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Abstract: Recommender systems make use of different sources of information for providing users
with recommendations of items. Such systems are often based on collaborative filtering methods
which make automatic predictions about the interests of a user by collecting taste information from
many users. As an alternative approach, we propose to use the concept of resolving set that allows to
determine the preferences of the users with a very limited number of ratings. We also show how to
make recommendations when user ratings are imprecise or inconsistent, and we indicate how to take
into account situations where users possibly don’t care about the attribute values of some items. All
recommendations are obtained in a few seconds by solving integer programs.
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1 Introduction

Recommender systems provide personalized recommendations of products or services to users based
on their previous searches, purchases, or ratings. The main challenge in such systems is to predict the
rating that a user would give to an item. There is a huge literature dedicated to recommender systems.
Since the first paper [5] in the mid 1990s, research in this area got diversified in various directions.
Most recommender systems are based on collaborative filtering methods which predict unobserved
ratings by exploiting correlations between ratings across a population of users. But other algorithms,
such as content based filtering and hybrid filtering, are also popular. For surveys on this topic, we
recommend the recent papers by Akhil and Shelbi [1], and by Bobadilla et al. [3].

The aim of this paper is to propose an alternative approach for recommender systems with multiple
boolean attributes. It is based on the graph theoretical concept of resolving set which is defined as
follows. Consider a connected undirected graph G, and let d(u,v) be the distance between two vertices
uwand v in G. A vertex x resolves two vertices u and v if d(z,u) # d(xz,v). A subset R of vertices is
a resolving set for G if every two vertices in G are resolved by at least one vertex of R. The problem
of determining a resolving set of minimum size is NP-hard [8]. It was introduced independently by
Slater [9] and by Harary and Melter [6]. It arises in many areas, including robot navigation [8],
telecommunication [2] and chemistry [4]. We show in the next section that when all users precisely
indicate the distance between rated items and their expectations, then resolving sets for the n-cube
correspond to small sets of recommendations that are sufficient to predict the preferences of all users.

The use of numerical rating scales (e.g., a 5-star rating) often results in imprecise ratings. Also,
user ratings may be inconsistent. For example, it is not rare that a user gives two different ratings
to two items having the same attribute values. This can be due to a missing attribute in the system.
To deal with such situations, we define, in Section 3, a measure that evaluates how every item fits
with known user ratings, and we then embed this measure into an integer program to generate a set of
recommendations. While the users of a recommender system typically like or don’t like the attributes
characterizing the items, it may also happen that they don’t care about some of them. We show in
Section 4 how to deal with such situations.

All proposed models are integer programs with few variables and constraints, which make it possible
to generate recommendations in a few seconds.

2 Resolving sets

Let A be an ordered set of n boolean attributes of a recommender system, and let I be a set of items.
A vector v' = (vi,...,v}) € {0,1}" can be associated with every item i € I so that 1);- = 1if ¢ has the
Jth attribute in A, and v; = 0 otherwise. For example, if [ is a set of restaurants in a recommender
system with n = 3 boolean attributes, the first one being ‘low cost’, the second one ‘offers vegetarian
food’, and the third one ‘with an outdoor terrace’, then vector (1,0, 1) is associated with all low cost

restaurants that have an outdoor terrace, but do not offer vegetarian food.

Given a set U of users, we can also associate a vector w* = (wy,...,w¥) € {0,1}" with each
user u € U, so that wj = 1 if u ‘likes’ the jth attribute in A, and wj = 0 otherwise. For the above
example, the vector (0,1, 1) would be associated with all users interested in expensive restaurants with

vegetarian food and an outdoor terrace.

The Hamming distance d(x,y) between two vectors = (z1,...,z,) and y = (y1,...,yn) in {0, 1}"
is the number of integers j such that z; # y;. Let @, be the n-dimensional hypercube, also called
n-cube, with vertex set {0,1}™, and where two vertices  and y are linked with an edge if and only if
d(x,y) = 1. To simplify the writing, we use notation zj ...z, (with no comma and no parenthesis)
instead of (x1,...,2,) for a vertex € @,. The Hamming distance d(v’,w") between the vertices
that represent item 4 and user u is the number of edges in a shortest path from v* to w® in @Q,,. This
distance is the number of attribute values of ¢ that do not correspond to the preferences of u. For the
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above example, the distance d(101,011) between item i with v* = 101 and user u with w" = 011 is 2,
since user w is interested in expensive restaurants with a vegetarian option, while ¢ has opposite values
for these two attributes.

Our objective is to match every user u € U with a vertex  in @,, so that the preferences of u are
known and recommendations can then be made by selecting items i with v* = x, or having a small
distance d(v’,x) to . In other words, for every u € U, we want to determine & € Q,, such that

xr = w".

As mentioned in the previous section, a resolving set for ), is a subset R of its vertices such that,
for every two vertices @,y in @, there is at least one vertex r in R with d(r,x) # d(r,vy). Note that :

e R = {000,100} is not a resolving set for Q3 since, for example, d(000,001) = d(000,010) = 1
and d(100,001) = d(100,010) = 2 (i.e., no vertex in R resolves 001 and 010);

e R = {000,110} is not a resolving set for Q3 since, for example, d(000,100) = d(000,010) = 1
and d(110,100) = d(110,010) = 1 (i.e., no vertex in R resolves 100 and 010);

e R = {000,111} is not a resolving set for Qs since, for example, d(000,100) = d(000,010) = 1
and d(111,100) = d(111,010) = 2 (i.e., no vertex in R resolves 100 and 010).

By symmetry, we conclude that there is no resolving set for )3 with two vertices. There are however
resolving sets with three vertices, for example R = {r! = 000,72 = 010, 7> = 100}. Indeed, we observe
in Figure 1 that for every = in Q3, we get a distinct vector d(r', z)d(r?, z)d(r3, ). Hence, for the
above example, if we ask a user u to rate three restaurants iq,is,4s with vt = r!, v*? = 2, and
v% = 3, and if v indicates that he does not agree with 2 attribute values in i1, 1 in 45, and 3 in 43, we
can conclude that w" = 101, which means that he is looking for a low cost restaurant with an outdoor
terrace, but is not interested in vegetarian food.

011

The vectors d(rl,x)d(r2,x)d(r3,x)
for all x in O3

The hypercube O

Figure 1: A resolving set {r!,r2 3} in Q3.

Let R be a subset of vertices in @,,. In order to check whether R is a resolving set for @Q,,, one can
consider all pairs @,y of vertices in @, and determine whether there exists 7 € R such that d(r, x) #
d(r,y). Such a technique requires O(22"|R|) distance computations, which becomes infeasible for large
values of n. Recently, Hertz [7] has observed that one can determine if R = {r', ... r/%l} is a resolving
set for @, by solving the following constrained maximization problem:

max d(x,y) (1)
st drt x) =d(r',y) Vi=1,...,|R| (2)
z,y € {0,1}" (3)

Indeed, notice that if R is not a resolving set for @,,, then constraints (2) are satisfied by at least two
distinct vectors & and y, while all feasible solutions have = y if R is a resolving set for @,,. Hence,
the optimal value of the above maximization problem is 0 if and only if R is a resolving set for Q.
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We now show how to rewrite the above maximization problem as an integer program with linear
constraints and a linear objective. For every j = 1,...,n, we have [r} — 33]| € {-1,0,1}, =; € {0,1}
and 7% € {0,1}, which implies |r} — 2] = (r} — z;)?, (asj)2 = z;, and ( 1)? = r’. Hence,

d(ri’m):ihé—xﬂ:ir—x] ij1—2r —1—27".
Jj=1 j=1

Similarly,

Ly) =Dyl -2+
j=1

Jj=1

Constraints (2) can therefore be rewritten as :
Za:jl—Qr —|—Zr _Zyj1—2r Z Vi=1,...,|R|

(1—2r)(z; —y;) =0 Vi=1,...,|R]| (4)

<.
Il
-

<.
Il
-

3

<
Il
—

These are linear equations since z; and y; are the variables, while the values r; are given numbers in
{0,1}. We cannot use the same trick for the computation of the objective d(z,y) since >_7_; 2;(1 —
2y;) + Z;;l y; is not a linear function. Consider however the following constrained maximization

problem:

n
>4
j=1

4 =T+ Y } .
s.t. Vi=1,...,n 5
4G <2—x; -y / (5)
zj,v5,q; € {0,1} Vi=1,...,n (6)

Clearly, d(x,y) is the optimal value of this integer program. Indeed, constraints (5) and (6) impose
g; = 0 when z; = y;, while ¢; can take value 0 or 1 when z; # y;. By maximizing Z —1Qj, We
therefore count the number of indices j such that z; # y;, which is exactly the Hammmg distance
d(z,y). In summary, one can determine if R = {r!, ..., T‘R‘} is a resolving set for @,, by solving the
following integer program:

> g (7)
j=1

n

st > (L=2ri)(z; —y;) =0 Vi=1,...,|R]| (8)
j=1
¢ <zj+vy; Vi=1,...,n (9)
g <2—x; —y; Vi=1,...,n (10)
q;,%5,y; € {0,1} Vi=1,....n (11)

This integer program has 3n variables and 2n+ | R| constraints, which is considered as a problem of
small size for today’s computers. The optimal solution can typically be obtained in less than a second.

For € @1, we denote by 0 (resp. x1) the vertex of @, obtained from x by adding 0 (resp. 1)
as nth component. Tt is not difficult to prove that if {r' ... »/%l} is a resolving set for Q,_1, then
{r10,...,7rI%10,71} is a resolving set for Q,,. For example, since {0} is a resolving set for Q1 it follows
that {00,01} is a resolving set for Q2, and {000,010,001} is a resolving set for Q3. Hence, resolving
sets with n vertices for @,, are easy to determine. A procedure is described in [7] that determines
smaller resolving sets. It is a swapping algorithm which can be summarized as follows, where ¢ is any
given positive number.
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Choose an initial set R of o vertices in @,

while R is not a resolving set for @, and no stopping criterion is met do
‘ Choose a vertex & € R, and replace it with a vertex y ¢ R;

end

if R is not a resolving set for Q,, then then Return the message “No resolving set of size o
was found”;

6 else return R;

Algorithm 1: A swapping algorithm for the generation of a resolving set of size o.

[ U VN

The above procedure chooses an initial set R of o vertices in Q,, (instruction 1), and then repeatedly
replaces a vertex © € R with a vertex y ¢ R until R is a resolving set for Q,,, or a stopping criterion is
met (instructions 2-4). The above integer program is used at instruction 3 to determine whether R is
a resolving set for @,. More details are given in [7] where it is shown that there are resolving sets of
15 vertices for (Y27, which means that 15 ratings are sufficient to determine the preferences of a user
among 227 = 134,217,728 item categories. Examples of resolving sets for @3, Q19, Q20 and Qo7 are
given in Figure 2.

000 0110010110 01000100101001000000 110110001010110100110000100
100 0001010101 10000100110110010100 000101001001010000010011111
010 1010111111 11101000100011110000 010111101011101111111011111
1110000101 00001101101000111100 011110110000111011110001001
1100011000 00101111000011000100 000110110011111000001101011
1000000110 11001011101110001000 111011100001110100011010011
1011010100 10100001111001001100 101110101011001001010000010
10111101101010000010 111100101110100010000011011

01010001010000100000 001100101001111110110110001

11011100011011011000 110000111011111101000010100

00000000000010001010 010000101000001100101000011

00000000000010001011 101010001010011110011111111

010000010111010110111011001
101101000011101100101011000
011001100010000001110110101

Figure 2: Resolving sets for O3, Q10, @20, and Q27.

The resolving sets generated by the above algorithm are valid for all users. However, one might
prefer to determine resolving sets that take into account the items that a user has eventually already
rated. Assume, for example, that a user has rated a set I’ of items and let R’ be the corresponding
subset of vertices in @,, (i.e., R = {v'|i € I'}). Rather than generating a resolving set from scratch,
it is preferable to determine a set R” of vertices so that R = R’ U R” is a resolving set for Q.
To determine the preferences of a user, it is then sufficient to ask him to rate items associated with
vertices in R”. The generation of such a resolving set R can be achieved with minor modifications to
the above swapping algorithm : the initial set R of o vertices built at instruction 1 should contain R’
as subset, and when a vertex « is removed from R at instruction 3, it is chosen among those that do
not belong to R'.

Assume, for example, that R' = {001,110}. Note that R = R’ U {111} is not a resolving set for
Q3 since 011 and 101 are not resolved by any vertex in R. Indeed, d(001,011) = d(001,101) = 1,
d(110,011) = d(110,101) = 2, and d(111,011) = d(111,101) = 1. By symmetry, R’ U {z} is not a
resolving for every @ € Q3. However, it is not difficult to check that R = R’ U {111,011} is a resolving
set for @3 with four vertices, but with only two item types that the user has not rated. This is better
than the resolving set {000,010,100} that contains only three vertices, but three item types that the
user has not rated.
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3 Imprecise and inconsistent ratings

The message contained in the last section is that very few ratings are sufficient to determine the
preferences of a user. We have implicitly assumed that all ratings can be translated into Hamming
distances. In other words, we have supposed that all ratings precisely indicate how many attribute
values of every rated item correspond to the user expectations. However, this rarely happens in
practice. One possible reason is that the use of numerical rating scales limits the number of possible
values to some integer s which can be much smaller than the number n of attributes. Also, the item
characteristics that a user is looking for may not appear as attributes. For example, a user is possibly
interested in restaurants near his home, while no attribute is related to this preference. User ratings
are also possibly inconsistent. For example, after having looked for a low cost restaurant and having
rated it very well because it gave him complete satisfaction, it is possible that a user decides to turn
to a high-end restaurant. He will then not be satisfied with recommendations for low cost restaurants.
As a consequence, the user may give different ratings to items having the same attribute values.

The objective of this section is to show how integer programs can be used to make recommendations,
knowing that the available ratings are possibly imprecise and inconsistent. For this purpose, consider a
function 7 that translates ratings into distances. The worst ratings should be translated into distance n,
and the best ones into distance 0. For example, consider an s-star rating, where users give the highest
score of s stars to items that perfectly match their preferences, and the lowest score of 1 star when they
did not like any of the attribute values of the rated item. We can then define 7 : {1,...,s} — [0,n] as
follows:

n(r—1)
T(r)=n-— —~—T (12)
For example, for a 5-star rating of items with n = 3 boolean attributes, we have 7(1) = 3, 7(2) =
7(3) =3, 7(4) =2, and 7(5) = 0.

2

)

e}

Consider a set I’ of items that a user u € U has already rated, let p; be the score given by u to
i € I', and let §; = 7(p;) be the corresponding distance. If x is the vertex that represents u in @, and
if all ratings precisely indicate how many attribute values correspond to the expectations of u, then we
should have d(v?, &) = §; for all i € I’. The following function fr : Q,, — [0,n|I’|] therefore estimates
the error made by assuming = w" :

fr(@) =A@’ @) - 6.

iel’

Let R’ be the subset of vertices in @Q,, associated with the subset I’ of items rated by user u (i.e.,
R’ = {v'|i € I'}). In the previous section, we have described a procedure that determines a subset R”
of vertices so that R' U R” is a resolving set for @),,. We can use function f; to discriminate among
different resolving sets, so that the vertices in R” (which correspond to item categories that u will have
to rate) best fit the preferences of u. This can be done by replacing the original objective function
d(x,vy) in objective (1) of the previous section with the following new objective:

(IR + Dd(z,y) — Y fr(r) (13)

reR”

We thus maximize this new objective (13) under constraints (2) and (3). We then have two possible
cases:

e If R"UR" is not a resolving set for Q,,, then constraints (2) are satisfied by at least two distinct
vectors  and y. Since f/(r) < n|I’| for all » € R”, the value of objective (13) is then at least
n|I'||R"|+1—n|I'|R"| = 1.

e If R UR" is a resolving set for Q,, then d(z,y) = 0 (i.e,, x = y) for all z,y satisfying
constraints (2), and the value of objective (13) is then at most 0.
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Hence, a strictly positive optimal value means that R’ U R” is not a resolving set, and we therefore
swap a vertex in R” with a vertex not in R’ U R”. When the optimal value is at most 0, we know that
R’ U R" is a resolving set, but instead of stopping the swapping algorithm, we can continue with the
objective of maximizing (13) over all resolving sets, which is equivalent to minimizing . . f1(7)
(since d(x,y) = 0 when R’ U R is a resolving set).

For example, suppose that user v has rated two items 7; and 42, giving them p;, = 4 stars and
pi, = 2 stars in a 5-star scale. We thus have &;, = 7(4) = 3 and §;, = 7(2) = 2. Assume v’ = 000
and v = 100. If we try to add vector 111 to R’ = {000,100}, we do not get a resolving set since 101
and 110 are both at distance 2 from 000, and at distance 1 from 100 and 111. However, if we add 001,
010, 110, or 101 to R, we get four different resolving sets. We have :

e £1/(001) = [d(000,001) — 3| +|d(100,001) — 2| = L;
e f1/(010) = |d(000,010) — | + |d(100,010) — 2| = 1.
e f1,(101) = d(000,101) — 3| 4 |d(100,101) — 2| = 3;
o f1(110) = |d(000,110) — §| +|d(100,110) - §| = 3.

Hence resolving sets {000,100,001} and {000,100,010} are preferred to {000,100,101} and
{000,100,110}. Instead of minimizing ), .+ f1/(r) over all resolving sets R’ U R”, a variant would
consist in assigning a weight w(r) to every vertex r € @,, and to maximize ) . w(r). Such a weight
w(r) could be, for example, the average score that a population of users has given to items i € I with
v’ = r. Hence, when a new user u enters the system (i.e., there is no available rating for ), the system
would generate a resolving set containing popular items.

Assume a user u € U has rated a subset I’ of items. Because of the above-mentioned imprecisions
and inconsistencies, there is typically no vertex in @,, that perfectly matches these ratings. Hence,
instead of generating a resolving set, one can prefer to determine a set {x!,... ™} of m vertices in
@, that best fit with the user ratings, where m is any fixed positive integer. In other words, we aim to
generate vertices in @, that are close to w*. This can be achieved by solving the following constrained
minimization problem:

> fr(a) (14)
k=1

st xh £ a¥ Vi<k<k <m (15)
frr(a@®) < fo (@) VE=1...,m—1 (16)
x* € {0,1}" VE=1,...,m (17)

Constraints (15) and (16) impose that vertices !, ..., ™ must be all different and sorted by increasing

value fr/(x*). This minimization problem can be rewritten as follows, where a; = |d(z*, v%) — &;| for
alliel’"and 1 <k <m.

SN i (18)

k=1iel’
st. xF £ 2" Vi<k<Kk <m (19)
@i > d(vt,xb) -6 B .
ai7k26i—d(’l)i,$k) Vk:—17m Viel (20)
Zai,kﬁzai,kﬂ Vk=1...,m—1 (21)
iel’ iel’
b € {0,1}" Vk=1,...,m (22)

Constraints (20) impose a; ; > |d(v®, z¥) — &;|, and equality follows from the fact that we minimize
the sum over all variables «; ;. Hence,

Yok = ldw',2") = 6] = fr (")

iel’ iel’
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which means that constraints (21) and objective (18) are equivalent to constraints (16) and objec-
tive (14). We can now transform this constrained minimization problem into a integer program with
linear constraints and a linear objective as follows. Using the same trick as in the previous section,
constraints (20) can be rewritten as

Qg >y ab(l—200)+ ) vl -4 VE=1...,m VYiel (20.1)
j=1 j=1
Qi >0 — > k(1 —20)) = > 0l VE=1...,m VYiel (20.2)
j=1 j=1

Also, &% # x*' is equivalent to d(x*,x¥) > 1. Hence, as was done with equations (5) and (6) in
the previous section, we can replace constraints (19) and (22) with the following ones.

kK’ k 1%

) < " ;

b st Vi<k<k<m Vji=1...,n (19.1)
Byt <2-af —aj

ST A >0 Vi<k<k <m (19.2)
j=1

B e 0,1} Vi<k<k <m Vi=1...,n (22.1)
a €{0,1} Ve=1,...,m Yj=1...,n (22.2)

We can thus consider objective (18) under constraints (19.1), (19.2), (20.1), (20.2), (21), (22.1),
and (22.2), which is a integer program. It has O(nm? + m|I’|) variables and constraints. For ex-
ample, if we are looking for only one recommendation (i.e., m = 1), then we have n + |I’| variables (n
variables xf and |I’| variables a; k) and 2|I'| constraints (those of type (20.1) and (20.2)).

4 Don’t care values

It may happen that some users don’t care about some of the item attributes. Their ratings will then

not depend on the values of these attributes. For our example with restaurants, a user that does not

care about eating outside or inside will give the same rating to items 4y and iy if v]* = v}?, V3! = V32,
il _ i2 J—

vy' =0, and v5® =1

To handle such situations, we propose to slightly modify the models of the previous section by
associating a vector w* € {—1,0,1}" to every user u € U, so that wi = -1 if u does not like the jth
attribute, wj’ = 0 if v does not care about it, and wj = 1 if u likes it. For our example, if a user u
looks for an expensive restaurant with vegetarian food, but does not care about the existence of an

outdoor terrace, we then have w* = —110.

If w} = 0, the ratings of u do not depend on the value of the jth attribute. To take this into
account, we have to replace the Hamming distance by a new one which, given a vertex v € {0,1}"
and a vertex € {—1,0,1}", counts the number of components j with v; =1 and z; = —1, or v; =0
and z; = 1. For this purpose, we consider function d’' : {0,1}" x {-1,0,1}" — {0,...,n} defined as
follows:

d(v,2) =g (23)
J=1

where
65 2 @51 = 2vj)
g < zj(3 —vj)+
q; € {0,1}

Vi=1,....n (24)

N[

Hence,
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o if v; =0, then z; < ¢g; < %(xj + 1), which means that ¢; = 0 if z; = —1 or 0, and ¢; = 1 if
Tj = 1;

e if v; = 1, then —z; < ¢; < 3(1 — x;), which means that ¢; = 0 if z; = 0 or 1, and ¢; = 1 if
XTj = —1.

In other words, this new distance between a vector v € {0,1}"™ and a vector € {—1,0,1}" is equal
to the number of indices j such that v; =0 and x; = 1, or v; = 1 and z; = —1, which is exactly what
we wanted.

We can now determine a set of m vectors that best fit with the known ratings of a user with the
following constrained minimization problem, which is similar to minimizing (18) under constraints
(19), (20), (21), (22), except that the Hamming distance d in constraints (20) is replaced by the new

distance d’, and variables :C;‘”' can now take value —1:

SN ik (25)

k=11iel’
st. o £ Vi<k<k <m (26)
(6797 2 d’(vi,mk) — 52' N i ,
ai,kzai_d/(vi,mk) Vk‘—l,m Viel (27)
S ik <D ik VE=1..,m—1 (28)
el iel’
¥ € {~1,0,1}" Ve=1,...,m (29)

Constraints (26) are equivalent to Y, |27 — ¥ > 1, which can be rewritten with the following linear
model:

%(xf - xikk) > Cf?k k K
a;” < §(xj/—xj)+1
AR < 2akk
kE < 2(1 - ok Vi<k<k <m Vj=1,...,n (26.1)
Kk’ kk' k k'
bj — Cj , = 37] - x]
a?k e {0,1}
O kR e {0,1,2}
Z bkk kk’ >1 Vi<k<k <m (26.2)

Indeed, let us show that constraints (26.1) imply b5 + k%" = |25 — 2| The difference 2% — %" is an

integer in {—2,—1,0,1,2}, and it is easy to check that the above constralnts impose the following:

’

K kk! _ kk! _ kk' _ ok _ k.

>z then aj® =1, ¢j% =0, and 07" =] — 7 ;
. ’ ’ ’ ’ ’

o if xf < x? then a;?k =0, b?k =0, and cfk =gk — 2.

J J
ek K’ Kk’ kK’
o if z; = x; then bj =¢ =0.

ek
01ij

It follows that equations (26.1) and (26.2) impose > .-, |27 — 2¥| > 1, which is equivalent to & # x*’
for 1 <k <k’ <m. As explained above, constraints (27) can be rewritten as follows:

aigp > >4l —
= Vk=1,...,m Viel (27.1)
ik > 61‘_Z(I;k
ik
q; > $(1—2v)
q;’“S xf?(%—vj)Jr% VeE=1,....m Yiel VYj=1,...,n (27.2)

¢ e {0,1}
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We can thus determine a set of m vectors that best fit with the known ratings of a user by considering
objective (25) under constraints (26.1), (26.2), (27.1), (27.2), (28), and (29), which is an integer
program with O(nm? + nm|I’|) variables and constraints. For example, if we are looking for only one
recommendation (i.e., m = 1), then we have n + n|I'| + |I'| variables (n variables z¥, n|I'| variables
q;k, and |I’| variables «; 1), and 5n + 2|I'| + 2n|I’| constraints (5n of type (26.2), 2|I'| of type (27.1),
and 2n|I’| of type (27.2)).

To illustrate the difference between the recommendations generated by the above integer program
and those produced by the integer program of Section 3, we consider a recommender system with n =5
boolean attributes. We suppose that a user u € U has rated a set I’ of 24 items with a 5-star scale.
The ratings p; as well as the corresponding distances ; = 7(p;) are shown on the left-hand side of
Figure 3. Note that some items belong the same category (they have the same attribute values) while
the user has given them different scores. This is the case, for example, for items 1 and 16 which are
both represented by vector 01100 while one score is p; = 5, and the other is p;g = 3. This illustrates
possible inconsistencies in user ratings.

! Vi Pi 51

1 01100 5 0

2 00110 3 25 k xk - f(xk)

3 01110 5 0

4 01011 5 0 1 01010 28

5 00110 5 0 2 01000 325

6 00001 5 0 3 01110 325

7 00100 3 25 4 00010 325

8 01011 4 1.25 5 01100 325

190 ?1 (1)88 Z 1 g 5 The 5 best recommendations with
1 10001 4 125 like (1) and don’t like (0) options
12 01001 4 1.25

13 10000 5 0

14 01000 4 125 k X

15 00110 4 125 k X gy )
16 01100 3 2.5 1 -1-10 235

17 10000 3 25 > 1e1- 24

18 11001 2 3.75 3 11-- 24

19 00100 3 25 4 -111- 245

20 01001 3 2.5 5 01-10 25

21 10000 3 25

22 00110 4 1.25 The 5 best recommendations with
23 00011 3 2.5 like (1), don’t like (0), and don’t care (-) options
24 00000 1 5

Figure 3: Comparisons of the models with and without don’care values.

The model of Section 3 has produced the five best recommendations, assuming that the user likes or
does not like every item attribute. We observe that all recommendations have a 0 at the first and last
components, which means that the user seems to prefer items without the first and the fifth attribute.
The best recommendation has value fr/(x!') = 28, which means that the average error over all rated
items is % = 1.17. For example, for the first item, we would expect §; = 0 while d(01100,01010) = 2.

For comparison, we give the solution generated by the integer program of this section, with m = 5.

Every recommendation z* is represented by a vector with components in {0,-,1} (instead of {—1,0,1}),
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where “0” stands for “don’t like”, “-” for “don’t care”, and “1” for “like”. We indicate the error gr (x*)
of each recommendation x*, where

gr(@) = |d'(z,v") — 4]

iel’

is similar to f;/(x), except that distance d’ is used instead of the Hamming distance d. We observe
that all recommended items have a 1 as second component, which means that the user seems to prefer
items with the second attribute. For comparison, only the first three recommendations obtained with
the previous model had a 1 as second component. Also, looking at the first four recommendations,
the user does not seem to care about the first attribute, while the previous model was suggesting that
the user does not like it. The best recommendation has value gr/ (') = 23.5, which means that the
average error over all rated items is 222 = 0.98. For example, for the first item, we would expect

2
81 = 0 while d’'(vt,z!) = 1.

5 Conclusion

We have described integer programs that produce recommendations when all item attributes have
boolean values. We have first supposed that when a user rates an item, he always precisely indicates
how many attribute values correspond to his expectations. With such an assumption, using the concept
of resolving sets, we have shown that very few ratings are needed to determine the preferences of the
users. For example, 15 ratings are sufficient to determine the preferences of a user among more than
134 million item categories.

To take into account the fact that user ratings are typically imprecise and inconsistent, we have
defined a measure that indicates how much an item category fits with a set I’ of known ratings, and we
have then embedded this measure into an integer program that generates the m best recommendations,
where m is any fixed number. We have finally modified this model to take into account the fact that
users possibly don’t care about some of the item attributes. All integer programs have O(n) variables
and constraints (if m and I’ are considered as fixed numbers) which means that recommendations can
be generated in a few seconds.

The proposed approach appears as interesting because it makes recommendations not only to new
users for which no rating is available, but also to those who possibly do not care about some of the
attributes, and for which we have inconsistent and imprecise ratings. As final validation, the proposed
integer programs need to be implemented and tested by recommender system owners, and compared
to other popular techniques such as collaborative filtering method that make recommendations by
collecting information from many users.
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