∑
i�=j

p̂ip̂j
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≥ 2ŵ
∑
i�=j

(aij − w∗p∗i p
∗
j )p̂ip̂j − ŵ2

∑
i�=j

p̂ip̂j = ΔΦ(A′).

5 The sign-unrestricted 1-cluster additive problem with
additive constant

In this section, the 1-cluster problem to solve is the following

max
p∈Bn,c∈IR

δφ(p, w, c) = 2
∑
i�=j

aij(wpipj + c) −
∑
i�=j

(wpipj + c)2. (19)

5.1 Centering of the residual matrix

We say that a matrix B = (bij) is centered if
∑

i�=j bij = 0, i.e., if the sum of its off-diagonal
elements is null. We have the following result.

Proposition 5 Let (p∗, w∗, c∗) be an optimal solution of problem (19). Then the residual
matrix A′ = A − w∗(p∗)(p∗)t − c∗eet is centered.

Proof:
The partial derivative of δφ with respect to c is

∂δφ

∂c
= 2

∑
i�=j

(aij − wpipj − c) (20)

which vanishes for c∗(p, w) =

∑
i�=j

(aij − wpipj)

n(n − 1)
. Hence for (p∗, w∗, c∗) solving (19),

the residual matrix A′ = (a′ij) is defined by

a′ij = aij − w∗p∗i p
∗
j −

∑
u �=v

(auv − w∗p∗up∗v)

n(n − 1)
, i �= j.

But then
∑
i�=j

a′ij = 0, which show that the matrix A′ is centered.

Since the residual matrix is the input matrix A for the next call of the 1-cluster problem,
we can assume that the matrix A is centered, i.e., that

∑
i�=j

aij = 0 (the initial matrix A

is not necessarily centered; however we can show that performing first the centering and
then solving the 1-cluster problem with centered matrix yields the same result than solving
directly a general 1-cluster problem).

Let s =
n∑

i=1
pi. Then c∗ is related to p and w by the simple formula

c∗(p, w) = −w
s(s − 1)
n(n − 1)

. (21)

Replacing c by its expression (21) in (19), we obtain

δφ2(p, w) = δφ(p, w, c∗(p, w))
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= 2w
∑
i�=j

aij

(
pipj − s(s − 1)

n(n − 1)

)
− w2

∑
i�=j

(
pipj − s(s − 1)

n(n − 1)

)2

= 2w
∑
i�=j

aijpipj − w2

⎡
⎣∑

i�=j

(
1 − 2

s(s − 1)
n(n − 1)

)
pipj + n(n − 1)

(
s(s − 1)
n(n − 1)

)2
⎤
⎦

= 2w
∑
i�=j

aijpipj − w2s(s − 1)
(

1 − s(s − 1)
n(n − 1)

)

where we used the facts that
∑
i�=j

aij = 0 (centering), p2
i = pi for all i, and

∑
i�=j

pipj = s(s−1).

5.2 Mathematical properties

Note that δφ2(p, w) = 0 for p such that 0 ≤
n∑

i=1
pi ≤ 1 or

n∑
i=1

pi = n. If 2 ≤
n∑

i=1
pi ≤ n − 1,

we have

∂δφ2

∂w
= 2

⎛
⎝∑

i�=j

aijpipj − s(s − 1)
(

1 − s(s − 1)
n(n − 1)

)
w

⎞
⎠

which vanishes for

w = w∗(p) =

∑
i�=j

aijpipj

s(s − 1)
(
1 − s(s−1)

n(n−1)

) .

Hence

δφ(p) = δφ2(p, w∗(p)) =

⎛
⎝∑

i�=j

aijpipj

⎞
⎠

2

s(s − 1)
(
1 − s(s−1)

n(n−1)

) . (22)

Hence maximizing δφ is equivalent to solving the problem

max
p∈Bn

h2
1(p) (23)

with

h1(p) =

∑
i�=j

aijpipj√
s(s − 1)

(
1 − s(s−1)

n(n−1)

) . (24)

5.3 Solution

Problem (23) can be decomposed into two problems

max
p∈Bn;2≤e.p≤n−1

h1(p) (25)

and

min
p∈Bn;2≤e.p≤n−1

h1(p). (26)
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Since the matrix A is centered and assumed to be non null, the optimal value of (25) is
positive while the optimal value of (26) is negative. It follows that the optimal value of
problem (23) is the maximum of the squares of these two values.
Problems (25) and (26) amount to solving some parametric 0 − 1 quadratic problems for
s = 2, . . . , n − 1, which can be reduced respectively to

max
p∈Bn

∑
i�=j

aijpipj − M

(∑
i

pi − s

)2

, s = 2, . . . , n − 1

and

min
p∈Bn

∑
i�=j

aijpipj + M

(∑
i

pi − s

)2

, s = 2, . . . , n − 1

with M equal to
∑
i�=j

|aij | + 1.

The procedure to solve problem (19) is given in Table 4. Again, the computation of lower
and upper bounds on the optimal value of s (see the Appendix) can reduce the number of
quadratic 0 − 1 problems to solve.

5.4 Convergence rate

Proposition 6

Φ(A′)
Φ(A)

≤ 1 − 2
(n − 2)(n + 1)

.

Proof:
By (22) and by definition of ΔΦ, we have

ΔΦ(A) = Φ(A) − Φ(A′) =

(∑
i�=j

aijp
∗
i p

∗
j

)2

s∗(s∗ − 1)
(
1 − s∗(s∗−1)

n(n−1)

)
with s∗ =

n∑
i=1

p∗i .

Let again auv be an element in matrix A with maximal absolute value. Consider the
solution (p̂, ŵ, ĉ) with p̂i equal to 1 for i ∈ {u, v} and to 0 otherwise, ŵ = auv and
ĉ = − 2

n(n−1)auv. By optimality of p∗, we have(∑
i�=j

aijp
∗
i p

∗
j

)2

s∗(s∗ − 1)
(
1 − s∗(s∗−1)

n(n−1)

) ≥ 4a2
uv

2
(
1 − 2

n(n−1)

) .

On the other hand, by definition of auv, we have Φ(A) =
∑
i�=j

a2
ij ≤ n(n − 1)a2

uv.

Noting that n(n − 1) − 2 = (n − 2)(n + 1), we obtain

Φ(A′) ≤
(

1 − 2
(n − 2)(n + 1)

)
Φ(A).
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z∗ ← 0
M ← ∑

i�=j |aij | + 1

s ← 2
While s ≤ n − 1

Solve the unconstrained quadratic 0-1 program

max
p∈Bn

∑
i�=j

aijpipj − M

(∑
i

pi − s

)2

.

Let ρs be the optimal value and ps an optimal solution

If
(ρs)2

s(s − 1)
(
1 − s(s−1)

n(n−1)

) > z∗ Then

z∗ ← (ρs)2

s(s − 1)
(
1 − s(s−1)

n(n−1)

) ; p∗ ← ps; w∗ ← z∗
ρs ; c∗ ← −w∗ s(s−1)

n(n−1)

EndIf
s ← s + 1

EndWhile

s ← 2
While s ≤ n − 1

Solve the unconstrained quadratic 0-1 program

min
p∈Bn

∑
i�=j

aijpipj + M

(∑
i

pi − s

)2

.

Let ρs be the optimal value and ps an optimal solution

If
(ρs)2

s(s − 1)
(
1 − s(s−1)

n(n−1)

) > z∗ Then

z∗ ← (ρs)2

s(s − 1)
(
1 − s(s−1)

n(n−1)

) ; p∗ ← ps; w∗ ← z∗
ρs ; c∗ ← −w∗ s(s−1)

n(n−1)

EndIf
s ← s + 1

EndWhile
return p∗, w∗, c∗

Table 4: Procedure for the sign-unrestricted 1-cluster additive problem with additive con-
stant
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6 The positive 1-cluster additive problem with additive
constant

In this section, the 1-cluster problem to solve is the following

max
p∈Bn,w≥0,c∈IR

δφ(p, w, c) = 2
∑
i�=j

aij(wpipj + c) −
∑
i�=j

(wpipj + c)2. (27)

As in Section 5, we can assume that the matrix A is centered.
From Section 5.2 we deduce that for p fixed, δφ2(p, w) = δφ(p, w, c∗(p, w)) is maximized for

w = max

⎧⎨
⎩0,

∑
i�=j

aijpipj

s(s−1)
(
1− s(s−1)

n(n−1)

)
⎫⎬
⎭ (where s =

n∑
i=1

pi). Formula (22) implies that the solution

w = 0 is dominated by all solutions w =

∑
i�=j

aijpipj

s(s−1)
(
1− s(s−1)

n(n−1)

) corresponding to a p ∈ Bn

satisfying 2 ≤ e.p ≤ n − 1 and
∑
i�=j

aijpipj ≥ 0 (note that a p satisfying these constraints

always exists because the matrix A is centered and not null). Hence our problem is the
following

max h2
1(p)

s.t.

⎧⎪⎪⎨
⎪⎪⎩

∑
i�=j

aijpipj ≥ 0

2 ≤ e.p ≤ n − 1
p ∈ Bn

which is equivalent to

max
p∈Bn

h1(p).

This is nothing else than problem (25) of the previous section (see that section for its
solution).

6.1 Solution

The procedure to solve the positive 1-cluster additive problem with additive constant is
given in Table 5. Again, the computation of lower and upper bounds on the optimal value
of s (see the Appendix) can reduce the number of quadratic 0 − 1 problems to solve.

6.2 Convergence rate

Proposition 7

Φ(A′)
Φ(A)

≤ 1 − 4
(n − 2)2(n + 1)2

.
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z∗ ← 0
M ← ∑

i�=j |aij | + 1

s ← 2
While s ≤ n − 1

Solve the unconstrained quadratic 0-1 program

max
p∈Bn

∑
i�=j

aijpipj − M

(∑
i

pi − s

)2

.

Let ρs be the optimal value and ps an optimal solution

If
(ρs)2

s(s − 1)
(
1 − s(s−1)

n(n−1)

) > z∗ Then

z∗ ← (ρs)2

s(s − 1)
(
1 − s(s−1)

n(n−1)

) ; p∗ ← ps; w∗ ← z∗
ρs ; c∗ ← −w∗ s(s−1)

n(n−1)

EndIf
s ← s + 1

EndWhile

Return p∗, w∗, c∗

Table 5: Procedure for the positive 1-cluster additive problem with additive constant

Proof:
Using again (22), we have

ΔΦ(A) = Φ(A) − Φ(A′) =

(∑
i�=j

aijp
∗
i p

∗
j

)2

s∗(s∗ − 1)
(
1 − s∗(s∗−1)

n(n−1)

) (28)

with s∗ =
n∑

i=1
p∗i .

Let auv be a greatest element of A (note that auv is not necessarily the greatest in
absolute value). Consider the solution (p̂, ŵ, ĉ) with p̂i equal to 1 for i ∈ {u, v} and to
0 otherwise, ŵ = auv and ĉ = − 2

n(n−1)auv (note that we have ŵ ≥ 0). By optimality
of p∗, we have(∑

i�=j
aijp

∗
i p

∗
j

)2

s∗(s∗ − 1)
(
1 − s∗(s∗−1)

n(n−1)

) ≥ 2a2
uv

1 − 2
n(n−1)

. (29)

Let N+ = {(i, j) | aij > 0} and N− = {(i, j) | aij ≤ 0}. Since A is centered and by
definition of auv, we have
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∑
(i,j)∈N−

|aij | =
∑

(i,j)∈N+

|aij | ≤ |N+|auv.

Decomposing Φ(A), we obtain

Φ(A) =
∑

(i,j)∈N−

|aij |2 +
∑

(i,j)∈N+

|aij |2.

Using Karush-Kuhn-Tucker conditions (see e.g., Luenberger [18]), it is easy to show

that
|N−|∑
�=1

y2
� attains its maximum over the set {y ≥ 0 |

|N−|∑
�=1

y� ≤ |N+|auv} for y

satisfying y� = |N+|
|N−|auv ∀� = 1, . . . , |N−|. Hence

∑
(i,j)∈N−

|aij |2 ≤ |N+|2
|N−| a2

uv.

Moreover, by definition of auv,∑
(i,j)∈N+

|aij |2 ≤ |N+|a2
uv.

Using the fact that |N+| + |N−| = n(n − 1), we obtain

Φ(A) ≤
(

|N+|2
n(n − 1) − |N+| + |N+|

)
a2

uv =
(

n(n − 1)|N+|
n(n − 1) − |N+|

)
a2

uv.

Since A is symmetric, centered and non null, |N+| ≤ n(n − 1) − 2 = (n − 2)(n + 1).
Hence

Φ(A) ≤ n(n − 1)(n − 2)(n + 1)
2

a2
uv.

Comparing with (28) and (29), we obtain

Φ(A′) ≤
(

1 − 4
(n − 2)2(n + 1)2

)
Φ(A).

7 Convergence

We denote by ADDCLUS-U the sequential algorithm for the sign-unrestricted additive
clustering problem without additive constant whose corresponding 1-cluster procedure was
described in Section 3, by ADDCLUS the algorithm for the positive clustering problem
without additive constant described in Section 4, by ADDCLUS-UC the algorithm for the
sign-unrestricted additive clustering problem with additive constant presented in Section 5
and finally by ADDCLUS-C the algorithm for the positive clustering problem with additive
constant considered in Section 6.

Recall that Sk+1 denotes the residual matrix at end of iteration k. We have the following
result:

Theorem 1 For algorithms ADDCLUS-U, ADDCLUS, ADDCLUS-UC and ADDCLUS-C,
Φ(Sk) → 0 when k → +∞.



Les Cahiers du GERAD G–2000–06 17

Proof:
By Propositions 1, 2, 6 and 7, we have

Φ(Sk+1)
Φ(Sk)

≤ ρ(n)

where ρ(n) ∈ (0, 1) depends uniquely on n. Hence lim
k→+∞

Φ(Sk) = 0.

For algorithm ADDCLUS, we have a stronger result:

Theorem 2 If algorithm ADDCLUS is used, Φ(Sk) = 0 for k ≥ n(n−1)
2 .

Moreover, the clusters are found in non-increasing order of their contribution to the sum
of squared errors.

Proof:
By Proposition 3, Sk+1 has at least one more element equal to 0 than Sk. Since the
matrices Sk are symmetric, after at most n(n−1)

2 iterations, all entries of the residual
matrix Sk are null (excepted the diagonal elements but we do not care of them).
The second part of the theorem is a consequence of Proposition 4.

8 Computational results

We have tested algorithms ADDCLUS and ADDCLUS-C both on artificial data and on
data of the literature. The programs have been implemented in C and run on a Sun-
Sparc20/514MP (128Mram). The quadratic 0-1 programs are solved by Hansen et al.
algorithm [12].

As a measure of the quality of the solution, we considered the sum of squares accounted
for (in %):

s2af = 100

(
1 − Φ(S)

Φ(S̃)

)

and the variance accounted for (in %):

vaf = 100

⎛
⎜⎝1 −

∑
i�=j

(sij − s)2

∑
i�=j

(s̃ij − s̃)2

⎞
⎟⎠

where S̃ and S are respectively the initial similarity matrix and the residual one, and where
s and s̃ are the means of the entries of these 2 matrices.

8.1 Artificial data

We generated two sets of artificial data. In the first, 20 objects are distributed randomly
into 4 possibly overlapping clusters (each object is assigned to each cluster with a proba-
bility of 1

2). Weights of the clusters are chosen randomly in [0.1,0.6] (these parameters are
taken from Tenenbaum [31]). Instances with clusters containing 0 or 1 object and/or with
objects belonging to no cluster were rejected. A total of 10 instances was generated. The
second set is constructed similarly, but with 40 objects distributed into 8 clusters.
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With algorithm ADDCLUS, it takes less than 1s to solve each instance of the first set.
For all of them, the 4 clusters were recovered with the correct weights. For the second set,
only for two instances were the 8 clusters correctly found. For the 8 remaining instances,
the explained sum of squares ranges from 83.51% to 97.50% with an average of 89.94%.
The average CPU time is 37.3s.

With ADDCLUS-C, the CPU time is much longer: 153s in average for the first set,
and for the second one, we were not able at all to solve them (program stopped after 12h).
Moreover, the quality of the recovering is worse: in average 87.40% of the variance was
recovered (in the worst case: 78.55%). This bad quality can be explained by the centering
that introduces at the first iteration a positive additive constant. Although this initial
constant could be compensated for by the additive constants of the subsequent iterations
to give the correct value 0, this was never observed in practice. The longer time is due to
the 0 − 1 quadratic problems with cardinality constraint that have to be solved for each
instance and that seem to be more difficult than the simple 0− 1 quadratic problems that
arise in ADDCLUS. The bounding procedure that aims to reduce the number of quadratic
problems to solve is rapid but unfortunately allows the elimination of a very small number
of quadratic problems.

A more profound reason that explains that the algorithms cannot explain 100% of the
variance despite the fact that no noise was introduced is that these are greedy algorithms:
at the first iteration, the cluster that explains the greatest possible variance is found, but
this may not be the optimal choice when explaining the variance with more than 1 cluster.

8.2 The 14 workers’ problem

This problem is described in details in Shepard and Arabie [30] and in the references therein.
The similarity matrix can be found e.g., in Mirkin [22]. Since algorithm ADDCLUS needs
a similarity matrix with nonnegative entries, we performed a linear transformation on the
matrix in [22] so that all its entries are in [0, 1]. Algorithm ADDCLUS-C was run with the
original data.

Table 7 gives the results obtained by algorithm ADDCLUS. Table 6 corresponds to
Table 3 of Mirkin [22], in which we have added the sum of squares accounted for and the
variance accounted for after each iteration. These results were obtained by Mirkin’s QFA-0
method, which is similar to our ADDCLUS procedure, except that there is no constraint
on the positivity of the residual matrix. QFA-0 stops when the residual matrix is negative.
Also note that QFA-0 first centers the matrix, which amounts to take the universal cluster
with a negative weight.
Because of the transformation we made on the matrix, comparisons between QFA-0 and
ADDCLUS must be viewed with caution. We can nevertheless say the following. The
three first clusters found by QFA-0 are also found by ADDCLUS, in the same order but at
rank 2 to 4. The first cluster of ADDCLUS, which is the universal cluster minus workers
W1, W2, W3 and I3 can be thought off as corresponding to the universal cluster of QFA-0
resulting from centering. Starting from rank 5, the clusters found by QFA-0 and ADDCLUS
differ. Note that contrary to what happens with QFA-0, ADDCLUS find its clusters in
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Weight Members s2af vaf ΔΦ
1 32.40 W1,W2,W3,W4,S1,I1 29.74 20.69 29.74
2 40.40 W6,W7,W8,W9,S4 60.57 53.81 30.83
3 38.00 W2,W5,I3 68.15 63.98 8.18
4 12.66 W4,W6,S1,S2,I3 71.78 68.92 3.03
5 5.76 W1,W3,W4,W5,S1,I1 72.72 71.41 0.94
6 12.01 W7,W8,W9,S1,S2 75.45 77.15 2.73
7 23.34 S2,I3 76.48 78.93 1.03

Table 6: Mirkin’s results for the 14 workers’ problem (QFA-0 method)

non-increasing order of ΔΦ: see Theorem 2. Also with 7 clusters, we explain a greater part
of the sum of squares (89.79% versus 76.48%) and of the variance (86.63% versus 78.93%).
Finally 7 clusters is the maximum number of clusters that QFA-0 can found because the
residual matrix is negative, whereas ADDCLUS can explain 100% of the sum of squares
and of the variance with a sufficiently large number of clusters (we explain 100% of the
variance and of the sum of squares with 77 clusters). The time needed by ADDCLUS to
find the 10 clusters is 0.76s.
In [30], Shepard and Arabie give a solution with 10 clusters that explain 91% of the
variance. We do slightly better with 92.62% of the variance explained.

Weight Members s2af vaf ΔΦ
1 0.2024 W4,W5,W6,W7,W8,W9,S1,S2,S4,I1 32.06 7.14 32.06
2 0.3690 W1,W2,W3,W4,S1,I1 55.27 38.46 23.21
3 0.4643 W6,W7,W8,W9,S4 70.00 56.25 14.73
4 0.6310 W2,W5,I3 77.53 70.99 7.53
5 0.2381 W1,W3,W4,S1,S2 83.14 77.71 5.61
6 0.1786 W7,W8,W9,S2,I3 86.89 82.43 3.75
7 0.1429 W1,W2,W3,W5,I1 89.79 86.63 2.90
8 0.3690 W6,S2,I3 92.24 91.08 2.45
9 0.1071 W1,W3,W4,W7,S1,I3 93.97 91.91 1.73
10 0.1190 W5,W8,W9,S1,I1 95.12 92.62 1.15

Table 7: Results for the 14 workers’ problem with ADDCLUS

Tables 8 and 9 show the results obtained by Mirkin and by our method when there is
an additive constant (Table 8 corresponds to Table 4 in Mirkin [22]). We observe that the
two main clusters which explain more than 53% are found by the two methods, although
not in the same order. For all number of clusters, ADDCLUS-C gives slightly better result
in terms of the sum of squares accounted for and the variance accounted for. ADDCLUS-C
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took 6.20s to perform this computation.

Weight c Members s2af vaf Δvaf

1 27.7 4.7 W1,W2,W3,W4,S1,I1 32.91 21.30 21.30
2 40.1 -4.4 W6,W7,W8,W9,S4 59.96 53.03 31.73
3 10.2 -4.0 W1,W2,W4,W5,W6,S1,S2,I1,I3 64.22 58.03 5.00
4 10.4 -5.1 W4,W5,W6,W7,W8,W9,S1,S2,S4,I1 68.86 63.47 5.44
5 37.9 -1.2 W2,W5,I3 76.75 72.73 9.26
6 10.4 -5.1 W1,W3,W4,W7,W8,W9,S1,S2,I3 81.20 77.95 5.22
7 10.6 -1.7 W1,W3,W4,W5,S1,I1 83.87 81.08 3.13
8 7.9 -3.1 W5,W6,W7,W8,W9,S2,S4,I1,I3 86.45 84.10 3.02
9 11.3 -1.2 W1,W2,W3,W5,I1 88.59 86.62 2.52
10 6.0 -1.8 W4,W6,W7,W8,W9,S1,S2,I3 89.91 88.16 1.54

Table 8: Mirkin’s results for the 14 workers’ problem (QFA-1 method)

Weight c Members s2af vaf Δvaf

1 34.98 5.42 W6,W7,W8,W9,S4 35.33 24.13 24.13
2 32.30 -5.32 W1,W2,W3,W4,S1,I1 60.02 53.10 28.97
3 39.20 -1.29 W2,W5,I3 68.44 62.98 9.88
4 14.08 -5.57 W4,W5,W6,W7,W8,W9,S1,S2,I1 76.59 72.54 9.56
5 14.67 -1.61 W1,W3,W4,S1,S2 80.21 76.78 4.24
6 44.87 -0.49 S2,I3 83.97 81.19 4.41
7 12.51 -1.37 W7,W8,W9,S2,S4 86.60 84.28 3.09
8 15.93 -1.05 W1,W2,W5,I1 89.29 87.44 3.16
9 5.78 -2.29 W4,W5,W6,W8,W9,S1,S2,S4,I3 90.66 89.05 1.61
10 24.88 -0.27 W1,W3 91.82 90.40 1.35

Table 9: Results for the 14 workers’ problem with ADDCLUS-C

8.3 The 16 consonant phonemes confusion problem

This problem originates from Miller-Nicely [19] study of subjects’ errors in identifying 16
(English) consonant phonemes under different conditions of noise. The data can be found
in Carroll and Wish [5].

Table 10 summarizes the result from the literature (in column c, n.a. means that the
value of the constant was not available).

Tables 11 and 12 show the results for algorithms ADDCLUS and ADDCLUS-C. The
CPU time is respectively 2.23s and 38.46s. In this case the obtained clusterings account
for slightly less variance than the cited methods from the literature. This appears to be
due to the sequential character of the algorithms used.
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#clusters c vaf Reference
16 n.a. 98.1 Arabie and Carroll [1]
16 0.057 94.5 Shepard and Arabie [30]
12 n.a. 95.6 Arabie and Carroll [1]
10 n.a. 93.7 Arabie and Carroll [1]
8 n.a. 90.7 Arabie and Carroll [1]
8 0.049 89.6 Arabie and Carroll [1]
8 0.047 90.2 Tenenbaum [31]

Table 10: Results from the literature for the 16 phonemes’ problem

Weight Members s2af vaf ΔΦ
1 0.2290 1,2,3 22.96 25.66 22.96
2 0.4230 4,5 39.03 45.10 16.07
3 0.0540 8,9,10,11,12,13 54.78 59.52 15.75
4 0.2880 9,10 62.23 67.97 7.45
5 0.2840 11,12 69.47 76.34 7.24
6 0.0380 1,3,5,6,7 74.53 80.43 5.06
7 0.0130 1,3,5,6,10,12,13,14,15,16 78.58 81.43 4.05
8 0.0770 1,3,4 81.54 84.23 2.96
9 0.0720 10,13,14 84.11 86.65 2.57
10 0.1560 8,11 86.30 88.99 2.19
11 0.1380 15,16 88.01 90.75 1.71
12 0.0130 2,4,6,7,9,12,13 89.52 91.38 1.51
13 0.0370 2,5,6 90.63 92.47 1.11
14 0.1080 13,15 91.68 93.52 1.05
15 0.0200 9,12,13,14 92.56 94.27 0.88
16 0.0330 1,3,5 93.34 94.99 0.78

Table 11: Results for the 16 phonemes’ problem with ADDCLUS
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Weight c Members s2af vaf Δvaf

1 0.2479 0.0528 1,2,3 53.62 25.81 25.81
2 0.3733 -0.0031 4,5 66.03 45.66 19.85
3 0.0979 -0.0122 8,9,10,11,12,13 77.32 63.72 18.06
4 0.2084 -0.0017 9,10 81.19 69.90 6.18
5 0.2061 -0.0017 11,12 84.97 75.95 6.05
6 0.0674 -0.0056 1,3,4,5,6 88.71 81.94 5.99
7 0.0452 -0.0038 10,13,14,15,16 90.39 84.63 2.69
8 0.0498 -0.0025 2,5,6,7 91.66 86.66 2.03
9 0.0954 -0.0008 1,3 92.47 87.95 1.29
10 0.0916 -0.0008 8,11 93.22 89.15 1.20
11 0.0860 -0.0007 15,16 93.87 90.20 1.05
12 0.0496 -0.0012 9,10,14 94.52 91.23 1.03
13 0.0448 -0.0011 12,13,14 95.05 92.07 0.84
14 0.0152 -0.0027 1,4,5,8,11,12,15 95.41 92.65 0.58
15 0.0131 -0.0039 1,3,5,6,7,9,10,13,14 95.79 93.27 0.62
16 0.0655 -0.0005 13,15 96.18 93.88 0.61

Table 12: Results for the 16 phonemes’ problem with ADDCLUS-C
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Appendix

I Computation of bounds on the parameter s for the quadratic
parametric problems

When solving the weight-unrestricted 1-cluster problem without additive constant, we have
to solve the problems

max
p∈Bn;s(p)≥2

g1(p) =
| ∑
i�=j

aijpipj |√
s(p) (s(p) − 1)

(30)

whereas when solving the 1-cluster problems with additive constant (both positive and
weight-unrestricted), we have to consider the problems

max
p∈Bn;n−1≥s(p)≥2

h1(p) =
| ∑
i�=j

aijpipj |√
s(p) (s(p) − 1)

(
1 − s(p)(s(p)−1)

n(n−1)

) (31)

where s(p) =
∑
i

pi. In this appendix we give lower and upper bound s and s on the optimal

s∗ for all of these problems. They are of the form

max
p∈P

|pAp|
D(s(p))

(32)

where P is some subset of Bn and D is a strictly positive function on P . The main result
is the following

Proposition 8 Let p∗ be an optimal solution of problem (32) and p̂ an optimal solution
of problem

max
p∈P

|pAp|
D1(s(p))

where D1 is a strictly positive function on P . Assume furthermore that p∗Ap∗ and p̂Ap̂
are non-null. Then if t 	→ R(t) = D(t)

D1(t) is non-decreasing (respectively non-increasing) on
s(P ) = {s(p) : p ∈ P}, we have s∗ ≤ ŝ (respectively s∗ ≥ ŝ) with s∗ = s(p∗) and ŝ = s(p̂).

Proof:
We prove the Proposition when R is non-decreasing. The case where R is non-
increasing is handled similarly. By optimality of p∗ and p̂, we have

|p∗Ap∗|
D(s∗)

≥ |p̂Ap̂|
D(ŝ)

|p̂Ap̂|
D1(ŝ)

≥ |p∗Ap∗|
D1(s∗)

.

Since all terms are strictly positive, we deduce
D(s∗)
D1(s∗)

≤ D(ŝ)
D1(ŝ)

which, as R is non-decreasing, implies s∗ ≤ ŝ.
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I.1 Bounds for the weight-unrestricted 1-cluster problem without
additive constant

In the case of the weight-unrestricted 1-cluster problem without additive constant, we have
D(t) =

√
t(t − 1), P = {p ∈ Bn |s(p) ≥ 2} and s(P ) = [2, n]. We are looking for a function

D1 of the form D1(t) = t + a. We have then

R(t) =
√

t(t − 1)
t + a

.

By easy manipulations,

R′(t) =
(2a + 1)t − a

2(t + a)2
√

t(t − 1)
.

It follows immediately that R′(t) ≤ 0 for all t in [2, n] (i.e., R is non-increasing) iff a ≤ −2
3

and R′(t) ≥ 0 for all t ∈ [2, n] iff a ≥ − n
2n−1 . By Proposition 8, a lower bound s is obtained

by solving the problem

max
p∈Bn;e.p≥2

g(p) =
| ∑
i�=j

aijpipj |∑
i

pi − 2
3

(33)

while an upper bound s is obtained by considering the problem

max
p∈Bn;e.p≥2

g(p) =
| ∑
i�=j

aijpipj |∑
i

pi − n
2n−1

. (34)

Since the value of the objective function of these two problems is 0 for p ∈ Bn satisfying∑
i pi = 1 (because there are no linear terms in the quadratic function of the numerator),

the problems (33) and (34) can be reduced respectively to max
p∈Bn\{0}

g(p) and max
p∈Bn\{0}

g(p)

which can be solved by Dinkelbach [8] iterative procedure for fractional quadratic 0-1
problem. Briefly, Dinkelbach’s procedure for the fractional problem min

x∈X

h1(x)
h2(x) with h2(x) >

0 for all x ∈ X consists in solving the problem (Pλ) min
x∈X

h1(x)−λh2(x) where λ = h1(x)
h2(x) for

some x ∈ X. If the optimal value of this problem is positive, then x is optimal; otherwise λ
is set to h1(x∗)

h2(x∗) where x∗ is the optimal solution of problem (Pλ) and the procedure iterates.

I.2 Bounds for the 1-cluster problem with additive constant

In the case of the 1-cluster problem with additive constant, we have

D(t) =
√

t(t − 1)
(
1 − t(t−1)

n(n−1)

)
, P = {p ∈ Bn |n−1 ≥ s(p) ≥ 2}. Let X = s(s−1). We have

X(P ) = [2, (n− 2)(n− 1)]. We are looking for a function D1 of the form D1(X) = X + a.
We have then

R(X) =

√
X

(
1 − X

n(n−1)

)
X + a

.
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Easy manipulations show that

R′(X) =
−

(
1 + 2a

n(n−1)

)
X + a

2(X + a)2
√

X
(
1 − X

n(n−1)

) .

The numerator of R′(X) is negative for X∈ [2, (n−2)(n−1)] for all a∈ [− (n−2)(n−1)n
n−4 , 2

1− 4
n(n−1)

].

In order that X + a be positive, we need in addition that a > −2. By Proposition 8, a
lower bound X on X = s(s − 1) is obtained by solving the problem

max
p∈Bn;n−1≥e.p≥2

h(p) =
| ∑
i�=j

aijpipj |∑
i�=j

pipj + 2
1− 4

n(n−1)

(35)

while an upper bound X is obtained by considering the problem

max
p∈Bn;n−1≥e.p≥2

h(p) =
| ∑
i�=j

aijpipj |
(n−2)(n−1)n

n−4 − ∑
i�=j

pipj

. (36)

X and X give in turn lower and upper bounds on s.


