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Summary

The objective of this paper is to present, in a unified body, the most important research
results dealing with material flow planning in a supply chain, and in particular with
deterministic lot-sizing methods. After identifying the most relevant characteristics of
material flow planning problems, we present clears and ssimple formulations of the
different lot-sizing problems treated in the literature and we discuss their solution
methods. Specia attention is given to the multi-facility materia flow coordination

problems and a new formulation of the general problem is proposed.

Résumé

L’ objectif de ce document est de présenter, d une maniére unifiée, les plus importants
travaux de recherche qui portent sur les problémes de pilotage des flux de matieres dans
les réseaux logistiques et, en particulier, les méthodes de | otissement déterministes. Aprés
avoir identifié les caractéristiques fondamentales de ces problémes, nous présentons des
formulations des principaux cas traités dans la littérature et nous discutions les méthodes
de solutions disponibles. Un intérét special est porté aux problemes de lotissement dans
les réseaux logistiques qui incluent plusieurs installations et une nouvelle formulation du

probléme général est proposée.
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|. Introduction

Strong foreign competition in an increasingly global marketplace has forced firms to turn
their attention towards streamlining operations in order to generate savings from a
slimmer and more reactive Supply Chain. A.T. Kearney, a management consulting firm
(Sengupta and Turnbull [1996]) estimated that supply chain costs represent more than
80% of the cost structure in a typical manufacturing company. For retailers the supply
chain costs represent between 70% and 80% of their total costs. From these numbers we
can deduce that even a dlight improvement in the process of managing the supply chain
can be trandated into millions of dollars on the bottom line. Before going further, let's
define the “ Supply Chain”.

Manufacturing
- facility

Distribution Retail
facility facilit

Distribution
facility

Retai

Manufacturing
facility facility
- Manufacturing Distribution Retail
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— =

Figure 1: Supply Chain Network

Lee and Billigton [1993] define the Supply Chain (SC) as a network of facilities that
performs the functions of procurement of materia, transformation of material to
intermediate and finished products and distribution of finished products to customers.
Thus, as viewed in Figure 1, a SC is a multi-level multi-echelon production-distribution
system. Each facility in the network is represented by a node. Arcs indicate how the items
flow from one facility to another. Assuming that no item is consumed in its own

production, the general supply chain isthus represented by an acyclic directed network.



Once strategic planning has specified the shape and structure of the supply chain, as well
as its production, transportation and storage capacity, the question to answer is how to
plan and control the flow of materials in the network, or how to mange the supply chain?
Supply chain management (SCM), as defined by Sengupta and Turnbull [1996], is the
process of effectively managing the flow of materials and finished goods from vendors to
customers using manufacturing facilities and warehouses as potential intermediate stops.
This problem is one of the most important challenges, especially in a competitive

environment that every enterprise seeks to resolve successfully.

The performance of a SC, as observed by Cohen and Lee [1988], can be measured with
respect to: (1) the cost of the products delivered to markets, (2) the level of service
provided to customers and (3) the responsiveness and flexibility of the
production/distribution system. Managing the supply chain effectively can improve
customer service levels dramatically, reduce excess inventory in the system, and cut

excess costs from the logistic network.

The scientific literature on SCM problems is directly linked to the solution of lot-sizing
problems in production-distribution networks, and it can be classified into categories
based on the number of locations considered, the number of stages (or echelons) in the
system, the number of items considered, the presence or absence of capacity constraints,
and the characteristics of demand (see Figure 2). Note that the models found in the
literature for each class of problems identified above, may also include different cost

structures and allow for backorders or not.

Since one can deal with the stochastic nature of real manufacturing-distribution networks
through the use of safety buffers, rolling planning horizons and planning time fences
(Graves [1988], Martdl et al. [1995], Martel [1995]....); and since most decision systems
are implemented in practice as if the supply chain environment was deterministic over a
specified finite horizon, we restrict our review in this text to deterministic models. Note,
however, that stochastic supply chain models have aso attracted the attention of
researchers (see for example, Federgruen [1993] and Axséter [1993]).



SCM problems

Singlefacility 4 Multi-facility

Single level Multi-level Multi-level
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Figure 2: A Classification of SCM Problems

Since there is no unified body, to our knowledge, of literature that deals with the issue of

production/distribution planning coordination among multiple plants/warehouses in a

vertically integrated firm, we present a detailled review of the maor contributions for

different important particular cases of this problem. The organization of the text is based

on the problem classification presented in Figure 2. A review of the major results related

to the lot-sizing problems in a single facility is presented in the next section. The third

section reviews the maor contributions related to the solution of lot-sizing problems in

multi-facility networks.



II. Single Facility Problems

Single facility systems are the most studied in the literature. Even if some researchers
clam that they dea with multi-facility situations, most of them don’'t consider
transportation costs and thus the system they consider is often a multi-machine or multi-
stage single facility system. Due to the predominant assumption that the general multi-
facilities problem can be solved by optimizing the costs of each facility independently,
and due to the difficulties of solving such big size problems in rea time, the
interdependency between the different facilities in the system are often not considered. In
this section, we review the most important contributions to the solution of single facility

problems in both single stage and multi-stage situations.

1. Single Level Problems (SLP)

Single stage (echelon) systems are common in procurement and distribution contexts.
Even if single stage systems don’'t describe truly the real situation of the majority of
production systems, they have attracted the attention of a large proportion of researchers.
This can be explained by the fact that single stage methods may be generalized to deal
effectively with multi-stage situations, they may be used as routines for multi-stage
methods, and they may also give good insights and ideas to deal effectively with more

complex problems.

In single-stage production lot-sizing problems, the manufacturing process is characterized
by a single level product structure in which products are directly produced from raw
materials without intermediate stocking points or subassemblies. Product demands are
derived from customer orders and/or market forecasts. In a procurement/distribution
context, single-echelon lot-sizing problems generally consider only the procurement and
the inventory costs of a single stocking point and do not take transportation costs into

account.

Before going further in our SLP review, we present a generic formulation of the problem.

Using the notation in Figure 3 the SLP can be formulated as follows:
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The objective function includes production/procurement costs, inventory costs and set-up
costs. For each period and for each item, constraints (SLP1) describe the relationship
between the inventory level at the beginning and the end of the period, the demand and the
production/procurement quantity of an item. Constraints (SLP2) enforce resource
(capacity) restrictions. Constraints (SLP3) make sure that the production quantities respect
the norms imposed (ex: minimum lot size, standard packs, etc). Unless otherwise stated,
we assume in what follows that W; = {Qi; | Qit  O}. Note that this formulation allows for

negative inventory levels Ii; (backorders).
1.1. Uncapacitated Single I tem Problems

The SLP when thereisasingle item (n = 1) and when there is no capacity constraints was
at the origin of early developments in the field of Lot Sizing and Scheduling. Those
developments are namely the Economic Order Quantity (EOQ) model (Harris [1913]) (in
the case of static demand) and the Wagner-Whitin (WW) model [1958] (in the case of
dynamic demand). In the following subsections, we present the major contributions to

solve this problem in the case of static and dynamic demand.



I ndexes

t: Panning periods (t=1, ..., T)
i ltems(i=1,...,n).
J: Resources (j =1, ..., J).
Decision variables
Qit: Lot sizeof itemi at period t.
li - Inventory of item i at the end of period t.
Parameters
Ujt © Capacity of resourcej available at period t.
Oy Minimum amount of resource j which can be used at period t.
dit: Effective demand for item i at period t.
Cit: Unit production/procurement cost for item i at period t.
St: Set-up cost for item i at period t.
S Family set-up cost at period t.
hit: Unit holding cost for item i at period t.
Functions
Hit(.): Holding cost function for item i at period t.
Cit(.): Production/procurement cost function for item i at period t.
R;(): Resource j consumption function for item i.
) . 7] 1 ifx>0, ,
d(.): Definedby d(x) = % 0if x =0 X 0
Sets
Wiy Set of the possible valuesfor Q;;.

Figure 3: Basic Notation for the SLP
111 Satic Demand

The first lot sizing and scheduling model is the well-known EOQ-model developed by
Harris [1913]. The EOQ-model assumes an infinite planning horizon (T = +¥), a
continuous demand at a constant rate (d), an infinite production rate (no capacity
constraints), as well as no backlogging possibilities (I 3 0). The production and the
holding cost functions in the EOQ-model do not vary in time and are given respectively
by: C(Q) = sd(Q) and H(l) = hl. Using elementary calculus, it can be shown that under
these assumptions the optimal production quantity is given by \/2sd/h . Several extensions
to the basic EOQ model are discussed in Hax and Candea [1984]. They cover models
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which allow for backlogging, lost sales and quantity discounts. Tersine and Price [1981]
discuss the temporary price discounts case. Solutions to finite horizon cases where costs
are time-dependent are presented by Lev and Weiss [1990] and Gascon [1995]. Severa

other variants of this basic problem are al'so found in the literature.

1.1.2. Dynamic Demand

Wagner and Whitin [1958] proposed a dynamic programming algorithm to solve the
problem when demand is time varying, there is no backlogging possibilities, no capacity
constraints, and when the production/procurement and the holding cost functions are
given respectively by C(Q) = sd(Q) and Hy(l) = hd.. The WW-model has an O(T?)
running time. In subsequent work, researchers focused on generalizing the WW-procedure
to solve more complicated versions of the original problem. Veinott [1963] showed that
even if production and inventory costs are general concave functions, the problem is till
solvable by an O(T?) dynamic programming algorithm. Zangwill [1966, 1969], Gupta and
Brennan [1992] (among others) generalized the WW-procedure to solve the problem
when backlogging is alowed. Martel and Gascon [1998] proposed an algorithm to solve
the problem when inventory holding cost is a percentage of the product cost. Extensive
research has been done in the case of a perishable, deteriorating or obsolete product. The
main references in this case are Veinott [1960], Van Zyl [1964], Ghare and Schrader
[1963], Shah [1977], Cohen [1977], Tadikamalla [1978], Nahmias and Wang [1979],
Freidman and Hoch [1978] and Jain and Silver [1994]. Since the WW-agorithm is
widely used as a routine in solving more complicated problems, recent work on this
problem focused on bringing down its theoretical running time by exploiting the specia
(cost) properties of the problem and by an appropriate choice of data structure (see
Federgruen and Tzur [1991], Wagelmans et al. [1992] and Aggarwa and Park [1993]).
Also, a large number of heuristics have been proposed to solve the WW-model and its
variants. The major contributions are De Matteis and Mendoze [1968] (The Part Period
Balancing heuristic), Gorham [1968] (The Least Unit Cost Heuristic), Berry [1972] (The
EOQ Based Period Order Quantity heuristic), Silver and Meal [1973], Groff [1979],
Zoller and Robrade [1988], Gupta and Brennan [1992], and Jain and Silver [1994].

11



1.2. Capacitated Single Item Problems

The am of this class of problems is to determine the optima or near optimal
production plan of a single product while known demands are satisfied and capacity

restrictions are respected.

1.2.1. Satic Demand

The basic EOQ model in the case of a finite production rate is discussed in Hax and

Candea[1984], among others.

1.2.2. Dynamic Demand

In the case of dynamic demand the well-known lot-sizing models that deal explicitly with
capacity restrictions are the Capacitated Lot-Szing Problem (CLSP), the Continuous
Setup Lot-sizing Problem (CSLP) and the Discrete Lot-sizing and Scheduling Problem
(DLSP). In general, these problems ignore setup times. The definition, the complexity
and the solution procedures of the single item version of each of the above mentioned

problemsis discussed in what follows.
1.2.2.1. The Capacitated Lot-sizing Problem (CLSP)

The CLSP ams to determine a production/procurement plan that minimizes
production/procurement and inventory holding costs while known demand are satisfied
without backlogging (li; 3 0) and capacity restrictions are respected. In the single level
CLSP, only one resource is considered (J=1) and no lower bound on resource usage is

imposed (£, =0" ], t). Thesingleitem CLSP is shown to be NP-Hard for arbitrary cost

functions or time varying capacity by Florian et al. [1980] and by Bitran and Y anasse
[1982]. Evenif it is NP-Hard, the basic problem with production cost, holding cost and
resource consumption functions given respectively by Ci(Q;) = sd(Qy) + ¢Q:, Hi(ly) = hdly,
and Ry(Qy) = Q, can be solved by a successful dynamic programming approach proposed
by Chen et al. [1994]. Many authors proposed polynomial algorithms to solve the constant
capacity version of the problem. Florian and Klein [1971] presented an O(T*) dynamic

12



programming algorithm based on the shortest path method to solve the constant capacity
case with concave costs. Their algorithm can dea with the backlogging situation.
Jagannathan and Rao [1973] extended Florian and Klein's results to a more general
production cost function which is neither concave nor convex. Van Hoesel and
Wagelmans [1996] proposed a more efficient O(T>) dynamic programming agorithm to
solve the constant capacity, concave production costs and linear holding costs case. Hill
[1997] reduced the constant capacity problem where the production/procurement and the
inventory cost are time-invariant and are given respectively by C(Q;) = sd(Q;) and H(l,) =
hl; to a typical WW model that can be solved efficiently. The case with time-dependent
capacity was also treated in the literature. An O(2") dynamic programming agorithm,
proposed by Baker et al. [1978], solve this problem when costs are constant and when the
capacity varies from period to period. Florian et al. [1980] extended Florian and Klein's
[1971] dynamic programming algorithm to the problem with arbitrary capacities.
However, the required computation time becomes substantialy larger. Kirca [1990]
offered improvements to their algorithm. Lambert and Luss [1982] studied the problem in
which the capacity limits are integer multiples of a common divisor and devised an
efficient algorithm. In the case of a general cost function, Pochet [1988] proposed a
procedure based on polyhedral techniques in combination with a branch and bound
procedure. Chen et al. [1992.b] proposed a dynamic algorithm for the case of a piecewise
linear cost function with no assumption of convexity or concavity, where arbitrary
capacity restrictions on inventory and backlogging are alowed. Other contributions for
restricted versions of the problem are found in Bitran and Matsuo [1986], Chen et
al.[1992.a], Chung and Lin [1988] and Chung et al. [1994].

1.2.2.2. The Continuous Setup Lot-sizing Problem (CSLP)

The CSLP is closdly related to CLSP. However, two important differences exist. First,
CSLP alows for at most one product to be produced per period (“small” time bucket
model), while in CLSP no limitations exist with respect to the maximum number of

products to be produced per period (“Large” time bucket model). Second, CSLP assumes

13



that if a product is produced in two successive periods, then there is no need to setup the

machine for the second period batch.

The single item CSLP is showed to be NP-Hard by Florian et al [1980]. An exact
algorithm for this problem is discussed by Karmarkar et al. [1987].

1.2.2.3. TheDiscrete Lot-Sizing and Scheduling Problem (DL SP)

The DLSP has a large similarity with the CSLP in that it also assumes at most one item to
be produced per period (“small” time bucket model), as well as batch setup costs.
However, in DLSP the quantity produced in each period is assumed to be zero or equal to
the full production capacity. Models of this type are called “all or nothing” models in the

literature.

The DLSP has attracted the attention of several researchers mainly because of its
importance when developing decomposition algorithms for multi-item problems. Van
Wassenhove and Vanderhenst [1983] discuss a hierarchical production planning problem
in which the single item DL SP with general cost structures and zero setup times appeared
as a subproblem. To solve this problem they use a straightforward dynamic programming
algorithm. Other contributions related to this problem are Magnanti and Vachani [1990],
Lasdon and Terjung [1971], Cattrysse et al. [1993] and Solomon [1991] among others.

1.3. Uncapacitated Multi-item Problems

The main concern of this class of problems is to determine production/procurement lots
for multiple products over afinite (in the case of dynamic demand) or infinite (in the case
of static demand) planning horizon so as to minimize the total cost, while known demand
is satisfied. The total relevant cost generally consists of setup costs, inventory holding
costs, production/procurement costs and backlogging costs. Note, however, that when
there is no joint setup cost, there is no interdependency between products because there
are neither capacity constraints nor parent-component relationships. Therefore, decisions

can be made for each product separately.
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1.3.1. Satic Demand

When no capacity restrictions are imposed, the multi-item problem is relevant when joint
setup/order costs exist. In the constant demand case, this is known as the Economic Order
Quantity with Joint Replenishment (EOQJR) problem. This problem has the same
assumptions as those of the classical Economic Order Quantity (EOQ), except for the
major setup/order cost. The objective is to determine the joint frequency of
production/order cycles and the frequency of producing/procuring individual items so as
to minimize the total cost per unit of time. The EOQJR problem occurs, for example,
when several items are purchased from the same supplier. In this case, the fixed order cost
can be shared by replenishing two or more items jointly. EOQJR may also be attractive if
a group of items uses the same vehicle or the same machine. Van Eijs et al. [1992]
distinguished between two types of strategies used by the algorithms proposed to solve
this problem: the “indirect grouping strategy” and the “direct grouping strategy”. Both
strategies assume a constant replenishment cycle (the time between two subsequent
replenishments of an individual item). The items that have the same replenishment

frequency form a*“group” (set of itemsthat are jointly replenished).

The agorithms that use the “indirect grouping strategy” assume a constant family
replenishment cycle (basic cycle). The replenishment cycle of each item is an integer
multiple of this basic cycle time. The problem is then to determine the basic cycle time
and the replenishment frequencies of all items ssimultaneously. A group is (indirectly)
formed by those items that have the same replenishment frequency. An optimal
enumeration procedure to solve this problem is found in Goyal [1974 ()] and Van Eijs
[1993]. Unfortunately, the running time of those procedures grows exponentially with the
number of items. Recently, Wildeman et al. [1997] proposed an efficient optimal solution
method based on global optimization theory (Lipschitz optimization). The running time of
this procedure grows linearly in the number of items. On the other hand, heuristic
methods for the problem are discussed by Brown [1971], Shu [1971], Goyal [1973, 1974
(b)], Silver [1976], Kaspi and Rosenblatt [1983, 1985, 1991], Goyal and Deshmukh
[1993] and Hariga [1994].
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The replenishment cycles of individual items in “the direct grouping strategy” are not
imposed to be an integer multiple of a basic cycle. The problem is to form (directly) a
predetermined number of groups that minimizes the total cost. Heuristics that use this
strategy can be found in Page and Paul [1976], Chakravarty [1981] and Bastian [1986].

Based on a simulation study, Van Eijs et al. [1992] showed that the “indirect grouping
strategy” dlightly outperforms the “direct grouping strategy” and that it requires less

computer time.
1.3.2 Dynamic Demand

In the dynamic demand case the problem is known as the multi-item dynamic lot-sizing
problem with joint set-up costs (LPJS). If we eliminate the resource constraints (SLP2)
from the SLP model (page 9), the LPJS formulation is obtained. The basic LPJS does not
allow for backorders (Ii; 2 0). In addition, the production/procurement and the inventory
costs functions in the basic LPSJ are given respectively by Ci((Qit) = sid(Qit) + GitQit,
Hii(li)) = hili. This problem generally involves two types of fixed ordering costs. major
(S) and minor (s¢) set-up costs. In any period a mgjor fixed cost is charged when at least
one item is ordered. It has been shown that the LPJS is NP-hard (Afentakis and Gavish
[1986]). Accordingly, most of the research on this problem has concentrated its efforts on
the exploitation of its specia structure to develop optimal or heuristic procedures.
Zangwill [1966] showed that there exists an optimal policy in which the schedule of each
item is of Wagner and Whitin type. All the existing approaches for the LPJS in the
literature make use of this property to generate solutions for the problem. The agorithms
suggested by Zangwill [1966], Kao [1979], Veinott [1969] and Silver [1979] are based on
different dynamic programming formulations of the problem. However, al theses
procedures fail to solve problems with practical dimensions due to high memory and
extensive computational effort requirements. Branch and Bound procedures are proposed
by Erenguc [1988], Afentakis and Gavish [1986], Kirca [1995], Robinson and Gao
[1996]. The lower bounds in Erenguc [1988] are computed by ignoring the major set-up
costs and solving independent uncapacitated single item lot-sizing problems. In Afentakis

and Gavish [1986], lower bounds are obtained by applying the Lagrangean relaxation
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method. By solving the linear relaxation dual of a new problem formulation, Kirca[1995]
proposed an efficient way to obtain tight lower bounds. The same idea was exploited also
by Robinson and Gao [1996] to obtain the lower bounds, but instead of solving the linear
relaxation to optimality, the authors use a heuristic dual ascent method to solve the
“condensed dual” of the relaxed problem. Different kind of heuristic methods were also
proposed to solve the LPJS. See Atkins and lyogun [1988], Chung and Mercan [1992],
Federgrum and Tzur [1994], Jongja[1990] (who proposed a bounded worst case heuristic)
among others. Some optimality conditions were proposed by Haseborg [1982].

1.4. Capacitated Multi-item Problems

Problems belonging to this class ae concerned with determining
production/procurement lots for multiple products over a finite or infinite planning
horizon so as to minimize total costs, while known demands are satisfied and capacity
restrictions are respected. The total relevant cost generally consists of setup costs,
inventory holding costs, production/procurement costs, and backlogging costs. The
limited availability of production resources introduces some interdependency between
products, which leads to complex coordination problems where decisions can no longer be

made for each product separately.

14.1. Satic Demand

When demand is constant, researchers have been interested in determining cyclical
production schedules for multiple products over an infinite planning horizon to minimize
the sum of setup and inventory holding costs, while demand must be fulfilled without
backlogging. Setup and inventory costs are assumed to be constant over time and are
given respectively by Ci(Q) = sd(Q) and Hi(l;) = hili. This problem is known in the
literature as ELSP (Economic Lot Sizing Problem). If each product i is treated
independently and is produced (at a production rate r;) in cycles of length T; (the time
between two successive production runs for the same product i), the cost per unit time is

give by:
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ELSP can then be formulated mathematically by the following constrained objective

function:
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A solution (T, i = 1,..., n) isfeasible only if in the corresponding production schedules no

two items are produced at the sametime. Gisthe set of all feasible solutions.

Nevertheless EL SP has been proved to be NP hard (Hsu [1983]). In his review on ELSP,
Elmaghraby [1978] differentiates between two types of solution procedures: (i) analytical
approaches that find an optimal solution to a restricted version of the problem, and (ii)

heuristic procedures that search for acceptable solutions to the original problem.

1411  ELSPanalytical approaches

Analytical approaches to solve ELSP restrict G to a particular set before solving the
problem. The well known analytical approaches are the common cycle approach due to
Hanssmann [1962] which restrict Gto {(T;, i = 1,..., n)[Ti = T} where T is the length of
the common cycle and the basic period approach due to Bomberger [1966] which restrict
Gto{(T;, i =1,..., n)[Ti= N;T} where N; isan integer multiplier of the basic period length
T. Once a feasible basic period length T has been determined (by some search method),
the corresponding multipliers N; can be determined easily by a dynamic programming
algorithm. Extensions and improvements of the basic period approach can be found in
Elmaghraby [1978], Axséter [1983], Hendriks and Wessels [1978] and Boctor [1985].
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1.4.1.2. ELSP heuristic approaches

Most proposed heuristics to solve ELSP require that cycle times be integer multiple of a
basic period. This condition was shown to be a necessary feasibility condition by Boctor
[1982]. Salomon [1991] in his description of “basic period” heuristics showed that they
include three (3) main components. (i) a procedure to compute the parameters N; and T,
and (ii) a procedure to detect whether a given choice of parametersisinfeasible, and (iii) a
rule to modify the multipliers in case of unfeasibility. Since (ii) is NP-Hard (see Hsu
[1983]), the procedures that deal with the feasibility problem are frequently of a heuristic
nature. “Basic period” heuristics were proposed by Madigan [1968], Stankard and Gupta
[1969], Doll and Whybark [1973], Goyal [1973], Saipe [1977], Haessler [1979], Park and
Y un [1984] and Boctor [1985, 1987].

Some interesting variants of the ELSP problem were also studied. Fujita [1978] and
Dobson [1987] worked on the non-zero setup times sequence dependent problem.
Carreno [1990] studied the parallel machine ELSP where m identical machines are
available to process the set of products. The family setup costs, and discounts cases were
studied by Silver and Peterson [1985].

1.4.2 Dynamic demand

In the case of dynamic demands the well-known lot-sizing models that deal explicitly with
capacity restrictions are the Capacitated L ot-Sizing Problem (CLSP), the Continuos Setup
Lot-sizing Problem (CSLP) and the Discrete Lot-sizing and Scheduling Problem (DLSP).
In general, these problems ignore setup times. The definition of these problems is given
in section 1.2.2. The complexity and the solution procedures of the multi-item version of

each of the above mentioned problems are discussed in what follows.
1421  The Capacitated Lot-Sizing Problem (CLSP)

Since the multi-item CLSP is NP-Hard (see Chen and Thizy [1987]), little work has been
done to solve the problem optimally. Exact solution procedures have been proposed by a

number of authors. When set-up times are considered, Gelders et al. [1986] and Diaby et
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al. [1992a] propose a Lagrangean relaxation based Branch and Bound procedure. Barany
et al. [1984] and Leung et al. [1989] use cut-generation techniques within a Branch and
Bound procedure to reach an optimal solution. Eppen and Martin [1987] and Pochet and
Wolsey [1991] propose a stronger formulation of the problem (a formulation with tighter

lower bounds from its linear relaxation problem).

On the other hand, heuristic methods for CLSP were proposed by many authors. Maes
and Van Wassenhouve [1988] classifies these methods in two (2) categories: single

resource heuristics and mathematical programming based heuristics.

The single resource heuristics are of greedy type and can also be divided into two subsets
(as suggested by Salomon): the “period by period” heuristics and the “improvement
heuristics’. The production/procurement plan in the “period by period” heuristics are
determined by finding a plan for period 1 and proceeding up to period T while ensuring
feasibility during the whole process. Such heuristics have been suggested by Eisenhut
[1975], Lambrecht and Vanderveken [1979], Dixon and Silver [1981] and Maes and Van
Wassenhove [1986].

The “improvement heuristics’ start with a solution for the complete horizon. This solution
may be infeasible. From this starting solution, feasible production schedules are
generated by simple shifting routines. Such heuristics were suggested by Dogramaci et al.
[1981], Karani and Roll [1982] and Van Nunen and Wessels [1978].

Salomon [1991] divides the mathematical programming heuristics into three categories:
relaxation heuristics, linear programming heuristics and column generation heuristics.
Relaxation heuristics are based on relaxing the “difficult” constraints of the problem.
This relaxation leads to an easier problem that can be solved efficiently. A perturbation
method, in combination with a search procedure, is then used to reach a “good” solution.
Lagrangean relaxation heuristics are proposed by Thizy and Van Wassenhove [1985],
Millar and Yang [1993] (relaxation of the capacity constraints), Chen and Thizy [1987]
(relaxation of demand constraints), among others. Column generation heuristics are based

on set-covering or set-partitioning approaches and can be found in Chen and Thizy [1987]
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and Cattrysse et al. [1990]. The last, but not the least, are the linear programming
heuristics based on alternative formulations of the problem that have tight linear
relaxation solutions or better structures. Those solutions are then perturbed (if they are not
feasible for the original problem) in different ways to find feasible plans. Linear

programming heuristics can be found in Maes et al. [1989] and Gilbert and Madan [1991].

A different approach based on an item-by-item strategy, which cannot be included in any
of the heuristic categories described above, was proposed by Kirca and Kokten [1994].
Every iteration, a set of items is scheduled over the planning horizon and the procedure
terminates when all items are scheduled. The behavior of some heuristics is examined in
Maes [1987]. In general, single resource heuristics are faster in terms of computational
times than mathematical programming procedures and they are more transparent (easier to
understand). Mathematical programming procedures, on the other hand, tend to yield

solutions of better quality and to be more general.

When setup times are considered, the problem of finding a feasible solution has been
proved to be NP-Hard (Maes et al. [1993]). To dea with this additional complexity,
heuristics that consider setup times allow over-time work options at some costs. Most of
the heuristics available are of the relaxation type and can be found in Billington et al.
[1986], Lozano [1989], Trigeiro et al. [1989], Diaby et al. [1992b], Kirka[1990] (ignores
setup costs) and Mercan and Ereguc [1993] (ignore setup costs and consider a family set-
up time). Backlogging possibilities are allowed by Pochet and Wolsey [1989] and by
Millar and Yang [1993, 1994]. Dixon and Poh [1990] consider a related problem where
capacity constraints are not on production but on storage. Inventories may be constrained
due to limited space or financial resources. Dixon and Poh [1990] proposed a relaxation

heuristic to solve this problem.
1422  The Continuous Setup Lot-Sizing Problem (CSLP)

The multi-item CSLP has been studied by Karmarkar and Scharge [1985] who presented a
Branch and Bound procedure to solve it. A Lagrangean relaxation of the capacity

constraints lead to easier subproblems that are solved efficiently within a sub-gradient
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optimization technique to reach tight lower bounds. An extension to the generic CSLP
that considers parallel machines was studied by De Matta and Guignard [1989] who
proposed a heuristic method based upon a Lagrangean relaxation combined with a greedy
algorithm.

1.4.2.3. TheDiscrete Lot-Sizing and Scheduling Problem (DL SP)

The multi-item DLSP has been treated by Solomon [1991]. Besides studying the
complexity of some extensions of the generic multi-item DLSP, Solomon [199]]
proposed dynamic programming approaches and heuristics to solve the generic DLSP. He
also proposed two column generation based heuristics for the DLSP with nonzero setup
times. Fleischmann [1990] contributed to solve the problem by a Branch and Bound
algorithm. Lagrangean relaxation and dynamic programming approaches are used to
obtain the lower bounds while the upper bounds are obtained by successive approximation

techniques.
2. Multi-Level Problems

The Multi-Level Lot-sizing Problem (MLLP) considers products that are manufactured or
procured through severa levels possibly involving several production/stocking points.
The objective in these problems is to determine a multi-stage production/procurement
schedule which minimizes the total cost while known demand is fulfilled. Relevant costs

consist generally of inventory and production/procurement costs.

There are two types of demand in the MLLP: independent demand and dependent
demand. Independent demand is triggered from outside the firm. Dependant demand is
triggered by the production/supply required to fulfil the independent demand. Dependant
demands create interdependencies between the different items considered in the system
and hence between their planning decisions which make the MLLP alot more difficult to

solve than the SLP.

The structure of a multi-level production system can be represented by a directed acyclic

graph, as shown in Figure 4, where nodes represent items and/or stocking points and
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where arcs describe the relationship between the different nodes. Although a single graph
can be used to represent production and distribution activities, it should be noted that the
nodes-arc structure does not have the same interpretation in both cases. In a production
context, nodes typically represent components which are part of some finished product
(adlso a node) and the arcs describe the bill of materials with the associated positive
gozinto factors ak (the amount of item i required to produce one unit of item k) and lead-

timest . In adistribution structure, the nodes correspond to the stocking points where the

finished products are held and the arcs represent the possible flows between these
locations with their associated lead-times. In adistribution context, all gozinto factors are
equal to one. In what follows, the set of al the nodes in the network is denoted by N,
while the set of immediate successors of an item/stocking point i is represented by F, the
number of constrained resources considered in the systems by J and the set of items that

use resource j by M;.

Figure 4: General product structure

Four types of system structures are studied in the literature:
The serial system structure: each item has at most one successor and one predecessor

(only one end-item can be considered).
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The assembly product structure: each item has at most one successor (only one end-

item can be considered).

The arborescent system structure: each item/location has at most one predecessor

The general assembly structure: the number of successors and predecessors are not
restricted (Figure 4).

Adapting the notation introduced in Figure 3 to this multi-level context, the MLLP can be
formulated mathematically as a mixed integer program:
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The abjective function includes production costs and inventory holding/shortage costs.
Restrictions imposed on the solutions of the model are given by constraints (MLLP1) to
(MLLP4). Constraints (MLLP1) state the well-known inventory balance condition which
must exist between production, independent demand, dependent demand and inventory
for each node-period combination. Constraints (MLLP2) ssimply gives the inventory level

for each item at the end of periods 1,..., t,. Constraints (MLLP3) enforce resource

(capacity) restrictions at each level. Constraints (MLLP4) make sure that the production
guantities are non-negative. Note that this formulation allows for negative inventory levels

lit (backorders).

Since 1960, tens of thousands of manufacturers have installed Manufacturing and
Distribution Resource Planning (MRP 1I/DRP) systems to help make production/supply
management decisions in a multi-level system. Unfortunately these systems focus mainly
on materials requirements planning which is only a small part of the manufacturing
process and do not consider capacity constraints (MLLP3) explicitly. Although MRP I
and DRP use derived demand instead of forecasted demand for levels preceding the final
stage of production/distribution, the problem of lot-sizing under resource constraints
remains ill-solved. Lot-sizing in those systems is done on a level-by-level basis only.

Major drawbacks of this approach are now well known (Billington et al. [1983]).
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A review of some of the most important papers published on the different special cases of
the MLLP, depending on demand characteristic (static or dynamic), on capacity
constraints (capacitated or uncapacitated) and on the number of end-items considered

(single or multiple) is presented in what follows.
2.1. Uncapacitated single item problems

In this section we consider MLLP when capacity restriction on resources are not present
and when only one final product is considered. It is usually unredlistic to assume that
resources are unrestricted and available in abundance. However, many approaches to
capacitated multi-level lot sizing and scheduling problems begin by finding lot sizes
without considering capacity constraints. The solution is then modified to eliminate
unfeasibilities. A review of both the static demand and the dynamic demand versions of

the uncapacitated MLLP is provided in the following.

21.1. Satic demand

Power-of-two policies were proposed to solve single end-item uncapacitated MLLP when
demand is static and an infinite planning horizon is considered. Under a power-of-two
policy, all items are replenished at constant intervals and only when their inventory drops
to zero; moreover the replenishment intervals are all power-of-two multiples of acommon
base planning period (lot sizes are allowed to vary from one level to another). With
power-of-two policies it is possible to derive solutions that are very close to optimum
(Roundy [1986]). Such methods can be found in Maxwell and Muckstadt [1985] for
general product structures, in Atkins and Sun [1995] for serial systems (backlogging is
allowed at the fina level) and in Sun and Atkins [1997] (backlogging is allowed at the
final level) for assembly systems.

2.1.2. Dynamic demand

The dynamic version of the uncapacitated MLLP is shown to be NP-hard for general
product structures (Arkin et al. [1989]). The production/procurement and inventory
holding costs in the basic version of the problem are time independent and are given

respectively by Ci(Qi) = sd(Qi) and Hi(li) = hilit. Backlogging is not allowed and
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independent demands occur for the final product only. The problem is aso difficult to
handle from a computational point of view in the sense that straight forward relaxation of
the integrality constraints on setup variables lead to poor quality of lower bounds
(Salomon [1991]). Research on this problem was initiated by Zangwill [1966], Veinott
[1969] and Love [1972]. Most of the work published deas with serial and assembly
systems because of their interesting structure (notice that only one final product can be
considered in the serial and the assembly systems). Those contributions are based on the
“nested” property discovered by Veinott [1969]: if independent demands occur for end

items only, and if production/procurement costs are constant over time, then there exist an

optimal solution to the uncapcitated MLLP for which d(Q;;) = 0 whenever 601 i dQ,)=0

(production/procurement cannot occur at one operation unless it also occurs at al of its

immediate successor operations).

When there is no independent demand for components, the serial system is known to be
polynomially solvable by an O(NT?) dynamic programming algorithm (Love [1972]). In
practice the algorithm is of little use, because it requires a large amount of memory and
because the running time grows rapidly with the problem size. The complexity of the
assembly system is still open (Chopra et al. [1997]). Under some assumptions the
assembly system problem is polynomially solvable (see Arkin et al. [1989]).

Exact procedures to solve dynamic uncapacitated MLLP when only one final product is
considered use either dynamic programming, relaxation or reformulation approaches. The
computational effort of the dynamic programming methods increases exponentially with
the problem size, therefore these methods are inefficient for large problems. Dynamic
programming algorithms can be found in Crowston and Wagner [1973] and Zangwill
[1966] for assembly systems. On the other hand, relaxation based procedures generally
use the Lagrangian relaxation technique to obtain an easier problem that can be solved
efficiently. Generaly the coupling constraints (MLLP1) are relaxed which leads to easily
solvable shortest path problems. The solution of the relaxed problem is used as a lower
bound in a specialized B&B procedure. Upper bounds are generaly obtained by ssimple
heuristics. Relaxation procedures can be found in Afentakis et al. [1984] and Rosling
[1985] for assembly systems and in Afentakis and Gavish [1986] for general product
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structures. Reformulation approaches propose more efficient formulations of the problem,
often by using the echelon stock concept. The resulting models can be solved by
specialized cutting plan agorithms exploiting standard optimization software.
Reformulated models are found in Mcknew et al. [1991] and in Clark and Armentano
[1993] (production costs are time-dependent) for assembly systems (independent demand
for components are allowed). Steinberg and Napier [1980], Pochet and Wolsey [1991]
and Clark and Armentano [1993] proposed reformulations for general systems.

Since the computation time and memory required by exact procedures make them useless
for “rea-world” cases, severa heuristics have been proposed for the problem with general
and assembly product structures. The heuristics proposed in the literature may be divided
into level-by-level, period-by-period and local search methods. The level-by-level
algorithms are based on a decomposition of the problem into single-level subproblemsin
combination with cost adaptation procedures that account for interactions between
adjacent levels. Level-by-level heuristics are found in Blackburn and Millen [1982],
McLaren [1976], Graves [1981] and in Coleman and McKnew, [1991] for assembly
systems. In period-by-period heuristics, the solution of the t-time period problem is used
to find the solution of the (t+1)-time period problem. This is repeated till a solution for
the T-time period problem is obtained. This strategy gives to those agorithms the
advantage of controlling the nervousness of the generated policy (Jongja [1991]). Such
heuristics can be found in Afentakis [1987] for assembly systems. Local search techniques
were proposed in Salomon [1991] who used simulated annealing and tabu search to solve

the problem.
2.2. Capacitated single item problems

When capacity restrictions are taken into consideration, the main concern of the MLLP is
to find a production/procurement schedule that minimizes the total cost when demand are
fulfilled and capacity restrictions are respected. Capacity restrictions are generally
considered at one level of the product structure defined as the “bottleneck”. In what

follows, we discuss the single item capacitated MLLP in both the static demand and the
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dynamic demand cases. The resource consumption function for item i at resource j is

generally assumed to be linear.

2.2.1. Satic demand

Several approaches have been proposed to solve arelaxed version (items reorder intervals
are restricted to be integer multipliers of a basic cycle) of the single product capacitated
MLLP when demand is static over an infinite horizon, and when production/procurement
and inventory holdings costs are constant and given respectively by Ci(Qi;) = sd(Qiy) and
Hi(l;) = hilit. Those approaches may be divided into two classes. The first class consists of
approaches which alow different lot sizes (reorder intervals) for the different
production/procurement levels (Jensen and Khan [1972], Crowston et al. [1973], Schwarz
and Scharge [1975], Williams [1982], Blackburn and Millen [1984], Moily [1986],
Jackson et al. [1988], Karimi [1989], Atkins et al. [1992]). On the other hand,
Szendrovits [1975, 1976] and Goyal [1976], among others assume the same lot size for all
the stages.

2.2.2. Dynamic demand

When demand is time-dependent, an exact procedure to solve the single end-item MLLP
when capacity constraints are considered, and when production/procurement and
inventory holding costs are given respectively by Ci; (Qi)) = s:d(Qit) and Hi; (lit) = hii;, can
be found in Billington et al. [1986]. The paper proposes a B&B algorithm using
Lagrangean relaxation to generate lower bounds, while upper bounds are obtained using
simple smoothing heuristics. Lozano et al. [1989] proposed a primal-dual solution

procedure (includes set-up times).

Heuristic algorithms have attracted more attention than exact procedures. The heuristics
proposed may be divided into three categories. level-by-level, relaxation and cost
adjustment methods. Level-by-level heuristics can be found in Gabbay [1979] when there
are multiple constrained resources and in Zahorik et al. [1984] when there is a single
capacitated resource for serial systems with linear production/procurement costs.
Relaxation heuristics are based on the LP-relaxation of the so-called “facility location”
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formulation of the MLLP. Such algorithms are proposed by Maes et al. [1991] (include
set-up times), for seria systems, and by Salomon [1991], for assembly systems, who used
the LP relaxation to generate solutions for the problem. Cost adjustment heuristics aim to
adapt some single level heuristics (like the Dixon-Silver procedure) to handle capacitated
multi-level systems. Cost adjustment heuristics can be found in Billington et al. [1989], in
Maes and Van Wassenhove [1991] and in Harrison and Lewis [1996] (minimize inventory
and backorders costs) for seria production environment systems with multiple

constrained resources.

2.3. Uncapacitated multi-item problems

In this section we discuss the uncapacitated MLLP when multiple end-items are
considered in both the static demand and the dynamic demand cases. This problem occurs
generaly when general product structures are considered. The production/procurement
and inventory holding costs in the basic version of the problem are given respectively by
Ci(Qir) = sd(Qiy) and Hi(lit) = hilit. A literature review of the problem is presented in what

follows.
2.3.1. Satic demand

In the static demand case, approaches for solving the uncapacitated multiple end-items
MLLP may be divided into two classes. Approaches of the first class allow different
reorder intervals (lot sizes) for different levels and are generally based on the power-of-
two policy (reoreder intervals are restricted to be a power-of-two multiplier of a basic
cycle). Such methods can be found in Maxwell and Muckstadt [1985], Roundy [1986]
and in Federguen and Zheng [1995] for general product structures where external
demands may occur at any of the network’s nodes and orders are delivered
instantaneously. Power-of-two methods are showed to be within 2% of alower bound for
the minimum cost even in the case where external demands are allowed for components
and where joint set-up cost is a genera monotone submodular function (Roundy [1986]

and Federguen et al. [1992]). Approaches of the second class assume a common reorder
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interval (lot-size) for all products (Hsu and El-Nagdawi [1990]), El-Nadawi and
Kleindorfer (1993)).

232 Dynamic demand

In the dynamic demand case, we can classify the literature of the uncapcitated MLLP into
two classes. Approaches that solve a restrictive version of the problem optimally and
approaches that propose heuristics procedures to solve the original problem. Approaches
for restrictive versions of the problem can further be divided into two categories. those
that allow different lot sizes for different levels (Afentakis and Gavish [1986]) and those
that impose the same lot-size for the different levels (Karmarkar et al. [1985]).

Few heuristics have been proposed to solve the multiple end-items case. Local search and
relaxation heuristics can be found respectively in Kuik and Salomon [1990] and in
Salomon [1991] for general product structures (independent demand may occur for all

items).

2.4. Capacitated multi-item problems

The capacitated MLLP occurs when production/procurement schedules have to be
determined for multi-level production-inventory systems in the presence of capacity
constraints on resources. In the basic version of the MLLP production/procurement and
inventory holding costs are given respectively by Ci(Qi)= sd(Qi) and Hi(li)= hilit, only
one bottleneck exists at a given level in the product structure and backlogging is not
alowed. A review of the literature for the static demand and the dynamic demand

versions of this problem are discussed in the following.
24.1. Satic demand

Research to solve the MLLP when capacity restrictions and multiple end-products are
considered is not very abundant. One of the few contributions to solve this problem, when
demand is static, is Federgruen and Zheng [1993] who generalized the methods proposed
by Maxwell and Muckstadt [1985] and Roundy [1986] by proposing an optimal power-of-
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two policy for general systems when there is upper and lower bounds on capacity and
bounds on the frequency with which individual items need to be replenished at each level,
and where external demands may occur for components. Hill et al. [1997] proposed
greedy heuristics and an optimal algorithm to solve the problem in the case of a general
system with non-instantaneous lead times and multiple capacity constraints (a capacity

constraint at each level).
24.2. Dynamic demand

The MLLP when capacity restrictions and multiple final products are considered is very
hard to solve optimally. When multiple constrained resources are considered, Maes et al.
[1991] proved that simply finding afeasible solution to the multiple end-items case is NP-
Complete. This explains the absence, to our knowledge, of exact procedures to solve this
problem. Some attempts to find a tighter formulation of the problem were made by
Stadtler [1996] (includes setup and overtime). On the other hand, heuristic approaches
have attracted some attention from researchers. The heuristic approaches available can be
divided into relaxation, cost adjustment and local search procedures. Relaxation
heuristics are based on the Lagrangean relaxation techniques. They are found in Billington
et al. [1983] for the single capacity-constrained resource case and in Tempelmeir and
Derstroff [1996] for general product structures and multiple capacity constraints. Cost
adjustment heuristics aim to adapt a single-level procedure (Dixon-Silver [1981]) to solve
the multi-level problem. Such heuristics are found in Tempelmeir and Helber [1994],
Helber [1995] and Katok et al. [1998] who generalized the Harrison and Lewis [1996]
work (single item) to the multi-item case. Loca search methods to solve the problem
have been proposed by Salomon et al. [1993] who used simulated annealing and taboo

search techniques.
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[11. Multi-facility Problems

Multi-facility systems are complex procurement-production-distribution networks
covering a large part of the supply chain. Each plant in the network represents a
multistage system in which the flow of products may be seria, paralel, assembly or
genera (Billington et al. [1983]). Lot sizing problems, in this case, are complicated by

the interdependence of different plants.

To reduce the size of the problem, Billington et al. [1983] suggest that in most production
systems there are only a few ‘constrained facilities i.e. bottleneck work-centers where
capacity is likely to be a binding constraint so as to cause scheduling difficulties. Thus,
the authors state that lot-sizing is only critical for the constrained work-centers and other
work-centers can often be scheduled on alot for lot basis. According to this point of view
Karmarkar et al. [1992] reduce a complex manufacturing system into its most critical
‘constrained facilities by representing it by what they call an “approximate composite
model”. This representation must be able to capture the salient features of the origina
system. Once this is achieved, the very difficult problem described above can be
formulated as a multi-stage lot-sizing problem where each stage is a site. Such
formulations differ from models for multi-stage lot-sizing in a single site since they must
capture the effect of transportation costs between the different sites. Clearly thisis a very
difficult problem to solve optimally. However, good heuristics would help quantify the
benefits of coordination as compared to the current practice of optimizing the materia
flows plant by plant, which ignores the supply chain sites interdependencies (Bhatnagar et
al. [1993]).

Since the problem is very difficult to solve optimally, only restricted versions of it were
considered by some researchers that attempted to at least evaluate the benefits of
coordination. The constant demand case attracted the attention of most of those
researchers. In particular, three network structures were considered: (1) one origin with
multiple destinations network, (2) multiple origins with one consolidation point and
multiple destinations network, and (3) multiple origins with multiple consolidation points

and multiple destinations network. Since most of the particular cases considered in the



literature are treated from a distribution point of view, production capacity constraints are
usually not considered. In the case of dynamic demand, to our knowledge, no work has
been done to solve the coordination problem except the ssmulation study of Chandra and
Fisher [1994]. In what follows, we present the different multi-facility lot-sizing

coordination problems that were discussed in the literature.

1. Uncapacitated single item problems

In this section we discuss the ot sizing coordination problem when there is no production

capacity constraint and when only a single product is considered in the system.

1.1. Static demand

In the case of asingle item and static demand, the only structure that was considered is the
one origin and multiple destinations network. Figure 5 summarizes the different
contributions. The one origin multi-destination networks were studied by several authors
who aimed to coordinate production, distribution and transportation decisions. The
products are delivered from the origin by vehicles that combine deliveries to severdl
retailers into efficient vehicle routes. The objective is to determine replenishment policies
that specify the delivery quantities and the vehicle routes so as to minimize long-run
average production, distribution and transportation costs. Such schedules should specify a
list of routes, the frequency of deliveries on the routes, as well as the lot size for each of
the retailers on the route. Optimal strategies are difficult to find and often very complex
since the problem is related to the classic Vehicles Routing Problem, which is notoriously
NP-Hard (Anily [1986]). Thus, studies on this problem restrict their search to a class of

easily solvable and effective strategies.

Anily and Federgruen [1990] studied the distribution problem of a single product from
one warehouse to geographically dispersed retailers by afleet of capacitated vehicles. The
warehouse acts as a break-bulk center and does not keep any inventory. Deterministic
constant demand of the products occurs at the retailers. Trucks have a limited capacity,
the holding costs at all the retailers are identical, and the transportation costs consist of a

cost per mile and a fixed cost of hiring a truck. All demands must be met on time. To



solve this problem, the authors considered only policies that belong to a class of family-
based replenishment strategies. The retailers are first split into a family of demand points
with identical demand rates and the resulting problem is then solved. The replenishment
strategy is restricted to a class of strategiesin which whenever a demand point in arouteis
replenished; all other demand points along the route are also replenished. In other words,
they restrict their research of policies to the ones where demand is split into regions, and
whenever any retailer in aregion orders, al retailersin that region also order. The overall
region is partitioned into sub-regions. A retailer can be assigned to several sub-regions.

Each sub-region is responsible for a certain fraction of the sales of each of itsretailers.

Identical handling costs at clients?

No | Yes
Inventory at supplier?
No | Yes
v l l
- Anily [1994] . .
- Gallego and Simchi-Levi [1990] Anily and Federgruen [1990] Anily and Federgruen [1993]
- Herer and Roundy [1997]

Figure5: Literature Review of the SCMP:
The Uncapacitated Single Item & Constant Demand Case

Using this restricted class of strategies, Anily and Federgruen reduce the original problem
to an Euclidean Vehicle Routing Problem with a cost function that depends on the length
of the route and the number of points visited. They propose two heuristics to solve this
problem which they show to be asymptotically optimal within the given class of policies,
as the number of retailers tends to infinity. Both heuristics include two stages. The first
stage involves the derivation of alower bound, which is obtained by partitioning the set of
demand points into groups. In the second stage, all groups obtained by solving the

partitioning problem are combined into larger families of demand points. In each of these
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families, efficient vehicle routes are developed using regional partitioning heuristics. The
two heuristics differ in the way the partitioning problem is solved in the first stage. While
the first heuristic uses the average distance from the warehouse to the demand pointsin a
group as the lower bound for the Traveling Salesman Problem solution for these demand
points, the second heuristic uses twice the maximum distance from the warehouse to a
demand point in the group as the lower bound. For any group of demand points that are
replenished together, an EOQ type formula is derived for the replenishment cost. In their
model, Anily and Federgruen also impose a constraint on the number of demand points
that can be replenished together. They show that both heuristics are asymptotically
convergent. However, asymptotic convergence of the heuristic is guaranteed only when
bounds are imposed on the total demand (number of demand points) that a particular route

can serve.

Anily and Federgruen [1993] extended this work to the case where inventory is kept at the
warehouse as well as at the retailers. Anily [1994] generalized the results to the case
where retailers may have different holding costs and where the warehouse is alowed to
keep inventory. Gallego and Simchi-Levi [1990] treated a similar problem where retailers
are alowed to have different holding costs and a different fixed ordering/transportation
cost. The authors obtain a simple lower bound on the average total cost. Moreover they
show that if the EOQ of each of the retailers is at least 71% of truck’s capacity, then a
simple heuristic using only “direct shipments’ (i.e. each route consists of single retailer)
comes within 6% of the lower bound. Herer and Roundy [1997] analyzed the same
problem as Gallego and Levi but with an uncapacitated truck. Herer and Roundy [1997]
used a different approach to solve the problem. The cost function in their model includes
fixed ordering costs and linear inventory costs. The fixed ordering costs are assumed to be
the sum of two cost functions. The first cost function is a given monotone non-negative
submodular function of the set of retailers placing orders at a given point in time. The
second part of the order cost function (i.e. transportation cost) is a per-mile charge times
the length of the traveling salesman tour through the central warehouse and the retailers
that are visited. Inventory costs depend only on the stock at hand, as in the standard EOQ

model. At each point in time when one or more of the retailers place an order, the authors
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assume that the delivery vehicle follows a traveling salesman tour through the warehouse
and the retailers that are currently placing orders. Under these assumptions, the authors
solve the problem by calculating power-of-two reorder intervals. The main contribution
of Herer and Roundy [1997] is the generalization of Roundy’s[1986] work. They showed

that the cost of the best power-of-two policy is within 2+/a percent of the cost of an

optimal policy where the order cost function is a -submodular.

1.2. Dynamic demand

In the case of a single product and a dynamic demand, Diaby and Martel [1993] proposed
a modified Lagrangian relaxation algorithm to solve an arborescent multi-echelon
distribution system. The costs in the multi-echelon system are linear inventory holding
costs and general piece wise linear transportation costs. Using the lagrangian relaxation,
the authors decomposed the problem to two easily solvable sub-problems. The lower
obtained by solving these sub-problemsis used in a Branch and Bound agorithm to find

an optimal solution.

Though the paper restricts itself to a specific network structure, and doesn’'t consider
production, it is one of the firsts to consider more general network structures with general

piece-wise linear functions.

2. Capacitated single item problems

When the problem is capacitated, the shape of its feasible region is more complex. Thus,
it is more difficult to identify the characteristics of an optimal solution and find a short
cut to reach that ultimate solution as was done by Wagner and Whitin [1958]. When
computer speed and memory was very limited, it was not possible to dea with the
complexity obtained when considering the different facilities interactions at the same
time. Even for the case of a single product and static demand, the capacitated multi-
facility problem remained untackled by the research community. When demand is time
dependent, the problem is more complex. The research community has not yet examined

the flows planning problem in a single item capacitated multi-facility network.
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3. Uncapacitated multi-item problems

In this section, we present the multi-product version of the lot-sizing coordination

problem for the case where production/distribution capacity is not considered.

3.1. Static demand

For systems where static demand for multiple products is assumed and where resource
capacities in the facilities are not restricted, three categories of supply chain networks
were considered by the research community. The one-origin one-transit one-destination
network, the one-origin multi-destination network and the multi-origin multi-destination
network with one or severa transshipment points. A literature review of the flow
coordination problem in these networks when demand is static and multiple products are

considered is presented in what follows.

3.1.1. One-origin One-destination Network

Speranza and Ukovich [1994] dealt with the problem of determining the frequencies at
which several products must be shipped on a common link to minimize the sum of
transportation and inventory costs. Several products must be shipped on the same link
using finite capacity vehicles that may leave only at some given discrete times. The
products are produced with known production rates and are required at a different location
(i.e. warehouse, customer) with a consumption rate equal to their production rate. The
inventory cost is linear and is the same in the plant, in the break-bulk (transshipment
point) and in the warehouse. The transportation cost is proportional to the number of
vehicles used for each shipment (constant per truck per trip). Different types of vehicles
can be considered with different capacities and costs. The problem to solve is when to
ship each product and in what quantitiesin away that minimizes the sum of transportation
and inventory costs. In addressing this issue, integer and mixed integer linear
programming formulation models of different particular cases of the problem are

proposed.
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3.1.2. One-origin Multi-destination Network

For the one-origin multi-destination case, Viswanathan and Mathur [1997] studied a
multi-product generaization of the distribution system considered by Anily and
Federgruen [1990]. The authors developed a heuristic that generates a stationary nested
joint replenishment policy. A policy is defined to be stationary if the replenishment of
each item is made at equally spaced points in time, i.e. with constant replenishment
intervals. A policy is said to be nested if whenever the replenishment interval of a given
item is larger than that of another item, the former is an integer multiple of the second. A
product at a specific retailer is referred to as an item, and the same product at different
retailersis considered as different items. Inventories are kept at the retailers, but not at the
warehouse, which acts as a break-bulk center. The problem is formulated as a joint
replenishment problem (JRP) and a simple heuristic is proposed. Since the vehicles are
capacitated, the heuristic groups items in clusters where power-of-two reorder policies are
followed. However, if al the items in a cluster are replenished at the same frequency,
then the common replenishment interval may be a genera integer, rather than a power-of-

two multiple of abasic planning period.

3.1.3. Multi-origin Multi-destination Network

The coordination problem when there are multiple origins, multiple destinations and one
or several consolidation points, is to determine the pattern of direct (i.e. directly from the
origin to the destinations) and indirect (i.e. via a consolidation point) shipments that
minimizes the long run average cost. Figure 6 summarizes the mgor contributions to this
case. Blumenfeld et al. [1985] aim to determine optimal shipping strategies between
origins and destinations by analyzing the trade-offs that exist between transportation,
inventory and production set-up costs for networks with one consolidation terminal. They
assume that the inventory cost is linear, and that it is the same for the whole system (i.e.in
the origing/destinations and in transit). Transportation cost is a fixed function. Inbound
and outbound shipments at the consolidation terminal are independent and the mix of
parts in each shipment is in proportion to the demands. For an origin-destination, only

two options are considered: shipping all parts directly or shipping al parts via the
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terminal. The authors proposed a simple heuristic to determine routes (direct or via a
terminal) and shipment sizes ca simultaneously for shipments on networks with concave
cost functions and a consolidation terminal. The heuristic fixes shipment sizes from the
origins to the consolidation terminal and determines the optimal cost for each scenario by
solving a set of independent sub-networks, each with one origin, one consolidation
terminal, and many destinations. For a small number of origins, this strategy reduces the
routing (direct or indirect shipping) enumeration to a manageable number. Bulmenfeld et
al. [1987] reports a successful implementation of this research at GM’s Delco electronics
division that resulted in a 26% ($2.9 million per year) reduction in logistics costs. The
same problem with many origins to few destinations has been analyzed by Hall [1984,
1987] who developed a systematic method to determine if an origin should ship directly to
a destination or through a consolidation point. Hall [1987] also suggests that the

Single or multiple transshipment
points?

single multiple
A
Blumenfeld et al. [1985] Evans [1983]
Hall [1984, 1987] Klincewicz [1990]

devel oped systematic method combined with Bulmenfeld et al. can be used to solve many
origins to many destinations problems.

Figure6: Literature Review of the SCMP.
The Uncapacitated Multi-origin Multi-destination & Constant Demand Case

Evans [1983] treated the multiple origins, multiple destinations and multiple
consolidation terminals case. Each source produces only one product and this product
must be sent to each destination. Shipping costs are linear functions of the volume
shipped. No inventory costs are considered. For each origin-destination, the problem is
whether to ship direct or viaa consolidation terminal. Klincewicz [1990] also studied this

problem but under the assumption that shipping costs are piecewise linear concave
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functions of the volume shipped. Klincewicz [1990] solved this problem optimally for
two special cases. In the first case, the sources-to-terminal shipping costs are linear
functions of the volume; in the second case, the terminal-to-destinations shipping costs
are linear functions of the volume. In both cases, the problem may be reduced to a set of
concave cost facility location problems. For more genera cases, the author proposed

several heuristics based on solving sequences of the special case with linear costs.

3.2. Dynamic demand

When demand is dynamic and multiple products are considered, the problem gets more
complicated. The lot-sizing process must now take products interaction into account. To

the best of our knowledge, no work has dealt with this problem.

4. Capacitated multi-item problems

The multi-facility problem with capacity constraints, multi-product, and dynamic demand
didn’t attract much interest from the research community. This is mainly due to its
complexity. However, some work has been done to further explain the benefits of
coordinating production, distribution, and routing decisions. Chandra and Fisher [1994]
designed a computational study to investigate the value of coordinating production,
distribution, and routing. Their study involves a plant that produces a number of products
over time and at the same time can hold inventory. The demand for each product at each
retail outlet is known for each period of the planning horizon (dynamic demand) and must
be satisfied without any backlogging. Only one production resource is considered at the
facility and all vehicles have the same capacity; transportation costs is the sum of afixed
vehicle cost per route in each period t and a cost of direct travel from location to location
(fixed).

The problem is to schedule production and distribution so as to minimize production set-
up, transportation and inventory costs. Production lead times are considered explicitly.
They assume that the operations of the plant can be modeled as a capacitated lot sizing
problem and that the operation of the fleet of vehicles can be modeled as a standard multi-

period local delivery routing problem.
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The authors' computational study compares two different ways of managing this system.
The first approach solves production scheduling and vehicle routing problems separately
while the other one coordinates them within a single model. In the decoupled strategy, the
authors first determine a production schedule that minimizes the cost of setups and
inventory subject to meeting total demand per period. This is solved by a cutting plane
algorithm based on Pochet and Wolsey [1991]. They then schedule vehicle deliveries of
products to customers, by the application of some heuristics followed by a local
improvement procedure that attempts to determine whether changing the timing of
customer delivery can reduce costs subject to inventory availability according to the
production schedule. For the coupled production and distribution strategy, a loca
improvement heuristic that starts from the decoupled solution and search for cost-reducing
changesis used. The production/distribution schedule with the lowest total cost is taken
to be the new schedule. The process is repeated until no improving changes can be found.

The reduction in total operating costs ranged from 3% to 20%.

The authors indicate that the benefits of coordination increase as the length of the
planning horizon, the number of products and retailers outlet, and vehicle capacity
increases. It is also found beneficial to coordinate these functional activities when
production capacity at the plant (the origin) is less binding, and distribution costs are

higher relatively to the production costs.

Recently, in a Ph.D. thesis at Drexel University, Mallaya [1999] combined supply chain
decisions regarding production plans, delivery quantities and vehicle routing in one
integer-programming model. The objective is to minimize a total cost that includes
production setup costs, linear inventory costs, and linear transportation costs over afinite
planning horizon. Dynamic demand of multiple products needs to be satisfied for each
period of time. In addition, production, inventory and transportation capacities are
considered explicitly in the model. The author proposes a modified Lagrangian approach
to solve the large-size integer-programming problem obtained. Although the author has
spent effort explaining the Lagrangian relaxation approach proposed, no computational
study isincluded to show the practicability of the approach.
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V. A General Supply Chain Planning M odel

To provide a basis for further research, in this section, we propose a general formulation
of the Supply Chain Planning Problem (SCPP) under deterministic dynamic demands.
The notation used to formulate the problem is summarized in Figure 7. Let N be the set of
the SC facilities considered in the system, P, the set of products that can be
produced/assembled/stocked in facility n, C, the set of facility n clients, F, the set of
facility n suppliers. To model resource limitations, let’s use R, as the set of resources or
processes in facility n, K as the set of products in P, that consume resourcew (W 1 Ry),
bwnt as the capacity of resource w available in facility n at period t. The production process
(bill of materials) is modeled using Uy as the set of product k immediate successors
(products that require item k as a component in their production process), and &, the

number of units of product k required to produce one unit of product i.

The model outputs are the quantity of product k to produce in facility n at period t (Qknt),
the inventory of product k in facility n at the end of period t (lxy), and the quantity of
product k to ship from facility n to facility j in period t (Rnjt)-

These model outputs have to be determined to minimise the supply chain total cost, which
includes transportation, production and inventory holding costs. The transportation cost
between facility n and facility j (j T C,,) in period t is given by the function Znjt(Snjt) where
Sijt is the amount, in some standard transportation unit (pallet, cases,... ), of products
transported from facility n to facility j in period t. The production cost of product k in
facility n for period t is represented by the function Cyn(Qkni). Finaly, the inventory
holding cost of product k in facility n for period t is given by Hynt(lkno).

We assume that the flow planning problem has to be solved over afinite horizon. Without
loss of generality the production and the transportation lead times are assumed to be zero.
This assumption is reasonable since in real planning problems, the production and the
transportation lead times are often less than the length of a planning period. The external

demands are assumed to be dynamic (time-varying) and deterministic.



Sets:

N: Set of the supply chain facilities considered in the model.

Pn: Set of products that can be fabricated/assembled/stocked in facility n.
Cn: Set of facility nclients(n1 N).

Fn: Set of facility n suppliers(n1 N).

Rn: Set of resourcesin facility n (nT N).

Kow: Set of productsin P, that use resource w (Kun I Ph).

Uk : Set of product k immediate successors (in the bill of materials structure).
Variables:

Qxnt - Production lot size of product k in facility n (kI Py) at period t.

Rinjt - Quantity of product k transported from facility nto facility j at period t.
lknt: Inventory of product k in facility n at the end of period t.

Siit: Amount, in some standard transportation unit (pallet, ...), of products transported

from facility n to facility j (jT C,) during period t.

Parameters:

&i - Number of units of product k required to produce one unit of product i.

Bwnt : Capacity of resource w availablein facility n at period t.

Ot - Product k external demand in facility n (ki Py) at period t.

(P Product k conversion coefficient to the standard transportation unit used
(pallet, ...)

T: Number of periodsin the planning horizon (t=1, ..., T).

K: Number of products (k =1, ... , K).

Functions:

Znit(): Shipping cost function between facility n and facility j (jT C,) at period t
Hw():  Holding cost function of product k in facility n at period t (ki Py).
Ckn():  Production cost of product k in facility n at period t (ki Py).

CAPun(): Capacity consumption function of resource w in facility n

Figure 7: General Notation

Under the conditions described above, the SCPP can be formulated as follows:

Min & § < (Crrt(Qurt) + Hkm(|km))>+ 8 Zoe(S)l (SCPP)

t=1 IN Kl Pn iicn H

subject to:



a Runt+Qut+lint-1- k- & &iQint- & Runjt = knt "nl N,kT Po,t=1..T @D

ji Fa/ki Py i (UKNPn) ficlki B

Sit- & Rt =0 "nl N,jT Cit=2....T (2
kI PhOPy

kT%(CAPwn(ant)EbNm "nl N,wil Ry,t=1..,T (3)

Q3 0 "nl N,k Pnt=1..T (4

Rint 3 0 "nl N,jT Gkl RNR,t=1...T (5)

In this model, the objective function is the sum of inventory, production and
transportation costs. For each planning period, for each facility and for each product that
can be produced/assembled/stocked in this facility, constraints (1) assure that the flow
going into this facility is equal to the flow going out. Constraints (2) define the amount of
items transported from facility n to its client facility j for each period t. Constraints (3)

enforce the capacity limitation of each resource at each facility.
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V. Conclusion

The objective of this paper was to present a unified framework for the research literature
on deterministic flow planning problems. A description and categorization of the most
relevant literature was also presented. Special consideration was given to the multi-facility
flow coordination problem. Important issues for this problem were identified and a novel

formulation for the general problem under dynamic demand was proposed.

It is obvious from the multi-facility section of the paper that severa important flow
coordination issues are not studied in the research literature. First, most studies assume
static (deterministic) demand. Little work has been done on the multi-facility problem
when demand is time-dependent, which is the case generally encountered in real life.
Second, the treatment of the production process, if considered, is a gross simplification of
the actual situation. The few models dealing with multi-facility coordination consider,
only single stage manufacturing systems. However, when the product being manufactured
is complex, for example in the case of computers, telecommunication equipment, etc.,
production is often divided between a number of “focused factories’, which cannot be
represented by a single production stage. Third, important savings coming from
economies of scale are not considered in these models. Larger production/purchasing
and/or shipping quantities can lead to mgjor discounts as it has been shown in many
realistic situations. Fourth, only very smple network structures were considered by these

studies, which limit their application.

These shortcomings of the lot-sizing literature are explained mainly by the fact that, in the
past, sales data and information on inventory status at the downstream nodes of the supply
chain were not available for the upstream members, which made it unrealistic for
researchers to include the different actors of the supply chain in their models. Nowadays,
improvements in information and communication technology (e.g. bar coding/scanning,
EDI, Internet) provide many opportunities to increase the efficiency of the total supply
chain. Taking a systems view of the supply chain and integrating its several partners and
actors in the decision making process can lead to a sustainable competitive advantage. In

order to capture the potential of modern information technologies to make better decisions

46



on an enterprise-wide basis and develop win-win strategies, a set of planning and decision
support tools with models that are able to capture the complexity of real production
processes, the saving from economies of scale (specially the ones related to the
transportation costs) and the dynamic nature of demand, is required. Since these models
are NP-hard, the search for tight lower bounds and efficient heuristics is the route to take
from both a practical and a theoretical point view. A generalization of the methods
available to solve single facility lot-sizing problems to procedures capable of tackling

multi-facility problems may yield high payoffs.
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