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Abstract: In this paper, we propose a multivariate random forest method for multiple responses of mixed
types with missing responses. Imputation is performed for each bootstrap sample used to build the individual
trees that form the forest. The individual trees are built using a weighted splitting rule allowing down—
weighting of imputed observations. A simulation study shows the benefits of this approach over complete
case analysis when missing responses are MCAR and MAR. In particular, the gain in prediction accuracy of
the proposed method is larger in the MAR case and also increases as the proportion of missing increases.

Key Words: Multivariate tree; Random forest; Mixed responses; Multiple Imputation; General location
model; GLOM.
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1 Introduction

Tree-based ensemble methods like random forests (Breiman, 2001) are well-established powerful and useful
prediction tools; see Rokach (2008), Siroky (2009) and Verikas et al. (2011) for recent surveys. However, the
literature is more sparse for the case of multivariate responses. When all outcomes are of the same type (e.g.
all continuous or all binary), multivariate trees have been proposed by Ciampi et al. (1991), Segal (1992),
Zhang (1998), Siciliano and Mola (2000) and Lee (2005). Segal and Xiao (2011) studied multivariate random
forests using the approach of Segal (1992). In many studies, multiple outcomes of mixed types (continuous and
categorical) are measured. Dine et al. (2009) proposed a multivariate tree that can accommodate multiple
outcomes of mixed types. Barcena and Tusell (2004) proposed a method that uses univariate trees, one for
each response, to compute multivariate predictions. This approach does not build a single multivariate tree
but, could be used to compute predictions with mixed outcomes.

There are many situations, however, where one or more responses are missing for a number of subjects.
Many general approaches were proposed to deal with missing data and the monograph by Little and Rubin
(2002) provides a good entry point in the literature. So far, the literature on the treatment of missing values
with tree-based methods has focused almost entirely on the case of missing covariates and univariate trees.
In this case, the classical approach is to use surrogate splits (Breiman et al., 1984). Feelders (1999) found
empirically that multiple imputation is preferable to surrogate splits. Kim and Yates (2004) compared seven
ways to handle missing values including surrogate splits and mean imputation and concluded that no method
outperforms the others in all cases. Saar—Tsechansky and Provost (2007) studied the case where covariates
are missing at prediction time and concluded that a reduced feature approach is preferable to imputation.
Such a method is based on many different models that use only the covariates available for the case to be
predicted. As such, they can be expensive (in terms of computational time and storage) and this is why they
also proposed a hybrid method. Twala, Jones and Hand (2008) proposed a method that generalizes the idea
of treating missing as a new category which works for categorical and continuous covariates. Their method
exhibited a good performance across many scenarios including many missing data patterns. Twala (2009)
compared seven approaches and concluded that listwise deletion is inferior to the other six methods and that
multiple imputation is preferable. Ding and Simonoff (2010) made a systematic investigation of the different
missingness patterns. One of their conclusions is that creating a new class that represents the missing values
is the best approach when the test set contains missing values.

The previous works mentioned above were aimed at the case of missing covariates. Segal (1992) was the
only one to propose a method to handle missing responses in the case of longitudinal continuous outcomes. He
generalized the EM algorithm under some strong assumptions: a first-order autoregressive (AR1) covariance
structure, a consecutive sequence of missing values, and a missing completely at random (MCAR) mechanism.

The goal of this paper is to propose and study a general multivariate random forest method that can
handle missing responses under less restrictive assumptions in the context of multiple responses of mixed
types. This method has a multiple imputation flavor since an imputation is performed for each bootstrap
sample used to build the individual trees during the forest construction. The splitting criterion of Dine et
al. (2009) is generalized so that observation weights can be incorporated. This allows down-weighting of
observations that require imputations. The rest of the paper is organized as follows. The method is described
in detail in Section 2. The results of a simulation study is presented in Section 3 followed by concluding
remarks in Section 4.

2 Multivariate forest with imputed responses

In this section, we describe a general algorithm for predicting multivariate responses of mixed types when
some responses may be missing.

2.1 Data setup

The data setup is the same as in Dine et al. (2009). Data is available for a sample Z; = (y;,fi, x;),
i =1,...,N, where, for subject i, y; = (Y1i,.-.,Ypi) are the p continuous responses, fi = (f1i,..., fui)
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are the u categorical responses and x; are the covariates (of any types). Note that min(p,u) > 0 and
max(p,u) > 0, i.e., we may have only continuous or categorical responses. The goal is to build a forest of
trees to predict the responses using the covariates.

The tree method developed in Dine et al. (2009) does not allow missing data in the responses. In this
paper, we allow that an observation may have one or more missing response(s). However, an observation
with no observed response at all would be discarded right from the start.

2.2 Multivariate random forest with responses imputation
The proposed generic random forest algorithm can be described in the following steps:

1. Fort=1,...,T
a) Draw a bootstrap sample Z},, ..., Z}, from the original data.
t1 tN

(b) Impute the missing responses in the bootstrap sample with a strategy that uses only the responses.

)
(c) Assign a weight wy; to Z3; ;i =1,...,N.
(d) Grow a multivariate tree with the weighted GLOM splitting rule (see Section 2.3 below) using the

assigned weights.

2. Compute predictions by aggregating the predictions of the 7" individual trees (see Section 2.4 below).

This algorithm is very general. The weights in step c) can be defined in many ways. A natural way would
be to give less weights to observations that required imputations. The weighted GLOM splitting rule would
then give less weight to these incomplete cases in the tree building process but also in the calculation of the
predictions as described in Sections 2.3 and 2.4.

The specific implementation of this algorithm used for the simulation study in this paper is described in
Section 3.2.

2.3 Weighted GLOM splitting rule and tree

Assume we have N observations in the current father node and wish to split it into two children nodes, the
left and right nodes. In the GLOM approach, the vector f; of categorical responses is casted into a single
variable ¢; that can take Sp < ]_[}L:1 s; possible values, called states, where s; is the number of different
values of the categorical outcome f;. Only the states observed in the node to be splitted are used and,
consequently, the number of states Sp may vary from node to node. The state indicator ¢; then takes any
integer values from 1 to Sp.

We modify the two—node GLOM splitting criterion of Dine et al. (2009) to account for imputed responses.
This is done through the incorporation of weights associated to each data point. We only present the final
splitting criterion here but more details are given in the Appendix. Let Jr denote the subset of indices from
{1,..., N} of the observations that are in the father node. We first standardize the weights such that they
sum to Np, i.e., Zier w; = Np. In the following, the superscripts “L” and “R” will indicate quantities
computed for the observations that are in the left and right nodes for a given candidate split. Let J& (J&)
denote the subset of indices that are in the left (right) node and in state k. Then

nik:E w; and ngk:E wy ; k=1,...,5F

ieJk ieJB

are the weighted total number of observations (i.e., the sum of the weights) that are in each state for each
children nodes. Let also NE (NJ) be the sum of the weights in the left (right) node. The splitting criterion
is given by:
Sr
N - N
= (0l W) +nify (i) — 5 In S| - pTF In(27)
k=1

e "
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where nL . ni
ka:ﬁ and wwk:# for k=1,...,5F, (2)
~ L 1 ~R 1
Pwk = 7~ > wiyi and iy, = R > wy; for k=1,...,SF (3)
wk e gk wk e R
and <
. 1 & "L "L ~R ~ R
B = 5 S wilyi — ) (i — fgy) + Y wilyi — fuiy) (vi — fay)'}- (4)
k=1 ieJt o
1€y i€}

#L, (#E) is the weighted maximum likelihood estimate (WMLE) of the probability that an observation in
the left (right) node is in state k. 2, (f1%,) is the WMLE of the mean vector of the continuous responses
in the left (right) node for state k. Finally, 3,2 is the WMLE of the common, across the two nodes and the
SF states, covariance matrix of the continuous responses. In fact, this criterion is the observed likelihood
of a weighted twonode GLOM model. See the Appendix for more details. In practice, the last two terms
(=pNpIn(27)/2 — pNp/2) are constant for all candidate splits and can be omitted. With equal weights, i.e.,

when w; = 1, the splitting criterion (1) reduces to the one given in equation (4) of Dine et al. (2009).

A tree can be built by maximizing the splitting criterion from the root node (with all the observations)
and by repeating the process recursively for the children nodes until a stopping criterion is reached.

2.4 Final prediction from a forest

Assume we need a prediction for a new observation. Let y; denote the prediction of the continuous responses
for the t™h tree in the forest as given by the weighted mean (3) in the terminal node in which the new
observation falls. Then the final forest prediction is given by

T
grr = _9:/T,
t=1
that is the unweighted mean of the individual weighted mean predictions. For the jth categorical response
fisi=1,...,u, let Tp denote the estimated probability that P(f; = k) for the tth tree in the forest. This

probability is estimated as the weighted proportion of observations for which f; = k in the terminal node in
which the new observation falls. The final forest estimated probabilities are given by

T
ﬁ'jk: E ﬁ-jkt/T
t=1

The final forest prediction is then given by the class with the largest estimated probability, i.e.,

firr = argmax @, for j=1,... u.
k

3 Simulation study

In this section, we study empirically the performance of the multivariate random forest algorithm with
responses imputed under two types of missing data generation processes, missing completely at random
(MCAR) and missing at random (MAR), and under three levels of missingness, 25%, 50% and 75%. This
produces six different scenarios. Four different weighting strategies are investigated. They are described in
Section 3.2. A forest using only the complete cases, i.e., only the observations with no missing responses, will
serve as the benchmark.
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3.1 Simulation design

The simulation design has six responses in all, three continuous and three binary. The responses are related
to the covariates through the tree structure defined in Figure 1. Seven covariates are generated independently
according to the uniform distribution in the interval (0,10) but only four are actually related to the responses.
The three others are noise covariates. To generate the responses, an observation is sent down the tree
according to the values of the covariates. Then, six equicorrelated (p = 0.3) variates are first generated as
multivariate normal with mean vectors (node specific) given in Table 1 and unit variance. The first three
variates form the three continuous responses (Y7,Y5,Y3). The last three variates are dichotomized according
to whether they are greater (1) or less (0) than 0 and form the three binary responses (Yy, Ys, Y5).

Nade 0
X <5
Nade 1 Node 2
Node 3 Node 4 Node 5 Maode G
Made 7 MNode 8

Figure 1: Tree structure used for generating data in the simulations

Table 1: Mean vector of the terminal nodes of the tree in Figure 1

Node p1  p2  p3 Ha M5 He
3 1 2 3 -0.25 -0.25 -0.52
4 1.5 2.5 4 0.67 0.39 0.52
6 1 2.4 3 -0.52 -0.25 -0.67
7 0.5 3.5 25 -0.52 -0.25 -0.67
8 2.5 3 3.5 0.39 0.13 -0.67

A training data set of size 500 was generated to build the forests and the prediction accuracies are
estimated with an independent test set of size 10,000. This whole process was repeated for 500 simulation
runs.

We introduce missing responses by removing some of the responses in the training data set. Three levels
of missingness are used: 25%, 50% and 75%. For instance, 75% of missingness means that the probability
that an observation has at least one missing response is 75%. Hence, only about 25% of the observations are
complete. The benchmark method would use only these complete observations to build the forest.
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To create the MCAR setting, we first choose randomly the number of missing responses in each obser-
vation. We limited this number to a maximum of three for each observation. Once the number of missing
responses is chosen for an observation, then the missing responses are chosen randomly among the six original
responses. To obtain levels of missingness p=25%, 50% and 75%, the number of missing responses, 0, 1, 2 or
3, are chosen randomly with probabilities 1 — p, p/3, p/3 and p/3.

To create a MAR setting, we used a model in which the probability that a response (continuous or binary)
is missing depends on the values of the other responses (continues and binary) for the same observation. More
precisely, the probability that a response Y;, j = 1,...,6, is set to be missing is given by the following logistic
model:

logit[P(Y; is missing)] = B + 1 | Y
i#]
The parameters Sy and 1 are set to get the desired level of missingness. We set, 81 = 0.2 in all cases and
Bo = 3.10, 2.14 and 1.32 to obtain levels of missingness of 25%, 50% and 75%, respectively. Table 2 presents
the observed proportion, across the 250,000 observations from all training data sets (500 training data sets
of size 500), of observations with different numbers of missing responses.

Table 2: Proportion of observations with different numbers of missing responses in the MAR scenario

Level of missingness
# Missing 25% 50% 75%

0 74.4% 504 % 242 %
23% 348% 362%
22% 122% 234 %
04 % 2.2 % 12.6 %
0% 04 % 2.8 %
0% 0% 0.8 %

Uk W N =

3.2 Forest implementation

The tree building and forest aggregation of Section 2.2 were coded in Ox (Doornik, 2002) and the data
generation and imputation were implemented in SAS (SAS Institute, 2010). Specifically, we used the default
settings of the MI procedure in SAS to impute the incomplete cases, which is based on the Markov Chain
Monte Carlo (MCMC) algorithm. This method produces continuous imputed values. Since three of the
six outcomes are binary, we followed an approach proposed by Schafer (1997) that treats a binary variable
as continuous in the imputation process and subsequently round each imputed value. More precisely, each
binary outcome was treated as a continuous variable by using the default options of MI. They were then
rounded by assigning a “1” if the imputed value is greater or equal to 0.5 and a “0” otherwise.

In this paper, we investigate four weighting schemes.

Scheme 1: We assign a weight of one for complete and imputed observations. Thus wy; = 1 for all
observations regardless of the missing values.

Scheme 2: We assign a weight of 1 to an observation without any missing response and a weight uniformly
chosen between 0 and 1 is assigned to an observation with at least one missing response. More precisely, for
a given bootstrap sample, wy; = 1 for complete response cases and wy; = w; for incomplete response cases
where wy ~ U(0, 1). Hence, all incomplete cases receive the same weight regardless of the number of missing
responses. However, w; itself varies with the bootstrap sample.

Scheme 3: We assign a weight equal to the proportion of complete responses for the observation. Thus, a
complete observation receives a weight of 1 and, for example, an observation with two missing responses out
of six responses receives a weight of 2/3.
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Scheme 4: We assign a weight of 1 to complete observations. An incomplete observation receives a weight
uniformly chosen between 0 and the proportion of complete responses for the observation. This weight varies
also with the bootstrap sample.

The weighting schemes 1 and 3 are deterministic. Schemes 2 and 4 add a random element in order to
investigate if this can improve the predictions.

3.3 Results

We assess the predictive performance with the predictive mean squared error (PMSE) for the continuous
outcomes and the predictive misclassification rate (PM R) for the binary outcomes. Figures 2 to 4 summarize
the results for the 500 simulation runs. In Figures 2 (MCAR) and 3 (MAR), each plot represent one of the
outcome. The upper plots are for the continuous outcomes and the lower plots are for the binary outcomes.
Each plot contains the results for both the benchmark complete cases forest and the imputed forests (four
weighting schemes) as the level of missingness varies. Looking at the MCAR setting in Figure 2 we see
that the performance of the two methods, with and without imputed responses, is negatively correlated with
the level of missingness. As the level of missingness increases, the box plots shift higher meaning that the
performance of the learning method depends on the quantity of data available. We also see that for any given
level of missingness, the imputed forest is better than the complete case forest for all responses, and regardless
of the weighting scheme. The performances of the four weighting schemes are very similar. Schemes 1 and 3
seem slightly better but not enough to declare a clear winner.

It is also apparent that the gap between the two methods (with and without imputed responses) increases
as the level of missingness increases. All these remarks also apply for the MAR setting in Figure 3. Conse-
quently, as the level of missingness increases, the proposed imputed forest loses its predictive accuracies at
a slower pace compared to the complete cases forest. It seems however that the advantage of the imputed
forest is even larger in the MAR setting. To see this more clearly, Figure 4 depicts the differences between the
two approaches, using weighting scheme 3, as the level of missingness varies. We can see even more clearly
that the gap between the two approaches increases as the level of missingness increases and that the increase
rate is more pronounced in the MAR setting.

4 Concluding remarks

In this paper, we introduced a very general method to handle missing values in the responses when multiple
responses of possible mixed types are observed. The method is very general and could be used with different
imputation strategies and any multivariate tree algorithm but, we selected the one of Dine et al. (2009)
because it can accommodate responses of mixed types. One particular implementation of the method along
with four different weighting schemes was investigated with a simulation study with MCAR and MAR miss-
ing responses. Compared to a complete case strategy, the results indicate that fitting a multivariate random
forest with imputed responses enhances predictions regardless of the type of responses and weighting strat-
egy. Moreover, the gap between the two approaches increases as the percentage of incomplete observations
increases and is more pronounced in the MAR setting. Two of the weighting strategies produced slightly
better predictions. They are: i) giving an equal weight to all observations regardless of the missing values,
and ii) giving a weight equal to the proportion of complete responses for the observation.

The goal of this paper was to introduce the method and show its potential. Many aspects deserve future
investigations. Omne possibility would be to study more thoroughly the weighting scheme. For instance,
investigating other weighting schemes and the sensitivity of the method to the weighting scheme could be of
interest. Moreover, missing could occur in both responses and covariates and missing covariates could also
be present at prediction time. Investigating this more general framework is also worthy of future work.
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Appendix
Description of the weighted two nodes GLOM behind the splitting rule

In this appendix, we describe the model behind the splitting rule used to build the multivariate trees with
weights. This model is an extension of the two nodes general location model (GLOM) used in Dine et al.
(2009). See Olkin and Tate (1961) for a description of the original GLOM model. Refer to Sections 2.1
and 2.3 for the notation. We begin by describing the basic GLOM model. Let (y,f), where y = (y1,...,¥p)
are the p continuous responses, f = (f1,..., fu) are the u categorical responses. The vector f is casted into a
single variable ¢ that can take S possible values called states such that each state corresponds to one unique
combination of the categorical responses. The random variable ¢ can take any integer values from 1 to S.
The vector (y,f) is said to come from a GLOM if

1. ¢ is a multinomial random variable with probability vector (71,...,7s) (7 > 0 and Zle T = 1).

2. The conditional distribution of y given ¢ = k is N,(p,, X).

Thus, in the basic GLOM, X is the common (across states) covariance matrix and the p,;, are the state-specific
mean vectors of the continuous responses.

The two nodes GLOM arises after when the observations are partitioned into two groups. In the present
context, this occurs when a candidate split partitions the observations belonging to a father node into two
children nodes and this is why we will use the term “node” instead of “group” and denote the two nodes by
using the superscripts “L” and “R” for left and right. With this model, we have node—specific probability
vectors (7rf e ,Wg«) and mean vectors ui, g = L, R, but a common across states and nodes covariance matrix
35. The observed log-likelihood for a sample of the two nodes GLOM is used as the splitting rule in Dine
et al. (2009); see (4) on page 3798 of that article. In this paper, we add observation weights to account
for imputations. This produces the weighted two nodes GLOM. It is then straightforward to see that the
weighted maximum likelihood estimates and observed log—likelihood of a sample of the weighted two nodes
GLOM are given in (1) to (4).
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