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Abstract: In this paper, we summarize some properties of the Cartesian product graphs related to degree and
distance-based invariants. Then, we investigate how much a single edge or vertex removal in the Cartesian
product of two connected graphs impacts: the distance between any pair of nodes, the average distance,
the diameter and the maximum number of (simple, vertex-disjoint or edge-disjoint) shortest paths in the
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1 Introduction

The Cartesian product of graphs was introduced by G. Sabidussi [11, 12] in 1957, and it has been studied
since 1972 in the context of communication networks [9, 2]. Cartesian product graphs are well suited for
network design and analysis, regarding scalability, performance, and fault-tolerance [10], due to the following
properties. The Cartesian product GOH of two connected graphs G and H provides a way of building a
graph much larger than the first ones, while keeping relatively small diameter and maximum degree. That
is, whereas the order of GOH is given by the product of the orders of G and H, its diameter corresponds
to the sum of the diameters of G and H, and its maximum degree corresponds to the sum of the maximum
degrees of G and H. Besides this, the (edge) connectivity of GOH is never less than the sum of the (edge)
connectivities of G and H [11]. Thus, whatever the (edge) connectivities of two connected graphs G and
H, GOH will remain connected after the removal of any single edge or vertex. Such a removal can however
impact distance-based invariants of the graph. How much a single edge or vertex removal in GOH impacts:
the distance between any pair of nodes, the average distance, the diameter and the maximum number of
(simple, vertex-disjoint or edge-disjoint) shortest paths in the remaining graph? This paper answers these
questions in Section 3, after providing the needed background on the properties of the Cartesian product of
graphs in Section 2. Our results are summarized in Section 4. For the uniformity of this paper, Section 2
presents proofs of some known results. For an overview of Cartesian product graphs, we refer the reader
to [6, 7, 8].

2 Background

Let G = (V(G),E(G)) and H = (V(H),E(H)) be two connected graphs and denote GOH the Cartesian
product graph of G and H. We denote ng = |V(G)| and ny = |V (H)| as the number of vertices of G and H,
respectively, whereas mg = |E(G)| and my = |E(H)| are their number of edges. An edge between vertices v
and v’ of G are denoted v — v’, similarly for the adjacency in H and in GOH. In this paper, we will assume
that ng > 3 and ngyg > 3. A definition of the Cartesian product GOH of two connected graphs G and H is
the following:

V(GOH) = {w|u € V(G) and v € V(H)}

and
E(GOH) ={uw —uv'|(u=v"and v — v € E(H)) or (u—u' € E(G) and v = v)}.

By abuse of notation, we write u € G,v € H or uv € GOH when the situation is without ambiguity.

A first property that directly follows the definition of the Cartesian product graph is:

Property 1 The number of vertices of GOH is ngog = ngnyg, and its number of edges is mgog = magnyg +
mpgng.

To simplify the notation, we will denote by GV the induced subgraph of GOH on the vertices {uv | u € H}
and say that G is the copy of G associated to the vertex v € H. Conversely, H* denotes the induced subgraph
on the vertices {uv | v € G} and is called the copy of H associated to the vertex u € G.

Obviously, G? is isomorphic to G and H" is isomorphic to H, and the different copies of G are connected
only by edges in copies of H and vice-versa.

A direct consequence of the above definition is that the degree 6G7# of the vertex uv in GOH is equal to:

6GDH _ 6G + (SH
where ¢ denotes the degree of vertex u in G and 6 denotes the degree of v in H.
Property 2 Let A(G) denote the mazimum degree of G, then we have:

A(GOH) = A(G) + A(H).
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Proof.
A(GOH) = max 677 = maxmax(6% + 6)
weGOUH ueG veH
= max6¢ +maxd? = A(G) + A(H).
ueG veH

O

Let d%(u,u’) denote the geodesic distance between vertices v and v/ in G, and d (v,v") the one between v
and v in H.

Property 3 The geodesic distance between vertices uv and u'v' in GOH is given by:
d9H (uo,u/v") = dC (u, o) + d¥ (v,0"),

and there exists at least two vertexr-disjoint shortest paths between uv and u'v' if u # v and v # v'.

Proof. Each induced subgraph GV is associated to a vertex v € H, and each induced subgraph H" is
associated to a vertex u € G. Furthermore, two subgraphs G and GV are adjacent if and only if v—v" € E(H),
which means that the corresponding vertices in the copies of G associated to v and v’ are adjacent. A path
joining a vertex of GV to a vertex of GV will therefore involve copies of vertices in a path from v to v. One
shortest path from a vertex of GV to a vertex of G will therefore involve copies of edges in a shortest path
from v to v’ in H. Similarly, one shortest path from a vertex of H* to a vertex of H “" will involve copies of
edges in a shortest path from u to v/ in G. Since uv € H*, wv € G¥, w'v' € H* , w/v' € G, we have:

dH (uo, a0y = d%(u,u’) + dP (v, 0).
Furthermore,
dPH (uo,u/v") = d9H (uo, uv’) + d9PH (u’ u/v') (1)
= d%H (u,u'v) + dCH (u'v,u'"). (2)

Equation (1) involves vertices both from H* and GV, whereas Equation (2) involves vertices of G¥ and
vertices of H* . These paths are vertex-disjoint if u # «’ and v # v’ (they will only share the vertices uv
and u'v’). O

Given a shortest path u —us — ... — v’ between v and v/, and a shortest path v — v — ... — v’ between v
and v, the induced subgraph on the vertices that may belong to a shortest path between uv and u/v’ is
illustrated in Figure 1.

We say that a graph is 2-geodetically connected (2-GC) [4] if for every pair of non-adjacent vertices, there
exist at least two edge-disjoint paths connecting these vertices. Accordingly, from the previous property, we
can deduce easily the following corollary since all vertex-disjoint paths are edge-disjoint.

Corollary 1 Let G and H be two 2-geodetically connected graphs. Then GOH is also 2-geodetically connected.
Now, let study the diameter of the Cartesian product graph.
Property 4 Let D(G) denote the diameter of G, then we have:

D(GOH) = D(G) + D(H).
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Proof.

Figure 1: Vertices that may be involved in a shortest path between uv and v'v’.

D(GOH) = max_ d%°H (uv,u'v)
uv,u’v'€EGOH

— el , o ,
N uI,B’anG Ugllag%[ [d (’U, v ) + d (u, u )]

= maxd®(v,v’) + maxd” (u,u)
v’ w,u’

U)

— D(G)+ D(H).

O

Property 5 Let t§ = > .o d%(u,u’) denote the transmission [3, 13] of the vertex u in G and t& the

transmission of the vertex v in H, then the transmission t

Proof.

GOH
uv

GOH __ G H
tuw = mnwat, +ngt, .

tGoH - — Z A9 (yw, u/v")

u'v'€eGOH

= Z [d9°H (wv, u'v) + d9OH (w'v, u't')]
u'v'€eGOH

= Z Z [dG(u, u') +d" (v,0")]
u'eGv'eH

= Z [Z d%(u,u') + Z dH(v,v’)]
u'eG lw'eH v'eH

= Z [anG(u,u’)—I— Z dH(v,v’)l
u'eG v'eH

= Z [npd® (u,u') +t]
u' €G

= Z [npd®(u, )] +natl!
u' €G

= nHtf + ’I’L(;t{}i.

of the vertex wv in GOH can be computed by:
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Let W(G) =3_, vea d%(u,u') = 3 3, tS denote the Wiener index [14] of the graph G, or the sum of
the distances between pairs of vertices of G, or the half of the sum of all transmissions of G.

Theorem 1 (Theorem 5.9 in [5, 15]) The Wiener index of GOH is:

W(GOH) = n3W(G)+niW(H).

Proof.

N = N = N

nfts + Y netl ]
veH

Il
DN | =
| — T E—

I
N = N~ N
—

nHts +na Y tf}
veH

njts +ne2W(H)]

Corollary 2 Let
7, Zu uw' eG dG(u’ ’U,/) 2 Zu uw' eG dG (U, ul) 2W(G)
d(G) = : P = : =
( QG) nG(nG - 1) nG(nG - 1)

denote the average distance of G, then we have

nH(nG — 1)J(G) + TLG(TlH — I)J(H)
neng — 1 '

d(GOH) =

Proof.

JGoH) = 2W(GOH)

neon (ngong — 1)

2(n3; W(G) +ngW(H))
(ngng)(ngng — 1)
2ngW(QG) n 2ngW (H)

ng(nGnH — 1) TLH(’ILGTLH — 1)

ng(ng — 1)d(G) N ng(ng — 1)d(H)
ngng — 1 ngng — 1

ng(ng — 1)d(G) + ng(ng — 1)d(H)
ngnyg — 1 '
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3 Main results

In this section, we present main results after an edge removal or a vertex removal on some graph invariants:
distance metrics presented in Section 2 and also the number of three kinds of shortest paths (simple paths,
vertex-disjoint paths and edge-disjoint). We recall that in the Cartesian product graph GOH, when we
consider an arbitrary edge uv — /v’ in GOH, it means that either v—v' € E(H) and u = v/, or u—u’ € E(G)
and v = v'.

3.1 Distance

Theorem 2 After the removal of an arbitrary edge, the distance between any pair of vertices of GOH cannot
increase by more than 2.

1,11 "1
v v

Proof. Suppose without loss of generality that the edge uv —uv’ is removed from GOH. Let u and u
be any pair of vertices in GOH. First, due to the Property 3, there exist at least two vertex-disjoint shortest
paths between u”v” and u”’v"" if u” # v and v” # v, therefore the distance between u'v” and u'v"
does not change in this case. The case v = v is obvious as the shortest path between u”v"” and u
which is in G¥”, does not contain the edge uv — uv’, which is in H*. Let us consider the case u” = u'".
If u” # u, then similarly to the previous case, the edge uv — uv’ is in the copy H", whereas vertices u” v
and w”v", and any shortest path between them are in the copy H* . Otherwise v’ = v = u. Suppose
that uv — uv’ lies in the shortest path between uv” and uv™ (otherwise the distance d¢“H (uv”, uv"") would
not be affected by the removal of the edge uv — uv’). In this case, to find a path between uv” and uv’”’, we
will avoid the edge uv — wv’ in the copy H" by passing by another copy of H: let u* be a neighbor of u
in G. Then the edge uv — u*v, respectively uv’ — u*v’, is in the copy GV, respectively G”/7 and thus in
GOH, as well as the edge u*v — w*v' is in H* . Therefore, the edge uv — uv’ may be replaced by the three
following edges uv — u*v, u*v — u*v’ and u*v’ — uv’. There exists then a path from uv” to uv’” whose length
is dSOH (u”  uv) + 2. O

"1
v )

Theorem 3 After the removal of a vertex, the distance between any pair of vertices of GOH cannot increase
by more than 2.

Proof. Suppose the removal of the vertex uv that is on a shortest path between vertices u'v’ # wv and
u”v" # uv. Then, two edges adjacent to uv are on that shortest path. Two cases are possible:

1. One edge uwv! —uv € E(HY), and the other uv — u/v € E(GV). In this case, replacing these edges by
wv® — wol and wv' — wv will provide a path with exactly the same length as the previous one; and

2. Both edges belong to the same subgraph, either uv’ —uv € E(H") and uwv—uv’ € E(HY), or u'v—uv €
E(G?) and uwv —u/v € E(G?). Without loss of generality, suppose the path contains uv’ —uv € E(H"Y)
and uv —uv’ € E(HY). Let u* be a neighbor of u in G. Then it is possible to replace the edges uv® —uv
and wv — wv’ by the following edges uv® — uFv?, uFv’ — uFv, ufv — vFv7 and w*v? — wv?, which will

result in an increase of the length of the path from v/v’ to u”v” by 2.

1,01
v

As a result, the distance between u'v’ to u’v" will not increase by more than 2. O

3.2 Average distance

Theorem 4 After the removal of an edge e = uv — uwv’' € E(H"™), the average distance of GOH does not

increase by more than:
nmg

ng(nGnH - 1)

Proof. As shown in the proof of Theorem 2, the distance between pairs of vertices may be affected only if
they both belong to H", and the distance increase is bounded by 2. Furthermore, the number of shortest
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paths affected by the removal of e is less than or equal to (ng/2)? [1]. Therefore, the total distance cannot
increase by more than 2(ny/2)? = n% /2. Hence,
i
nGnH(nGnH — 1)
ng
ng(ngng — 1)

d(GOH \ e) — d(GOH)

IN

O
Theorem 5 After the removal of a vertex wv, the total distance of GOH \ uv does not increase by more than:
(ngr = 1)(ng = 2) + (ng — 1)(ng —2) — ",
and the average distance d(GOH \ uv) of GOH \ uv becomes at most:
1

[y <(nH — 1D)(ng — 2) + (ng — 1)(ng — 2) + d(GOH) <”G2"H> - t55H> ,

Proof. The argument is similar to that of Theorem 4, except that paths between vertices of G” and between
vertices of H" may both be affected, and the removal of the vertex uv must be considered as well. The total
distance will not increase by more than:

(TLH - 1)2(71]{ - 2) + 2<nG - 1)2(7’LG - 2) _ tICjEH

since the distance between at most M;"”_% pairs in H* and at most pairs in G can be

increased by 2. The upper bound of d(GOH \ uv) in terms of d(GOH) is directly deduced from the basic
definition of average distance. O

2

b

(ng=1)(ng—2)
2

3.3 Diameter

Theorem 6 The diameter of GOH remains unchanged after an edge removal.

Proof. Consider uv and u/v’ two vertices such that d““ (uv,u'v') = D(GOH). As ng > 3 and ng > 3, we
can suppose that u # v’ and v # v’. According to Property 3, there are at least two vertex-disjoint shortest
paths between uv and u/v’. Removing an edge will therefore leave d“® (uv, u'v’) unchanged. O
Theorem 7 The diameter of GOH remains unchanged after a vertex removal.

Proof. This proof is very similar to that of Theorem 6. Consider u'v’ and u”v"” two vertices such that
d9PH (y'v' u'"v") = D(GOH). As ng > 3 and ng > 3, we may suppose that v’ # u” and v’ # v”. According
to Property 3, there are at least two vertex-disjoint shortest paths between u'v’ and u”v”. Removing a vertex
will therefore leave d“OH (u/v', u'v"") unchanged, except maybe if that vertex is u/v’ or v”/v”. Suppose now
without loss of generality that the removed vertex is u/v’. According to Property 3, we have:

D(GDH) _ dGDH(u/v/, u//y//)
_ dG(ul,uH) + dH(’U/,UH)
dGDH(u//,U/ u/v//)
and the distance d“"H (u”v', u'v") is not affected by the removal of uv, by considering a shortest path in
the copy H* between u'’v" and u'’v”, following by a shortest path in the copy G¥  between u”v” and u'v”,
and so avoinding the removed vertex. After all, the diameter of GOH remains unchanged after a vertex
removal. U



Les Cahiers du GERAD G-2017-07 7

3.4 Maximum number of simple shortest paths

We denote by v¢(u,u’) the maximum number of simple' shortest paths between v and ' in G. Following
theorems establish the maximum number of simple shortest paths in a Cartesian product graph, and what
happens after an edge removal or a vertex removal.

Theorem 8 The mazimum number of simple shortest paths in the Cartesian product graph GOH between uv
and u'v' is exactly

) ) i dG ; ’ dH , /
omtuna't) = vl wigte (70504 )
d% (u,u) + dH (v,v)
= vi(u, v (v, v ’ ’ .
it (T T
Proof. Let u,ug,us,...,u,, u' be a sequence of vertices in a shortest path Pg in G and v,v2,vs,...,v;,0’

be a sequence of vertices in a shortest path Py in H, where k = d%(u,u’) and j = d"(v,v’). Notice that
by property of binomial coefficients, (dG(“gﬂ;)(tf,I)(”’v/)) = (dG(u’(;‘C;)(ZiiI)(”’v/)
two paths, we can build (dc(u’d“;)(tf,{)(v’”/)) = (k;’j) paths from uv to w'v’ in GOH. We already know that
d%"H (yv, u'v') = k + 4, i.e. the shortest paths from uv to u/v’ contain k + j edges. In GOH, these edges are
alternatively from Pg in a copy of G and from Py in a copy of H. For instance, if we take all the first edges
from Pg and then from Py, the corresponding path is: uv — ugv — ugv — -+ — ugv — v'v — vw've — v'vg —
-+ —u'v; —u'v’, and in the other direction, if we take all the first edges from Py and then from Pg, vertices
UV, W2, UVs, . . ., uV;j, uv’, ugt’, ugt’, ..., ukv’, u'v’ form a shortest path from wv to u'v’. Another shortest path
is uv — gV — UV — UgV3 — - -+ — UV; — U3V — - - - — URV; —u'v; —u'v'. By definition of the Cartesian product
graph, all shortest paths can be built by this way. Actually, all such shortest path is well-defined by the
paths Pg and Py if and only if we know exactly which edge is in a copy of which graph : G or H. So,
to count the maximum number of shortest paths, it is sufficient to count the number of manners to choose
among the k + j edges which ones will be in G, or which ones will be in H. In fact, there are (k'jH ) such
manners. All in all, by considering all shortest paths Pg between u and v’ in G and all ones Py between v

and v in H, we obtain v&(u, v )v§ (v, v’) (k}rj) shortest paths between uv and v/v’ in GOH. O

). We will prove that from these

Theorem 9 Let e be an arbitrary edge in GOH. Without loss of generality, we can suppose that e links
vertices u"v" and u'v". Then the number of shortest paths going through this edge from uv to v'v’ in GOH

18 exactly

dG(u, u//) + dH(U, V" — v///’ PH) dG('LL//, u/) + dH(’Ul, V" — ’U///, PH)
< d% (u, u') ) ( d% (u”,u') )
Pg 3w’ Pydv —'v'"

where d (x,y — z, Py) = d (x,y) if y is the first vertex among {y, z} encountered in Py from x, d (z, 2)
otherwise, if the vertex u” appears in at least one shortest path Pg in G between u and u', and if the edge
v — " appears in at least one shortest path Py in H between v and v', 0 otherwise.

Proof. Let Pg be a shortest path from  to ' in G and Py be a shortest path from v to v’ in H. Clearly
if the vertex u” does not appear in Pg or if the edge v" — v"” does not appear in Py, no shortest path from
uv to v’ in GOH, built from Pg and Py, goes through the edge e. So we may suppose that v’ € V(Pg)
and v’ —v"" € E(Pg). Without loss of generality, we can assume that v is the first vertex among {v”,v"’}
encountered in Py from v. In that case, it is sufficient to count the number of shortest paths between uwv
and u'’v”" and the number of shortest paths between v”v"” and u/v’, because a shortest path from uv to u'v’,
going through e, begings with a shortest path from uv to u”v”, goes through e and then finishes by a shortest

path from u”v"’ to u'v’. Therefore, based on the previous result, we obtain

2 () ()

Pg3u'” Pg3v'v'’

1We say “simple” by opposition of vertex-disjoint and edge-disjoint.
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shortest paths from uv to w/v’, going through e, which completes the proof. O

With a similar proof of the previous theorem, Theorem 10 counts the number of shortest simple paths
going through a vertex.

Theorem 10 Let u'v” be an arbitrary vertez in GOH. Then the number of shortest paths going through this
vertex from wv to u'v' in GOH 1is exactly

I (R W |

Pgou' Pgv'

if the vertex u”, respectively v", appears in at least one shortest path Pg, respectively Py, in G, respectively
in H, between u and u', respectively between v and v', 0 otherwise.

3.5 Maximum number of vertex-disjoint shortest paths

We denote by vg(u,u’) the maximum number of vertex-disjoint shortest paths between u and «' in G.
Following theorems establish the maximum number of vertex-disjoint shortest paths in a Cartesian product
graph, and what happens after an edge removal or a vertex removal.

Theorem 11 The mazimum number of vertex-disjoint shortest paths in the Cartesian product graph GOH
between uv and u'v' is exactly

Voom (w,u'v") = vg (u, u') + vi(v,0).

Proof. Because all shortest paths are made from shortest paths in G and shortest paths in H, the number
of neighbors of uv (or edges adjacent to uv) used in a shortest path from wv to v/v' in GOH is at most the
sum between the number of neighbors of u (or edges adjacent to u) used in a shortest path from v to v’ in G
and the number of neighbors of v (or edges adjacent to v) used in a shortest path from v to v’ in H. Thus,

Vo (v, uw'v') < v () + vjy (v,0).

Now, we will describe vg(u,u’) + v§;(v,v’) shortest paths from uv to w'v’. Let PZ be a shortest path
from u to v’ in G, and let Pf; be a shortest path from v to v’ in H. For these two paths, we will consider the
two shortest paths in GOH, by taking all the first edges from PZ and then from Pj;, and conversely, i.e. if
P& =u—us—---—up—u and Py = v—v3—---—vj—v, then one shortest path in GOH is uv —uv—---—

upv —u'v—u'vy —- - —u'v; —u'v’ whereas the other one is uv —uv3 —- - —uvy —uv’' —uiv' —- - —upv’ —u'v.

Clearly these two paths are vertex-disjoint.

For any other possible shortest path Pg from u to «' in G (notice that if such path exists, then
d%(u,u’) > 2), we proceed in the following way: if Pg = u—ug— - -—uj,—’, then taking the first edge from Pg
then following Pf;, and finally finishing Pg, i.e. uv —ugv —ugvy — -+ — ugv} — UV —uzv — - —upv’ — v,
is a shortest path from wv to u'v’, which is vertex-disjoint from the other ones since it is also the case for
paths in G. For any other possible shortest path Py from v to v’ in H, a similar argumentation holds, by

symmetry of the Cartesian product graph. O

The following theorem establishes results after the removal of an edge. Beforehand, we will prove two
lemmas.

Lemma 1l Let ¢ = uwv — wv"”’ be an edge in GOH, which appears in a shortest path from wv to u'v'. If
Vino—o (0,0") = Vg (v,0") = 1 and dgyp o (0,0") = d(0,0'), or diy—p (v,0") > dp (v, v') then

Véamm e (wo, u'v') = vegy (uv,w'v') — 1,

otherwise

V&DH\E (UU, ulv/) = V&DH(UU; U/’Ul).
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Proof. The hypothesis mean that all maximum collection of vertex-disjoint shortest paths between v and v’
in H necessary uses the edge v — v"”’. By construction of shortest paths in GOH, all maximum collection of
vertex-disjoint shortest paths between wv and v'v’ in GOH necessary uses also the edge uv — uv'”’, i.e. e.
Accordingly,

Véamm e (wo, u'v') = Vg (wv,w'v’) — 1.

Otherwise there exists a collection of v} (v, v") vertex-disjoint shortest paths between v and v’ in H, avoiding
the edge v—v"’". With this collection, we can build the desired collection as we did in the proof of Theorem 11.
Thus

Vénmm e (wo, u'v') = vég g (uv, w'v").

O

Lemma 2 Let e = u''v"” —u''v"” be an edge in GOH, which appears in a shortest path from uv to u'v' and is

not adjacent to wv and to u'v'. Assume that d(u,u’) = 1. If v} (v,v") =1 and dgp\pr—or (v,0") > dp(v,0')
then
Véam e (wo, u'v') = Vg (wv,u'v') — 1,

otherwise
Vg:DH\e(UU’U/U/) = vy (uv,u'v').

Proof. Let PZ be the shortest path between u and v’ in G, i.e. Pf contains only the edge u — u'. The
hypothesis mean that all collection of vertex-disjoint shortest paths from v to v’ in H contains only one path
and always uses the edge v” — 0", Since d%(u,v’) = 1, then v&(u,v') = 1, and so V&g (uv, u'v') = 2. If P}
is a shortest path between v and v’ in H, then the only one collection C of vertex-disjoint shortest paths
between wv and w'v’ made from Pj; and from P is Py followed by P} and Py followed by Pg. Since Py
uses the edge v” — v"”, then the collection C necessary uses edges uv” — uv’”” and v'v” — u'v"”. Accordingly,

removing the edge e is equivalent to remove either uv” — uv”’ or v'v"”" — u/v"”, and so

Vénmm e (wo, u'v') = Vg (uv, w'v’) — 1.

Now, we will consider the case when v (v,v") = 1 and dg\y—y (v,0") = dg(v,v’). In that case, there
exists a shortest path between v and v/ in H, avoiding the edge v"" — v, say Pjy;. Since v} (v,v') = 1 and
d%(u,u’) = 1, we have that v5qy (uv,u'v') = 2. The paths P} followed by Pg, and Pg, followed by Pg are

the two vertex-disjoint shortest paths from uv to w/v’ in GOH \ e, thus
VEDH\e(UU’U/U/) = vy (uv,u'v').

The last case is when v} (v,v") > 1. Necessary, there exists at least one shortest path from v to v’ in H,
avoiding v” —v"". Choose one in a maximum collection of vertex-disjoint shortest paths, say Py. It remains
to build a collection C of v&gy(uv, u'v’) vertex-disjoint shortest paths from uv to w'v’ in GOH, avoiding e.
First, we add the two shortest paths: P followed by Pﬁ and PI? followed by Pg. Clearly, they avoid e. We
distinguish two subcases: u” = u and uv” = vu’.

e If u” = u, for any other vertex-disjoint shortest path Py from v to v’ in H, we build the following path
P: we start with the first edge of Py, then we take P, finally we finish Py. Since e is not adjacent to
wv, P avoids e.

e If u”’ = u', we do a similar construction, except that we start with all edge from Py excluding the last
one, we follow PZ and then finish with the last edge of Py. Since e is not adjacent to u'v’, this path
avoids e.

All in all, we proved that
Veome(w, u'v') = Vg g (uv, u'v").
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Theorem 12 Let e = v''v" — w"’v"" be an arbitrary edge in GOH. We assume that e appears in a shortest
path from uv to w'v' in GOH. If d%(u,u') =0 and dg\yr—yn (v,0") > dg(v,0") then

V&DH\e(uva ulvl) = V}){\v”—v”’ (’U, ’U/),
Otherwise Zf dH (U7 U/) = 0 CL’de dc;\u//_u/// (U, U/) > dG(U, U/) then

I/éEIH\e (U’U7 ulv/) - I/g'\u”fu’” (’U,7 ’U,/)7

otherwise if one of the following conditions holds:

(i) e =uwv —uwv" and Vi (v,0") = v (v,v") = 1 and dgp\y—p (v,0") = dp (v,0")
(i) e = uv —w"" and dp\y—yr (v,0") > dg (v, 0")
(iii) e =uv —u""v and vy, (u,v') = vg(u,u') =1 and de\y—wr (u, v') = dg(u, v')
(iv) e = uv —u""v and de\y—vr (u,u') > da(u,u')
(v) e=u'v" —u'v" and vip ., (0,0") = Vi (v,0") = 1 and dppr—y (v, V') = dp (v, )
(vi) e =u'v" —u'v'" and dg\yr—y (v,0") > dp(v,v")
(vii) e = u'v" —u'v' and Ve —u (u,u') = v (u,u') = 1 and dg\yr—w (u,u') = dg(u,u’)
(viii) e = u'"v" —u'v" and deg\yr—y (u,u') > dg(u,u’)

(iz) d°(u,u') = 0 and dgp\ o (v,0") = dg(v,0') and Vinwr—om (0,0") = v (v,0") = 1

)=

(z) d%(u,u') =1 and vy (v,v") =1 and dgpyr—yr (v,0") > dpg (v,0)
v') =
)=

!/ 'U

v,v") =0 and de\y—yr (u,u') = dg(u,u') and Ve —u (u, ) = vg(u,u') —1

(zi) d¥

(
(zii) d (v,v") =1 and vg&(u,u') =1 and deyyr—yr (u,u') > de(u,u')

then
(o /! v /!
VGDH\e(UUaU V') = Véag(uv,u'v’) — 1,
otherwise

Voo (w0, u'v") = vgo  (uv, u'v').

Proof. Notice that d“(u,u’) = 0 means that we work only in the copy H" and then computing v&q g (uv, u'v'),
resp. Vo . (uv,u'v'"), is equivalent to compute v¥% (v, v'), resp. G a— (v,v"). If removing the edge v/ —v"’
in H does not change the distance between v and v’ in H then in that case we can evaluate V¢ g . (uv, u'v’).
Indeed, if u}’{\v,,ﬂ],,, (v,v") = V¥ (v,v") — 1 then

Véamme(wo, u'v') = Vi gy (0,0) (3)
= vj(v,v') -1

= véoy(uv,u'v’) — 1.

Otherwise Vi i m (0,0") = Vi (v,0"), and s0 vgg g (uv, u'v") = vEg g (v, w'v') by a similar argumentation.
Otherwise the distance between v and v’ in H increases after removing v/ — v"’ and we can only say that
Véame (W, w'v') = Vi i _ym(v,0'). The case d"(v,v") = 0 is analogous by symmetry of the Cartesian
product graph GOH.

By Lemma 1 and by symmetry, we have already the result when the edge uv"” —u/’'v"" is adjacent to uv

or to u'v’, especially proving cases from (i) to (viii). Now, we can suppose that the edge u”v" — u"’v""" is not

adjacent to uv and to u'v’

If d%(u,u’) = 1 or d”(v,v’) = 1 then Lemma 2 deals these cases, especially cases (x) and (xii). From
now, we can assume that d%(u,u’) > 2 and d (v,v’) > 2.

We can assume that the collection C of shortest paths in proof of Theorem 11 is achieved. By symmetry,
we may suppose that e links vertices u”v” and u”v"”". Our goal is to prove that

V&DH\E (UU, ulv/) = Vg'DH('U/U, U/’Ul).
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If w”’ = u then the edge e is on the path from Pj; following by P%. Instead of uv — uvy — .- — wv” —
w"” — - — v —wv' —udv’ — =gy’ — ', we consider wv —uvy — - —wv” — usv” —usV"” — .- —
uzvy —usv’ — - —upv' —uw'v’ in C.

If w” = o/, then two cases are possible: the path P is either P} followed by Pjfy, ie. wv — ubv —

c—upy —vv — 'y — s —u'v" — W — o —w'vl — /v, or made from Py and another path P,
ie. uv —uve —udvg — -+ —ufvg — vy — - — WV — WV — - —vv; — V. In C, it is so sufficient to
consider uv — usv — uivy — - —wsv"” — - —wiV"” — WV — .- —w'vl — WV’ for the first case, whereas
uv — wvy — usvg — - —ubv” — - — " — W' — - —w'v; — u'v’ in the second case.

If u # v # o/, then the path P is made from another Pg and P}y, i.e. P = uv—ugv—ugv} —- - —ugv’ —
ugv" — o — UV} — ugv’ — -+ —upv’ — u'v’ and v = uy. Then we can replace P and the path Pg followed

by Py, and its converse, i.e. Py followed by Pg, by interchanging the role of Pg and Pg in the construction
of these three paths, i.e.

/ / / /!
UY — UV — - — Uy — u'v — vy — - —u'v; —u'',
/ ! / /7
uv —uvy — - —uv; —uv’ —ugv’ — - —upv’ — '’
and
* * Kk * Kk * ./ *x ./ /!
UV — UHY — uGVy — - — upv; —uzv’ — - —upe’ — '’

All in all, since e is not adjacent to uv and to u'v’, we create a new collection C’ from C, of vertex-disjoint
shortest paths from uv to v/v’ in GOH, avoiding e and with the same cardinality of C. O

Despite the cases described by this theorem, where the number v&g (uv, u'v’") changes after an edge
removal, the theorem brings good news: overall, removing an arbitrary edge in GOH does not change the
maximum number of vertex-disjoint shortest paths, especially when wv and u’v’ are far from each other as
well as the pair v and v’ in G and the pair v and v’ in H. Indeed, in that case, we have many maximum
collections of vertex-disjoint shortest paths, which is not surprising in view of the number of simple shortest
paths between uv and v'v’ in GOH.

Similarly to the removal of an edge, we will establish first two lemmas, and then we will set the general
theorem about vertex removal. Since the following lemmas are quite the same than Lemma 1 and Lemma 2,
their proof are left to the reader.

Lemma 3 Let uv” be a vertex in GOH, which appears in a shortest path from uv to u'v', with v" adjacent
tov in H. If vip 0 (v,0") = v (v,0") = 1 and dg\pr (0,0) = d (v,0"), or dgpr (v,0") > dp (v, 0') then

Vo e (W0, u'V') = Vg (v, u'v) = 1,

otherwise

Véo i (00, ') = Vg g (uv, u'v').
Lemma 4 Let v'v" be a vertex in GOH, which appears in a shortest path from uv to u'v’ and is not adjacent
to wv and to u'v'. Assume that d°(u,u') = 1. If v (v,v') =1 and dg,r (v,0") > d(v,0') then

Véa (W0, ') = vgn g (uo, u'v') — 1,

otherwise

l/gDH\u”v” (U/U, U/’Ul) = V%DH(uva 'LL/U/).
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Theorem 13 Let u”v” be an arbitrary vertex in GOAH. We assume that v''v" appears in a shortest path from

wv to u'v' in GOH. If d%(u,u’) = 0 and dipwr (v,0") > dg (v,0') then
oy (W0, 0'0) = Vo (0,0)
otherwise if dH(v,v’) =0 and dG\uH(%u’) > dg(u,u’) then
Vo v (W0, 00 = v (),

otherwise if one of the following conditions holds:

(i) v’ =wu and v" adjacent tov in H and Vi (v,v") = v (v,v") = 1 and dg\ v (v,0") = dg (v, ")
i) v’ =u and v adjacent to v in H and dg\ v (v,v") > dg (v, v’
\
(iii) v" = v and u" adjacent to u in G and Vg 0 (u,v') = vg(u,u') = 1 and de\ur (u, v') = dg(u, v')
w) v’ =v and u” adjacent to u in G and dg\ . (u,u') > dg(u, v’
\
(v) v’ =u' and v" adjacent to v' in H and Vo (v,v") = vg(v,v") = 1 and dg\y (v,0") = dp (v, 0")
- no__ 1 - ! s !/ /
- H\v ) )
(vi) v =’ and v" adjacent to v' in H and dg\,» (v,v") > dg(v,v")
(vii) v" =v" and u" adjacent to v’ in G and vg, . (u,u') = vg(u,u') =1 and de\yr (u,u') = dg(u, u')
(viii) v" =" and u" adjacent to v’ in G and den o (u,u') > dg(u,u’)

(iz) d°(u,u') =0 and dgp\,» (v,0') = dg(v,0') and Vinw (v,0") = vip(v,0") = 1
(x) d%(u,u') =1 and dg\ o (v,0") > dg(v,v") and v (v,0') =
(zi) d?(v,v") =0 and dg\y (u,v') = de(u, ') and Vénur (u,u’) = vg(u,v') — 1
(zii) d (v,v") =1 and de\yr (u,v) > da(u,u') and vg(u,u') =
then
Vo m\ e (W0, u'0") = Vg (uo, u'v’) — 1,
otherwise

V&DH\’U/’U” (UU, ’LLI’U/) = VE'DH (uv7 U/’UI) X

Proof. By a similar argumentation in proof of Theorem 12, the first equalities hold with Lemma 3 and
Lemma 4. So we may suppose that u”v” is not adjacent to uv and to v/v’, and that d“(u,u’) > 2 and
d"(v,v") > 2. Besides, we assume that the collection C of shortest paths in proof of Theorem 11 is achieved
after the removal of vertex u”v"”. We distinguish different cases, depending on the kind of the achieved path
P. By symmetry of the Cartesian product graph, only two cases are considered: P is made either from Pg
and Py or from Pjf; and another Pg.

In the first case, we assume that P = uwv — usv — - — ujv — v'v — w'vy — .-+ —w'v; —w'v’. Then it is
sufficient to consider uv — ujv — ujvy — -+ — uivy — .-+ —ujv;y — uw'v; —u'v’, instead of P. This path and
those in the remaining collection C \ { P} are vertex-disjoint since d“(u,u’) > 1 and d¥ (v,v’) > 1.

In the second case, we suppose that
P = uv — upv — ugvy — -+ - — upvj —ugv’ — -+ —upv’ —u'v’,

then replacing the three paths P,

ww —uvy — - —uv; —uv’ —uzv’ — - —upe’ —u'v'
and

ww —upv — - —upv —u'v —u'vy — - —u'vy —u'v'
by

v — uZY — upvy — - — upv; —upv — o —upv’ — u'v’
and

ww —uvy — - —uvy —uv’ —ugv’ — - —upv’ —u'v'
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and

! !/ !/ /.7
UV — UV — -+ = up — u'v —u'vy — - —u'v —u'v',

i.e. interchanging the role of Pz and Pf in the construction of the three paths is sufficient to keep the same
number of vertex-disjoint shortest paths. 0

Obviously, the previous theorem is inspired from Theorem 12 and the result of is not surprisingly.

3.6 Maximum number of edge-disjoint shortest paths

We denote by v&(u,u') the maximum number of edge-disjoint shortest paths between w and v’ in G. The
whole theory about vertex-disjoint shortest paths in the previous subsection yields same results on the
maximum number v&qy(uv, u'v’') of edge-disjoint shortest paths between uv and w'v" in GOH. Indeed, in
this paper, we consider only simple? graphs and if P =u—ug — -+ —ug — v and P* =u—u$ — - —u} — v’
are two edge-disjoint shortest paths from u to w’ in G then it must be that us # u3 and ug # u}, which
implies that paths in the collection C described in Theorem 11 are edge-disjoint if it is also the case for paths
from u to v’ in G and paths from v to v/ in H.

Theorem 14 The mazimum number of edge-disjoint shortest paths in the Cartesian product graph GOH
between uv and u'v' is exactly
Vaou (uv,u'v') = vg(u,u') + vi (v, o).

Similarly, Theorem 12 and Theorem 13, theorems on the edge removal and the vertex removal, can be
easly translated in terms of edge-disjoint paths. To avoid redundancy, we omit to formulate and to prove
them here.

4 Conclusions

Bounds were obtained for the impact of one edge or vertex removal on distance-based invariants for the
Cartesian product graph GOH of two connected graphs G and H of order greater than 2. In particular, it
was shown that, after the removal of any single edge or vertex, the distance between any pair of vertices of
GOH cannot increase by more than 2, and the diameter of GOH remains unchanged. Besides, removing
any single edge or vertex in a Cartesian product graph has no significant impact on the maximum number
of (simple, vertex-disjoint or edge-disjoint) shortest paths between two distant vertices. These results apply
to fault tolerance analysis of communication networks modeled by Cartesian product graphs.
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