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Abstract: The airline crew scheduling problem, because of its size and complexity, is usually solved in
two phases: the crew pairing problem and the crew assignment problem. A pairing is a sequence of flights,
connections, and rests starting and ending at the same crew base. The crew pairing problem consists of
determining a minimum-cost set of feasible pairings such that each flight is covered exactly once. In the crew
assignment problem, the goal is to construct monthly schedules from these pairings for pilots and copilots
independently, while respecting all the safety and collective agreement rules. However, this sequential ap-
proach may lead to significantly suboptimal solutions since it does not take into account the crew assignment
constraints and objective during the building of the pairings. In this paper, first, we propose an extension
of the crew pairing problem that incorporates pilot and copilot vacation requests at the crew pairing stage.
Second, we introduce a model that completely integrates the crew pairing and crew assignment problems
simultaneously for pilots and copilots. To solve this integrated problem, we develop a method that combines
Benders decomposition and column generation. We conduct computational experiments with real-world data
from a major US carrier.

Keywords: Airline crew scheduling, Benders decomposition, column generation
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1 Introduction

The airline planning problem is one of the most challenging problems in the field of operations research.
Because of its size and complexity, this problem is typically solved sequentially in four main steps: flight
scheduling, fleet assignment, aircraft routing, and crew scheduling. The flight scheduling problem determines
a set of flights with specific departure and arrival times, with the goal of maximizing the expected profit. The
fleet assignment problem determines the type of aircraft (Boeing 737-500, Airbus A320, etc.) to assign to each
scheduled flight so as to maximize the profit, based on the different capacities and the number of available
aircraft. The aircraft routing problem assigns individual aircraft to flights while satisfying maintenance
requirements.

After these steps, the airlines solve the crew scheduling problem. Since the crew cost is the largest after
the fuel cost, crew scheduling is one of the most important problems in airline planning. The crew scheduling
problem determines crew schedules that cover all the scheduled flights and satisfy the constraints. This
problem is usually solved in two steps: the pairing problem and the assignment problem.

A pairing is a sequence of flights, connections, and rests starting and ending at the same crew base. The
crew pairing problem generates a set of pairings given the scheduled flights such that the cost of the pairings
is minimized and all the flights are covered exactly once. The crew assignment problem builds monthly
schedules for each crew member given the set of pairings such that every pairing is covered exactly once.

There are three different approaches for the assignment problem: the bidline approach, the personalized
approach with seniority order, and the personalized approach with a global objective. In the past, North
American airlines typically applied the bidline approach. This produces anonymous monthly schedules, and
the (co)pilots select their schedules in seniority order. The personalized approach with strict seniority, which
is becoming increasingly popular in North America, sequentially maximizes the satisfaction of the employees
in decreasing order of seniority. In the personalized approach with a global objective, which is often employed
by European airlines and is becoming more popular with American airlines, all the monthly schedules are
produced simultaneously to maximize an objective function. This may be the sum of the personal satisfactions
with the possible addition of a term removing any employee discrimination.

The crew pairing and assignment problems are usually formulated via set partitioning or set covering
models with additional constraints. In the pairing problem, the variables represent the feasible pairings
and the constraints ensure that each flight is covered. In the assignment problem, the variables are feasible
schedules and the constraints ensure that each pairing is covered.

Various methods and models have been proposed for the crew scheduling problem. We refer the reader to
the recent surveys by [22] and [17]. The literature mostly focuses on either crew pairing or assignment; there
are a few studies of integrated models and solution methodologies. [26] and [5] proposed a solution technique
for crew pairing based on Lagrangian relaxation and subgradient optimization. Solution methodologies
based on column generation (CG) were developed by [13], [3], [39], [23], and [38]. Heuristic algorithms were
developed by [16], [1], [2], [7], and [18]. [34] used a rolling-horizon approach based on CG to solve the pairing
problem.

Several approaches have been proposed for the assignment problem. [20] proposed using a priori CG
for the bidline assignment problem with the goal of minimizing the number of bidlines and maximizing
the covered credit time. [9] developed a bidline generator system based on simulated annealing. To solve
the bidline-generation problem at Delta Air Lines, [11] proposed a two-phase approach based on genetic
algorithms. [40] presented a three-phase method using mixed integer programming for bidline generation.
Using CG, [14] solved the preferential bidding problem with seniority to construct personalized monthly
schedules for pilots and officers. [25] and [8] described two heuristic algorithms for the SPP-based bidline
scheduling problem. [22] formulated the personalized crew scheduling problem via set covering and used CG
as the solution method.

While solving the airline planning problem sequentially may lead to poor solutions, only a few researchers
have investigated integrating two or more of these stages. Integrated fleet assignment, maintenance routing,
and crew pairing was considered by [29]. Integrated aircraft routing and crew pairing was proposed by [12],
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[4], [28], and [10]. Integrated flight scheduling, aircraft routing, and crew pairing was considered by [24]. [35]
and [15] considered the integration of fleet assignment and crew pairing. Integrated aircraft routing, crew
scheduling, and flight retiming was studied by [27]. [36] considered the integration of the fleet assignment,
aircraft routing, and crew pairing problems. Integrated crew pairing and assignment was studied by [41]; they
consider small problems with 59 to 210 flights and a few flights per pairing. They use a global formulation and
solve it with CPLEX. [37] proposed three heuristic approaches based on the genetic algorithm to integrate
crew pairing and assignment. [32, 33] studied integrated crew pairing and assignment where the objective is
to minimize the total cost and the number of pilots. They consider the bidline approach, and they combine
dynamic constraint aggregation with CG. [21] presented a heuristic algorithm for integrated crew pairing and
personalized assignment. The algorithm alternates between the pilot and copilot problems, trying to obtain
common duties and pairings.

In this paper, we consider the crew pairing and personalized crew assignment problems with a global
objective, where each pairing requires one pilot and one copilot, and each (co)pilot requests two vacations
per month. Using a sequential approach to solve these problems produces the same pairings for (co)pilots
and reduces the propagation of the perturbation and the complexity of the process, but the pairings obtained
can be far from optimal because the schedule constraints and objectives are not taken into account. Hence,
it is difficult to maximize the satisfaction of crew preferences.

In summary, this paper makes the following contributions. We propose a novel extended crew pairing
model that considers (co)pilots’ vacation requests (VRs) to obtain better pairings for the crew assignment
step. We present an aggregation rule to reduce the number of constraints. Based on the proposed model,
we introduce a novel integrated model for crew pairing and personalized assignment. We develop a solution
methodology based on Benders decomposition and CG that alleviates the computational difficulties arising
from the large number of variables. The pairings are generated by the Benders master problem, which is
composed of a CG master problem (MMP) and a set of CG subproblems (MSP), one for the pairings starting
on each day at each base. The monthly schedules for (co)pilots are generated by the Benders subproblems,
which consist of a CG master problem (SMP) and a set of CG subproblems (SSP), one for each crew member.
The challenge is that the Benders cuts containing pairing variables must be placed in the MMP, and their
dual variables cannot be transferred to the MSP to evaluate the cost values of the new column. To overcome
this difficulty, we introduce the concept of weak Benders cuts that do not take into account the dual variable
corresponding to the pairings. We prove that with these weak Benders cuts and the suggested dual solution
of the SMP, combined Benders decomposition and CG reach optimality. We also use a warm-start strategy
that relies on the solution process of Benders decomposition to speed up the convergence.

The remainder of this paper is organized as follows. Section 2 gives the problem statement, and Section 3
describes the extension of the crew pairing problem. Section 4 presents the integrated mathematical formu-
lation, and Section 5 describes the solution methodology. Section 6 presents the data sets, experiments, and
computational results. Finally, Section 7 provides concluding remarks and discusses future research.

2 Problem statement

In this section, we give detailed definitions of the crew pairing and personalized crew assignment problems.
The definition and feasibility rules for pairings and schedules can differ from one airline to another. We use
a subset of the feasibility rules commonly used in the literature, such as those of [34] and [22].

2.1 Crew pairing problem

Given a set of flights and crew bases, the crew pairing problem finds a set of minimum-cost pairings such that
each flight is covered by exactly one pairing and each pairing starts and ends at the same base. A pairing is a
sequence of one or more duties and overnight stops. A duty is a working day for a crew member and consists
of a sequence of consecutive flights or deadheads separated by rest periods. A deadhead is a flight where
the crew travels as passengers for repositioning purposes. A flight is defined by departure/arrival locations
and fixed departure/arrival times. There is a maximum of 5 landings per duty. The briefing and debriefing
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times at the beginning and end of each duty are 60 and 30 minutes, respectively. The maximum pairing
duration is 4 days, the maximum number of duties per pairing is 4, the minimum connection time between
two consecutive flights in a duty is 30 minutes, and the minimum connection time between two consecutive
duties is 9.5 hours. A crew member must work between 4 and 8 hours in a duty, and the length of a duty
cannot exceed 12 hours. The cost of a pairing has a complicated structure with three components: the cost
of waiting times, the deadheading cost, and the total cost of the duties in the pairing. We use the pairing
cost of [30].

2.2 Personalized crew assignment problem

We assume that there is a fixed number of (co)pilots at each base. In our test, each (co)pilot requests two
vacations per month. We consider the (co)pilot assignment problems as personalized assignment problems.
We build monthly schedules for the (co)pilots that cover all the pairings and satisfy the maximum number
of VRs. There is a maximum of 85 flying hours per month and a maximum of 6 consecutive working days.
In each schedule, the pairings are separated by two different rest times: the day-off rest and the rest between
two consecutive pairings. The minimum and maximum rest times between any two consecutive pairings are 8
and 12 hours, respectively. A penalty cost is associated with each unsatisfied VR and each uncovered pairing.
The objective function minimizes the cost of the uncovered pairings and unsatisfied VRs.

3 Extension of the crew pairing problem

The basic crew pairing problem contains the flight covering constraints. We extend this model to consider
several additional factors. We ensure that the number of active pairings does not exceed the number of
available (co)pilots. Also, we ensure that it is possible to add the minimum rest period after each pairing
and the required day-off without exceeding the number of available (co)pilots. Furthermore, we consider the
VRs. In addition, the pairings contained in each schedule are separated by two different rest times. The
first links the end of the pairing at the base to the start of the pairings whose departure times are greater
than or equal to the arrival time of the relevant pairing plus the minimum rest time (8 hours in our tests).
The second rest time links the end of the pairing to the first midnight at the base at the start of a day-off
or vacation. We add a set of flow conservation constraints to the pairing problem, as shown in Figure 3. A
flow equal to the number of available (co)pilots starts at the beginning of the month and travels in a network
with the pairings, night rests, and vacations as its arcs. This network permits us to introduce the bonus for
the VRs in the pairing problem.

3.1 Aggregation rules

To reduce the number of flow conservation constraints, we define an aggregation rule for the arrival and
departure flights of each base and each day. A sequence of flights arriving at a base on a given day can
be aggregated if there are no departing flights within 8 hours of the associated arrival times. Similarly, a
sequence of departing flights can be aggregated if there are no arriving flights in the 8 hours before the
associated departure times. Figure 1 shows 11 arriving flights (terminating at black nodes) and 12 departing
flights (starting at red nodes) for two consecutive days at a base. Figure 2 illustrates the aggregated arrival
and departure nodes. The arriving flights are aggregated into four groups (terminating at blue nodes). The
departing flights are likewise aggregated into four groups (starting at orange nodes).

3.2 Network representation of flow conservation

Figure 3 shows the flow conservation constraints that consider (co)pilot availability and VRs during the
construction of the pairings. We assume that the vacations start and end at the base, and the vacations
occur between two midnights.

After the aggregation, the nodes are sorted in chronological order. Let A, and D, be the resulting ordered
sets of aggregated arrival and departure nodes at base b € B. A wacation arc links two midnight nodes if
there is a corresponding VR. For a given node i € Ay, a midnight arc links this node to the earliest node
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Figure 1: Example of arriving and departing flights at a base.
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Figure 2: Example of node aggregation at a base.

in Dy, and a start of vacation arc links this node to the first midnight node if there is at least one vacation
arc that starts from this midnight. Each node in Dy is linked to waiting arcs. For a given midnight node
1 € {1,...,31}, if there is at least one vacation arc that ends at this midnight, an end of vacation arc links
this node to the earliest node in Dj. There are two depots in the network. The first corresponds to the pilots
and the second corresponds to the copilots at each base.

4 Mathematical formulation

This section introduces the notation and describes the integrated crew schedules model that includes the
extended crew pairing and personalized assignment models. To solve these problems we propose three
approaches, which is described in Section 5. They are called the sequential (SEQ) approach, the sequential
approach with the extended crew pairing problem (SEQEP), and the integrated (INT) approach.

4.1 Crew Pairing Notation

Let B be the set of all bases, P, be the set of feasible pairings in base b € B, and F be the set of scheduled
flights to be covered. We denote the flights contained in pairing p by F}. Let Li be the set of pilots (j = 1)
or copilots (j = 2) at base b € B. Let V; be the set of VRs for (co)pilot [ € Li at base b € B. The variable
yp is 1 if pairing p € P, is chosen and 0 otherwise. The variable e; is 1 if flight f € F' is not covered and
0 otherwise. Let cy be the penalty cost for uncovered flight f € F. The parameter ps is the duration of
flight f. The parameter e’; is 1 if flight f is covered by pairing p and 0 otherwise. The parameter Ej, is the
maximum credited flying time for base b € B. We apply the negative cost (bonus) ¢, for the coverage of
v € V to help maximize the number of satisfied VRs. The cost of pairing p € P is c¢,.

4.2 Flow Conservation Notation

We denote by A, and D, the sets of aggregated arrival and departure nodes in base b € B. The set of
midnight nodes is I = {1,2,...,31}. Let Eg be the set of outgoing arcs from midnight nodes I in base b € B
to nodes in Dy that could start pairings for pilots (j = 1) or copilots (j = 2). Let Gg be the set of outgoing
arcs from nodes in A; in base b € B to midnight nodes I that could start vacations for pilots (j = 1) or
copilots (j = 2). Let Mg be the set of outgoing arcs from arrival nodes to departure nodes D; that could
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Figure 3: Network to incorporate pilot and copilot availability and VRs in crew pairing problem.

start a midnight for pilots (j = 1) or copilots (j = 2). The integer variables u. indicate the flow on the
outgoing arcs e € Eg. Variable r, is 1 if v € V} is covered and 0 otherwise. Integer variable wg indicates the
flow on the waiting arc i between departure nodes ¢ and i + 1 in base b € B. Integer variable h, represents
the flow on the outgoing arcs g € Gi. We denote by t,, the flow on the outgoing arcs m € M. The fixed
value kp is the number of available (co)pilots at base b € B.

There are several binary parameters. Parameter of is 1 if end of pairing p € P, is incoming at node
i € Ap. Parameter n? is 1 if start of pairing p € P, is outgoing at node i € Dy,. Parameter 7 is 1 if arc
g e Gi is outgoing from node i € A;,. Parameter 77 is 1 if arc g € Gi is incoming at midnight node i € I.
Parameter 7;" is 1 if arc m € M, g is outgoing from node ¢ € A;. Parameter (" is 1 if arc m € Mg is incoming
at node ¢ € Dy. Parameter 95 is 1 if arc e € Eg is incoming at node ¢ € Dj. Parameter pf is 1 if arc e € Eg
is outgoing from midnight node ¢ € I. Finally, parameter e} is 1 if v € V; starts on day ¢ € [ and -1 if it
finishes on this day.

4.3 Pilot (Copilot) Assignment Notation

We define S; to be the set of feasible schedules for (co)pilot [ € Lg. Variable x, is 1 if schedule s € S; is
chosen and 0 otherwise. Variable e/ is 1 if p € P is not covered by pilots (j = 1) or copilots (j = 2) and 0
otherwise. Variable e, is 1 if v € V] is not covered and 0 otherwise. Let ¢, be the penalty cost for uncovered
pairing p € P. Let ¢, be the penalty cost for uncovered v € V;. The binary parameter e, is 1 if p € P is
covered by personalized schedule s € S;. The binary constant V7 is 1 if v € V] is covered by schedule s € S;.
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Using this notation, our integrated crew scheduling model is as follows:
2 2 2
mivimize {3 6+ Y erer 1Y Y ent Y XY Yt Y3 Y af) 0
bEB pEP, fer J=1b€B e L] vEVi J=1b€B e L] vEVi j=1beB peP,

subject to

Crew pairing constraints:

ZZe’}yp—kef:l VfeF (2)
beB peP,
S i< By vb e B (3)
peEP, fEF,

Flow conservation constraints to extend pairing model:

Yoalyy— D> Alhg— D Tt =0 Vje {12}, Ybe B,Vie 4, (4)

PEP, gGGZ mGMg

STy D ue+ > Pt wl_ —wl =0 Vie{l,2),Ybe B,Yie Dy (5)
PER c€E] meM;

= wuet+ Y whg £ Y Y eir, =0 Vje{l,2},Ybe BYiel (6)
e€E] geG] leL] veVi

wl + hig = ky Vj € {1,2},Vb € B,ig € Dyig € G (7)

Pilot (j=1) and Copilot (j=2) assignment constraints:

Z Ze;xs—kef, > Yp vj e {1,2},vbe B,Vp e b, (8)
leLi SES;

D viws ey > Vj e {1,2},¥be B,Vl € L],Yv €V, (9)
SES]

Y oa.<1 Vje{1,2},vbe B,V e L] (10)
sES;

Variable declarations:

yp € {0,1} Vb e B,Vp € B, (11)
ey €{0,1} VfeF (12)
w! € Vj € {1,2},¥b € B,Vi € D, (13)
u. €7 Vj € {1,2},Vb € B,Ve € EJ (14)
hy €Z Vj € {1,2},Vb € B,Vg € G} (15)
tm €Z Vj € {1,2},Vb € B,Ym € M] (16)
ry € {0,1} Vj e {1,2},¥be B,¥l € L], Vv €V, (17)
ey € {0,1} Vj e {1,2},¥be B,Vl € L], Vv €V, (18)
el € {0,1} Vj € {1,2},vb€ B,Yp € P, (19)
zs €{0,1} Vj e {1,2},Ybe B,Vl € L],¥s € S, (20)

The objective function (1) minimizes the total cost of the pairings and maximizes the number of the satisfied
VRs. Constraints (2) ensure that each scheduled flight is included in exactly one pairing. Constraints (3)
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specify an upper bound on the total credited flying time per base. Constraints (4) impose flow conservation
for arrival nodes. Constraints (5) enforce flow conservation for departure nodes, and Constraints (6) impose
flow conservation for midnight nodes. Constraints (7) ensure that the number of (co)pilots assigned does
not exceed the number available at the base. In constraints (7), the indexes ip and ig indicate the first
waiting arc and the first start-of-vacation arc at each base, respectively (see Figure 3). Constraints (8) are
linking constraints ensuring that pilots and copilots stay together. These constraints should be equalities,
but in Proposition 1 we show that the optimal objective value of both models is the same. The linking
constraints (9) impose the VRs for each (co)pilot. Constraints (10) guarantee that at most one schedule is
chosen for each (co)pilot. The integrality conditions are defined by constraints (11)—(20). Figure 4 shows
the block diagonal structure of the integrated model. The block diagonal can be divided into three groups of
rows and three groups of columns. The first group of rows relates to the pairing problem, the second relates
to pilot assignment, and the third relates to copilot assignment. The pairing variables form the first group
of columns, the flow conservation variables form the second, and the assignment variables form the third.

Pairin, . .
Columr%s Flow Conservation Columns Assignment Columns b
Base 1 ...Base 3
Pilots
Base 1 Crew pairin,
Copilots Iy E
B P 1 < problem
ase
Pilots
Base 3 Base 3
Copilots
Base 3
Base 1 .
Vacation Pilots
Pilots Base 1 Personalized
> pilot
assignment
Base 3 < problem
ase
Pilots
V;(':latti:n Base 3
; ilof ) |
Base 1
| Vacation Copilots
Conil Base 1 Personalized
opilots > N
= copilot
assignment
B 3 = problem
ase
Vacation Copilots
(Copilots) B2 3

Figure 4: Block diagonal structure of integrated model.

Proposition 1 Consider the following pilot (j=1) assignment models:

(P1) minimize Z Z Z Coly + Z Z Epey (21)

bEBlEL; veV] beB peEP,
subject to (9)-(10), (18)—(20), and
Z Z epTs + 611, > Yp Vb e B,Vp € P, (22)
lEL; sES;
(P2) minimize Z Z Z Cy€y + Z Z Epezl7 (23)
beEB leL} veV] beB peP,
subject to (9)-(10), (18)—(20), and
Z Z epTs + e; =Y Vb e B,Vp € P, (24)

lEL; sES;

The optimal objective values of models (P1) and (P2) are equal.
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Proof. Let X; and X, be the feasible domains of models (P1) and (P2), respectively. Clearly, constraint (22)
is a relaxation of constraint (24) and the other constraints in the two models are the same, so Xo C Xj.
On the other hand, the objective functions are the same, so the cost of an optimal solution of (P1) is less
than or equal to the cost of an optimal solution of (P2), hence, (P1) is a relaxation of (P2). Let 2* € X; be
an optimal solution of (P1). If x* covers some pairings more than once, define 2** € X5 by removing these
pairings from the schedule of the supplementary pilot the cost of ** is the same as z*, because the cost of
the uncovered VRs and pairings is not increased. Then Pl(x*) = P2(x**), so the optimal objective values
of (P1) and (P2) are the same. For the copilot (5 = 2) model the argument is similar. This result justifies
the use of “>” rather than “=" in constraint (8). O

5 Solution methodology

In this section, we describe three proposed approaches. SEQ first solves the pairing model (2)—(3) with con-
sider two first terms of function (1) as objective function and then the (co)pilot assignment model (8)—(10)
using CG. SEQEP first solves the extended pairing model (2)—(7) with consider three first terms of func-
tion (1) as objective function and then the (co)pilot assignment model (8)—(10) using CG. In both sequential
approaches, the objective function of (co)pilot assignment model (8)—(10) is two last terms of function (1)
and variables y, and r, are set equal to 1 in this model. The integrated model (1)—(20) has a block diagonal
structure (see Figure 4) and is hence suitable for mathematical decomposition. INT solves this integrated
model using Benders decomposition combined with CG. We now introduce the Benders decomposition with
a master problem and two subproblems that are solved by CG method.

5.1 Benders decomposition for integrated model

Benders decomposition [6] is an iterative method for large-scale optimization problems where the coefficient
matrix has a block diagonal structure. Model (1)—(20) can be decomposed into multiple smaller problems. The
solution process iterates between a master problem that represents the pairing problem, and two subproblems
that represent the pilot and copilot assignment problems as personalized assignment problems. At each
iteration, the subproblems add two Benders cuts to the master problem to reflect the information obtained
from the subproblem solutions. One cut is related to pilot assignment and the other to copilot assignment.
The algorithm terminates when the upper bounds provided by the Benders master problem and the lower
bounds provided by the subproblems are sufficiently close. See [31] for a comprehensive review.

5.2 Benders reformulation
For given non-negative values g, (b € B;p € P,) and 7, (j € {1,2},b € B,l € Lg;v € V) satistying

constraints (2)—(7), the LP relaxation of model (1)—(20) reduces to problems involving assignment variables,
called the primal pilot (j = 1) and copilot (j = 2) subproblems, are as follows:

2 2
Py, », (e%, €y) = minimizez Z Z Z Cyey + Z Z Z Epef) (25)

J=1b€B |eL] vEVi j=1beB peP,

subject to Z Z epTs + ef; > Up Vj e {1,2},vb€ B,Yp<€ P, (26)

lEL{; SES;

> v tey =7y Vj e {1,2},¥be B,Vl € L], Vv €V, (27)

SES;

d a,<1 Vje{1,2},vbe BVl € L] (28)

sES;

zs >0 Vj e {1,2},Ybe B,Vl € L],Vs € S, (29)

ey >0 Vj e {1,2},¥be B,Vl € L], Vv €V, (30)

el >0 Vj € {1,2},vb€ B,Yp€ P, (31)
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Let Q= (% >0j € {L,2},be B,pe B,), 0= (0, >0[j € {1,2},be B,l € L],v € V}) and A = (X, < 0j €
{1,2},be B,l € Li) be the dual variables associated with constraints (26)—(28), respectively. The duals of
the linear relaxations of the primal (co)pilot subproblems, called the dual pilot (j = 1) and copilot (j = 2)
subproblems, are as follows:

Dy, 7, (Qf), Oy, ) = maximizez Z Z yij;{; + Z Z Z Z Ty0y + Z Z Z Al (32)

j=1beB pep, j=1 beBleLJb' veEV] Jj=1 bGBleLJb'

subject to > s + Y Vi, + X\ <0 Vje{1,2},Vbe B,Vl € L] Vs € S (33)
peﬁb veEV]
Q) <¢ Vj e {1,2},vb e B,Vpe P, (34)
0, < ¢, Vj € {1,2},Ybe B,Vl € L],Yv €V, (35)
Q>0 Vje{1,2},vbe B,Vpe P, (36)
0, >0 Vj € {1,2},Ybe B,Vl € L],Yv €V, (37)
N <0 Vje{1,2},vbe BVl e L] (38)

Let Aj (j € {1,2}) denote the polyhedra defined by constraints (33)-(38). Let Pa, and Ra; be the sets of
extreme points and extreme rays of Aj, respectively.

Proposition 2 The dual (co)pilot subproblems are always feasible and bounded.

Proof. Assume that Cp, = (¢, > 0/b € B,p € B) and C, = (&, > Ob € B,l € L},v € V;). Then
Aj # 0 (j € {1,2}) because the null vector 0 satisfies constraints (33)—(38), so the dual subproblems are
always feasible. On the other hand, the solution e% =9, (Vj € {1,2},b € B,p € P, ), e, =7, (Vj €
{1,2},b € B,l € L},v € V}), and =, = 0 (Vj € {1,2},b € B,l € L},s € S)) satisfies constraints (26)—(31).
Hence, the primal (co)pilot subproblems are feasible. By strong duality, the dual (co)pilot subproblems are
always bounded. O

Consequently, for given non-negative values g, (b € B,p€ P, ) and 7, (Vj € {1,2},b€ B,l € Li,v eV)
and for all extreme rays (€2, 80, ) € Ra; we have

S UG Y D> 0+ YD N <0 vj e {1,2}.

bEB pe P, bEBIELi veEV] bEBleL{;

Hence, the primal and dual subproblems have finite optimal solutions and the optimal value is

ISPFTTNE) D SLTED 3D 9D SLLRD 9 BRV)

7 beB peb, beB lELi veEV] beB ZGLi

The LP relaxation of model (1)—(20) can thus be reformulated as

2
Minimize { Z Z CplYp + Z crey + Z Z Z Z CyTy+

beB peP, feF j=1 bGBlELi veEV]
(39)
2
D mas, (0D Qup+ > D0 D bt 3 D))
(22,0,\)EPA . ) ]
j=1 J beBpEP, beB lELJb veV, beB lEL{,

subject to (2)—(7) and (11)—(17).
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By introducing the additional free variables Z7 and the function Zsjl 0. A\(¥p, ry), we obtain the following
reformulation, called the Benders master problem:

minimize Z Z CpYp + Z cref + Z Z Z Z CoTv + Z VA (40)
beB peP, fer j=1beB leLJ veEV]
subject to (2)—(7), (11)—(17), and
202 Zh g o) = DDy > N Oy + > N Vi e{1,2},(R,0,A) € Pa,  (41)

beB peh, beB e veV: beBerd

where each Z{w’ 1(Yp,7v) is a linear segment of the (co)pilot penalty functions. Constraints (41) are the
Benders (co)pilot optimality cuts. Model (40)—(41) contains one such cut for each extreme point. However,
most of these cuts are inactive at the optimal solution. To avoid enumerating all the extreme points, we
use an iterative approach to generate subsets of the optimality cuts (41) as needed to recognize an optimal
solution. We denote the subsets of extreme points available at iteration ¢t = 1,2,... by Pﬁl and PZQ, for the
primal pilot and copilot subproblems, respectively. Each iteration solves the relaxed crew pairing problem as
a Benders master problem by considering these subsets. The optimal solution of the relaxed Benders master
problem is used as input to the primal (co)pilot subproblems. The values of the dual variables associated
with constraints (26)—(28) determine an extreme point of Pa, and Pa,. For each extreme point, one cut is
added to the relaxed Benders master problem at each iteration.

[12] describe a heuristic called three-phase Benders decomposition and CG for the case where the Benders
subproblem is an IP. We extend this, developing a two-phase approach. In the first phase (phase I), the
integrality requirements are relaxed and at each iteration of the Benders decomposition, the LP relaxation
of the Benders master problem and the primal (co)pilot subproblems are solved by CG. All the Benders cuts
generated in the first phase are retained. The second phase has two steps. In the first step (phase I1pp),
the integrality constraints are introduced only for the master problem variables, and the resulting mixed-
integer problem is solved by generating additional Benders cuts. All these cuts are retained. In the second
step (phase IIrp), the integrality constraints are introduced for the subproblem variables, and the resulting
integer problem is solved by generating integer Benders cuts (see Theorem 2). Figure 5 gives a flowchart
for our approach. In practice, we often stop each phase before the optimality conditions are met. As we
approach optimality, new cuts have little or no effect on the optimal Benders decomposition solution. To
avoid the well-known tailing-off effect, we generate new cuts until the relative difference between the lower
and upper bounds is less than or equal to 0.1% for phase I and phase II;,p and 0.05% for phase II;p.

Start

Solve crew pairing problem
( LP relaxation in Phase I, and IP in Phase II
24

Lp and 11 P )

(one for each base in each day)

1

Yes

Go to next Phase
(Phase I to Phase II
Phase 11 pto Phase 1[ Lp’

L‘ Yes

¢—‘ Yes Optimal Solution of Crew pairing problem:
vanables Master problem  <— New columns Negative . No Y D Pairings Reach
reduced cost? " — . i 1 < optimality »—
2.y, Vacation request V€& Vl for pilot le Lb condition?,
Subproblems

3. v Vacationrequest V EVl for copilot [ € L%

Solve crew pilot

Yes Dual i bl ;
Add Benders variables No New columns -» Master problem Dual ?‘(SE})gm';lethm mem ld P «
optimality cuts - Optimal Negative : relaxation il
e v Primal feasible? Solution reduced cost? Subproblems variables Phase I and II JIPin o p
| Add Benders d N v
(one for each pilot) Phase s )
feasibility cuts 4 J
Yes v .
Dual Solve crew copilot =
v Yes <
Add Benders variables Optimal Lo NO Negative New columns -» Master problem va]rji;lilles assignment problem y P
optimality cuts | | Primal feasible? < Scﬁuuon " reduced cost? Subproblems «— (LP relaxation in “ _ <
Add Benders (one for each copilot) Phase Iand m, Pin| 15 p,
feasibility cuts 4 I Phase 8 )
No

Figure 5: Flowchart of three-phase Benders decomposition.

)
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5.3 Column generation

The crew pairing and (co)pilot assignment problems contain many variables: the number of pairing and
schedule variables grows exponentially as the number of flights increases. We avoid this issue by using a
CG method embedded in a branch-and-bound scheme. CG decomposes the main problem into a restricted
master problem (RMP) and several subproblems. The RMP is obtained by replacing the sets y, and z, by
the subsets yztj C yp and 2! C z; at iteration ¢ = 0, 1, .... At each iteration of the CG process, we solve
the RMP using an LP solver over a subset of the variables (columns) to produce primal and dual solutions.
Based on the dual solution, we solve the subproblems to find negative reduced cost variables. We then add
these variables to the RMP. We iterate until no negative reduced cost variables are identified. In practice,
as we approach optimality new pairings and schedules with negative reduced costs have little or no effect
on the optimal value of the RMP. We therefore stop the CG when the optimal value of the RMP improves
by less than 0.1% over five iterations. In Sections 5.3.1 and 5.3.2, we describe the subproblems for the crew
pairing and (co)pilot assignment problems. To define these subproblems we use the network structures of [34]
and [22], respectively. The subproblems are defined on a directed acyclic time-space network. The network
corresponds to a resource-constrained shortest path problem that is solved using a label-setting algorithm [19].

5.3.1 Crew pairing subproblems

There is one subproblem for each crew base and each day, as illustrated in Figure 6. Having a separate
subproblem for each day allows us to control the maximum pairing duration (four days) by limiting the
subnetwork duration. There are five node types: source, sink, departure, arrival, and waiting. The source
and sink nodes represent the start and end of the pairing. Each flight is defined by an arc from a departure
node to an arrival node that must be covered exactly once. Finally, for each departing flight there is a
waiting node, allowing that flight to start a duty. The nodes are grouped by crew base and sorted in
chronological order.

/ . .

Airport A ’ Airport B ’

O——@ v

.
Base Airport /

/
/
/
/
/
X /
7
/
/
/

v

Time horizon
() Sink
A

A

——————— »  Start of pairing arc -------p  End of pairing arc —p  Waiting arc Rest arc
———»  Flight leg arc -——==pr Deadhead arc =y Empty arc

Node legends:

O Source node O Sink node . Arrival node 6 Departure node O Waiting node

Figure 6: Network structure for crew pairing subproblems.

The network has seven arc types: start of pairing, end of pairing, flight, deadhead, rest, waiting, and
empty. The start-of-pairing arcs connect the source node to each departure node at the base. The associated
cost is @} + 2, where @7 (j € {1,2}) are the dual variables for constraints (5). The end-of-pairing arcs link
each arrival node at the base to the sink node, and the associated cost is — (¢} + ¢?), where gf)g (j € {1,2}
are the dual variables for constraints (4). Each flight arc and deadhead arc is defined by a departure/arrival
node and fixed departure/arrival dates and times. The cost of a flight arc f is —85 — pyds, where py is the
duration of flight f and 8 and d, are the dual variables for constraints (2) and (3). A deadhead arc has a
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fixed cost for each occurrence of deadheading in a pairing and a variable cost that depends on the length
of the deadhead. A short-rest arc links the arrival node of a flight to the departure nodes of all the flights
at the same base if the time interval is between the minimum and the ideal maximum rest time; its cost
is equal to the fixed rest cost. If the waiting time exceeds the ideal maximum rest time, a long-rest arc
connects the arrival node of the flight to the earliest waiting node. Waiting arcs either link two consecutive
waiting nodes to extend the long rest duration or connect two consecutive flights in a duty. For the costs of
long-rest and waiting arcs, we use the formulation of [30]. Finally, an empty arc links each waiting node to
its corresponding departure node; its cost is zero.

Remark 1 In airline crew scheduling there are usually enough crew members to cover all the tasks. The
first iteration of Benders decomposition sequentially solves the crew pairing and personalized assignment
problems. If there are uncovered pairings, reserve crew members are added. This ensures that the primal
(co)pilot subproblems can cover all the pairings. The penalty cost for uncovered pairings is much greater than
the cost associated with VRs (¢, > ¢,). Consequently, the Benders solution covers all the pairings.

Remark 2 The Benders master problem (40)—-(41) is difficult to solve with CG. Let K1 and Ko be the sets of
Benders (co)pilot optimality cuts. Let vy, be the dual variable associated with Benders optimality cut k € K;
(7 € {1,2}). The reduced cost of variable y, is given by

2
RO ICTIED STES 3D DTS D B EED 3) BEH

feFr fEF, J=14icA, j=14i€Dy j=1keK;

To reflect the information from the restricted MMP (RMMP) in the MSP, the arc costs in MSP must be
modified by the optimal dual solution for the current RMMP. The cost of a flight arc is —3¢ — psdy. The costs
of the input and output arcs of each network in the pairing subproblems are set to —(¢} + ¢2) and ¢} + @2,
respectively. However, there are no arcs corresponding to pairings in the pairing-generation subproblems (see
Figure 6), so we cannot transfer the information on optimality cuts from the RMMP to the MSP.

To overcome this difficulty, we introduce the concept of weak Benders cuts in Proposition 3 that do not
take into account the dual variable corresponding to the pairings. Theorem 2 proves that with these weak
Benders cuts and the suggested dual solution of the primal (co)pilot subproblem, the Benders approach reach
optimality in phase IIjp.

Proposition 3 The following weak Benders cuts

Z7=3NT N e+ N Vj € {1,2},(2,0,) € Py, (42)

bEBleLJb' veV) beB lELi

are lower bounds on the (co)pilot satisfaction penalty function.

Proof. Let Q = () > 0|j € {1,2},b € B,p € P,) be the dual variables for constraints (26). Since QJ is
positive for all p € P, we have

20> 2o ) =3 > U+ NS e+ >N N>

beB pe P, beB lELJ veEV] bGBleLJ
ZZZGUT”_FZZAZ vj€{172}7(9507)‘)6PAj
beB lELi veEV] beB lELi

and so

AN NI ED DD DD NS DI Vi€ {1,2}, (82, 8,) € Pa,

beB lELi veV] beB lEL{?

This completes the proof. O
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Lemma 1 The integer optimal solution of the primal (co)pilot subproblem is an upper bound for the optimal
LP relazation of the dual (co)pilot subproblem.

Proof. Let Py, -, (ej ey)rp and Py r, (ef,,ev)]p be the objective functions of the LP relaxation and the
IP primal (co)pilot subproblem, respectively, and let Dy, -, (ng,ﬁv, A1) rp be the objective function of the
LP relaxation dual (co)pilot subproblem. We denote the optimal objective values of these problems by
Py 7 (eg,,gv)Lp, ngm(e{mev)lp, and D . (,,0,, \i)Lp. By strong duality, we have D;p,f“(ﬂi),ev,)\l)[lp
=Py (el ey)pp. Let X[ and X[}, be the feasible domains of the LP relaxation and the IP primal (co)pilot

YpsTo . R
subproblem, respectively. Clearly X, C XFp, so D;‘ o (Qp, Ou, \)Lp = ng,m (eg,, ev)Lp < ngfv (e;,, €y)IP-
This completes the proof. O

Theorem 1 Some optimal solutions of the linear relazation primal (co)pilot subproblem are integer.

Proof. It suffices to show that there exists an optimal integer primal solution such that Py - (eg), ey)ip =

D; 5, (4,0, \)p and therefore Py - (e}, e,)1p = Py - (€, €u)Lp-

Let &/, and &, be the values of variables e/ and e, after we solve the primal (co)pilot subproblem (25)-(31).
Let ¢, > 0 and ¢, > 0 be the penalty costs for uncovered pairings and VRs. Consider the following dual
solution: if pairing p € P, is covered, i.e., & = 0, then QJ = 0, otherwise Q) = &,. If vacation v € V; is
covered, i.e., &, = 0, then 0, = 0, otherwise 0,, = ¢, and \; = fmazsegl{zpepb > p+ZU€VL V.50,}. Clearly,
the first component of this solution satisfies constraints (34) and (36), the second satisfies constraints (35)
and (37), and the third satisfies constraints (33) and (38). Hence, this is a feasible solution of the dual
(co)pilot subproblem (32)—(38). The Benders solution covers all the pairings (Remark (1)), i.e., &, = 0, and

thus QJ = 0. Consequently, the IP (or LP) optimal value of the primal (co)pilot subproblem is

*
Pyp To epaev IP = E § E § Cy€y.

j=1beB leLJ veEV]

In the IP primal optimal solution, there are two possibilities for the coverage of each VR: (i) v € V] is
covered completely, i.e., &, = 0, and therefore 6, = 0. Hence, V,?0,, = 0 and 7,0, = ¢,&,. (ii) v € V} is not
covered, i.e., &, = 7,, and therefore 6, = ¢, and the value of parameter V;” must be 0. Hence, V78, = 0
and 7,0, = ¢,€,.

The proposed dual solution gives ) = 0, and from conditions (i) and (ii) we have V0, = 0, so
A= —mazsesi{D_,ep, €5 + Dpey; Voot = 0. If we put this integer dual solution constructed from
the IP optimal solution of the primal (co)pilot subproblem into the objective function of the dual (co)pilot
subproblem (32)-(38) we obtain

Dy (@ 00 Mp= 300 D B +D-0 0 D0 D bk MW WE
vav:

2
j=1 EBZEL] veEV] Jj= 1b€Bl€L7
2
_ *
DD D aE =Py (e
=1beB

J=1b€B |c[i vEV, J eLivEVL

Hence, Dy, 7, (Qi,@v, N)rp = Py (e ' e,)rp- On the other hand, since the dual (co)pilot subproblem is a

yp Ty .
maximization, clearly Dy 7, (Q GU,)\Z)LP < D;p 7, (2 %,GU,)\Z)LP. Also, by lemma 1, we have

Dy . (4,0, \)Lp < Py - (e),e0)rp, 50 Dy o (.00, M)pp < Dy, 7, (9,00, \)rp = Py (e),eu)rp <

YpsTo YpTv

D;piv (Q%, 0y, \)p. Thus, D;; o (Qp, Ou, N)Lp = ng,;‘u(eé, e,)rp and this integer dual solution is an opti-
mal dual solution. By strong duality, we have Dsz,m (Qg), Ou, N)Lp = ngi (egj7 €y)LP, SO Pyp 7 (eg,, ey)Lp =

yi‘pfv (eg;, ey )rp- This means that this optimal integer solution is an optimal solution for the LP relaxation

of the primal (co)pilot subproblems. This completes the proof. O
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From this theorem, we can easily deduce the following corollary.

Corollary 1 Let D;fp,m (Q{J,HU, Ai)rp be the optimal objective value of the dual of the IP primal (co)pilot sub-
problem. From Theorem 1, we have Dy (Qg,,@v,/\l)lp =P; 7 (eg,,ev)fp. Thus, the integer-programming
duality gap in the Benders subproblems is zero, so the integer Benders cuts derived from the proposed dual

solutions in Theorem 1 are valid cuts.

Theorem 2 The Benders master problem

mzmmzzez Z cpYp + Z crep + Z Z Z Z CoTy + Z VA (43)

bEB peP, feF J=1bEB L] vEVi

subject to (2)-(7), (11)-(17) with Benders cuts (42) can reach an optimal solution in phase Ilip.

Proof. It suffices to show that when all the pairings are covered the optimal dual variables of all the pairings
can be 0. We use the optimal dual solutions from Theorem 1. Figure 7 shows that the ZQ 9 )\(yp7 r,) functions
can be seen as supporting hyperplanes of the (co)pilot penalty function. Points A and C correspond to extreme
points of MMP where Qg, > 0, and point B is an extreme point of MMP where Qg; = 0. At each iteration of the

7 Primal pilot (copilot) subproblem cost

® ® ®
A B C
MMP extreme points

Segment legends: Pilot (copilot) penalty function

_____ Strong cut —.......... Weak cut

Figure 7: Graphical representation of penalty function in Benders master problem.

Benders process, the strong Benders cut (41) adds a segment Zgz 0.2 (Up, ) to the (co)pilot penalty function,
with the exact cost of the primal (co)pilot subproblem at the point B = (Yp, Tv) (the current solution). The
weak Benders cut (42) has the same value at this point, so it adds a segment to the (co)pilot penalty function,
with the exact cost at this point. The (co)pilot penalty function becomes exact at the extreme points of
the MMP where all the generated pairings can be covered by the primal (co)pilot subproblem. Furthermore,
since the number of these extreme points is finite, finite termination of the algorithm at an optimal solution
is guaranteed. O

5.3.2 Personalized assignment subproblems

In the personalized assignment problem, there is one subproblem for each (co)pilot. There are five node
types: source, sink, pairing start, pairing end, and midnight. The source and sink nodes represent the start
and end of the schedules. Each pairing is defined by a pairing-start node and a pairing-end node. The start
and end of each midnight are defined by midnight nodes. There are nine arc types: start of schedule, end
of schedule, start of pairing, pairing, short VR, long VR, rest, start of day-off, and day-off. The start-of-
schedule arc connects the source node to the first midnight node of the horizon. Its cost is —\;, where }A; is
the dual variable for constraint (28). The end-of-schedule arc connects the last midnight node to the sink
node; its cost is 0. The start-of-pairing arcs connect each midnight node to a start-of-pairing node; the
cost is 0. A pairing arc connects a start-of-pairing node to an end-of-pairing node. The cost of these arcs
is —,, where €, is the dual variable for constraints (26). A rest arc links an end-of-pairing node at the
base to the start node of a pairing whose departure time is greater than or equal to the arrival time plus
the minimum rest time (8 hours in our tests). A start-of-day-off arc links an end-of-pairing node to the first
midnight node at the base to start a day off. A day-off arc connects a pair of consecutive midnight nodes
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at the base. The cost of all these arcs is 0. A short VR arc links two midnight nodes covering between
one and three days, and a long VR arc links two midnight nodes covering between four and ten days; its
cost is —6,,, where 6, are the dual variables for constraints (27). The reduced cost Cy of a variable z; is

és = Cs — (Epel—:’ BZQP + ZDEVZ VUSHU =+ )\l)

SourceQ ’ :e\ :. :e ;. :e~ L Q Sink

\ 3
\ 4 4 l’
\ I
\‘ / \ - B
\/ \ ]
! {
O—0—0—0—0— g O—0
00:00 00:00 00:00 00:00 00:00 00:00 00:00 00:00
Time horizon
Arc legends:
====-p  Start of schedule arc ===== -+ End of schedule arc —» Pairing arc
——» Day-offarc e »  Start of pairing arc ey Rest arc
--------- »  Start of day-off arc Short VR arc Long VR arc

Node legends:

O Source node O Sink node . Start of pairing node 0 End of pairing node O Midnight node

Figure 8: Network structure for personalized crew assignment subproblems.

5.4 Integer solution

The linear relaxation solutions of the crew pairing and (co)pilot assignment problems are fractional, so we
embed the CG algorithm in a branch-and-bound framework. However, it is impossible to explore the whole
search tree. Hence, we use two branching heuristics, column fixing and inter-task fixing, to derive integer
solutions in reasonable computational times. The column fixing strategy branches directly on the variables
yp and 5. We fix to 1 all the variables with a fractional value greater than a predetermined threshold (0.85
for our tests). If no suitable variable exists, we apply inter-task fixing. Let P be the set of all feasible
pairings and S the set of all feasible schedules. For each ordered pair of flights fi; and f; and pairings p; and
p2, we define two subsets as follows: P(fi, f2) = {p € P : flight f5 is covered immediately after flight f;}
and S(p1,p2) = {s € S : pairing p, is covered immediately after pairing p}. Let rf, 5, = EpeP(fl,fz) yp and
Tpips = ZSGS(pl,pz) xs be the total flow between these two flights and pairings. We select the maximum
fractional values, 7, 7, and 7;,,,,. We then require these two flights to be covered consecutively in the same
pairing (by setting 7, = 1) and these two pairings to be covered consecutively in the same schedule (by
setting 7,,,, = 1). These branching strategies produce good integer solutions with small optimality gaps (see
Table 5).

5.5 Reducing computational time
We use two techniques to reduce the computational time.

5.5.1 Personalized Crew Assignment Problem

We solve the pilot and copilot assignment problems in parallel. This is possible since these problems are
independent of each other.

5.5.2 Benders master problem

We warm start the Benders master problem after adding Benders cuts and after branching. We start with
the feasible columns generated to date and with the current base. After solving the pairing problem at each
iteration of the Benders decomposition we use the current optimal solution as the initial solution for the next
iteration. The results show that this idea works well.
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6 Computational experiments

This section presents our experiments with the three proposed approaches: SEQ, SEQEP and INT. We
applied the algorithms to three datasets derived from a one-month flight schedule of a major North American
airline. The characteristics of each instance are given in Table 1. In our test, each (co)pilot requests two
vacations in each month. These are divided into two categories based on their length: a long vacation is
between 4 and 10 days and a short vacation is between 1 and 3 days. The last two columns of Table 1 indicate
the total number of vacation days for pilots and copilots. We conducted our tests on a Linux computer with
an Intel Core i7-1770 CPU clocked at 3.40 GHz, using a single processor. Our implementation is coded
in C++ using the commercial GENCOL column generation library, version 4.5. The RMPs are solved by
CPLEX 12.4.

Table 1: Instance characteristics.

VRs
7# Number of vacations Vacation days
Instance  Flights Airports Bases Pilots Copilots Pilots Copilots Pilots  Copilots

Short Long Short Long

1 1013 26 3 33 33 47 19 38 28 193 234
2 1500 35 3 34 34 43 25 43 25 200 173
3 1854 41 3 47 47 52 42 47 47 315 334

6.1 Analysis of computational refinements

This section discusses the effect of the aggregation and the impact of the warm start strategy, as described in
Sections 3 and 5.5.2. Table 2 gives the total number of constraints in the extended pairing problem for each
instance before and after the aggregation. The aggregation reduces the number of constraints by an average
of 37.36%; the reduction increases with the size of the instance.

Table 2: Number of constraints for extended crew pairing model.

Instance  Before aggregation  After aggregation  Size reduction (%)

1 3104 2098 32.50
2 4565 2987 34.56
3 5627 3093 45.03
Average 37.36

We solved each aggregated instance with both the basic algorithm and the refined version that includes
warm starting; see Table 3. Here, the number of columns generated and the CPU time indicate the effort
needed to solve the Benders master problem using INT. The last two columns of Table 3 give the ratios for the
CPU times and the number of columns generated for the basic and refined algorithms. The computational
times and numbers of generated columns are reduced considerably for all the instances. The refined algorithm
is an average of 1.93 times faster than the basic algorithm, and the number of columns generated increases
by a factor of 1.73.

Table 3: Impact of warm start strategy on extended crew pairing problem.

Basic algorithm Refined algorithm
Instance  CPU (min) No. Columns CPU (min) No. Columns CPU No. Columns
generated generated Basic/Refined  Basic/Refined
1 24.30 66757 16.46 30527 1.47 2.18
2 108.35 136797 48.68 88755 2.22 1.54
3 119.21 184134 56.53 123479 2.11 1.49

Average 1.93 1.73
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6.2 Results for integrated approach

In this section, for each phase of INT we indicate the time spent, the number of cuts generated, and the total
cost at the end; see Table 4. The results show that the percentage gaps between the phases are small. The
gap between phases IIpp and IIip, which is between 0.00% and 0.03%, justifies the use of the three-phase
approach. The performance of INT is related to the number of cuts: in each instance eight to fourteen
cuts suffice to find a good solution. For the first two instances, most of the CPU time is spent on phase
IIp. In this phase the CG is embedded in a branch-and-bound framework to obtain an integer solution
for crew pairing variables, and therefore more time is needed. For the largest instance, phase I is the most
time-consuming, and this can be explained as follows. This instance has between 1300 and 1400 fractional
pairings in the solution of the relaxation and between 300 and 350 pairings when the integrality constraints
are added in phase IIpp. Therefore, size of (co)pilot assignment problems in phase I is much larger than
phase Il p and requires more time. For all three instances, phase IIjp has the lowest CPU time, because
only a few cuts are generated in this phase. Adding Benders optimality cuts in the first two phases helps us
to find an optimal solution more quickly in phase IIip.

Table 4: Computational results for integrated approach in each phase.

CPU time (min) Number of cuts Cost Gap (%)
Instance I IILP IIIP I IILp IIIP I IILp IIIP 1& IILP 1& IIIp IILP & IIIP
1 6.66 12.76  1.50 4 4 0 163495 163847 163847 0.21 0.21 0.00
2 24.88 41.66 550 6 6 2 239023 239537 239628 0.21 0.25 0.03
3 77.76 58.22 1931 4 6 2 290160 290880 290977 0.24 0.28 0.03

6.3 Computational gap in integrated and sequential approaches

In this experiment, we study the optimality gap of each problem for each approach. We report in Table 5
three integrality gaps: the crew pairing gap, the pilot assignment gap, and the copilot assignment gap. The
gap is the percentage difference between the LP and integer solutions of the problem. The relatively small
gaps indicate that the three approaches produce good solutions. The larger integrality gaps for the pairing
problems confirm that it is difficult to find integer solutions; this is because the branching strategies are
heuristic and the pairing problem is much larger than the assignment problem. On average, the integrality
gaps obtained by INT are smaller than those for SEQEP and SEQ for the assignment problem.

Table 5: Optimality gap (%).

Crew pairing  Pilot assignment  Copilot assignment

SEQ

Instance 1 0.07 0.10 0.00
Instance 2 1.86 0.00 0.22
Instance 3 0.88 1.55 0.21
Average 0.93 0.75 0.55
SEQEP

Instance 1 0.03 0.09 0.00
Instance 2 2.47 0.34 0.00
Instance 3 0.80 0.81 0.00
Average 1.10 0.41 0.00
INT

Instance 1 0.29 0.00 0.00
Instance 2 1.69 0.12 0.00
Instance 3 1.07 0.00 0.00

Average 1.01 0.04 0.00




18 G-2017-41 Les Cahiers du GERAD

6.4 Number of branching nodes, iterations, and columns

Table 6 presents for each approach the total number of branch-and-bound nodes explored, CG iterations
performed, and columns generated during the solution process. INT has more branching nodes, iterations,
and generated columns than SEQEP and SEQ. This is because INT performs an average of six iterations,
and for SEQEP and SEQ is one. We conclude that the pairing problem is more difficult than the assignment
problem. In the former problem there are more generated columns and branching nodes.

Table 6: Results.

Crew pairing Pilot assignment Copilot assignment

Number of Number of Number of

Branching Generation Columns Branching Generation Columns Branching Generation Columns

nodes iterations  generated nodes iterations  generated nodes iterations  generated
SEQ
Instance 1 30 310 18690 21 459 3157 23 398 2845
Instance 2 138 1000 37343 27 1315 8369 29 1282 8509
Instance 3 169 1171 51987 38 609 7217 39 599 7855
SEQEP
Instance 1 11 207 14313 17 315 2527 23 465 2806
Instance 2 161 1129 35444 26 1397 8080 27 1329 8224
Instance 3 170 1179 51378 34 543 7250 36 544 7387
Phase 1
Instance 1 - 152 11830 - 158 4863 - 165 4880
Instance 2 - 169 16537 - 1878 20099 - 1817 19684
Instance 3 - 159 20744 - 185 7353 - 191 7311
Phase IILp
Instance 1 83 516 17153 - 155 3826 - 141 3639
Instance 2 404 2360 43663 - 666 5057 - 653 4924
Instance 3 501 2800 66721 - 159 6492 - 168 6684
Phase IIjp
Instance 1 34 212 1544 20 443 3324 19 374 2683
Instance 2 274 1585 28555 54 2634 14954 24 2429 15074
Instance 3 310 1949 36014 72 1037 14311 80 1240 14824
Total- INT
Instance 1 117 880 30527 20 756 12013 19 680 11202
Instance 2 678 4104 88755 54 5178 40110 48 4899 39682
Instance 3 1381 4908 123479 72 881 28156 80 1599 28819

6.5 Coverage of VRs

We now analyze the performance of the approaches in terms of the percentage of satisfied VRs; see Table 7.
The results clearly show that the percentage of satisfied VRs decreases as the complexity of the instance
increases. INT has significantly better performance than SEQEP, and SEQEP has significantly better per-
formance than SEQ. The last three rows of Table 7 provide a pairwise comparison of the approaches. For
example, on average, INT increases the coverage of long and short VRs by 15.66% and 10.66% for pilots
and 15.00% and 12.00% for copilots compared to SEQEP. On average, INT increases the coverage of VRs by
16% for pilots and 18.33% for copilots in terms of the total number of days requested when compared with
SEQEP.
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Table 7: Satisfaction of VRs (%).

Pilot assignment  Copilot assignment  Pilot assignment  Copilot assignment

Long Short Long Short Days Days
SEQ
Instance 1 57.00 73.00 50.00 78.00 62.00 56.00
Instance 2 12.00 58.00 28.00 53.00 32.00 38.00
Instance 3 23.00 67.00 23.00 55.00 34.00 30.00
Average 30.66 66.00 33.66 62.00 42.66 41.33
SEQEP
Instance 1 72.00 80.00 53.00 86.00 74.00 61.00
Instance 2 43.00 73.00 43.00 79.00 60.00 58.00
Instance 3 30.00 70.00 34.00 61.00 40.00 38.00
Average 48.33 74.33 43.33 75.33 58.00 52.33
INT
Instance 1 77.00 97.00 82.00 86.00 90.00 82.00
Instance 2 50.00 81.00 53.00 89.00 65.00 71.00
Instance 3 65.00 77.00 40.00 87.00 67.00 59.00
Average 64.00 85.00 58.33 87.33 74.00 70.66
Improvements
SEQEP vs. SEQ 17.67 8.33 9.67 13.13 15.34 11.00
INT vs. SEQEP  15.67 10.67 15.00 12.00 16.00 18.33
INT vs. SEQ 34.66 19.00 24.67 25.33 31.34 29.33

6.6 Coverage of flights and pairings

We define large penalty costs to ensure that the percentages of uncovered flights and pairings are small.
INT and SEQEP cover all the flights and pairings for all the instances. With SEQ 0.32% and 0.60% of the
(co)pilot pairings in the second and third instances are uncovered, respectively. This is because with SEQ
the pairing problem does not take into account how many pilots and copilots are available.

6.7 Computational time and cost for integrated and sequential approaches

We now compare the total CPU time (in minutes) and the solution cost for the pairing and assignment
problems; see Table 8. For SEQEP and SEQ, the total CPU time is the time to solve the pairing and
assignment problems. For INT the total CPU time is the time to solve all three phases. The pilot and copilot
problems were solved in parallel, as explained in Section 5.5.1.

On average, INT decreases the pairing cost by 0.83% compared with SEQEP and 0.10% compared with
SEQ. These results confirm the effectiveness of the warm start strategy, especially since the INT model has
more constraints. Clearly, if an exact branching strategy were used, the results might be different. On
average, SEQEP increases the pairing cost by 0.72% compared with SEQ. This increase might be necessary
to increase the number of satisfied VRs.

For the assignment costs, INT yields significant savings compared with SEQEP, and SEQEP yields signif-
icant savings compared with SEQ. For example, INT decreases the pilot (copilot) costs by 54.92% (53.24%),
in comparison with SEQEP. The computational time increases by a factor of 2.55.
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Table 8: Comparisons of CPU time and cost of solution.

Total CPU  Pairing cost  Pilot assignment Copilot assignment

(min) cost cost
SEQ
Instance 1 3.66 172666 2400 3300
Instance 2 14.90 247343 6000 5700
Instance 3 50.03 296608 7350 8550
Average 22.86 238872 5250 5850
SEQEP
Instance 1 7.42 172534 2100 2550
Instance 2 32.70 248675 2850 3000
Instance 3 55.81 300617 5700 6000
Average 31.97 240608 3550 3850
INT
Instance 1 20.92 172547 600 1200
Instance 2 69.04 246128 1950 1650
Instance 3 155.29 297177 2250 2550
Average 81.75 238617 1600 1800
Cost saving (%) & CPU ratio
SEQEP vs. SEQ 1.39 -0.72 32.38 34.18
INT vs. SEQEP 2.55 0.83 54.92 53.24
INT vs. SEQ 3.57 0.10 69.52 69.23

7 Conclusion

We have proposed two novel mathematical models: an extended model for the crew pairing problem, and a
completely integrated model for the crew pairing and personalized assignment problems. We use aggregation
in the extended pairing problem to decrease the number of constraints and reduce the CPU time. We have
presented two sequential solution approaches (SEQ and SEQEP), and an integrated approach (INT). The
sequential approaches are based on CG. The integrated approach is based on combined Benders decomposition
and CG, and it uses a warm start strategy. The theoretical results for the integrated approach show that
optimality can be achieved.

We studied real-world instances from a major US carrier. The results show that the novel extended
crew pairing model leads to monthly schedules that are significantly better in terms of satisfied VRs. The
integrated approach yields significant improvements compared with the sequential approaches. However, the
SEQEP can solve large problems in reasonable computational times.

Future work could consider other crew preferences, such as preferences for specific flights.
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