Les Cahiers du GERAD

ISSN: 0711-2440

Quasi-Monte Carlo simulation of
coagulation-fragmentation

C. Lécot, P. L'Ecuyer,
R. El Haddad, A. Tarhini

G-2018-67
August 2018

La collection Les Cahiers du GERAD est constituée des travaux de
recherche menés par nos membres. La plupart de ces documents de
travail a été soumis a des revues avec comité de révision. Lorsqu'un
document est accepté et publié, le pdf original est retiré si c'est
nécessaire et un lien vers |'article publié est ajouté.

Citation suggérée: C. Lécot, P. L'Ecuyer, R. El Haddad, A. Tarhini
(Aolit 2018). Quasi-Monte Carlo simulation of coagulation-
fragmentation, Rapport technique, Les Cahiers du GERAD G-2018-67,
GERAD, HEC Montréal, Canada.

Avant de citer ce rapport technique, veuillez visiter notre site Web
(https://www.gerad.ca/fr/papers/G-2018-67) afin de mettre a jour
vos données de référence, s'il a été publié dans une revue scientifique.

The series Les Cahiers du GERAD consists of working papers carried
out by our members. Most of these pre-prints have been submitted to
peer-reviewed journals. When accepted and published, if necessary, the
original pdf is removed and a link to the published article is added.

Suggested citation: C. Lécot, P. L'Ecuyer, R. El Haddad, A. Tarhini
(August 2018). Quasi-Monte Carlo simulation of coagulation-
fragmentation, Technical report, Les Cahiers du GERAD G-2018-67,
GERAD, HEC Montréal, Canada.

Before citing this technical report, please visit our website (https://
www.gerad.ca/en/papers/G-2018-67) to update your reference data,
if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grace au
soutien de HEC Montréal, Polytechnique Montréal, Université McGill,
Université du Québec a Montréal, ainsi que du Fonds de recherche du
Québec — Nature et technologies.

Dépét légal — Bibliotheque et Archives nationales du Québec, 2018
— Bibliotheque et Archives Canada, 2018

The publication of these research reports is made possible thanks to the
support of HEC Montréal, Polytechnique Montréal, McGill University,
Université du Québec a Montréal, as well as the Fonds de recherche du
Québec — Nature et technologies.

Legal deposit — Bibliotheque et Archives nationales du Québec, 2018
— Library and Archives Canada, 2018

GERAD HEC Montréal
3000, chemin de la Céte-Sainte-Catherine
Montréal (Québec) Canada H3T 2A7

Tél.: 514 340-6053
Téléc.: 514 340-5665
info@gerad.ca
www.gerad.ca



https://www.gerad.ca/fr/papers/G-2018-67
https://www.gerad.ca/en/papers/G-2018-67
https://www.gerad.ca/en/papers/G-2018-67




Quasi-Monte Carlo simulation of coagulation-fragmentation

Christian Lécot *
Pierre L’Ecuyer’®
Rami El Haddad ¢
Ali Tarhini?

@ Univ. Grenoble Alpes, Univ. Savoie Mont Blanc,
CNRS, LAMA, 73000 Chambéry, France

b GERAD & DIRO, Université de Montréal, Montréal,
Canada, H3C 3J7

¢ Laboratoire de Mathématiques et Applications,
U.R. Mathématiques et modélisation, Faculté des

sciences, Université Saint-Joseph, Beyrouth 1104
2020 Liban
4 Université Libanaise, Faculté des Sciences,

Section V, Nabatieh, Liban

christian.lecot@univ-smb.fr
lecuyer@iro.umontreal.ca
rami.haddad@usj.edu.1lb
ahtarhini@yahoo.fr

August 2018

Les Cahiers du GERAD

G-2018-67

Copyright (© 2018 GERAD, Lécot, L'Ecuyer, El Haddad, Tarhini

Les textes publiés dans la série des rapports de recherche Les Cahiers du
GERAD n’engagent que la responsabilité de leurs auteurs. Les auteurs
conservent leur droit d'auteur et leurs droits moraux sur leurs publica-
tions et les utilisateurs s'engagent a reconnaitre et respecter les exigences
|égales associées a ces droits. Ainsi, les utilisateurs:
e Peuvent télécharger et imprimer une copie de toute publication
du portail public aux fins d'étude ou de recherche privée;
e Ne peuvent pas distribuer le matériel ou I'utiliser pour une ac-
tivité a but lucratif ou pour un gain commercial;
e Peuvent distribuer gratuitement I'URL identifiant la publication.
Si vous pensez que ce document enfreint le droit d'auteur, contactez-
nous en fournissant des détails. Nous supprimerons immédiatement
I'acceés au travail et enquéterons sur votre demande.

The authors are exclusively responsible for the content of their research
papers published in the series Les Cahiers du GERAD. Copyright and
moral rights for the publications are retained by the authors and the users
must commit themselves to recognize and abide the legal requirements
associated with these rights. Thus, users:
e May download and print one copy of any publication from the
public portal for the purpose of private study or research;
e May not further distribute the material or use it for any profit-
making activity or commercial gain;
e May freely distribute the URL identifying the publication.
If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately
and investigate your claim.



i G-2018-67 Les Cahiers du GERAD

Abstract: We extend a quasi-Monte Carlo scheme designed for coagulation to the simulation of the
coagulation-fragmentation equation. A number N of particles is used to approximate the mass distribu-
tion. After time discretization, three-dimensional quasi-random points decide at every time step whether the
particles are undergoing coagulation or fragmentation. We prove that the scheme converges as the time step
is small and NV is large. In a numerical test, we show that the computed solutions are in good agreement
with the exact ones, and that the error of the algorithm is smaller than the error of a corresponding Monte
Carlo scheme using the same discretization parameters.

Keywords: Quasi-Monte Carlo method, coagulation equation, fragmentation equation, stochastic particle
method, low-discrepancy sequence
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1 Introduction

Coagulation-fragmentation models have applications in many domains of science and technology: aerosol
dynamics, polymerization, and combustion processes, for example [1]. M. von Smoluchowski modelled the
coagulation of particles in a medium where only binary collisions occur: the numbers of particles of different
sizes obey an infinite system of ordinary differential equations [16]. H. Miiller rewrote the equations in
terms of an integro-differential equation for the time evolution of the particle size density function [13].
S. K. Friedlander considered the result of binary collisions occuring simultaneously with splitting of single
particles in two new particles [5]. This gives the coagulation-fragmentation equation for the density ¢(x,t) of
particles of size (or mass) x at times ¢ (see [3]):

dc 1 /®
F@0 = 5 [ K-y -yt 0y
0
+o0 oo
[ K@yt odi+ [ Pt + vty
0 0
5 [ Pla-ywewndn, o>0 >0 ()
0

with the initial condition ¢(z,0) = ¢o(x) (x > 0), which is a given non-negative function. The coagulation
kernel K (x,y) describes the rate of formation of a particle of size x + y by coagulation of two particles of size
x and y; the fragmentation kernel F(z,y) is describing the rate of formation of particles of size 2 and y by
fragmentation of a particle of size x + y. Both kernels are assumed to be non-negative and symmetric. For
an integer m > 0, the moment of order m is defined by: M,,(t) := 0+°° x™c¢(x,t)dx. The total number of
particles, My(t) may decrease by coagulation or increase by fragmentation, while the total mass of particles,
M, (t) remains constant if there is neither gelation (formation of particles of infinite size by coagulation:

see [1]) nor shattering (formation of zero-size particles by fragmentation: see [12]). We denote M; := M;(0).

Existence, uniqueness, boundedness, and positiveness of the solutions of coagulation-fragmentation equa-
tion have been considered in [3]. Exact solutions are only known for pure coagulation (F' = 0) or pure
fragmentation (K = 0) equation and for specific kernels and initial data, so efforts are being pursued to
obtain accurate numerical solutions. We focus on stochastic (or quasi-stochastic) strategies. Several Monte
Carlo (MC) methods have been developed concurrently. In [4] the density is approximated using a particle
system with a variable particle number. In contrast to this direct simulation scheme, where the particles rep-
resent the number density, a mass flow scheme was introduced in [2]: the particles represent the mass density
so that the number of particles is kept constant throughout the simulation. The article [6] presents a mass
flow scheme for the coagulation-fragmentation equation. In [17] time-driven MC are opposed to event-driven
MC. In time-driven simulations a time step is chosen, and all events are implemented within that step; in
event-driven MC, first an event is selected to occur, and time is advanced by an appropriate increment. It
is found that event-driven methods generally provide better accuracy; but time-driven algorithms are more
suitable in cases where the equation is to be solved within a larger process simulator that performs explicit
integration in time; see [7] for recent numerical experiments.

The aim of the present work is to extend to the coagulation-fragmentation equation the time-driven
constant-number method introduced in [8, 9] for pure coagulation. The method uses quasi-random numbers
(low-discrepancy point sets) in place of pseudo-random numbers. The basic notations and concepts of quasi-
Monte Carlo (QMC) methods are given in [15]. We denote I := [0,1). For a dimension s, the Lebesgue

measure is denoted \;. For U = {uy,...,un—_1} C I® and for a Borel set B C I* the local discrepancy is
1
Dy(B,U) =+ > 1p(w) = A(B),
0<k<N

where 15 denotes the indicator function of B. The discrepancy of U is Dy (U) := sup; |Dn(J,U)|, where the
supremum is taken over all subintervals J C I°. The star discrepancy of U is D3 (U) := sup ;. |Dn(J*,U)|,
where J* runs through all subintervals of I® with a vertex at the origin. QMC methods are versions of MC
methods, where the pseudo-random samples are replaced with low-discrepancy point sets. Powerful methods
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of constructing low-discrepancy point sets are based on the theory of (¢,m, s)-nets and (¢, s)-sequences. For
an integer b > 2, an elementary interval in base b is an interval of the form [];_,[a;b=%, (a; + 1)b~%), with
integers d; > 0 and 0 < a; < i, If0 < t < m are integers, a (t,m,s)-net in base b is a point set U of
N = b™ points in I* such that Dy (J,U) = 0 for every elementary interval J in base b with measure b=,
If b > 2 and t > 0 are integers, a sequence ug, uy, ... of points in I is a (¢, s)-sequence in base b if, for all
integers n > 0 and m > ¢, the points u, with nd™ < p < (n+ 1)b™ form a (¢, m, s)-net in base b.

For many MC schemes, it is possible to develop corresponding QMC algorithms by replacing the pseudo-
random numbers with quasi-random numbers. In [8, 9], it was shown that it is convenient to take special
measures in order to benefit from the great uniformity of quasi-random points: as time advances, the simu-
lation particles are renumbered according to size at every time step.

The present paper is restricted to the presentation and analysis of a QMC (deterministic) scheme, which
is able to produce an approximation of the density c(x,t) for any (x,t): this may be of interest in some
cases (we think of inverse problems). The remainder of the paper is organized as follows. In Section 2,
the QMC algorithm is presented. We establish in Section 3 a convergence result for the discrepancy of the
numerical particles relative to the exact mass distribution. Results of computational experiments are shown
in Section 4.

2 The quasi-Monte Carlo scheme

The case of pure coagulation was analyzed in our previous paper [8]. If F' is not identically null, we assume
that, for every x > 0, the function y € (0,z) — F(z —y,y) is not identically null. We multiply Equation (1)
by z/M;. If we write x = x —y+y in the first integral, it can be split up into two integrals, which are equated
by a change of variable; we apply the same transformation to the last integral. By introducing the mass
density function f(z,t) := xe(x,t)/M; (which is a probability density function), we obtain the mass-flow
equation: for x > 0, t > 0,

%‘:(m,t) = /OI Kz —y,y)f(x—y,t)f(y,t)dy

“+ o0

- K(z,y)f(z,t)f(y, t)dy

0

+oo~ T
+A F@+%mﬁ@+y¢ﬂy—AAﬂ%yﬁ@JM% (2)

where K and F are the modified coagulation and fragmentation kernels respectively defined by: K (z,y) :==
MK (z,y)/y (for z,y > 0), and F(z,y) := yF(z —y,y)/x (for & >y > 0). We denote fo(z) := xco(z)/My
the initial data. We introduce a weak formulation of Equation (2), so we define a set of test functions. If
R := (0,+00), then a function o : R} — R, is said to be simple if its image is a finite pointset of R ; let
S(R%) be the set of all measurable simple functions on R* . By multiplying Equation (2) by a simple function
o € S(R%) and by integrating over R’ , we obtain a first weak formulation of the mass-flow equation:

d [T

i) fenowa=

+oo +oo

/ R,) (0,00 (5. 1) (0o + ) = 0(a)dyds
+oo

/‘L/ (,9)f (. 0)(0 () — o(z))dydz

(in the first integral we use new variables: (z, z), where z := x — y, then rename z — y; in the third integral
we use new variables: (z,z), where z := = + y, then rename (z,z) — (z,y)). Before doing the numerical
integration, we convert the integral over [0, z] to an integral over [0,1]. For z >y > 0, let

Flx,y) = /Oy F(z,w)dw, F(z):= F(z,z), Fla,y) = M



Les Cahiers du GERAD G-2018-67 3

For z > 0, let F, be the function y € [0, 2] — Flz,y) € [0,1], with F,(0) := 0. We assume that this function
is strictly increasing; let F- ! be the inverse function. In the integral over [0,z], we change variable y to
u := Fr(y), and we obtain another weak formulation of the mass-flow equation:

+oo
- / f(a, Do (@)ds =

+oo +oo
|| Renseorw.ee+ o - o@)
—+00 . 1 -
+ ; F(x)f(z,t) (/0 oo F,; (u)du — a(w)) dzx. (3)

We suppose that K and F are bounded and we set K™ := SUP, >0 K(z,y), F>® := sup,.,F(z). For
b>2and m > 1, we put N := b™: this is the number of numerical particles used for the simulation.
We need a low discrepancy sequence for the time evolution: U = {ug,uy,...} C I3. For n € N, we
write: U” := {u, : nIN < p < (n+ 1)N}. We make the following assumptions: U is a (t,3)-sequence
in base b (for some ¢t > 0) and 73(U™) is a (0,m,2)-net in base b (where 73 is the projection defined by
W%(xl,x%xg,) = ((El,xz)).

2.1 Initialization

We choose a set X° = {zf,...,2%_;} C R% of N particles such that the initial mass probability fo(z)dz is
approximated by the probability distribution:

Pa)=5 3 sa—af),
0<k<N

where §(x —¢) is the Dirac measure at a point § € R*. This reverts to generating N samples from the density
function fy.

2.2 Time discretization

A fixed time step At is chosen such that At(K> + F°) < 1. We set t, := nAt and we denote f,(z) =
f(z,t,). We suppose that a set X" = {zf,...,2%_,;} C R} of N particles has been computed so that

n 1 n
[ (x) = N(K;N(S(x_xk)

approximates (in a sense to be made precise below) the exact mass probability f,(x)dx. The approximation
of the solution at time t,,41 is calculated as follows.

(i) Renumbering the particles. Particles are relabeled at the beginning of the time step by increasing mass:
zg <af <. <z _,;. This sorting guarantees theoretical convergence: see Section 3 below.

ii) Coagulation/fragmentation. We define an auxiliary probability measure g y using an explicit Euler
i) Coagulati tation. We defi ili babilit "1 by usi licit Eul
scheme in time for Equation (3):

/ " g @ot) =

1 At m(an n ~(..n n
I Z 1_W Z K(zg,zy) — AtF(zy) | o(zy)
0<k<N 0<t<N

1 olon n n n r n ! —
t N E K(zp, x))o(x) + x7) +}"(xk)/0 ao}'le(u)du
0<k<N 0<U<N
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The measure g" ! approximates f,,11(x)dz, but it is not a sum of Dirac measures. We recover this kind
of approximation if we use a QMC quadrature rule. Let Ry ¢ := [k/N, (k+1)/N)x[(/N, (¢+1)/N) C I?
be an elementary interval in base b: we denote by 1g, , its indicator function. Let x} , be the indicator

function of I, := [0, Atf((ac};7 1)) and let ¢} be the indicator function of J* := [1 — AtF(z}),1). To
o € S(R?) corresponds the indicator function:

) = Y g, (u1,ug) ( (1= xR o(us) — @p(u3)) o(ay)

0<k, (<N

~_ 1—’[[,3
+X5 L +xy) + o Foi | ==
X e(u)o (zj; +27) + ¢ (uz)o o Fon (Atf(xﬁ)>>

(for u = (u1, ug,us) € I?), which is such that

/ et = [ et

We determine f"*! by performing a QMC quadrature in I3:
e 1 1 1
[ rmiwew -5 Y )
0 nN<p<(n+1)N

The calculation on a time step may be summarized as follows. If w € [0,1), let k(u) := |Nu]. Then,
for every p with nN < p < (n+ 1)N, we have:

Thtupa) T Thup2) if up 3 < ALK (wﬁ(upyl),:vz(w))’
n+1 — ~_1 1- Up,3 . r n
W= | P () 117 () <o
' k(up,1)
! otherwise.
k(“p,l)

For every p, the numbers w, 1 and u, 2 select particles; the particle k(u, 1) has for coagulation partner
the particle k(up2) and the coagulation probability is p. := Atk(mZ(up,ly :rg(up12)); the fragmentation
probability of particle k(up1) is py = At}.-(xZ(u,,,l))' Then wu, 3 selects an event and in the case of
fragmentation, it determines the size of the new particle. The algorithm is a slight modification of the
method devised for pure coagulation and uses three-dimensional quasi-random numbers as well. This
is interesting, because it is well known that QMC methods perform better in low dimensional spaces.
Nevertheless, the extension of the convergence analysis is not straightforward, because fragmentation
introduces new linear terms (the coagulation terms are quadratic in c).

3 Convergence analysis

We prove a convergence result for the QMC scheme previously described. First, we need to adapt the basic
tools of QMC methods to the algorithm.

Let f be a probability density function on R%. If z > 0, then o, is the indicator function of (0, z). We
define the local discrepancy of the set X = {z; : 0 <k < N} C R relative to f by:

+oo
Dy Xif)i= g 3 o= [ ola) e

0<k<N

The star discrepancy of X relative to f is: DN (X; f) := sup,~¢ |Dn (2, X; f)|- The error of the scheme at
time ¢, is defined to be D (X™; f,). The concept of variation of function in the sense of Hardy and Krause
can be extended to a function ¢ defined on R¥* and is denoted by V(¢). The Koksma inequality can be
generalized as follows.
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Proposition 1 Let f be a probability density function over R% . If ¢ has bounded variation V (¢) on R, then
for any X ={x, : 0 <k < N} CRY,

We introduce the following intermediate terms.

e The local truncation error:

“+o0
= é/o (fnr1(x) = fu(z))o.(2)dx

w3

+oo +oo
- / [ R b)) o ) 0. )

0

—+o00 1 R
— F(x) fr(x) (/ o, 0 F; Hu)du — O’Z<.'E)) dx.
0
o The additional error: e = €7 j + €7 p, where
400 400 -
o= R(a.) @) ()02 +9) — 0.(x)
0 0

“+oo +oo
- / [ R fu@) )0 1) = @)y

B

e o= [ R (/ o0 B (w)du - o))
- 0+Oo Fla) fn(z) < /0 1 o, 0 Fo (u)du — Jz(x)) da.

e The QMC integration error:

dl = N Z I‘Z;"l(up) - /13 I"Zj'l(u)du.
N

nN<p<(n+1)

We have the recurrence formula:
Dn(z, X" fag1) = Dy (2, X" fn) — Ate? + Atel! + d7.
The local truncation error is bounded as follows.

Lemma 1 If for every x > 0, the function t — f(x,t) is twice continuously differentiable over (0,T) and if

1 %{, % are integrable over R x (0,T), then, for t,41 < T,

+oo tn+1
e < / /
0 tn

The part of the additional error associated to coagulation is bounded in our previous paper [8].

of
a2

(z, t)' dtdz.

Lemma 2 [f for everyy > 0, the function K(-y):x € (0,+00) — f((l;, y) is of bounded variation V(K(-,))
and sup,~o V(K (-,y)) < +o0, and if for every x > 0, the function K(z,-) : y € (0,+00) = K(z,y) is of
bounded variation V(K (x,-)) and SUD,~0 V(K(z,-)) < 400, then

e ] < <supv<f<<~,y>> s V(R (2, ) + 3f<°°) Dy (X" £.).
y>0 x>0
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We have the following bound for the part of the additional error associated to fragmentation.

Lemma 3 If for every y > 0, the map F(-,y) : x € [y, +00) — F(x,y) is of bounded variation V(F(-,y)) and
sup,~o V(F(+,y)) < +oo, then

el < (sup VTG0 4 F) DYCC ).
Proof. We have
+oo T
e = jﬁ f"(aﬁ‘/g F(e,y)(02(y) — 02(2))dy
—+o0 T
[ 8@ [ Faw)e.w - o@)d.
0 0

If we define a function: ¢(z) == [ F(z,y)(0:(y) — 0-(x))dy (for z > 0), then
+oo
rimy 3 el - [ e
0
0<k<N
Using the generalized Koksma inequality leads to: [eZ | < V() Dy (X™; fn). Since V(¢) < sup,~q V(F(-,y))

+F, the result of the lemma follows. O

For bounding the QMC integration error d?, we use the following result (see Lemma 3.4 of [14]):

Lemma 4 Let U be a (t,m, s)-net in base b. For every elementary interval J' C I°~! and for every us € I,
we have: |Dym (J' x (us,1),U)| < b=,

Lemma 5 Iff( s of bounded variation in the sense of Hardy and Krause, and if for everyy > 0, the function
F(y):x €y, +oo) = F(z,y) is of bounded variation V(F(-,y)) and sup,~o V(F(-,y)) < +oo, then

|d2] < (24 cx At)b~Hm=D/3] 4 (1 4 cpAp)LOm=0/2]

where

cx =4AV(K)+3K>® and cp:=supV(F(,y))+ sup F(z,y). 4)
y>0 z>y>0

Proof. The function I'7** is the indicator function of some subset PI* of I, thus d = Dy (P},U™). We
have the disjoint union: P}' = (P}y \ P}';) U Py U P', where

z

Ty = \J BeexI, Plyi= | Reex (IE,U07),

0<k,t<N 0<k,6<N
Tp<z rp <z

22 = U Rk,g X II?,@
0<k,l<N
Ty g <z

~ ~ 1—u

Zn,F = U Rk,gXJ]?ﬂ{UEI.FI;;(n)<Z}

0<k l<N AtF(zy)
We also have the disjoint union: PJ' = (P7y\ P'y) U PP’y U PI'y, where
o= | ReexIfy and Plpi= ) Reex (1-AtF(},2),1).
0<k,b<N 0<k,t<N

n n
x, <z T >z
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Consequently, d7 can be split up: d} = d ;- + Dn(P]'p,U"), where

d} g = Dn(Plo,U") — Dy (P71, U") + DN (P, U™).

z, 1

In [8] we have proved: |d] ;| < (2+ cr At)b~Lm=1/3] " We now establish a bound for |DN(Pl'p, U™)|. By
denoting Iy, := [k/N, (k 4+ 1)/N), we have:

re= |J InxIx(1-AtF(af,2),1).
0<k<N
Ty >z

We set 0f :=1— 0, and we introduce the function:

¢r(u) = > 1 (W)F(z}, 2)ol(ay), uwel,
0<k<N

where 17, is the indicator function of Iy. Then Py = {u € I® : uz > 1 — At¢Z(u1)}. Let dy be an

integer such that d; < m — t: its value is determined hereafter. For a; € N with 0 < a1 < b% | we define:
Il :=[a;b~%, (a1 + 1)b~") and

Plpo=  |J I, xIx(1- Atinf ¢, 1),
0<a;<bdi o1
P.p = U I, xIx(1—Atsup¢?,1),
0<a;<bd1 1e,
oP'p = |J I, xIx[1-Atsupgl,1— Atinfg¢!].
’ I I,
0<a;<bd1 a1 L

We have P? . C Pl'r. C F:’ r and ﬁ:, r \ P} r COP? . Consequently,
Dy (P2 p,U) = M(0P% p) < Dn(PLp,U") < Dn(P; p,U") + A3(9P% p).

Since the I x I are disjoint elementary intervals in base b, an application of Lemma 4 yields:
max (|DN(7ZF,U")\, \DN(PZF,U”)D < ph+=m | Besides,

n At n : n
A3(OPp) = Bar Z <51}P ¢ —inf ¢z> :
0<a;<bdi ay “1
If we introduce the function 1 (z) := F(, 2)o%(z) (for z > 0), then ¢7 (u) = ¥.(z} ). We define the sets:
Ey = [a Since the particles are numbered by increasing size, we get: u € I, =

x? }
arbm™—d1> ¥ (a;+1)pm—dr —11*
CUZ(u) € I} . Consequently we have:

sup ¢ — inf ¢7 < sup ), — inf ,.
I, I, ER EZ,
Since
> (supwz — inf z/}Z) <V(y.) < V(F(,2)) +sup F(x, 2),
0<ar<bis ™ E3 z>0
we obtain: |Dy (P, X™)| < 0B+ 4 cpAtb~%. By choosing dy = [(m —t)/2], we get [Dy(Pl'p, U™)| <
(14 cpAt)b~Lm=1/2] " n conjunction with the bound for d} i, this gives the final result. O

By combining the results of Lemmas 1, 2, 3 and 5, we obtain an upper bound for the error D} (X"; f,,); it
resembles the final result of [8] and is similarly established. Since N = b, we have 1/bL0"=0)/3] = O(1/N1/3)
and 1/blm=1/2 = O(1/N1/?).
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Proposition 2 If

af 9*f

(1) for every x > 0, the function t — f(x,t) is twice continuously differentiable over (0,T) and f, 5;, g

are integrable over RY x (0,T),
(2) K is of bounded variation in the sense of Hardy and Krause,

(8) for every y > 0, the function F(-,y) : x € [y, +oo) = F(x,y) is of bounded variation V(F(-,y)) and
SUPy~0 V(F(-,y)) < +oo, then

+oo  ptn 82f
Dy (X" f) < ectnD]*V(XO;fo)JrAt/ / ec(tn=t) T
0 0

2 1 1 1 ectn — 1
T\ AL T ) ylon—nml T\ ar T6F ) plom—n/2] .

where t, = nAt, ck, cp are given by Equation (4) and

¢ :=sup V(f((m, .)) + sup V([~((7y)) 1+ 3K + sup V(F(-,y)) + F.
x>0 y>0 y>0

(z, t)‘ dtdzx

This upper bound does not converge as fast as we would like, but is nevertheless a worst-case deterministic
bound. The O(N~'/3) convergence of the bound is due to QMC integration of indicator functions in 3D; the
O(1/At) is due to the summation of integration errors at every time step. The same result would have been
obtained if the same QMC pointset has been used at every time step (which leads in practice to a method
where the error increases with the number of time steps). A more complicated error analysis would take into
account that an infinite QMC sequence is used, but in this case, the QMC integration of indicator functions
would be in 4D and leads to O(N -1/ 4) convergence. The present bound only guarantees that the error can
be arbitrarily small, if At is small enough and NN is large enough. It does not aim to provide an optimal time
step for a given N. Numerical experiments show that the method converges faster than O(N ~1/2) and the
error decreases with At.

4 Numerical results

The efficiency of the QMC scheme is tested empirically. To do this, approximate solutions are computed in a
case where analytical solutions for the moments are available. A quantity of interest when simulating liquid-
liquid extraction problems is the Sauter mean diameter of drops, which is calculated with the second and
third moments. The QMC solutions are also compared with those given by the MC scheme adapted from the
algorithm described in [2]. We consider the case where coagulation and fragmentation occur simultaneously
with the following kernels: K(z,y) =1 and F(z,y) = 2/(z+y), which is considered in [6]. Then Equation (1)
becomes:

Oc 1 [ Feo
F@0 = 5 [ clo-tew iy —cwo [ ey iy
0 0
+oo
+2/ Zc(y,t)dy —c(z,t), =>0,t>0. (5)

We restrict ourselves to monodisperse initial condition: ¢(x,0) = §(x — 1). By multiplying Equation (5) by
2™ and using integration over (0,+00), we get differential equations for the moments M,,(¢), which can be
solved to obtain:

My(t) =3 —2e7"3 and Ms(t) = 18 — 36e /% +19¢7/2,

We compute the solution up to time 7' = 1.0 with N particles (N varying from 27 to 22) and P time steps (P
varying from 2° x 100 to 2% x 100). All QMC computations use a (1, 3)-sequence in base 2 constructed by H.
Niederreiter [15]. The moment M, (t,) at time t,, can be approximated, using the MC or QMC scheme, by:

1 nym-—
M N,pp = N E (xp)™ " (6)
0<k<N
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First we compute the absolute error in the moment estimation at time o7, for a = 1/100,1/10 and 1:
NP = [Mn(aT) — My N pap|

Figure 1 represents the log-log plots (base 2) of these absolute errors, for different values of N and P. In all
cases, the QMC simulations give better results (for the same discretization parameters) than those given by
the Monte Carlo scheme. The error seems stable on the time interval [1/100,1/10], so that it makes sense to
compare the methods on the whole time interval [0, 1]: the mean absolute error in the moment estimation is

2nd Moment - T=1/100

3rd Moment - T=1/100
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Figure 1: Error in the second (left) and third (right) moment estimation at time 1/100 (top) 1/10 (middle) and 1 (bottom), as a
function of N (number of particles varying from 27 to 220), for P (number of time steps) between 100 and 1600. Log-log plots
of the MC (dashed line) versus QMC (solid lines) results.
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calculated as follows:
| oo
Em.N.P = 155 > M, (BT /100) = My, n p.1p /100
h=1

Figure 2 shows the log-log plots (base 2) of the mean absolute error in the estimation of the moments of
order 2 and 3, for different values of N and P. In both cases, the QMC simulations show faster convergence
than the Monte Carlo scheme.

2nd moment 3rd moment

4 - 24 R
=4 S3gso
- \\c\ NN
Q4 S N
6 a4 S N
\
L 8 Jan Q . 6 NN >
3 AN g ozl A
E = ZaN N 3 N XN N
2 N NN\ 2 -~ A\
2 _104|——— mcio0 R 2 _g4|——— mcioo N
4— = —+ MC200 o % 4— = —+ MC200

a— -a —a MC400
O~ -0 —0 MC800
0 -0 —0 MC1600
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+————+ QMC200
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Figure 2: Mean error in the second (left) and third (right) moment estimation as a function of N (number of particles varying
from 27 to 220), for P (number of time steps) between 100 and 1600. Log-log plots of the MC (dashed line) versus QMC (solid
lines) results.

5 Conclusion

In this paper, we have presented and analyzed a new algorithm for the approximation of the continuous
coagulation-fragmentation equation. A sample of N numerical particles is used to simulate the behavior of
the system as a whole. Time is discretized into P time steps and the mass density is approximated by a
sum of N Dirac measures. Three-dimensional quasi-random points are used to change the particles masses
according to the dynamics of the equation.

A deterministic error bound is established. The accuracy of the algorithm is assessed through comparison
with exact values, in a test case where analytical results are available. The numerical approximations given
by the QMC scheme converge to the exact results when P and N are large enough. The errors given by the
QMC simulation are always smaller than the errors given by the MC method using the same P and N.

As announced, we have restricted the study to a deterministic scheme. Randomized QMC would be an
interesting alternative (see [10, 11]), but requires a different analysis: this will be the subject of a forthcom-

ing paper.
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