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Abstract: We study distributed methods for online prediction and stochastic optimization. Our approach is
iterative: in each round nodes first perform local computations and then communicate in order to aggregate
information and synchronize their decision variables. Synchronization is accomplished through the use of
a distributed averaging protocol. When an exact distributed averaging protocol is used, it is known that
the optimal regret bound of O (/m) can be achieved using the distributed mini-batch algorithm of Dekel et
al. (2012), where m is the total number of samples processed across the network. We focus on methods using
approximate distributed averaging protocols and show that the optimal regret bound can also be achieved
in this setting. In particular, we propose a gossip-based optimization method which achieves the optimal
regret bound. The amount of communication required depends on the network topology through the second
largest eigenvalue of the transition matrix of a random walk on the network. In the setting of stochastic
optimization, the proposed gossip-based approach achieves nearly-linear scaling: the optimization error is
guaranteed to be no more than e after (9( 1 ) rounds, each of which involves O (logn) gossip iterations,

ne?

when n nodes communicate over a well-connected graph.
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1 Introduction

In order to scale up to very large optimization problems, it is necessary to use distributed methods. Such
large-scale problems frequently arise in the context of machine learning. For example, when one wishes to fit
a model to a very large (static) dataset, the data can be partitioned across multiple machines and the aim is
to obtain an accurate solution as fast as possible by leveraging parallel processing. Alternatively, when data
samples arrive to the system in a streaming manner, as in the setting of online learning, and the model is
progressively updated after each sample is observed, a distributed system may be required when the rate at
which samples arrive is faster than a single machine can handle.

In either the static or online setting, the nodes in the distributed system must communicate in order to
coordinate their computation, and it is important to understand the extent to which this communication
affects the overall scaling performance of any method. In many algorithms, each node maintains and updates
its own copy of the decision variables, and communication is performed periodically to synchronize the
variables across the network. Typically this synchronization operation simplifies to distributed averaging:
each node initially holds a local vector and the goal is for all nodes to compute (exactly or approximately)
the average vector.

This paper proposes and studies a method for distributed online prediction and stochastic optimization
using approximate distributed averaging to coordinate and synchronize the values at different nodes. Previ-
ous work has shown that methods using exact distributed averaging achieve the optimal regret bounds for
distributed online prediction. When an approximate distributed averaging protocol is used, there is some
residual synchronization error in each node’s decision variables. The magnitude of this error is inversely re-
lated to the amount of communication. We present a general framework for online prediction and stochastic
optimization using approximate distributed averaging protocols, and we characterize the performance re-
quirements (in terms of accuracy and latency) that a distributed averaging protocol must satisfy in order to
achieve optimal rates. Then we focus on gossip protocols for distributed averaging and precisely characterize
the number of gossip iterations that must be performed in order to control the error and meet the require-
ments mentioned above. Gossip protocols have a number of attractive features, including that they are simple
to implement, robust to communication failures, and they can naturally be implemented in an asynchronous
manner. For this reason, gossip-based distributed optimization methods have received considerable attention
in the last decade [5,9,13,19,28, 38].

Before giving a detailed statement of our contributions, we describe the problems of online prediction and
stochastic optimization.

1.1 Online prediction

In online prediction, a system must sequentially make predictions. We consider the setting where the set of
possible predictors W is a compact convex subset of a real Euclidean vector space. After the system makes a
prediction w(t) € W for t > 1, a sample x(t) € X is revealed, and the system suffers a loss f(w(t),z(t)). The
random samples z(t) are assumed to be drawn independently and identically from an unknown distribution
over X. After observing z(t) and suffering the corresponding loss, the system updates its predictor to w(t+1),
receives a new sample z(t + 1), suffers the additional loss f(w(t + 1),2z(t + 1)), and the process continues.

The goal of an online prediction system is to minimize the loss accumulated over time. Specifically, after
a total of m samples have been processed, the regret accrued by a single-processor online prediction system

is given by
m

Q.
,_h

Ri(m) = ) [f(w(t),z(t)) = f(w",x(t))], (1)

t=1

where w* arg ming ey B, [f(w, x)] is the predictor that minimizes the expected regret with respect to the
unknown distribution over the samples {z(t)};>1. When the loss function is convex and smooth (i.e., f has
Lipschitz-continuous gradients), it is known that no first-order method can achieve a bound on the expected
regret which is better than E[Ry(m)] = O (v/m) [3,20,31]. At the same time, this performance is achieved
by a number of methods [31], including Nesterov’s dual averaging algorithm [22,40].
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Applications of online prediction methods are typically those where predictions must be made in real-time
when a query arrives to the system. When queries arrive at a rate which is faster than a single processor can
handle then a distributed online prediction system must be used. In a general system of n nodes, each node
receives a proportion (say 1/n) of the queries arriving to the system and makes predictions. After making
a prediction w;(t), node ¢ observes a sample x;(t) and suffers a loss f(w;(t),z;(¢t)). Nodes can individually
update their predictors based on their local observations, and they can also communicate with other nodes
to share information about their predictions and observations.

Consider a general framework where, in round ¢, the network collectively makes a batch of b > n pre-
dictions {w;(t,s): 1 <i < n,1 < s < b}, where b is an integer multiple of n. After making the prediction
w;(t, s), node i receives an observation z;(t, s), and suffers the corresponding loss. Similar to above, assume
that the observations x;(t,s) at different nodes ¢ and at different rounds/batches ¢ and s are independent
and identically distributed. Once the entire batch is processed, the nodes perform some communication, and
then the next round begins. During the time that the nodes are communicating, additional queries may
arrive to the network, and so the nodes continue to make predictions using their most recent predictor. Let
1 denote the total number of additional samples that arrive to the system while nodes are communicating
(1/n samples per node). For the general framework just described, performance is measured in terms of the
regret

m

e b
n o b+p n

Ru(m) €303 | D[ wilt, 8),4(t,5)) = (0", it 5))]
O [l s) il o) — fwt, it s))] | - 2)
s’:%Jrl

The terms in the sum over s correspond to the regret suffered while locally processing samples which used
to update the prediction, and we have precise control over the number of terms in this sum since we can
specify b. On the other hand, the terms in the sum over s’ correspond to the regret accumulated while
communication takes place, and the only way to control this portion of the regret is to limit the time spent
communicating.

Clearly, we cannot hope to obtain a better regret bound using n processors than would be obtained using
a single processor; i.e., E[R,(m)] = O (v/m).! At the other extreme, consider a naive approach where nodes
do not communicate at all. In this case, 4 = 0. However, since each node operates in isolation, it individually
accrues a regret which is bounded by Rj(m/n), the regret that a single processor would have accrued using

only m/n samples. Thus, the no-communication approach has a regret bound of E[R,,(m)] = O (m /m/ n) =
O (v/nm), i.e., a factor of \/n worse than what we hope to achieve [7].

It has been shown that the constant hidden in the O (1/m) bounds for serial online prediction algorithms is
proportional to the standard deviation of the random gradients V., f (w, z) [16,40]. Based on this observation,
Dekel et al. [7] propose the distributed mini-batch algorithm. Specifically, the predictor at each node is held
fixed at w;(t,1) for all predictions in the tth round. Then, the gradients {V, f(w;(t,1),z;(t,s)): 1 < i <
n,1 < s < b/n} can be averaged to reduce the standard deviation. Averaging the mini-batch of b gradients
across all nodes involves communication, and Dekel et al. [7] propose to use an exact distributed averaging
protocol. Once the protocol terminates, all nodes hold the exact average gradient,

% SNV (wilh, 1), (1, )

i=1 s=1

10One might hope to achieve this rate if communication was arbitrarily faster than the rate at which queries arrive to the
network and are processed, in which case every processor could always share every sample with every other processor and they
behave overall as a single processor observing all m samples.
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This distributed mini-batch procedure with exact distributed averaging is shown in [7] to achieve a regret

bound of
b
E[R,(m)] = O <b+u+ \/% ~m> .

Thus, by choosing b appropriately (i.e., taking b = ©(m”) for any p € (0,1/2)), the distributed mini-batch
algorithm achieves an expected regret of E[R,,(m)] = O (v/m).

Although exact distributed averaging enables this approach to achieve the optimal regret rate, it also
has some drawbacks. In particular, exact distributed averaging generally requires blocking communications
or some form of barrier synchronization across the network. All nodes remain blocked until the operation
completes, and consequently, the computation proceeds at the pace of the slowest node. This is undesirable
in clusters, where infrastructure is prone to fail and where resources are typically shared by many users.
Motivated by this observation, the aim of the present manuscript is to develop distributed methods which
use approximate distributed averaging protocols that can be much more flexible and can be implemented to
run asynchronously.

1.2 Stochastic optimization

The problem of stochastic optimization is closely related to that of online prediction. In stochastic optimiza-
tion we seek to find a value w € W that solves the problem

minimize F(w) LR, [f(w, 2)]

subject to weW.

A serial first-order stochastic optimization method sequentially makes stochastic gradient evaluations, ob-
serving V., f(w(t), z(t)), and uses these to update the decision variable w(t). The performance of a single-
processor method is measured by the optimality gap A1(T) = E[F(w(T))] — F(w*) after T updates.? When
f(w, x) is convex in w for all x € X and when the z(t) are i.i.d., it is known [40] that any online prediction
algorithm that has an expected regret bound of E[R;(m)] = O (y/m) can be used for stochastic optimization

and will achieve an optimality gap of A1(T) < FE[Ry(T)] = O (ﬁ)

Stochastic optimization is useful when we would like to fit a model w to a very large collection of data
{xj}j-vzl by minimizing the average loss % Z;V:I f(w,z;) over the entire data set. Rather than performing
gradient updates using all of the data, which can be very time-consuming when N is large, a stochastic

gradient is obtained by drawing one sample z(t) = () independently and uniformly from the collection

at each iteration, and using V,, f(w(t),z(t)) as a surrogate for + Zjvzl Vuf(w(t),z;). Clearly, when the
random variables {j(¢)}72, are mutually independent and uniform over the set {1,..., N}, we have

Eao [ (w(t),2(0)] = 3+ 3 Vaof (w(), ) .

The motivation to use a distributed system for solving stochastic optimization problems is often to obtain
a solution faster than a single processor. In contrast to the online prediction setup, the system does not
accrue any additional regret (or suffer an increase in the optimality gap) when communicating. On the
other hand, it is of interest to study the scaling properties of distributed methods. For an optimal single-
processor method to ensure the optimality gap is bounded by A;(T) < e for some € > 0, it must evaluate
T o 1/€* stochastic gradients. An ideal distributed method using n nodes would obtain a linear speedup by
guaranteeing the same level of accuracy after a time equivalent to what it would take the single processor to
evaluate 1/ne? stochastic gradients. To achieve this runtime scaling, a distributed method must not require
excessive communication per round, relative to the time spent computing.

2Note that the expectation is taken in the definition of optimality gap because the predictor w(T) is random since it is a
function of the random observations z(¢), t =1,...,T.
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1.3 Contributions

This paper proposes and analyzes a method for online prediction and stochastic optimization. The proposed
method builds on the dual averaging algorithm and the idea of using distributed mini-batch computations.
Specifically, we consider a framework using general approximate distributed averaging protocols that en-
sure the dual variables at each node are synchronized to within accuracy ¢ after a latency p(J). Our first
contribution (Theorem 1) is a regret bound for this distributed framework which enables us to determine
the relationship between 6, p(d), and the mini-batch size b that is sufficient to ensure the optimal O (y/m)
asymptotic regret bound is achieved.

Then, we focus specifically on using gossip protocols for approximate distributed averaging [2,8]. Our
second contribution (Theorem 2) is a bound on the number of gossip iterations required to satisfy the
relationship between the accuracy 0, latency w(d), and mini-batch size b, so that the optimal regret bound

is achieved. In particular, the number of iterations scales as O (11_055?1):,)), where \o(P) is the second largest
eigenvalue of the transition matrix P of a random walk on the network topology over which messages are
passed. When the network is well connected (e.g., when it is an expander [29]), then ﬁz(P) = 0(1) as
n — oo, and so the number of gossip iterations (which is proportional to the time spent communicating) is
O (log(n)), which is no more than the time spent communicating per round if an exact distributed averaging

protocol were used, up to constant factors.

Finally, we study the proposed approach in the setting of stochastic optimization. Specifically, we derive
bounds on the optimality gap as a function of the accuracy 6. We show (Theorem 3) that the number of
rounds required to drive the optimality gap below € (i.e., A, (T) < €) is of the order T'= O (-1;). If gossip
is used for approximate distributed averaging, and if the network is an expander, then the number of gossip
iterations per round is also of the order O (O(logn)), and so the speedup relative to using a single processor

is nearly linear. This speedup is also observed in our experiments.

1.4 Paper organization

The remainder of the paper is organized as follows. Sec. 2 introduces notation and states assumptions. Sec. 3
discusses exact and approximate protocols for distributed averaging. Sec. 5 describes the proposed algorithm
and presents our main results. Sec. 6 discusses our results in relation to other work in the literature. Sec. 7
presents an experimental validation of the main results, and we conclude in Sec. 8.

2 Notation and assumptions

Throughout this paper, for a vector x € RY, ||z|| denotes the Euclidean (i.e., f3) norm, ||z|| = z7z. The set

of the first n natural numbers is denoted by [n] def {1,2,...,n}. The d-dimensional vector with all entries

equal to 0 (resp., all equal to 1) is written as 04 (resp. 14).

We focus on the two problem settings described in Sections 1.1 and 1.2 above. To re-iterate, the samples
xi(t, s) € X arriving to the network are assumed to be independent and identically distributed, and they are
drawn from an unknown distribution over X, where X C R? is a d-dimensional Euclidean space for some
d > 1. The objective is to minimize the regret R, (m) accumulated after m samples have been processed, in
total, across the network. Our results and analysis below make use of the following assumptions.

Assumption 1 The set W is a closed, bounded, convex subset of R with diameter D = max, ,ew |[v — w||.

Assumption 2 The loss function f(w,x) has the following properties.

a. (Convezity) For all x € X, the loss function f(w,z) is convex in w.
b. (Lipschitz continuity) There exists a constant L > 0 such that for all x € X and wy,ws € W,

|f(w1,2) = f(wz, )| < Ljwy —wall.
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c. (Lipschitz continuous gradients) The loss function f(w,x) is continuously differentiable with respect to
w for all x € X, and there exists a constant K > 0 such that for all € X and wi,ws € W,

[V f(wi,2) = Vi f(wa, 2)|| < K [Jwy — w2

Note that Assumptions 1 and 2 together imply that f(w,z) also has bounded gradients; i.e.,
IVwf(w,z)|| < L for all we W and all x € X.

Let F(w) = E;[f(w,z)]. In each round, the algorithms we consider will make use of gradients V,, f(w, x).
These can be viewed as stochastic or noisy versions of the gradient V,, F(w). The assumptions stated above
(in particular, Lipschitz continuity of f and V,, f) on the loss function are sufficient to ensure that the gradient
operator commutes with the expectation [44], and thus V,, f(w,z) is an unbiased estimate for V,,F(w). In
addition, we assume that the gradients have bounded variance.

Assumption 3 There erists a constant o2 € (0,00) such that

E, ||V f(w,2) = VoF)|’] < o2

After receiving data and suffering the loss in one round, node ¢ may send/receive messages to/from other
nodes before updating its predictor, w;(t + 1), at the beginning of the next round. Each node is restricted
to only communicate with its neighbours in a graph G = (V, E) where V = [n]. Throughout this work we
assume that:

Assumption 4 The graph G is undirected and connected.

Of course, G could be the complete graph (i.e., each node communicates with all the others). However,
then the amount of communication required per node per round may not scale well with the size of the
network, and so in general each node may only be neighbours with a few other nodes in the network.

3 Distributed averaging protocols

Before describing the algorithmic framework considered in this paper, we discuss distributed averaging pro-
tocols, which will be used as a mechanism to coordinate and synchronize the decision variables at different
nodes.

Consider a connected network of n nodes where each node i holds a vector y; € R?. The goal of a
distributed averaging protocol is for all nodes in the network to compute the average vector, 7 = % Z?:l Y
Let

y;” = DISTRIBUTED AVERAGING (y;, 1)

denote a function called at node ¢ to invoke a distributed averaging protocol. The first argument is the vector,
y; € RY, passed to the routine for averaging, and the second argument indicates this is the instance invoked
at node i. The function returns a vector y;r € R? as the output at node 1.

In general, the output y;” may not be identical at all nodes, and the quality of a distributed averaging
protocol is measured through two metrics: the accuracy of the protocol and the latency of the protocol. A
distributed averaging protocol is said to have accuracy ¢ > 0 if it guarantees that, for all 4,

v =7 <9

when the protocol returns. In the context of distributed online prediction, the latency of a distributed
averaging protocol is measured with respect to the rate at which observations arrive to the network (and
hence, the rate at which predictions must be made). A distributed averaging protocol is said to have latency
p > 0 if a total of p observations arrive to the network (i.e., 1/n observations at each node) during the time it
takes for the protocol to return a value yf at each node. A (§, u)-distributed averaging protocol is one which
guarantees that accuracy 6 is achieved across the network while requiring latency at most p to complete.
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Typically the latency of a distributed averaging protocol is related to the size and structure of the
network as well as the accuracy required. We will be interested in how the latency scales both as a function
of the accuracy required and as a function of the size of the network. Next we give examples of exact and
approximate distributed averaging protocols.

3.1 Exact distributed averaging with AllIReduce

One way to exactly achieve distributed averaging in a network is to pass messages along a rooted spanning
tree. Starting from the leaves of the spanning tree and assuming that all nodes know the size n of the network,
nodes pass a message containing y;/n to their parents in the tree. Once a node has received messages from
all of its children, it computes the sum of the values received in these messages and also adds its own value,
normalized by the size of the network, and then it passes a new message with this intermediate aggregate
to its parent. This process repeats until the root node has received messages from all of its children. After
the root sums the values received from its children together with its own (appropriately normalized) value,
it holds the average . Then ¥ can be broadcast down the spanning tree to all nodes, and the protocol
terminates when all nodes have received 3.

The operation just described corresponds to the ALLREDUCE primitive which is standard in existing
message passing libraries for distributed computing [11]. It is clear that ALLREDUCE achieves an accuracy
of § = 0, since all nodes hold the exact average when the protocol terminates. The latency of ALLREDUCE
is proportional to the depth of the spanning tree and so, assuming G admits a balanced spanning tree with
a branching factor that is bounded independent of n, the latency is of the order u = ©(logn).

Exact distributed averaging using ALLREDUCE is an attractive option when nodes communicate over a
network which is stable and reliable. However, when nodes or links may fail, or when the communication
channels between neighbouring nodes are unreliable, then there may be considerable overhead involved in
establishing and maintaining a spanning tree across all nodes. In such a setting, it may be more desirable to
use an approximate distributed averaging protocol with less overhead.

3.2 Approximate distributed averaging with gossip protocols

Approximate distributed averaging can be accomplished using gossip protocols [2,8,15,23,41]. In order to
obtain tight theoretical bounds here we focus on synchronous gossip protocols. We consider the usual setup
where P € [0,1]"*™ is a n X n matrix of update weights that respect the topology of the network in the sense
that P; ; > 0 if and only if either ¢ = j or nodes ¢ and j are neighbours in G (i.e., (,5) € E). Let yio) denote
the initial vector at node ¢ and let
) = Gossieh (", 1)

denote the vector output at node ¢ after k gossip iterations using update matrix P. At iteration k, after
receiving messages from all of its neighbours, node ¢ updates its value to

n

k k—1 . 0
y” =3 Py =3Py
=1

j=1

In addition to imposing that the sparsity structure of P matches the communication topology G, we
assume that:

Assumption 5 The matriz P is doubly stochastic; i.e., 337 Pij =1 and Y | P, j = 1.

Lemma 1 Let Assumptions 4 and 5 hold, let 6 > 0 be a given scalar, and let ygk) = GOSSIPIIZ(yZ(O), i) denote
the output at node @ after running k iterations of gossip for distributed averaging with update matriz P. Then

it holds that ’

y f@H <4
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for all i € [n] if the number of gossip iterations k satisfies

o 2 o] 3
- 1—Xa(P) - )

This result can be seen as generalizing [24, Corollary 5.2] to the case of vector-valued node states and
general connected network topologies; see the supplementary material of this article for the proof.

The latency of gossip-based distributed averaging is proportional to the number of gossip iterations
required, and it is evident from Lemma 1 that this depends on the size and structure of the network, both
directly through +/n as well as through As(P). It is well-known that the inverse spectral gap, 1/(1 — A2(P))
is related to the size and structure of the network, which is implicitly encoded in the locations of non-zero
entries of P [6].

Of particular interest is the case when G is taken from the family of constant-degree expander graphs [29)].
Then 1 — A3(P) = ©(1) as n — o0, and in addition, every node has the same number of neighbours. For
gossip-based distributed averaging run over an expander graph or a complete graph, the resulting latency to

obtain accuracy ¢ is
1 _
p=0 <10g (6\/ﬁm]ax Hy§0) - yH)) .

In particular, if both ¢ and max; Hyj(»o) — yH are fixed constant as n — oo, then the latency scales as O (log(n))

which is the same as for exact distributed averaging using ALLREDUCE.

In general, one can use any connected graph G as long as the matrix P satisfies Assumption 5. The
expanders mentioned above are especially interesting because of the scaling properties mentioned. For less
well-connected graphs, such as rings or two-dimensional grids, the inverse spectral gap 1/(1—A2(P)) typically
grows as a polynomial in n, so more gossip iterations (and hence, more communications and a higher latency)
are required to guarantee an accuracy of 9.

Finally, we reiterate that using Assumption 5 with a synchronous gossip is only required here in order to
obtain the theoretical bounds presented in Section 5. A more practical implementation should only require
P to be column stochastic and would use push-sum averaging iterations; see [37] for more details. While
this more relaxed setting would change the expressions of our results we expect the qualitative convergence
guarantees should remain. We leave further analysis of this approach as future work.

4 Distributed dual averaging with approximate mini-batch gradients

Next we present the general template for the distributed dual averaging algorithm using an approximate
distributed averaging protocol to compute the mini-batch gradients. Node ¢ maintains a primal variable
w;(t) € R? and a dual variable z;(t) € R? which are both initialized to w;(1) = z;(1) = 04. In round ¢ > 1,
after receiving the samples z;(t,1),...,2;(t, £) and suffering the loss 22/2"1 (w;(t), x;(t, s)), node i computes

0:1) = 3 V(). ailt,5) @
s=1

Then, the nodes update their dual variables by running an approximate distributed averaging protocol,
2;(t + 1) = DISTRIBUTEDAVERAGING(2;(t) + g;(¢),1) . (5)
Finally, each node updates its primal variable via,

w;i(t+1) = arg gélglv {{w,z;(t+ 1))+ B+ 1h(w)} (6)
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where {8(t)}$2, is a positive non-decreasing sequence of algorithm parameters and h(w) is a 1-strongly convex
auxiliary function; i.e., h(0) = 0, and for all § € [0, 1] and all w,w" € W,

1
h(Bw + (1= 0)w') < Oh(w) + (1= O)h(w') = Z0(1 = 6) |w — W'
When working in Euclidean domains, as considered in this paper, the typical choice is to take h(w) = % Hw||27

see [22,32] for examples of other possible auxiliary functions that are more suitable in different domains.

For the framework just described, the same predictor w;(t) is used for all samples x;(¢, s) processed at
node ¢ in round ¢, and the expression for the regret simplifies from (2) to

'rr

1M
“M:\z

Z wi(t), zi(t; s)) — f(w", 2i(t, )] - (7)

Note that, in the update (5), the argument passed to the distributed averaging protocol by node 7 is
zi(t) + gi(t), the sum of the dual variable and mini-batch gradient at node 4. If an approximate distributed
averaging protocol is used, then the output at node i is

n

S+ 1) = (alt) + i) + &)

i=1

I
l\z\

wi(t), zi(t, s)) + &(t) (8)

@\»—l

H Ms\v

where &;(t) is an error term at node ¢ and Z(¢) is the network-average dual variable at round ¢. If an
approximate distributed averaging protocol, such as gossip, is used in (5) then an upper bound on the
magnitude of the error §;(t) is guaranteed and can be made arbitrarily small, typically at the cost of increased
communications. Thus, each node effectively updates the dual variable by adding the mini-batch gradient
using the b gradient samples obtained across the network.

Before proceeding to our main results, we remark that other distributed versions of the dual averaging
algorithm using approximate distributed averaging have been proposed in the literature [9]. There are two
differences between the algorithm considered in [9] and the framework described above. The first is that the
algorithm of [9] only allows for a single gossip iteration in each round, whereas the framework above allows
for step (5) to encompass multiple gossip iterations. The second, and more subtle point is that the algorithm
of [9] only averages the dual variables z;(t), which would be equivalent to having node i call

zi(t + 1) = DISTRIBUTEDAVERAGING (2;(t), ) + ¢:(¢) ,

from which it is evident that the z;(¢) no longer benefits from the same mini-batch gradient updates as in (8);
rather, averaging of the mini-batch of gradients g;(¢) from round ¢ is delayed by a round and only appears in

5 Main Results

5.1 Online prediction
5.1.1 Regret bound for general approximate distributed averaging protocol

Our first result demonstrates that the optimal O (y/m) regret bound can be achieved despite using approxi-
mate distributed averaging protocols in the distributed mini-batch framework.

Theorem 1 Let Assumptions 1-4 hold, and let ¢ > 0 be a positive scalar. Let z;(t) and w;(t) be the values
generated at node i by the algorithm (4)—(6) described above for t > 1, and with 5(t) = K + c\/%. Suppose
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that the distributed averaging protocol used in (5) has accuracy 6 and latency p. Then the expected regret
after processing m samples in total across the network satisfies

E[Ry,(m)]

< (b WIF@() — F@*) + Kh(w)] + =060+ p)

<ch(w*) + 2?) WJr Q(KDCJFL)a\/m

The proof is given in Appendix A. This result bounds the expected regret as a function of the number of
samples m processed by the network, the mini-batch size b, the accuracy § and latency p of the distributed av-
eraging protocol, and other problem-dependent constants. Note that although the problem-specific constants
K, D, and § do not depend on m, they do implicitly depend on the problem dimension d.

+vm

If an exact distributed averaging protocol is used (i.e., 6 = 0), then by taking ¢ = \/ia/«/h(w*) we obtain
E[Rn(m)] < (b+ p)[F F(w") + Kh(w®)]

(w(1)) -
2\/2h(w oy | L )
which essentially matches the bound of [7],3
E[Rn(m)] < (b4 p)[F(w(1)) - F(w*) + Kh(w")]

+\F<2ﬁ bﬂ‘)

As noted in [7], by taking b = m? for any p € (0,1/2), we obtain that E[R,,(m)] = O (y/m), which matches
the optimal rate achievable in the centralized setting.

In general, if a distributed averaging protocol has non-zero accuracy 6 > 0 which is sufficiently small,
then we still obtain the order-optimal rate.

Corollary 1 If § < ¢ and p = O (b) then E[R,(m)] = O (b+/m). Moreover, if b = m for a constant
o€ (0,1/2), then B[R, (m)] = O (yim).

From the corollary, we see that to obtain the optimal regret scaling we must use a distributed averaging
protocol satisfying the relationship § < % Then, the optimal rate of O (1/m) follows by scaling b appropriately
with respect to the total number of data samples m to be processed.

5.1.2 Approximate mini-batch gradients via gossip-based distributed averaging

Next we investigate conditions under which gossip-based distributed averaging achieves the optimal rates in
terms of expected regret. Recall that Lemma 1 provides a condition under which the gossip protocol for
distributed averaging (cf. Section 3.2) is guaranteed to provide d-accurate output at each node. In order to
apply this result we need to characterize the distance of the initial values {yj(-o) = 2;(t) + g;(t)}}—, from the
average J = = > | (2;(t) + gi(t)), for every round ¢ > 1.

The latency of gossip is proportional to the number of iterations executed. Suppose that there exists a
positive integer v such that u = «k; i.e., v is the number of samples arriving to the system during a single
gossip iteration. From Corollary 1 we know that the optimal regret bound is obtained if the accuracy satisfies
0 < % and the latency satisfies p = O (b). Intuitively we expect that it should be possible to satisfy these
conditions using a gossip protocol over any connected graph since the accuracy § decays exponentially in &
(see Lemma 1) whereas the delay is linear in k. This intuition is made precise in the following theorem.

3The bounds match up to the factor v/2 multiplying /m. This factor is an artefact of our analysis which must account for
more general errors due to approximate distributed averaging.
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Theorem 2 Let Assumptions 1-5 hold, and let ¢ > 0 be a positive scalar. Let {z;(t)}i>1 and {w;(t)}1>1 denote
the values generated at node i by the algorithm (4)~(6) with B(t) = K + c/t/b. Suppose that the distributed
averaging operation in step (5) is implemented by running the gossip protocol described in Section 3.2 for
k > 0 iterations using an update matriz P; i.e., for step (5) take

zi(t + 1) = GosstPh (2 (t) + gi(t),1) .

Suppose, in addition, that there exists a constant v > 0 independent of k and b such that the latency of the
gossip protocol is yp = k. If the number of gossip iterations k executed at each round of the algorithm satisfies

log(24/n(1 + 2Lb))
b= [ 1= X (P) ] ’

(9)

then, for all j € [n] and all t > 0, the values z;(t + 1) satisfy

S| =

0 =llz(t+1) =2zt + 1 <

where Z(t + 1) = %2?21 zj(t + 1) and the latency satisfies 1 = o(b). Therefore, the expected regret is
bounded as

E[R,(m)] = O (b+vm) .
Moreover, if the mini-batch size is chosen so that b= m? for some p € (0,1/2) then E[R,(m)] = O (y/m).

The proof is given in Appendix C. The assumption that v is independent of b is easily justified since the
values communicated have the same dimension as the dual variables z;(t), which does not depend on the
mini-batch size b.

Theorem 2 provides a condition on the number of gossip iterations k executed in each round in order to
guarantee that the optimal expected regret bound is achieved. From the perspective of scaling laws (as the
network size n grows), the three parameters that may depend on n are the inverse spectral gap 1/(1— X2(P)),
the proportionality constant -, and the mini-batch size b. The way in which the inverse spectral gap depends
on n is related to structural properties of the network topology, as discussed in Section 3.2 above.

The proportionality constant 7 is the number of samples being processed across the network during
each gossip iteration (i.e., the latency of each iteration), and it is related to the amount of time it takes to
communicate for each gossip iteration. This depends on both the type of communication mechanism available
and possibly the structure of the network topology. For example, if nodes communicate using point-to-point
messages, then in each iteration, every node must send and receive a message from each of its neighbours, and
thus + is proportional to the maximum degree of the network. Hence, v = O (n); in the most extreme case,
each node sends a message to every other node in each iteration of gossip, and so v o n. In more practical
cases we expect that v = o(n); for example, if the maximum degree in the network grows logarithmically,
as it does with high probability in many common random graph models (including the Erdds-Rényi model
and the random geometric graph model), then v = O (logn). If the degree of each node remains fixed as n
grows, as in the constant-degree expander model [29]), then v = O (1). It also holds that v = o(n) if nodes
communicate using local broadcasts (e.g., over a reliable wireless channel).

Fixing a particular class of network topology determines the relevant laws for 1/(1— A2(P)), 7, and b, and
the communication scaling law (how the amount of communication per round, k, grows as a function of n) can
be determined. Again, of particular interest is the case where G is a constant-degree expander graph. Then
~ = o(n) because the maximum degree of the graph is a constant independent of n, and 1/(1—X2(P)) = O(1).
Thus, for G being a constant-degree expander graph, k = ©(logn) iterations of gossip suffices.

In the special case where G is the complete graph and where P = %lnlz, then all nodes exactly compute

the average after one iteration of gossip. Hence, § = 0 and p = 7, and Corollary 1 directly gives the desired
scaling result.
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5.2 Stochastic optimization
5.2.1 General optimization error bound

Next, we turn to the problem of stochastic optimization. Recall that in distributed stochastic optimization,
a network of n nodes aims to cooperatively solve the problem

minimize F(w) L'g, [f (w, )]

subject to weW.

We assume a similar framework to that considered above, where f(w,z) and W satisfy Assumptions 1-3,
and where nodes communicate over a network satisfying Assumption 4.

Unlike in distributed online prediction, new samples do not arrive while the nodes are communicating, so
no loss is suffered (in terms of the optimization error) due to latency. Instead, since the motivation of using
a distributed system in this context is to quickly obtain an accurate solution, we wish to characterize how
the time to reach an e-accurate solution scales with the number of nodes in the network.

We consider a method which operates in a similar manner to those described in Section 4 for distributed
online prediction. Node 7 maintains its own copy of the optimization variable w;(t), and the values at each
node are updated in rounds. Within each round, nodes process a local mini-batch of samples, communicate
with their neighbours, and then update their local variables.

For stochastic optimization, we augment the dual averaging algorithm described in Section 4. After
performing the steps (4)—(6), node i also computes the running average,

t+1
Bi(t+1) = == > wilt) (10)
t+1
t'=1
In stochastic optimization, performance is measured in terms of the optimality gap. After the network has
completed T rounds, the optimality gap is given by

An(T) ¥ max E[F(@;(T))] — F(w*) .

1€[n]

It is well-known that there is a direct connection between the performance of online prediction methods
and stochastic optimization in the single-processor setting [40]. Specifically, Jensen’s inequality gives that

1
A(T) < TE[RI(T)] :

Thus, any online prediction algorithm with expected regret scaling as E[R;(m)] = O (/m) can be used to

obtain an optimization error of A;(T) = O (ﬁ) Equivalently, in order to guarantee that A;(7T") < € using

such an algorithm, we need to run at least T" 6% rounds. In the distributed setting, we obtain a similar

bound for the distributed dual averaging algorithm with approximate mini-batches.*

Theorem 3 Let Assumptions 1—4 hold, and let C1 > 0 be a positive scalar. Let {w;(t)}i>1 denote the values

generated at node i by repeating the iterations (4)—(6) and (10) with algorithm parameters 5(t) = K +C \ﬁ.
Let the mini-batch size be b = Con for some positive integer Cy > 1. Assume that the approximate distributed
averaging protocol used in (5) guarantees accuracy § < % in each round. Then after T rounds, we have

An(T) < %[F(@(l)) — F(w*) + Kh(w")] 3K 1 202 + 2K D + 2L) .

+ + Cyh(w*) +
Tv/nCyC? \/nTCg< th(w’) e

4Note that, unlike in the single-processor setting just discussed, we cannot simply apply Jensen’s inequality to the regret
bound from Theorem 1 to obtain this result. This is because the different processors produce sequences {w;(t)} which are not
exactly the same due to the use of an approximate distributed averaging protocol, and these errors must be properly accounted
for to obtain a bound on the optimization error.
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The proof is given in Appendix D. The result above shows that, for a fixed network size n, the optimality
gap after T rounds is of the order A,(T) = O (1/\/nT). Thus, for € > 0, in order to guarantee that

A,(T) < € we need to perform T o -1; rounds. Similar to the serial setting, the number of rounds scales
as }2 However, importantly, we see that in the distributed setting, the number of rounds is reduced by a
factor of n, and so we obtain a linear scale-up in terms of the network size. In order to translate this scaling
in the number of rounds T to a speedup in terms of the runtime, we also need to account for the time spent

communicating in each round relative to the time spent computing. This is discussed next.

5.2.2 Latency and scaling

In distributed stochastic optimization we do not consider latency in the definition of the optimization error
A, (T) because, unlike the online prediction setting where inputs arrive in a streaming manner and predictions
must be made in real-time,® in stochastic optimization no additional loss or error needs to be accrued while
the network is communicating. The primary motivation for using a distributed system in the context of
stochastic optimization is to achieve accurate results faster than with a single node, by exploiting the ability
to process inputs in parallel.

Theorem 3 shows that we achieve a linear speedup in the number of iterations required to guarantee an
optimization error of no more than e. Specifically, T" o ﬁ However, we should also account for the latency
involved in communication in order to model the overall runtime to reach accuracy €. To this end, we adapt
the approach of [36] for modelling runtimes of distributed optimization methods.

Assume that time is normalized so that it takes a processor one unit of time to process a single sample x
(i-e., to evaluate V,, f(w, z) once), and let 7 > 0 denote the number of time units it takes a node to transmit
its dual variable to one neighbour.® In the serial (single-processor) setting, the dual averaging algorithm
must process T' o< % samples in order to guarantee an optimality gap of the order A1(T) = O (e), and so

clearly the runtime also scales as O (%) time units.

Suppose the approximate distributed averaging operation (5) is implemented by runing a gossip protocol
for k iterations. In each iteration, every node must send a copy of its dual variable to each of its neighbours,
so the time spent communicating per round is 7 - k- deg(G), where deg(G) is the maximum node degree in G.
Before communicating, the nodes each process b/n samples, in parallel, to compute g;(¢), so the total time
per round is % + 7k -deg(@) time units. Combining this with the fact that the distributed algorithm needs

1

to run for 7" o< 5 rounds, we have that the overall runtime is proportional to

1 /b 1
a2 <n+T«k~deg(G)> = @(C’+T-kodeg(G))
time units, where k is the number of gossip iterations required to guarantee § < % in every round.

To determine the appropriate value of k we can directly apply Lemma 1 in this case to find that § < % if
we run at least
i)
Y, Yy

gossip iterations, where yﬁo) = z;(t) + g;(t) is the initial value at each node when the gossip protocol is
invoked to compute z;(t + 1). Note that

log (b~2\/ﬁ~maxj’
k>
- 1= X (P)

Iz (t) + 5 (t) — (Z(t) + 5(*))]l
< [lz; () =z + llg; (8) =g (@)l
< lz(8) ==l + 2L,

~— —

5Recall that the motivation for using a distributed system for online prediction was to enable handling higher rates of
predictions.

6We disregard the time it takes to compute the proximal projection (6); relative to the time spent aggregating gradients
in (4) and the time spent communicating in (5), which both depend on the mini-batch size b and network size n, the time to
compute (6) is O (1). Often, there is a closed form expression for the solution to (6).
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where the second inequality follows after a second application of the triangle inequality along with recalling
that Assumptions 1 and 2 imply that the gradients g;(¢) are bounded (and hence g(t) is too). In addition,
we claim that [|z;(t) —Z(t)|| < ¢ for all t. Clearly this holds for the first round since z;(1) = 04 at every
node. Proceeding inductively, suppose that ||z;(t) — Z(t)|| < ¢. Then choosing

oo (b-2/m- (1
Z1g(b 12_fA2((I,;)+2L)) an

o log(n)
1—Xa(P)

k

ensures that [|z;(t + 1) — Z(t + 1)|| < }, and so it holds for all ¢ > 1.

Note that the right-hand side of (11) depends on the constants b, L, n, and A2(P). Typically constants
like L and b are determined in advance by the user calling the optimization routine. If n is not known in
advance then an upper-bound on n can be used in its place (at the potential cost of additional, unnecessary
communication overhead). If A2(P) is not known in advance then it can be estimated, with a finite additional
communication overhead, using a method such as the one described in [4].

Returning to the runtime scaling, we have that the overall runtime when gossip is used for approximate
distributed averaging is proportional to

L <C + Tlog(n)deg(G’)) time units.

7162 1-— )\Q(P)
When G is taken from the family of constant-degree expander graphs then deg(G) = ©(1) and
ﬁAP) = 0(1), and so the overall runtime scales as
L (C+rlog(n)) time unit
— 7log(n ime units.

Thus, the runtime scales nearly linearly, as O (logn/n), when communication is over an expander graph.
Note that this is identical to the scaling achieved when exact distributed averaging is used, since aggregating
along a spanning tree also takes O (logn) time units.

6 Discussion

In comparison to the distributed mini-batch algorithm [7], we have shown that the proposed algorithm with
approximate distributed averaging of mini-batches achieves the same order-wise performance. In particular,
if the communication topology is an expander graph and the mini-batch size is chosen to be b = ©(y/m),
then the expected regret is bounded as E[R,(m)] = O (y/m), and the time spent communicating in each
round is of the order O (logn). This is comparable to the time spent performing exact distributed averaging
using a protocol such as ALLREDUCE, but gossip protocols can be considerably more robust to node and link
failures [14, 37].

Raginsky et al. [27] and Yan et al. [42] study the related problem of distributed online convex optimization,
where a different (deterministic) cost function f; is chosen by an adversary at each round, and the goal of
the network is to minimize the regret with respect to the decision variable w that would have minimized the
overall cost ), f;(w) in hindsight. The approach of Raginsky et al. [27] also builds on the dual averaging
algorithm; however, rather than fusing information through gossip iterations, their approach involves the
solution of a local dynamic program at each node.

This paper also makes contributions to the literature on gossip-based distributed optimization algorithms.
The use of distributed averaging algorithms as a means of coordination in distributed optimization methods
has a history tracing back to the seminal work of Tsitsiklis et al. [39].

Distributed subgradient methods [19,28] that use gossip protocols to aggregate primal variables generally
come with bounds guaranteeing that the optimality gap decays as O (n3/ 2/ VT ) The poor scaling in
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the network size appears since the analysis for these methods is effectively over the worst-case network
topology. The distributed dual averaging algorithm described in [9] guarantees that the error is less than
O log(T+/n)
T-(1-X2(P))
of iterations for the three algorithms [9,19,28].

) after T iterations. The number of transmissions per node is proportional to the number

In contrast, for the proposed approach, the error decays as O (1 /VnT ) where T is the number of rounds,

and in each round the network performs O (15)53(11)3» gossip iterations. Consequently, the total communica-

tion required to reach accuracy e is reduced by a factor of O (n), as illustrated in Table 1. This linear scaling
in the network size has also been observed experimentally; see Sec. 7 for more. This is not surprising, since
our analysis is based on stronger assumptions than [9, 19, 28]; in particular, we assume that the loss function
has Lipschitz continuous gradients, whereas the previous work only studied loss functions which are convex,
Lipschitz continuous, and have bounded gradients.

The proposed method has a number of gossip iterations per round that depends on the spectral gap
via 1/1 — Ay(P). This can be immediately reduced to 1/4/1 — Aa(P) by using the accelerated distributed
averaging method of [25], while only requiring that each node stores one extra copy of the vector being
averaged.

Table 1: Comparing the number of rounds and gossip iterations required to guarantee an optimality gap of ¢ for distributed
stochastic optimization.

Method Num. Rounds (')  Gossip Iter. / Round  Total Gossip Iter.

[19,28] o(z) 1 o (=)
ThisPaper O () o(Hitm)  o(Fme)

As a side remark, we point out that faster gossip-based algorithms exist for more restricted function
classes. Recall that in the setting of stochastic optimization the constant multiplying the O (1 / VT ) term in
the single-processor optimality gap bounds is proportional to the standard deviation of the stochastic gradient
magnitudes [16,40]. In the deterministic, single-processor setting, and under the assumption that the loss
function has Lipschitz continuous gradients, it is known that significantly faster rates are possible [20]. A
gossip-based algorithm which achieves rates of A, (T) = O (7z) is described in [13]. Similar to the gossip-
based approach proposed in this paper, the approach in [13] also requires performing multiple gossip iterations
per round. Unlike the approach in this paper, however, the number of gossip iterations per round increases as

more rounds are performed; specifically, the number of gossip iterations required in round ¢ is O <1l°§2(83) )

In addition, the method of [13] must know the values of the gradient Lipschitz constant K and the spectral
gap 1 — A2(P) in order to determine a step-size sequence that achieves these bounds.

Finally, we also note that similar rates for distributed stochastic optimization are achieved by a methods
based on a master-worker architecture [1]. In this architecture, the master maintains and updates the
authoritative copy of the optimization variables. The workers compute mini-batch gradients and report
these back to the master, where they are used to update the optimization variables. The challenge in this
setup is that the workers report gradients evaluated at out-dated values of w(t). The analysis in [1] involves
bounding and controlling the additional error due to these delayed evaluations, and the resulting bounds are,

at best, of the form A, (T) =0 (% + \/%) or O <ﬁ + \/%), depending on the version of the algorithm
considered. There are also potential practical issues which must be addressed when implementing a master-
worker architecture; for example, the master may become a bottleneck and single point of failure. Even faster
rates (both in theory, and with practical algorithms) have been achieved, using a master-worker architecture,
by applying a stochastic coordinate ascent approach [10] to the dual problem under the assumption that
the individual loss terms are strongly convex [12,17]. Initial work in this direction suggests that similar

improvements are possible in the distributed multi-agent setting using primal and dual methods similar to
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the one described in this paper [18,26]. An alternative diffusion-based approach is studied in [33,34] uses a
constant step-size.

7 Experiments

In this section we illustrate the performance of the proposed distributed dual averaging method through
numerical experiments. The experiments are conducted on a cluster consisting of eight servers. Each server
has two Intel Xeon 2.5 GHz quad-core processors and 14 GB of RAM. Our experiments make use of up to
n = 64 processes, with each process (i.e., node in the terminology of the previous sections) running on a
separate core. The servers communicate over 1 Gbps Ethernet connections.

We consider a multi-class classification task. In this task, each data point is a input-output pair, (z,y) €
X x Y, with the input = drawn from input space X C R?, and the output y drawn from a discrete output
space Y = {1,2,..., M} denoting the class of the data point. We use the MNIST digits dataset. Each input
x is a 28 x 28 greyscale image corresponding to one of the digits 0,1,...,9. Hence, the input space has
dimension d = 784 and there are M = 10 classes.

We use multinomial logistic regression to address the multi-class classification task. In particular, the
primal parameter w is M(d + 1) dimensional and is broken into M blocks, w = [wi wl, ... wl]T with
w, € R4 being the parameters for the cth class. The loss function f(w, (x,y)) is defined as

d

eXP § Wy, d+1 + g Wy dTd ¢
j=1

flw, (z,y)) = m

where the normalization constant is given by
M d
Z(w,z) = exp wpas1 + Y WaTa
k=1 j=1

We report two sets of experiments, one in which we keep the mini-batch size b fixed and vary the number
of nodes, and the other where we fix the ratio b/n (i.e., the number of data points processed by each node
per round) and vary the number of nodes. In both experiments, gossip-based distributed dual averaging
is implemented using the Matlab Parallel Computing Toolbox and Distributed Computing Server. The
communication topology G is obtained by sampling a random graph from the Erd6s-Rényi model with
p = 0.5; all nodes have, on average, the same number of neighbours and the graph is approximately a
constant-degree expander.

7.1 Fixed mini-batch size

In this experiment we fix the mini-batch size b to be equal to the total number of data points available
m

(roughly 50k) and vary the number of nodes. Theorem 2 states that the regret after T = = rounds

should scale like E[R, (m)] = O(y/m). At each round, each node processes b/n data points, so we have that
m="1T- % -n = Th. Hence, the expected regret per data point should decay as %E[Rn(m)] = (’)(\/%);
i.e., this error only depends on the number of data points observed and not on the size of the network. We
have observed exactly this in our experiments. Varying n = 2¥ for k = 2,3,...,6, and plotting %E[Rn (7]
versus 7', the resulting curves all lie directly on top of each other; the figure is omitted since it provides no

additional insight.

The benefit of using more nodes in this setting is that the workload of computing the batch gradient over b
data points is distributed over multiple processors, and so each round should require less time. Figure 1 shows
%]E[Rn (m)] as a function of run time for varying number of processors. Increasing the number of processors
gives faster convergence to a lower average risk per data point, as expected. However, the benefit of adding
more processors seems to obey a law of diminishing returns. This is related to the fact that using more
processors requires more communication, and communication also requires time [36].
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Figure 1: Regret per data point as a function of time, for varying number of processors with fixed batch size b = 49984.

In this experiment, the network only performs one consensus iteration per round, rather than the number
prescribed by Theorem 2. In other experiments, not reported here, we have observed that using additional
consensus iterations does not significantly change the results.

7.2 Varying mini-batch size

In the next set of experiments, we set the mini-batch size to be b = 200 x n (i.e., each node processes
200 data points per round), and we again vary the number of nodes as n = 2% for k = 2,3,...,6. In this
case, since each node processes the same amount of data per round, the time per round should be roughly
constant, regardless of the network size. However, after a fixed number of rounds, 7', the regret per data
point LE[R,(T))] should be lower for larger networks since they will have seen more cumulative data. In
particular, with b/n fixed constant, we have E[R,(T)] = O(v/Tn). Although the theory only provides an
upper bound, suppose that it actually holds that B[R, (T)] oc v/Tn. Then for n’ > n the ratio R, (T) /R (T)
should be proportional to 4/n/n’. The figure clearly shows that this behavior arises for sufficiently large T,
after the transients have vanished and the O(y/m) behavior dominates.

In these experiments, similar to above, only a single consensus iteration is performed over the network
per round. In the proof of Theorem 2, the number of consensus iterations given in (9) is required to ensure
that the dual variables at all nodes are sufficiently close to the average of the dual variables, %22;1 zi(t).
In particular, this is the worst-case number of iterations required for any initial spread of the z;(t). However,
in a typical execution of the algorithm, after processing one mini-batch of data the values at each node will
not vary too greatly, and so the initial disagreement is not so large. Hence, we conjecture that an adaptive
algorithm, which guarantees that the disagreement (i.e., deviation from the average) at each iteration is not
too large, should be sufficient to obtain scaling results comparable to those in Theorem 2.
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Figure 2: Ratio of regrets R4(T)/R,(T) versus number of rounds T for n = 8,16, 32 with batch size b = 200n proportional to
the network size. Note, v/2 ~ 1.4, v/4 = 2, and /8 ~ 2.8.
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8 Conclusion and future work

The main message of this paper is that exact distributed averaging is not essential to achieve optimal rates
with mini-batch methods for distributed online prediction and stochastic optimization. This opens the door
to the use of gossip protocols for distributed averaging, which can be considerably more robust than exact
distributed averaging protocols and can also be implemented in a completely asynchronous manner. A
natural extension, and an important part of our ongoing work, is to analyze asynchronous algorithm with
approximate mini-batch calculations, where nodes may send and receive a random number of gossip messages,
and they may also update their local copies of the decision variables at different rates. There are two major
challenges in this setting. The first is to ensure that performance is not seriously degraded if, occasionally,
an insufficient amount of gossiping occurs between subsequent updates. The second is to properly adapt
the algorithm parameters §(t) in such a manner that the asynchronous algorithm still converges at the
optimal rate.

Appendix
A Proof of Theorem 1

Let

X(t) &

b
{xi(t’,s):1§i§n,1§t’§tand1§s§ +”}
n

denote the set of all data processed across the network during the first ¢ rounds. Observe that the predictor
w; (t) computed using (6) is independent of x;(t, s) given X (¢ — 1). Recall that E[] denotes the expectation
with respect to the entire data sequence X (#ﬂ), i.e., with respect to the entire collection of m samples
processed by the network when computing E[R,,(m)]. Conditioning on X (¢t — 1) gives

ELf(wi(t), 2(t, 5))] = E[ELf(wi(t), 2s(t, )| X (¢ = 1)]

— E[F(wi(t))].
Also, clearly E[f(w", x;(t, s))] = E[F(w")]. Therefore, for t < g,
E[R,(m)] =) ) (i (1) - F(u)], (12)
t=1 i=1 s=1

and we can focus on bounding the performance with respect to the expected loss function, F(w).

Each predictor w;(t) is a proximal projection of the dual variable z;(t) as given in (6). In the sequel we
will use the fact that this projection is Lipschitz continuous, as given by the following lemma. (See, e.g., [9]
for a proof.)

Lemma 2 Let h: R* — R be a strongly convex function and consider the prozimal projection
d .
Iy (2, B) e/ arg min {(w, z) + Bh(w)} .
weW
For any vectors z,2' € R% and for any positive scalar 3 > 0,

Iy (2. 8) — Ty (', B)] < %nz — .

By assumption, the distributed averaging algorithm used in (5) produces an output z;(t + 1) at node 4
which satisfies ||z;(t + 1) — Z(t + 1)|| < § for all i, where

2+ 1) E LS ) + i) (13)

i=1
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with the convention that Z(1) = 04. If all nodes were to exactly compute Z(¢+1) and use this in the projection
step (6) then they would obtain the predictor

w(t+1) L arg min {{w,Z(t +1)) + B(t + Dh(w)} . (14)

To bound the expected regret across the network in the general case where an approximate distributed
averaging protocol is used, we relate the expected regret to the regret that would be accumulated using the
reference predictor sequence, {w(t)}+>1, and then we bound the deviation between the performance of the
predictors {w;(t)};>1 from that of the reference predictors {w(t)}¢>1.

Adding and subtracting F(w(t)) in (12) gives

8

b

+

m

E[Rn(m)] = (b+p) p_E[F(@(t)) - F(w")]

(]

t

7 I

ZEEm

b+ p
n

+

Y E[F(wi(t)) = F(w(1)] - (15)

t=1 i=1

(]

Since f(w,x) is Lipschitz continuous in w for all by Assumption 2, it follows that F(w) is Lipschitz
continuous with the same constant. Using this property along with Lemma 2 and linearity of expectation
gives

m
b+p N

ESCSTEIF(wi(t) - F@(t)]

where the last inequality follows based on the assumed accuracy of the approximate distributed averaging
protocol. The main work remaining to prove Theorem 1 involves bounding the first sum in (15). To this end
we have:

Lemma 3 Let the assumptions of Theorem 1 hold. Let {a(t)};>1 be a non-negative non-decreasing sequence
of scalars, and let {w(t)}1>1 be as in (14) with B(t) = K + a(t). Then

m
b+

Y E[F(@(1) - F(w")]

t=1

b:-nu -1 bru -1

2 1.2 1
+6°K Z m+5KD Z Rral)

t=1

The proof of Lemma 3 is given in Appendix B. This addresses the first sum in (15). In order to bound

the remaining terms, with a(t) = c\/% as in the statement of the theorem, note that

i 1 o 1
S -
—~ K+a(t) ~ ~ at)
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IN

and

b3/2 b+u

=3 Zt i

3/2 =
< bT (1 +/b+ t—3/2dt>
¢ 1

b3/2

<3 (17)

Combining these inequalities with Lemma 3 and (15) gives
E[Ry(m)]

< (0 ) [F@(1) = Fw) + (K + ¢y [525 ) h(w?)

2 2 2b3/2
+,;’C\F b+“+35K

S(KD+L)
+22 = /my /m}

= (b+ p)[F@(1)) — F(w") + Kh(w")] + 2626%%(b + p)
v (chtwr) 4 22 o 4 225 /i |

which completes the proof of Theorem 1.

B Proof of Lemma 3

The proof technique used in this lemma is adapted from that used to analyze stochastic dual averaging
methods in [7,35,40]. We seek to upper-bound the sum

b+u

ZE Fw)],

the regret of the averaged sequence of predictors {w(t)}:>1 after 77*; rounds. From the definition of Z(¢ + 1)
n (13) and from (5), we have Z(t + 1) = Z(t) + g(t), where

= %Zgi(t)

c3

n

:%ZZ Voo f (wi(t), 2i(t, )) .

Note that, for w(t) as defined in (14), W(t) # L 3" | w;(t) since the projection operator is not linear.
Note also that the sequence w(t) is not equlvalent to running a serial (i.e., single processor) version of



20 G-2016-88 Les Cahiers du GERAD

dual averaging with mini-batches since the gradients g;(t) computed at each node (cf., (4)) are evaluated at
different points, w;(t), whereas a serial implementation would use

30 = 3 23 V@), it 5)

i=1 s=1
in place of g(t), with all gradients evaluated at w(t).

There are two sources of errors in the gradients which must be taken into account. The first source
stems from the observation just mentioned, that the updates at different nodes involve evaluating gradients
at different locations. The second source of errors is due to the randomness of the gradients V., f(w,x)
calculated using data x rather than directly using the gradients V,,F(w). Let us define two gradient error
vectors,

q(t) €G(t) - V., F(w(t)), and
r(t) € g(t) —g(t) .

These error vectors satisfy the properties stated in the following lemma that is proved in the supplementary
material.

Lemma 4 Let Assumptions 1-3 hold. Then fort=1,..., %,

KD
E[{r(t),w* —w(t))] < Ell|z () —z(@)||],
[(r(t) @) B ; [llz:(t) = z(®)]l]
2
o
E(llg(t)[I"] < 5
Elr@®I] < 2B > D Elllzi(e) = (@)l 1z(8) — Z(@)],
i=1 j=1
where E[-] denotes the expectation with respect to the joint distribution over the set of random variables X(ﬁ).
Let us denote the linear (first-order) model for F'(w) evaluated at w(t) by
(w) € F@(1)) + (Vo F(@(t)), w = (1)) .
We also make use of an approximation to I;(w) where V,, F(w(t)) is replaced with g(¢),
In(w) & (1)) + (g(t), w — (1))
= li(w) + (q(t), w —w(t)) + (r(t), w —w(t)) . (18)

From Assumption 2, we obtain that F(w) is convex and has Lipschitz continuous gradients. It follows
that (see, e.g., Lemma 1.2.3 in [21])

Fw(t+1))
< L@+ 1) + 5 (e + 1)~ w )
= (@(t +1)) ~ (alt), W6 + 1) ~ (1)

— (r(t),w(t + 1) —w(t)) + g [w(t+ 1) — w(t)|* .

Let a(t) = B8(t) — K. Applying the Cauchy-Schwarz inequality and adding and subtracting a(t) in the term
multiplying |[@(t 4+ 1) — w(t)||* gives

F(w(t+1))
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<l (w(t+1))+ K%“) [w(t + 1) — w(t)| (19)
+la@®I w(t +1) - w@)ll - @ w(t+1) —w(t)*

+ @I [t +1) —w(8)]| - % o (t + 1) —w(t)]*

Observe that
g ot +1) —w()| — alt) [w(t+ 1) — w(t)||”

4
2
Ca®I® fla®l () - =
= el [\/a(T) 1w +1) (t)I]
lg(8)1I”
< el

and a similar bound holds if ¢(¢) is replaced by r(t).

Using these bounds in (19) gives
2

F(w(t + 1)) < iy (@(t + 1)) + I”T“(t) @t + 1) —w(t)|

lg®)I* | Ir@)?
OO (20)

Next, we make use of two lemmas to simplify this expression further. The first gives a relation between w(t)

and I;(w(t)). See the supplementary material for the proof.

Lemma 5 Let Z(t) and w(t) be defined as in (13) and (14). Then

t—1

w(t) = arg min {tzl Ly (w) + ﬂ(t)h(w)} :
The second lemma we will make use of is proved in [35] and states a widely-used property of strongly

convex functions.

Lemma 6 Let W be a closed convex set, let ¢(w) be a convex function on W, and let fz(w) be a p-strongly

convex function defined on W. Define
+ def : 7
w” = arg min {$(w) + h(w)} .
Then for allw e W,
d(w) + h(w) > ¢(w™) + h(wh) + g Hw — w+H2 . (21)
- 7;,_:11 Iy (w) and h(w) = (K +a(t))h(w). Recall that 8(t) = k+a(t).
By Lemma 5, wt = w(t). Moreover, h(w) is (K + a(t))-strongly convex because h(w) is 1-strongly convex.

Thus, taking w =w(t + 1) in (21) gives

Now consider Lemma 6 with ¢(w) =

B4 e 4.1) - wo)?
t—1

<Yl (@(t+ 1)) + (K + a(t))h(@(t + 1))
.

= 2w (@@) = (K +a(®))h(w(?)) .
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Using this bound in (20) gives

la@®l> | @)
at) T alt)

<Y @+ 1) + (K + alt + 1)h(@(t + 1))

+

2 2
lg®I”  lIr@)l
a(t) a(t) '
where the second inequality follows since a(t) is a non-decreasing sequence and h(w) > 0 for all w € W.

Summing both sides over t = 1,. .., % — 1 leads to many terms on the right-hand side cancelling, and we
are left with

+

B

m__
I btp 1

Fw(t)) < H(W(555)) + (K + algE)h(@(55:))

S
+

o~
U
N
o~
Il
i

From Lemma 5, it follows that

Using this bound and replacing ft(w) with the characterization given in (18), we have

m

> Fw()
t=2
Zain G
< L(w™) + ) [a(t), w” —w(t)) + (r(t), w” —w(t))]

[Eariat 2 2
+ (K +a(g )h(w') + Y la®l a—(E)HT(t)l :

Moreover, since F'(w) is convex over w € W, we have

_m__
bru

> h(w?) < (52 —DF(w*) .

1
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Adding F(w(1)) — F(w") to both sides, taking the expectation with respect to the data X (), and applying
the bounds given in Lemma 4, we obtain the desired bound,

m

m m___q

btp b+

2 1.2 1
oK ; TOE Ta0E T 2 Fram

C Proof of Theorem 2

We wish to determine a condition on the number of gossip iterations k such that the accuracy § satisfies
0 < %. When gossip is used for distributed averaging within the algorithm (4)—(6) to compute the values

{#;(t +1)},e[n) at round ¢ + 1, we have initial value yj(o) = 2;(t) + g;(t) at node j, and thus § = Z(t) + g(t),
where

20 =Y 50 ad 50 =Y 0.

Note that ||g(t)|| < L since ||g;(t)|| < L for all j € [n] by Assumption 2.
To show that the accuracy achieved is § < §, we must show that [z;(¢) — Z(t)[| < 6 for all j € [n] and all
t > 1. We will show this inductively, while also deriving the required number of gossip iterations k. For the
induction base, note that the algorithm is initialized with z;(1) = 0 for all j € [n], and so ||z;(1) — Z(1)|| = 0.
For the induction step, assume that ||z;(t) — Z(¢)|| < ¢ for all j € [n]. Then we have that
0 — _ _
mae [y — | = max | (5(8) + ;) = (2(6) = 50)|
< max { [|2(t) = =) + lg; (¢) = ()l }
< max{d+ 2L}
J

1
< -+4+2L.
,b-i-

Using this together with the relation $ > b in Lemma 1 gives that max; [|z;(t + 1) — Z(t + 1)|| < ¢ if

log (b-2y/n- (3 +2L))
= 1—)\2(11;) ’

which is satisfied if

b — log(2+/n(1 + 2Lb))

- { 1 —Az(P) W '

This completes the induction step and also gives the required number of gossip iterations to ensure that
accuracy § < ¢ is obtained in every round of the protocol. The corresponding latency is u = vk = O (log(b)).
It follows from Corollary 1 that the expected regret is bounded by E[R,,(m)] = O (b+ y/m), and so choosing
b =m* for some p € (0,1/2) gives that E[R,,(m)] = O (v/m).

D Proof of Theorem 3

Similar to the proof of Theorem 1, we will bound the optimization error uniformly over all nodes by comparing
the performance of the sequence {w;(t)} to that of an appropriate averaged sequence. Specifically, define

> w(t), (22)

t'=1

w(t) =

| =
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where wW(t') is as defined in (14).

Recall that the network collectively processes b samples in each round of the algorithm, so that a total
of m = bT" samples have been processed after 7" rounds. We seek an upper bound on E[F(w;(3*)) — F(w*)].
Adding and subtracting F(ﬁ(%)), applying Jensen’s inequality, and using Lipschitz continuity of F(-) gives

E[F(w (7)) — F(w")]

= E[F(@(})) — F(w*) + F(@i(§)) — F(

=
>3

<E ;g[F<w<t>> ~ ")
= imwi(t» ~ F(w(t))
<E|X i{F(w(t)) - F(w)]
+o g Jws(t) —w(0)] | - (23)

2 1.2 1
+6°K z::—a(t)(K+a(t))2+6KDXZ:7K+G@ . (24)

B |2 S )~ o)) | < 32" el — =) (25)
SbL <~ 1
L ; . (26)

Combining (23), (24), (26), (16) and (17), we obtain
E[F(@i()) — F(w")]

2
< %[F(W(l)) — F(w") + Kh(w")] + 310(%{5
1 o 2024 2KD +2L
+ ﬁ (Clh(w )+ C; > .

Recalling that m = T'b and using the assumption that b = Cyn gives the desired result.

We prove the four relationships in the order they are stated in the lemma. First consider
E [{q(t),w* —w(t))]. Notice that w(t) is a deterministic function given X (¢t — 1) so

E[f(@(t),zi(t)] = E[E [f(@(t), z:(t))[ X (t = 1)]]
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=E[F(w(t))].
Also, under Assumption 2, the gradient and expectation operators commute [44], and so we have

E[Vf(@(t),z;(t), w(t)] = E[(VF (@), w(t))]-

Therefore, for the first expression in the lemma, we get

Then, applying the Cauchy-Schwarz inequality and using Assumptions 1 and 2 gives

E[(r(t), w* —w(t))]

n

< =S E(IVFwi(t) - VF@®O)] - — w0
S%gﬁwqu—wwwm-

Finally, applying Lemma 2 gives the desired result,

S Sl ~ 0]

E[(r(t), w* —w(t))] <

The third expression follows by again using similar conditioning arguments and by applying Assumption 3.
In particular, recalling that the data are i.i.d., and hence z;(t, s) is independent of x;(t, s), we have

E [|lg(t)]?]
:EMMQ—VF@@mﬂ
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5 SOV @), @it 5)) — VE(w ()
1=1 s=1
LS S Fw).54(0.5)) — VF(a(0)
i=1 s=1
% 3 <Z Z Vf(@(t), zi(t,s)) — VF(w(t)),
=1 j=1 s=1

s=1
2
1 _
- ;]E Zw ), zi(t,s)) — VF(w(t))
Then, applying the triangle inequality and using Assumption 3 gives
E [llat)]?]
1 - 7’L E _ 2
SOOI IV £@(t), 2i(t,5)) — V(@ ()]
= —
1 g
Sp Z Z
o2
< —.
)
Finally, to verify the fourth expression, we first multiply and divide by n and use the triangle inequality
to see that
E [llr(t)]1?]
_ . o
JRR _
=E EZZ yxi(t,8)) = VI(@(t), zi(t, 5))
- . \ - 9
1 n < __
=K - Z 7 Z Vi(w;(t),z;i(t,s)) — Vi@(t),z;(t,s))
i=1 s=1
- . 9
I ean _
<B | (ST SS9 wnlt), walts5)) — TH@(0), w1l s>>||)
i=1 s=1

Then applying Assumption 2 and Lemma 2 and simplifying gives the desired result,

E [|r(®)]?)
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,7 :
<8 || 3325 2 Kl w0l
: 1 ; K_ ’
<m <n5<t z<t>||>
. (n;it > i) )
2 s 3o 3 0) =20 )~ 001

E Supplementary material

E.1 Proof of Lemma 1
The proof of Lemma 1 makes use of the following fact for stochastic matrices; see, e.g., [43].

Lemma 7 Let P be an nxn doubly-stochastic matriz with eigenvalues A\ (P) =1 > Ay(P) > --- > A\, (P) > 0,
and let z be a vector in the n-dimensional unit simplex. Then

g

Recall that 5 = + Z =1 y](o) After k synchronous iterations of gossip, for all ¢ € [n] it holds that

1
Tpk 4T

< Xa(P)*y/n .

1

= é ([Pk}i,j - 1) 3
= zi; ([Pk}z',j - ;) (y§0) —@) ;

where the last line follows since P* is also doubly stochastic, and so Z?:ﬂpk]i,j =yr, =1

Applying the triangle inequality gives

1 0 _
b0 g = 3P - 2 0 3]
n
Jj=1
el Pk 1
< max”yj —yH P*——1,| ,
1

where e; denotes the ith canonical vector, and where ||-||; denotes the ¢1 norm; ||z||, = Y, |2;].7 Clearly e;
lies in the unit simplex. Applying the result from Lemma 7, and noting that Ao(P*) = \o(P)*, we have that

"le., e; € {0,1}™ has jth entry [e;]; = 1 if j = i, and [e;]; = 0 otherwise.
5 J y J J s J

yH<2fx\2 P)* max” —yH
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It follows that Hygk) — ﬂH <4 if

>10g( -2y/n - max; —yH)
- log(1/A2(P )) '

The claim of the lemma follows by recalling that log(1/z) > 1 — x for > 0.

E.2 Proof of Lemma 4

We prove the four relationships in the order they are stated in the lemma. First consider E [(¢(t), w* — w(t))].
Notice that w(t) is a deterministic function given X (¢ — 1) so

E[f(@(t), zi(t))] = E[E[f(@(t), z:(t))| X (¢t — 1)]] = E[F(w())] -
Also, under Assumption 2, the gradient and expectation operators commute [44], and so we have
E[Vf(@(t),z;(t), w(t))] = E[(VFw(t)),w(t))] .
Therefore, for the first expression in the lemma, we get

E[(q(t), w” —w(t)] = E[(g(t) = VF(@(1)),w” —w(t))]

E <;Ziw<w<t>,xi<us» VRGE(0),w —w<t>>]
1=1 s=1

E <§,Z V() - VI <>>,w*—w<t>>]
1=1 s=1

=0.

E[(r(t), w* —@(t))] = E <iZin(wi(t),xi( ZZ ), 2 (t, 5)), w* w(t)>]

i=1 s=1

N
=E < ZZVFW 2ii w*w(t)>]

i=1 s=1

= ZE (VE(wi(t)) = VE(@w(t)), w* —w(t))] -

Then, applying the Cauchy-Schwarz inequality and using Assumptions 1 and 2 gives

IN

E[(r(t),w” —w(?))] % ZE WIVE(wi(t)) = VE@(®)] - [lw* —w(®)]]

IN

LS RIK Juntr) ~ (o)) - D] -
i=1

Finally, applying Lemma 2 gives the desired result,

E[(r(t), w” — (1)) < = S B [Jl24(t) — 20 -
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The third expression follows by aga

in using similar conditioning arguments and by applying Assumption 3.

In particular, recalling that the data are i.i.d., and hence x;(t, s) is independent of z;(t, s), we have

E [lg(®)I] = E [lg(t) - VP@®)|]

b

1 e &
b <
1=1 s=

n

i=1 j=1

g (sshen

b

n n

i=1 s=1

V f(w(t),
_E % ; " Z_:l Vi @(t), wi(t, s)) — V(@ (t))

—E % > <’b‘ ijw(w(t), wi(t,s)) — VF(w(t)), %
w(t)

zi(t,s)) — VF(w(t))

Vf@(t),z;(t,s)) - VF(UJ(t))>

P

s=1

si(ty s)) — va ) x(t,8)) — VF('LU(t))>

2

= iz > E % > V() @it s)) — VF(w(t))

Then, applying the triangle inequality and using Assumption 3 gives

E [lq(t)]?] <

n2

< b2

2

Q

2 5 X 190,00 - vR@OI]

3l

ZZ

<.

b

Finally, to verify the fourth expression, we first multiply and divide by n and use the triangle inequality

to see that

S| =

_ZZ ) @it 5)) = V@), 2:(t, )

b 27

b 2

<E %Z Z Z IV £ (wit), zi(t, 5)) Vf(w(t)azi(t75))||>

Then applying Assumption 2 and Lemma 2 and simplifying gives the desired result,

E[llr®)*] <E

2
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B 2
K <& B
=E <nﬁ(t) ; l|2:(t) — Z(t)||>

=k %@)2 DD llzt) =zl Iz () — =(@)l]

i=1 j=1

E.3 Proof of Lemma 5

Since z;(1) = 0 by definition, z(1) = 0 also, and we have z(t) = Zi,_:ll g(t"). Tt follows that

w(t) = arg 1%111/1\; {<z_: g(t’),w> + ﬁ(t)h(w)} . (27)

t'=1

Now consider the inner product and observe that, by adding and subtracting F(w(t')) and g(t'), we have

t—1 t—1
<Z (), w> =Y _[(VuF@()),w) + (@(t') = VuF@(t)),w) + (g(t') - §t'),w)] -
=1 =1
Moreover, since F(w(t')) and w(¢') do not depend on w, minimizing the objective in (27) is equivalent to
minimizing

t—1

Y IF@E) + (Vo F(@(t), w—w(t) +(g(s) = VuF@ (")), w—w(t')) + (g(t") = g(t'), w—w(t')] + B (t) h(w)

t'=1

over w, which is what we wanted to show.
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