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Abstract: A graceful difference labeling (gdl for short) of a directed graph G with vertex set V' is a bijection
f:V = A{1,...,|V|} such that, when each arc uv is assigned the difference label f(v) — f(u), the resulting
arc labels are distinct. We conjecture that all disjoint unions of circuits have a gdl, except in two particular

cases. We prove partial results which support this conjecture.

Keywords: graceful labelings, directed graphs, disjoint unions of circuits.
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1 Introduction

A graph labeling is the assignment of labels, traditionally represented by integers, to the vertices or edges,
or both, of a graph, subject to certain conditions. As mentioned in the survey by Gallian [1], more than
one thousand papers are devoted to this subject. Among all variations, the most popular and studied
graph labelings are the (-valuations introduced by Rosa in 1966 [4], and later called graceful labelings by
Golomb [3]. Formally, given a graph G with vertex set V' and ¢ edges, a graceful labeling of G is an injection
f:V —={0,1,...,q} such that, when each edge uv is assigned the label | f(v) — f(u)], the resulting edge labels
are distinct. In other words, the vertices are labeled using integers in {0,1,...,q}, and these vertex labels
induce an edge labeling from 1 to ¢. The famous Ringel-Kotzig conjecture, also known as the graceful labeling
conjecture, hypothesizes that all trees are graceful. It is the focus of many papers and is still open, even for
some very restricted graph classes such that trees with 5 leaves, and trees with diameter 6. The survey by
Gallian [1] lists several papers dealing with graceful labelings of particular classes of graphs, such that the
disjoint union of cliques, the disjoint union of cycles, and the union of cycles with one common vertex.

For a directed graph with vertex set V and q edges, a graceful labeling of G is an injection f : V —
{0,1,...,q} such that, when each arc (i.e., directed edge) uv is assigned the label (f(v) — f(u)) (mod ¢+ 1),
the resulting arc labels are distinct. As mentioned in [1] and [2], most results and conjectures on graceful
labelings of directed graphs concern directed cycles, the disjoint union of directed cycles, and the union of
directed cycles with one common vertex or one common arc. In particular, it is proved that nCg, the disjoint
union of n copies of the directed cycle with three vertices, has a graceful labeling only if n is even. However,
it is not known whether this necessary condition is also sufficient.

In this paper, we study graceful difference labelings of directed graphs, which are defined as follows. A
graceful difference labeling (gdl for short) of a directed graph G = (V, A) is a bijection f: V — {1,...,|V|}
such that, when each arc wv is assigned the difference label f(v) — f(u), the resulting arc labels are distinct.
The absolute value |f(v) — f(u)] is called the magnitude of arc wv, while f(v) is the vertex label of v. Note
that in a gdl of G, two arcs uwv and u'v’ may have the same magnitude |f(v) — f(u)| = |f(v') — f(v')| but
their difference labels must then be opposite, i.e., f(v) — f(u) = —(f (V') — f()).

Given two graphs G; = (V;, 4;) and G; = (V}, A;) with V;NV; = 0, their disjoint union, denoted G; + G},
is the graph with vertex set V; U V; and arc set A; U A;. By pG we denote the disjoint union of p copies
of G. For k > 2 we denote by ai a circuit on k vertices isomorphic to the directed graph with vertex set
V ={v1,...,vx} and arc set A = {v;v;41 : 1 < i < k}U{vgvi}. The circuit Cg is also called a directed
triangle, or simply a triangle. For all graph theoretical terms not defined here the reader is referred to [5].

Not every directed graph has a gdl. Indeed, a necessary condition for G = (V, A) to have a gdl is
|A| <2(|V] —1). Nevertheless this condition is not sufficient since, for example, C3 has no gdl. Indeed, all
bijections f : V — {1,2,3} induce two difference labels equal to 1, or two equal to —1. As a second example,
6; + CT; has no gdl. Indeed,

— —
e if the two arcs of C, have a magnitude equal to 1, 2, or 3, then Cj3 also has an arc with the same
magnitude, which means that two arcs in Co + Cg have the same difference label;

— —
e if the magnitude of two arcs of Cs is equal to 4, then two difference labels in Cg are equal to 1 or
to —1.

We conjecture that all disjoint unions of circuits have a gdl, except for the two cases mentioned above. We
were not able to prove this conjecture, but give partial results on it. In particular, we show that nCg has a
gdl if and only if n > 2.

2 Partial proof of the conjecture

We are interested in determining which disjoint unions of circuits have a gdl. As already mentioned in the
previous section, Cg and Co 4+ Cg have no gdl. We conjecture that these two graphs are the only two
exceptions. As first result, we show that if G is a circuit of length £k = 2 or & > 4, then G has a gdl. We
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next prove that if G has a gdl, and if G’ is obtained by adding to G a circuit of even length k = 2 or_l)g >0,
or two disjoint circuits of length 4, then G’ also has a gdl. We also show that the disjoint union of C4 with
a circuit of odd length has a gdl. All together, these results prove that if G is the disjoi_n‘)c uni_o}n of circuits,
among which at most one has an odd length, then G has a gdl, unless G = C3 or G = C5 + Cg3.

We next show that the disjoint union of n > 2 circuits of length 3 has a gdl, and this is also the case if a
C, is added to nCg. Hence, if G is the union of disjoint circuits with no odd circuit of length k > 5, then G
has a gdl, unless G = C3 or G = C3 + Cg. In order to prove the above stated conjecture, it will thus remain
to show that if G is the disjoint union of circuits with at least two odd circuits, among which at least one
has length k£ > 5, then G has a gdl.

H
Our first lemma shows that all circuits have a gdl, except Cs.

— —
Lemma 1 The circuit Cyx with k =2 or k > 4 has a gdl. Moreover, if k > 5, then Cx has a gdl with exactly
one arc of magnitude 1.

H
Proof. Clearly, C2 has a gdl since the two bijections f : V — {1,2} have 1 and —1 as difference labels. So
assume k > 4. We distinguish four cases, according to the value of £ mod 4:

o if k =4p,p > 1, we consider the following vertex labels:
— fv2i41) =1+ 1,0<i<2p—2;
— flog) =4p+1—i,1<i<2p—2;
— floap—2) =2+ 1, f(vap—1) =2p+ 2, f(vap) = 2p.
Clearly, f is a bijection between {vy,...,vx} and {1,...,k} with the following difference labels:
= f(vig1) = floi) = (1) (4p —i),1 < i < dp — 4
= f(vap—2) = f(vap-3) =2, f(vap—1) = f(vap—2) =1, f(vap)— f(vap-1)=—2, f(v1)—f(vap)=—2p+ L.
All magnitudes are distinct, except in three cases:
= f(vap—2) — f(vap—3) = 2 and f(vap) — f(vap-1) = =2
— for p >3, f(vapt2) — f(v2p41) =2p — 1 and f(v1) — f(vsp) = —(2p — 1);
— for p=1, f(vap-1) — f(vap—2) = L and f(v1) — f(vep) = —1.
Hence, f is a gdl, and there is exactly one arc of magnitude 1 when p > 2.
o if k=4p+1,p > 1, we consider the following vertex labels:
— flv2ig1) =i+ 1,0 < i < 2p;
— flvy) =4p+2—14,1 <3< 2p.
Again, f is a bijection between {v1,...,vx} and {1,...,k} with the following difference labels:
= f(is1) = flvi) = (=) (dp +1—1),1 <4 < dp;
— f(v1) = f(vap1) = —2p.

All magnitudes are distinct, except for one pair of arcs: f(vapt2)—f(vopt1) = 2p and f(v1) — f (vapt1) =
—2p. Hence, f is a gdl with exactly one arc of magnitude 1.

o if k=4p+2,p > 0, we consider the following vertex labels:
— f(vaip1) =i+ 1,0 <i < 2p;
= flv2)) =4p+3—-i,1<i<2p+1.
Here also, f is a bijection between {v1,...,v;} and {1,...,k} with the following difference labels:
= fign) = f(vi) = () (dp+2—0), 1 <i <dp+1;
= flv1) = f(vapr2) = =2p— 1.
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There are only two equal magnitudes : f(vopyo) — f(vepy1) =2p+1 and f(v1) — f(vapt2) = —(2p+1).
Hence, f is a gdl with exactly one arc of magnitude 1 when p > 1.

o if k=4p+ 3,p > 1, we consider the following vertex labels:
— flvgip1)=1+1,0<i<2p—1;
— flvai) =4p+4 —i,1 <i < 2p;
— J(vap41) =2+ 2, f(Vaps2) =2p + 1, f(vapys) = 2p + 3.
For this last case, f is a bijection between {v1,...,v;} and {1,...,k} with the following difference
labels:
= fis) = floi) = (1) (p+3 i), 1 <i < dp—1;
= f(vap1)=f (vap) = =2, f(Vapt2)=f (Vapt1) = =1, fvaps3)—f (vaps2) =2, f(v1)=f (vaps3) = —(2p+2).

All magnitudes are distinct, except in two cases:

= flvap—2) = fvap-3) = 2 and f(vap) — f(vap-1) = =2;
— f(vps2) = f(vopt1) =2p+ 2 and f(v1) — f(vapts) = —(2p + 2).

Hence, f is a gdl with exactly one arc of magnitude 1.

O

We now show how to add two circuits of length 4, or one even circuit of length k > 6 to a graph that has
a gdl.

Lemma 2 If a graph G has a gdl, then G + 262 also has a gdl.

Proof. Let {v1,vs,v3,v4} be the vertex set of the first (Ti, and let {viva,v2vu3, V304, v4v1} be its arc set.
Also, let {vs,vg,v7,v8} be the vertex set of the second Cy, and let {vsvg, vev7, v7vs, vsU5} be its arc set.
Suppose G = (V, A) has a gdl f. Define f'(v) = f(v) +4 for all v € V as well as f'(v1) = 1, f'(v2) =
VI +8,f'(vs) =2, f'(va) = [V[+6, f'(vs5) =3, f'(vs) = [V| +5, f'(v7) =4, and f'(vs) = [V|+ 7. Clearly,
/' is a bijection between V' U {vy,...,vg} and {1,...,|V|+ 8}. Moreover, the difference labels on the arcs of
the two circuits are f'(vz) — f(t1) = [V| + 7, f'(vs) — f(£2) = —([V] +6), f'(u3) — f(vs) = V| +4, f'(0n) —
F(01) = (V] +5), f'(t6) — F'(v5) = [V] +2, f'(ur) = F'(6) = —(V| + 1), f'(vs) — f'(vr) = V| +3, and
f'(vs)— f'(vs) = —(|V|+4). Since all magnitudes in G are at most equal to |V|—1, f’is a gdl for G+2C4. O

H
Note that in the proof of Lemma 2, G can be the empty graph G with no vertex and no arc. Hence 2C,4
has a gdl.

Lemma 3 If a graph G has a gdl, then G + 6—; also has a gdl for k > 1,k # 2.

Proof. Suppose G = (V, A) has a gdl f, and let {v1, ..., vo;} be the vertex set and {viva, . .., Vog—_1Vak, Varv1 }
be the arc set of Cax. We consider two case.

o If k is odd, then define f'(v) = f(v) + k for all v € V, as well as f'(vai—1) =k —i+ 1 and f'(vy;) =
[V +k+iforl<i<Ek. Clearly, f'is a bijection between V U {vy,...,ver} and {1,...,|V| + 2k}.
Moreover, the magnitudes on Cgi are all striclty larger than |V and all different, except in one case :
fks1) = f/(vk) = V| +k and f'(v1) — f'(var) = —(J]V| + k). Since all magnitudes in G are strictly
smaller than |V, f" is a gdl for G + C—2k>

e If k is even and at least equal to 4, then set f'(v) = f(v) + k for all v € V, and define the vertex labels
on C—>2k as follows:

— f(vgi—1) =k —i+1for 1 <i<k;
— fva)=|V]|+k+iforl1<i<k-—3;
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- f/(’()gk,z;) = |V| + 2k, f/(’()gkfg) = |V| + 2k — 2, f/(vgk) = |V| + 2k — 1.
f’ is bijection between V U {v1,...,v9r} and {1,...,|V| 4+ 2k}, and all magnitudes on C—>2k are strictly
larger than |V|. Moreover, all magnitudes on Cagy are different, except in two cases :

— ['(vk) = f'(vk—1) = [V + k= Tand f'(v1) — f'(var) = =([V] + k = 1);

- f/(’()gk,z;) — f/(’l}gk,5) = |V| + 2k — 3 and f/(’l}gk;,l) — f’(’l}g}c,Q) = —(|V| + 2k — 3)

-
Since all magnitudes in G are strictly smaller than |V, f’ is a gdl for G + Cay.

O

Since graph G in the statement of Lemma 2 is possibly empty, it follows from Lemmas 1, 2 and 3 that
all disjoint unions of circuits of even length have a gdl. We now_consider disjoint unions of circuits among
which exactly one has as an odd length. As already observed, C3 and C3 + C3 have no gdl. We show that
these are the only two exceptions. According to Lemmas 2 and 3, it is sufficient to prove that 2C5 + Cg,
e Ty
C4+ Coxy1 (k> 1), and Cax + C3 (k > 3) have a gdl.

Lemma 4 26; + 6; has a gdl.

Pgof. }ft {v1,...,v7} be the vertex set and {viva, vov1, V3v4, V4V, VsV, VsV7, U7Us} be the arc set of
2C5 + C3. By considering the vertex labels f(v1) =1, f(v2) =6, f(v3) =3, f(va) =7, f(vs) =2, f(vg) =4
and f(v7) =5, it is easy to observe that f is a gdl. O

-
Lemma 5 Cy + Caxi1 has a gdl for every k > 1.

0 T
Proof. Let G = C4 + Cak+1. We distinguish two cases:

—)
e if k is odd, then G contains n = 4(*L) + 3 vertices. Consider the vertex labels of Cy, used in the last
k+1

case of the proof of Lemma 1, with p = *3=, and assume that {vi,v,_2,v,—1,v,} is the vertex set of
H
the C4 in G, while {vg,vs,...,v,_3} is the vertex set of the Caxy1. It is sufficient to prove that the
difference labels on v1v,_s and v, _3vs do not appear on any other arc of G.
— fon—2) = f(v1)=2p+2)—1=(k+3)—1=Ek+2, which is an odd positive number, while all
other odd difference labels are negative.
— f(v2)— f(vn—3) = (4p+3)—(2p+4) = 2p—1 = k, which is again an odd positive number, different
for the other negative odd labels.

e if k is even, consider the vertex labels of Cay 4 used in the first case of the proof of Lemma 1 with p = g—&—
1> 2 (i.e., 4p = 2k+4). Also, define f(vop45) = 2k+5 = 4p+1. Assume that {v1, vagr2, Vak13, Vg4 }
is the vertex set of the Cy in G, while {vs,vs, ..., v2k41, Vak+5} is the vertex set of the Caoyqq. It is
sufficient to prove that the difference labels on vyv9k 12, Vop 4502, and vori1v2k 5 do not appear on any
other arc of G.

— f(vagg2) — flu1) =(2p+1)—1 = (k+3)—1=k+ 2, which is an even positive number, while all
other even difference labels are negative.

— f(v2) — f(varss) = (4p) — (4p + 1) = —1. Since p > 1, the only other arc with magnitude 1 is
Ugk+2V2k+3 Which has a difference label of 1.

— f(vaggs) — f(vaks1) = (Ap+1)—(2p—1) = 2p+2 = k+4, which is again an even positive number,
while all other even difference labels are negative.

O

Lemma 6 (?k + (T:; has a gdl for every k > 5.
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Proof. Let {vy,...,vky3} be the vertex set and {viva,...,U_10k, VKU1, Ukt1Uk+2, Vk+2Vk+3, UVk+3Uk+1}
be the arc set of G = Cyx + (73) Consider the gdl f defined in the proof of Lemma 1 for (T}k, and set
f'(vi) = f(v;) +2 for all i = 1,...,k. If the only arc of magnitude 1 has a difference label equal to -1,
then define f'(viy1) = 1, f'(veg2) = 2, and f'(viys) = k + 3, else define f'(vpy1) = 2, f'(vit2) = 1, and
f(vkt3) = k+ 3. Clearly, f’ is a bijection between {v1,...,v513} and {1,...,k+ 3}. To conclude that f’ is
a gdl, it is sufficient to prove that the difference labels on (T; do not appear on CT>1<

° Thﬁrc Vk+1Vk+2 is of magnitude 1, and its difference label has the sign opposite to that of magnitude 1
in Ck;

—>
e The magnitudes of vg42vr4+3 and vg 3V are distinct and larger than k, while all magnitudes in Cy
are strictly smaller than k.

O

All together, the previous lemmas show that if G be the disjoint union of circuits, among which at most
one has an odd length, then G has a gdl if and only if G # Cz and G # C5 4+ C3. We now consider the
disjoint union of n circuits of length 3, and show that these graphs have a gdl for all n > 2.

H
Lemma 7 For everyn > 2, the graph nCgs has a gdl with at most one arc of magnitude 3n — 2, and all other
arcs of magnitude strictly smaller than 3n — 2.

Proof. The graphs in Figures 1,..., 8 show the existence of the desired gdl for 2 < n < 9.

Figure 1: QC—;.

N % e

Figure 2: 3C_3>.

N b e e

Figure 3: 4C—3>.
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D L e

Figure 5: 6(T3>.

D L s
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Figure 6: 7(75.
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Figure 7: BC—;;.
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14

Figure 8: 90—3).

_>
We now prove the result by induction on n. So, consider the graph nCs with n > 10, and assume the
result is true for less than n directed triangles. Let ¢t and r be two integers such that —4 < r < 2 and

n="7t+r.

— —
We thus have ¢ > 2. We will il;ow how to construct a gdl for nCg given a gdl for tC3. We thus have to
add n — t directed triangles to tCgz. For this purpose, define

0 = [";ﬂ :3t+m.

It follows that n — ¢t = 260 if r is even, and n —t = 20 — 1 if r is odd. We now prove the lemma by
considering the 4 cases A,B,C,D defined in Table 1.
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Table 1: Four different cases.

n—t r 0 Case
-4 3t—2
-2 3t—-1 A
20 0 3t
2 3t+1 B
3 3t—-1

20 — 1 -1 3t
1 3t+1 D

Case A: n=20+t,0¢€ {3t—2,3t—1,3t}

Consider 26 directed triangles T4, ..., Thg, every T; having {vs;_2, vs;—1, v3;} as vertex set and {vs;_av3,_1,
V3i—1034, U3;V3;—2} as arc set. Consider the vertex labels f(v;) for T1,...,Ta9 shown in Table 2.

Table 2: The labeling of T1,...,T5y for case A.

Triangle T;  f(v3i—2) f(vsi—1) f(vsq)
Ty 1 20 + 1 660 + 3t — 3
Ty 2 660 + 3t 40 4 3t
T3 3 660 + 3t — 1 20 + 2
Ly 4 403t-1 6043t -2
Tor_1 2k —1 20 + k 660 + 3t — 2k + 2
Ton % 60+3t—2%k+1 A9 +3t—k+1
k=3,....0

%
Also, let f’ be a gdl for tCgz with at most one arc of magnitude 3t — 2, and all other arcs of magnitude
strictly smaller than 3t — 2. Define f(v;) = f'(v;) + 36 for i =66 + 1,...,60 + 3t. One can easily check that
f is a bijection between the vertex set {v1,...,ve913¢} and {1,...,60 4+ 3t = 3n}.

For each T;, we define its small difference label (small-dl for short) as the minimum among |f(vs;—1) —
fvzi—2)|, |f(vsi) — f(vsi—1)|, and |f(vsi—2) — f(vs;)|. Similarly, the big difference label (big-dl) of T; is the
maximum of these three values, and the medium one (medium-dl) is the third value on T;. Table 3 gives the
small, medium and big difference labels of 171, ..., T59. By considering two dummy directed triangles D; and
Dy, we have grouped the triangles into 6 + 1 pairs g, ..., 7, as shown in Table 3. Two triangles belong to
the same pair 7; if their small difference labels have the same magnitude. The difference labels given for D
and D, are artificial, but are helpful for simplifying the proof.

Let s! be the small-dl of the first triangle of 7;, and let s? be the small-dl of the its second triangle.
Define m}, m?, b} and b? in a similar way for the medium and big difference labels of ;. For example,
sy =—(20-2),82=20—-2,mi = —(40+3t—5), m3 =40+3t—7, bl = 60 +3t—7, and b3 = —(60 + 3t —9).
Note that s/ + m? = —b/ and |s!| + |m!| = |b| for all i = 0,...,6 and j = 1,2. The following properties are

valid for every m; with 2 <7 < 6:

e 51, m! and b? are negative integers, while s?, m? and b} are positive integers;

° 572 = —s}, mf :—m} — 2, and b? = —b%+2;

o if i <0, then s, =s!+1,m{,; =m/+3,and b}, =b} —4.
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Table 3: The difference labels of the arcs of T71,...,T5y, D1, D2 for case A.

Pair Triangle Small-dl Medium-dl Big-dl
i) 20 40+ 3t —4 —(60 4 3t — 4)
o= T, - —(0436-2) 60436 -2
75~ —(20-1) —(40F+3t—3) 66 +3t—4
m = (15, T4) Ty 20— 1 46 +3t—5 —(60 + 3t — 6)
7777777777777777 D —(20—-2)  —(46+3t—5) 60+3t—T7
e Ts__20-2 ___A043-7 ___ —(60+3t-9)
7 = (Tor, Tos1) To  —(20—k) —(40+3t—3k+1) 60 + 3t — 4k + 1
k=3,...,0—1 Tokt1 20—k 4043t —3k—1 —(60+ 3t — 4k — 1)
I ¢ -6 —(0+3t+1) 20+ 3t+1
mo = (T29, D2) Ds 0 0+3t—1 —(20+3t—1)

Note that all big difference labels b{ have the same parity for 2 < i < 6, j = 1, 2, while for the medium ones,
the parities alternate between successive m; and m; 1. Moreover, the largest magnitude is 60+ 3t —2 = 3n—2,
and there is exactly one arc with this magnitude. Since 6 < 3t+ 1, we have 4+ 3t+1 > 20, which means that
no medium-dl can be equal to a small-dl, with the exception of m? which can be equal to 26 or 26 — 1. But
we don’t care about this exception since Dy (the second triangle of 7y) is a dummy triangle. Notice also that
the small difference labels in Table 3 are all distinct, which is also the case for the medium and the big ones.
Since all difference labels on Thg11,...,T29++ are distinct, we conclude that there are only two possibilities

for two arcs uv and u'v’ of nCg to have the same difference label f(v) — f(u) = f(v') — f(u'):

e one of these arcs belongs to Thp11, ..., To9+¢ and the other to T1,..., Thy;
e both arcs belong to T1,...,Th9, one having a big-dl, and the other a medium-dl.

Consider the first case. Remember that there is at most one arc on Ty 1, . .., Tog4¢ with magnitude 3t —2,
all other arcs having a smaller magnitude. Since at most one arc on T1,...,Ts has a magnitude equal to
6 > 3t —2, we conclude that such a situation can only occur at most once (with 6 = 3t — 2), and we can avoid
it by flipping all triangles Topy1, ..., To91¢. More precisely, by flipping a directed triangle Cs with vertex set
{z,y, 2z} and arc set {xy, yz, zx}, we mean exchanging the vertex labels of y and z. Hence, the set of difference
labels is modified from {f(y) — f(x), f() = (), F(x) — F(2)} to {f(2) = F(x), f(y) — F(2), () — F(u2)},
which means that each difference label of the original set appears with an opposite sign in the modified set,
but with the same magnitude.

Consider the second case, and let 7 and j be such that b7 = mg for z,y in {1,2}. Note that 0 < j < < 4.
We say that m; is conflicting with 7; and we write m; — 7;. If ; is not conflicting with 7;, we write m; = ;.
Note that

if there are k < j < ¢ such that m; — m; — m, then 7, - 7, for all £ < k. (a)

Indeed, if m; — m; — 7y, then there are z,y, z,w in {1,2} such that b} = mg and b = m;]. Then:
b = |my| + |si'] = [0F] + [si| = |67 ]+ |si| = 2 = [mf| + |sj| + |si| — 2 = [b7 | + || + |si| — 2.

Since [bf| > 20 + 3t + 1, [s}| > [s¥] > [s7| > 6, we have min{[by], [b2|} > |b¥| — 2 > 460 + 3t. Hence, 7, - m
for all £ < k since there is no arc with medium magnitude at least equal to 460 + 3t.

We now show how to avoid conflicting pairs m; and 7; with both ¢ and j at least equal to 2. Conflicts
involving 7y and m; (i.e., T1,...,T4) will be handled later. Consider ¢ and j such that 2 < j < i < 0
and m; — m;. Since b} and m? are positive, while b? and mjl- are negative, we either have b} = m? or
b? = m;. In the first case, we say that m; is 12—conflicting with 7;, while in the second case, we say that m;

is 21—conflicting with ;. Note that

if m; is 12 — conflicting with 7, then m;_; is 21 — conflicting with 7; and 741 = ;. (b)
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if m; is 21 — conflicting with 7;, then m;11 is 12 — conflicting with 7; and ;1 = 7. (c)

Indeed, if 7; is 12—conflicting with m;, then bj = m?, which implies b7 ; = —bj —2= —m3 —2=m;. Since

max{[bj 4|, 67,11} = |biy,| = bj —4 < mi < min{|mj|,|m3|}, we have miy1 - ;. Similarly, if m; is

21—conflicting with 7;, then b? = m;, which implies b}, ; = —b? -2 = fmjl -2 = m?. Moreover, since
min{|b;_,[,[b7 |} = [b7_,| = [b}| + 4 > m] = max{|m}|,|m3|}, we have m;_; - m;. Observe also that:

if m; — m; for 2 <j, then m » m; for 2 <k #4,i— 1,9+ 1. (d)

Indeed, if 2 < k < i — 1, then min{|b;], b7} > max{|mj|, |m3|} + 4, while for § > k > i + 1, we have
max{[by], 0|} < min{|m}],|m7|} — 4. In both cases, none of m; and m3 can be equal to by or bj. As next
property, note that:

if m; — m; for 2 < j, then m; - m, for 1 < k # j. (e)

Indeed, let us first show that m; - ;. If j = 2, then m} =mi—2=-m3—4 and m? =—ms=m3+2. Since we

have either b} = m3 and b? = —m3+2, or b? = m} and b} = —mi +2, we see that 7; » 7. For j > 2, observe
that b}, b?,m}, m? all have the same parity, while m}fl, mil have the opposite parity. Hence m; - m;_1.
Similarly, 7; - ;41 for all 2 < j < 6 —1 since the parity of mj,;,m3, is the opposite of the parity of bj, b.
Now, let z,y € {1,2} be such bf = m¥. If 1 <k < j — 1, then min{|mj], |mi|} > max{|bj], 67|} + 2, while
for @ > k > j + 1, max{|mi|, |[mi|} < min{|b}|, |b?|} — 2. In both cases, none of m} and m? can be equal to

b} or b?, which proves that m; - 7 for k> 1,k # 5 —1,5,5 + 1.

In what follows, we will remove conflicts by flipping some triangles. More precisely, by flipping m;, we
mean flipping both triangles in m;. Note that :

if m; = m; for j > 2, then m; - m;, for all k > 2 after the flip of ;. ()

Indeed, if m; is 12—conflicting with 7;, then bl = m?, and there is no triangle with medium-dl equal to
—bj = —m3 = or —b7 = b} —2 =m? — 2. Similarly, if 7; is 21—conflicting with 7;, then b7 = m}, and there
is no triangle with medium-dl equal to —b} = —b7 +2 = —m} +2or —b? = —m!

i Hence, we have m; - m,
for all k£ > 2 after the flip of m;. Also,

if m; — m; for j > 2, then 7, - m; for all k < 6 after the flip of 7;. ()

Indeed, if 7; is 12—conflicting with 7;, then b} = m2, b2 |, = mjl-, and there is no triangle with a big-dl equal

70 Yi—1 T
to fm} = —b? , or fmf = —b}. Similarly, if m; is 21—conflicting with 7;, then b? = m;, bl = m?, and
there is no triangle with a big-dl equal to —m! = —b? or —m? = _bzl+1~ Hence, we have 7, - m; for all

J
k < 6 after the flip of ;.

Now, let J be the set of integers j such that m; — m; — 7 for at least one pair ¢,k of integers with
2<k<j<i<#. Also,let J be the set of integers j’ such that there is k > 2 and j # j/ in J with 7; — 7,
and mj — 7. Note that J N J' = 0. Indeed, consider j/ € J', and j # j' in J such that 7; — 7 and
mjr — mp. It follows from (b), (c) and (d) that j'=j—1 or j'=j+1. Since j € J, m; and m? have the same
parity as the big difference labels on T5,...,T59, which means that m}, and m?, have the opposite parity.
Hence, there is no ¢ with m; — m;/, which proves that j’ ¢ J.

By flipping all 7, with £ € JU J', we get m; - m; for all 2 < j < ¢ < 6§ with ¢ or j in J U J'. Indeed,
it follows from (a) that we cannot have m; — m; with both ¢ and j in J U J', since this would imply the
existence of k, k' with 2 < k < k' < 6 and my — m; — m; — m. Hence, it follows from (f) and (g) that
m; - m; for i or jin J, 2 < j <i < 6. Moreover, as observed above, j° € J" implies that m]l/ and m?, do not
have the same parity as the big diffrence values on T5, ..., T2. Hence, it follows from (f) that m; - m; for ¢
orjinJ,2<j<i<6.

So, after the flipping of all 7, with ¢ € J U J’, the remaining conflicts m; — m; with 2 < j < i < § are
such that {i,j} N (JUJ') =0 . Consider any such conflict. If there is i # ¢ such that m;; — 7;, then we
know from (d) that i/ =i —1 or i + 1. Without loss of generality, we may assume i’ =i + 1 (else we permute
the roles of ¢ and #’). Since none of j,i,i" belongs to J U J’, there is no k such that 7, — m;, T — m or
mj — . Also, it follows from (d) that there is no k # 4,4’ such that 7 — m;
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e if i < 20/3, we flip m;. We then have min{[b}|, [b?|} > 60 + 3t — 4(20/3) — 1 = 100/3 + 3t — 1.
It follows that j < 20/9 else max{|mj|, |m3|} < 40 4+ 3t — 3(20)/9 — 2 = 100/3 + 3t — 2. Hence
min{[b5], [b3[} > 60+ 3t —4(26/9) — 1 = 466/9 + 3t — 1 > 46 4 3t — 2. Since the medium magnitudes are
at most equal to 40 + 3t — 2, we cannot have m; — 7, after the flip of ;. Also, it follows from (g) that,
after the flip of 7;, we have m, - m; for j < k < 6. Hence, after the flip of 7;, the difference labels on
its two triangles are different from those on the other triangles T, k£ > 5.

e if i > 20/3, we flip m; and 7 (if any). In this case, we have max{|m}|, |m2|} < max{|m}|,|m?|}
< 460 + 3t — 3(20/3) = 20 + 3t. Since all big magnitudes on 77, ..., Ty are strictly larger than 26 + 3¢,
we cannot have m, — m; after the flip of m; and 7. Also, it follows from (f) that after the flip of m;
and 7;/, we have m; - 7 and 7, - mp for 2 < k < i. Hence, after the flip of w; and m;/, the difference
labels on their triangles are different from those on the other triangles Ty, k > 5.

After all these flips, there is no m; — m; with 2 < j < ¢ < 6. We consider now triangles T1,7%,75,T
involved in my and m;. If there is j > 2 such that m; — m; then we know from (e) that m; - m for all
2 <k < j. Hence, j ¢ JUJ'. If, before the flips, there was i such that m; — =, then ¢ > 26/3. Indeed,
we have seen above that if i < 26/3, then min{|bj|, [b3|} > 40 + 3t — 2, which means that 7; - 7. So, m;
was not flipped, and by flipping 7, we get m; - m; for all 2 < j < 6. Since the parity of m{ and m} is the
opposite of the parity of b} and b? for all i > 2, we have m; —» mo for all 2 < j < 6. Hence, the only possible
remaining conflict is between 7y and 71. This can only occur if b9 = b} and 7; was flipped. In such a case,
we flip 7y to remove this last conflict.

Case B: n=20+¢,60=3t+1

We treat this case as the previous one. More precisely, the vertex labels f(v;) on Ti,..., Ty are given in

v—)
Table 4. Given a gdl f’ for tC3 with at most one arc of magnitude 3¢ — 2, and all other arcs of magnitude
strictly smaller than 3t — 2, we set f(v;) = f'(v;) +30 for i =60 +1,...,60 + 3t. Again, one can easily check
that f is a bijection between {v1,...,veg+3:} and {1,...,660 4+ 3t = 3n}.

Table 4: The labeling of T7,...,T5y for case B.

Triangle T; f(vzi—2) f(vzi—1) f(vsi)
Ty 1 20 +1 60 + 3t —3
1> 2 66 + 3t 46 + 3t
T3 3 60 +3t—1 20 + 2

LA M3l 6943t-2
Tor_—1 2k —1 20+k 60 +3t—2k+2
Top 2% 60+3t—2k+1 A0+3t—k+1
k=3,...,0—1

Ty, T T 20-1 30+3t+1  40+3t+1
Tog 20 40 + 3t +2 36

The small, medium, and big difference labels for triangles T7,...,Tsg are given in Table 5. Again, the

triangles are grouped in pairs, using two dummy triangles D and Dy which are paired with T5 and Thp_o,
respectively. Notice that for every wv on a T; with ¢ < 20 and every w'v’ on a T; with j > 26, we have
f) = f(u) # f(v') — f(u') since the smallest possible magnitude for uv is § = 3t + 1, while the largest
possible magnitude for u'v’ is 3t — 2. Hence, in this case, we do not have to flip triangles Tg11, ..., Tog1s.
Note also that the largest magnitude is 60 + 3t —2 = 3n — 2, and there is exactly one arc with this magnitude.

Since § = 3t + 1, we have 6 + 3t + 2 = 20 + 1, which means that no medium-dl can be equal to a small-dl.
The small, medium and big difference labels on 71, ..., Tsg_5 are exactly the same as those of Table 3. Using
the same arguments, as in the previous case, we can avoid conflicts involving medium and big difference
labels of 7, ..., mg_1. Consider now my:
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e the medium difference values of my can only be conflicting with the medium-dl of Dy, but we don’t care
about such a conflict since Dy is a dummy triangle;

e the big difference values of my can only be conflicting with the medium-dl of a T}j. For this to happen,
we should have 26 + 3t 4+ 2 equal to 40 + 3t — 3k + 1 or 40 + 3t — 3k — 1, or equivalently k£ equal to
Lyjl = 6”53—“ or % = &T*I, which is impossible since k is an integer.

Table 5: The difference labels of the arcs of 17, ...,T5y, D1, D2 for case B.

Pair Triangle Small-dl Medium-dl Big-dl

e 20 46 + 3t —4 —(66 + 3t — 4)

mo = (11, T2) Ty —20 —(46 4 3t — 2) 66 + 3t — 2
77777777777777777 T3 —(20—-1) ~~ —(40+3t—-3)  60+3t—4

m = (15, T4) o 20— 1 404 3t — 5 —(60 + 3t — 6)
T D1 —(20—-2)  —(40+3t—-5) 60 +3t—7"
, me,(f)l,’ {5), ,,,,,,,,, Ts ___20-2_ _ _ _ _4643t—-7  —(60+3t—-9)

7 = (Tog, Torg1) Toe —(20—k) —(40+3t—3k+1) 60 + 3t — 4k + 1

k=3,...,0—2 Tops1 20— k 40 +3t—3k—1 —(60+3t—4k—1)
T T T T T T T Teg—1  —(0+1) —  —(0+3t+4) 20 F3t+5
o= M) Dy 0+1_ 0+30+2  —(20+31+3)

B Tho_1 6 0+ 3t 2 ~(2043t+2)

mo = (T20-1,T20) The —0 —(0+3t+2) 20+ 3t + 2

Case C: n=20+t—1,0¢ {3t — 1,3t}

Again, consider the vertex labels f(v;) on T1,...,Tog—1 shown in Table 6. Given a gdl f’ for t(T; with
at most one arc of magnitude 3t — 2, and all other arcs of magnitude strictly smaller than 3t — 2, we set
fw) = f'(v;))+30 —1for i =60 —2,...,60 + 3t — 3. One can easily check f is a bijection between
{v1,...,v6043t—3} and {1,...,60 + 3t — 3 = 3n}. The small, medium, and big difference labels for triangles
Ti,...,T59 are given in Table 7.

Table 6: The labeling of T7,...,T59_; for case C.

Triangle T; f(vsi—2) f(vzi—1) flvss)

Ty 1 20 660 + 3t — 6

Ty 2 60 + 3t — 3 460 + 3t — 2

Ts 3 60 + 3t — 4 20+ 1

Ty 4 40 + 3t — 3 60 +3t—5

s 5 20+2  60+3t-7
Tos % 60+3t—2—2 AG+3t—k—1

Toi1 2% +1 20+k 60+3t—2k—3

k=3,... 01

Again, the triangles are grouped in pairs, using one dummy triangle D, which is paired with T5. Notice
that for every uwv on a T; with ¢ < 20 — 1 and every «'v" on a T} with j > 20 — 1, we have f(v) — f(u) #
F (") = f(u') since the smallest possible magnitude for uv is § > 3t — 1, while the largest possible magnitude
for u/v’ is 3t — 2. Hence, also in this case, we do not have to flip Thgy1,...,To94:. Note also that the largest
magnitude is 60 + 3t — 5 = 3n — 2, and there is exactly one arc with this magnitude.

Since # < 3t + 1, we have 0 + 3t > 20 — 1, which means that no medium-dl can be equal to a small-dl.
Using the same arguments, as in the previous cases, we can avoid conflicts involving 7, ..., mo_1.
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Table 7: The difference labels of the arcs of T71,...,T59_1, D1 for case C.

Pair Triangle Small-dl Medium-dl Big-dl

i 20— 1 40 +3t—6 —(60 +3t—7)
o=t T, -0-1) (0434 6045365

T3 —(26 =9) —(40 +3t—5) 66 F3t—7

™ = (T3, Ta) Ty 20 — 2 40 +3t—7 —(60 4 3t — 9)
Ty Dy —(26-3)  —(46+3t-7) 60 + 3t — 10
et T 20-8 _ __40486-9 _ —(60+3-12)

75 = (Tow, Tos1) Toe —(20—k—1) —(40+3t—3k—1) 60 + 3t — 4k — 2

Toks1 20— k—1

k=3,...,0—1 40+ 3t —3k—3  —(60+ 3t — 4k — 4)

If there is j > 2 such that m; — m, then assume there is ¢ > j such that 7, — ;. If i < 26/3, then
min{|b; [, [b7[} > 60 + 3t —4(260/3) —4 = 100/3+ 3t — 4. It follows that j < (20+3)/9 else max{|mj], |m?|} <
40+3t—3(20+3)/9—4 = 100/3+3t—5. Hence ]min{\b}\7 \bf\} > 60+3t—4(20+3)/9—4 = 460/9+3t—48/9 >
46 + 3t — 4, which contradicts m; — my. Hence, we necessarily have i > 26/3, and since j cannot belong to
J U J', we conclude that j was not flipped. Hence, by flipping 7, we get 7; - mo for all j > 2.

Since the parity of m} and m? is the opposite of the parity of b} and b? for all i > 2, we have m; - m; for
all j > 2. Hence, the only possible remaining conflict is between o and ;. This can only occur if b = b}
and 7 was flipped. In such a case, we flip m; to remove this last conflict.

CaseD: n=20+t—-1,0=3t+1

‘_>
Consider the vertex labels f(v;) on Ti,...,Ts—1 shown in Table 8. Given a gdl f’ for tCs with at
most one arc of magnitude 3t — 2, and all other arcs of magnitude strictly smaller than 3t — 2, we set
fi) = f'(v;)) +30 —1 for i = 60 —2,...,60 + 3t — 3. One can easily check f is a bijection between

{’Ul, . 7U69+3t—3} and {17 N ,69 +3t—3= 377,}
Table 8: The labeling of T1,...,759_; for case D.

Triangle T; f(vzi—2) F(vzi-1) f(vss)
Ty 1 26 660 43t —6
Ty 2 660+ 3t —3 40 4+ 3t — 2
T3 3 660+ 3t —4 20+ 1
Ty 4 40 + 3t — 3 6043t —5

5 20+2 _ _ _ 60+3t-T
Tok 2k 6604+ 3t—2k—2 40+3t—k—1
Tok+1 2k+1 20+k 60+3t—2k—3
k=3,...,0-3

" The—s 20-4 40+ 3t—1  304+3t+1
Tro—_3 20 — 3 40 + 3t + 2 30 —2
Tog_o 20— 2 30 + 3t 40+ 3t +1
Tog_1 20 — 1 30 —1 40 + 3t

The small, medium, and big difference labels for triangles T7, ..

., Ty are given in Table 9. Again, the

triangles are grouped in pairs, using one dummy triangle D, which is paired with 75. Notice that for every
wv on a T; with 4 < 20 — 1 and every u'v’ on a T; with j > 20 — 1, we have f(v) — f(u) # f(v) — f(u)
since the smallest possible magnitude for uv is # — 2 = 3t — 1, while the largest possible magnitude for u'v’ is
3t — 2. Hence, also in this case, we do not have to flip To941,...,T2¢+¢. Note also that the largest magnitude
is 60 + 3t — 5 = 3n — 2, and there is only one arc with this magnitude.
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Table 9: The difference labels of the arcs of 77, ...,

Toe_1, D1 for case D.

Pair Triangle Small-dl Medium-dl Big-dl
i) 20— 1 40 +3t—6 —(60 43t —7)
= T, @01 —(e+3-1) 60436 -5
Ty ~(20 = 92) —(40 + 3t —5) 66 F3t—7
™ = (T3, Ta) Ty 20 — 2 40 +3t—7 (66 + 3t — 9)
7777777777777777777 Dy —(20-3) = —(40+3t—7) 60 +3t—10
et A W3 _M0x3-S | (0r3-1d)
7 = (Tog, Toteg1) To, —(20—k—1) —(40+3t—3k—1) 60 + 3t — 4k — 2
k=3,...,0—3 Tokt1 20— k—1 40 + 3t — 3k — 3 —(66+3t—4kz—4)
I S (- B (@-T—ﬁtl?i) 777777 2?947—37@5’
mo—2 = (T20-3, T20—2) Too—» 0+1 0+3t+2 —(20+3t+3)
T T Ty e T 6+3t+1 —(204+3t+1)
mo—1 = (Ta6-1,T20-4) Thg_4 —(0—2) —(0+ 3t +5) 20 + 3t + 3

Since 6 = 3t + 1, we have 0 4+ 3t + 1 = 20, which means that no medium-dl can be equal to a small-dl.
The small, medium and big difference labels on T1, ..., Tsg_5 are exactly the same as those of Table 7. Using
the same arguments, as in the previous case, we can avoid conflicts involving mg, ..., mg_3.

Consider now my_s and mg_1. The medium magnitudes |mj_,|,|m2_,|,|mj_,| and |m2_,| do not appear
on any other triangle. Also, the medium magnitudes on a 7, with 2 < k < §—3 are equal to 40+3t—3k—1 =
15t — 3k 4+ 3 or 46 4+ 3t — 3k — 3 = 15t — 3k + 1, which mean that they are all equal to 0, or 1 mod 3. Hence,
the big magnitudes [b2 ,| = |b5_,| = 20 + 3t + 3 = 9t + 5 do not appear on any other triangle as medium
magnitude. Therefore, these two big magnitudes will not be conflicting if we either flip both mg_; and 7g_2, or
none of them. The only remaining possible conflicts involve a medium-dl on a T; (i < § —2) and bj_, or b} ;.

Assume there is a triangle 7; with magnitude 26 + 3t + 1 = |bj_;|. This means that 20 + 3t + 1 <
460 + 3t — 3i — 1, which is equivalent to i < (260 — 2)/3. Hence, 7; was not flipped. Also, if there is a triangle
T, with magnitude 20 4+ 3t + 5 = b}_,, then j < i < (20 — 2)/3, which means that 7; was not flipped. Now,

e if there is a triangle 7; with medium-dl —(260 + 3t + 1), then m} = bj_,, and m?_, = —b} |, +4 =
20 + 3t +5=bj_,, and we can avoid both conflicts by flipping both my_; and mg_o;
o if there is a triangle 7T; with medium-dl 20 + 3t + 5, then mJ by_o, and m} j2 =
—(20+3t+1)=10b}_,, and we can avoid both conflicts by flipping both my_1 and To_o.
—(20 + 3t + 1) or 26 + 3t + 5, there is no conflict.

—bg_, +4 =

e if there is no triangle with medium-dl

O

—
We a_>1ready know from Lemma 5 that C4 + C3 has a gdl. We now show that this is also the case for
C4 + 77,C37 n 2 2.

—
Lemma 8 C,4 + nCgz has a gdl for every n > 1.

Proof. The graphs in Figures 9,..., 15 show the existence of the desired gdl for 2 < n < 8.

L ¢ % b

Figure 9: QC_>3 + (T4>.
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Figure 13: 6(73) + (Ti.
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Figure 15: 8C_3> + C_>4.

H
For n > 9, we know from Lemma 7 that there is a gdl for (n+1)Cgs, which can be obtained by performing
a set F' of flips, starting from the labelling f defined in Tables 2, 4, 6, and 8 for cases A, B, C and D,
respectively. We distinguish two cases.

H
e For cases A and B, we consider the graph G obtained from (n + 1)Cg by inserting a new vertex
vg between vs and vg. More precisely, G is obtained by replacing T in (n + 1)Cg by a C4 with
vertex set {vg,vq,v5,v6} and arc set {vavs, V500, Vovs, Vevs}. We then define f’ by setting f'(vg) = 1
and f'(v;) = f(v;) +1 for i =1,...,3(n + 1). Clearly, f’ is bijection between {vo,...,v3(n41)} and
{1,...,3n+4}. In order to prove that by performing exactly the same set F of flips, we get a gdl for
G, it is sufficient to show that the difference labels on vsvy and vgvg cannot appear on other arcs of G.

— |f'(vo) — f'(vs)| = |1 — (60 + 3t + 1)| = 66 + 3t, which means that vsvy has a magnitude larger
than that of any other arc in G.

— f'(ve)—f'(vo) = (40+3t+1)—1 = 460+ 3t. Since this value is strictly larger than any other medium
magnitude in G, the difference label on vgvg can only be conflicting with a big-dl on a T; with
i > 5. But this does not occur since these big difference labels have the opposite parity of 40 + 3t.

e For cases C and D, we consider the graph G obtained from (n + 1)(7; by inserting a new vertex vy
between vg and v;. More precisely, G is obtained by replacing T3 in (n + 1)Cgz by a (T; with vertex
set {vg, v7, vs,v9} and arc set {vrvs, vsvg, Vovg, vovr . We then define f’ by setting f/'(vg) = 3n+4 =
60 + 3t — 2 and f'(v;) = f(v;) for i =1,...,3(n +1). Clearly, f" is bijection between {vo,...,v3041)}
and {1,...,3n +4}. In order to prove that by performing exactly the same set F' of flips, we get a
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gdl for G, it is sufficient to show that the difference labels on vgv; and vgvg do not appear on other
arcs of GG.

— f'(v7) = f(vo) =3 — (60 + 3t — 2) = —(66 + 3t — 5). The same difference label appears on T3 but
with an opposite sign. These two arcs could be conflicting if exaclty one of my and m; is flipped,
but this does not occur since 77 and T3 have big difference labels of the same magnitude, but with
opposite signs.

— f'(vo) — f'(ve) = (60 + 3t —2) — (20 + 1) = 460 + 3t — 3. Since this value is strictly larger than any
other medium magnitude in G, the difference label on vgvy can only be conflicting with a big-dl
on a T; with ¢ > 5. But this does not occur since these big difference labels have the opposite
parity of 46 + 3t — 3.

O

All together, the results shown in the eight lemmas of this section can be summarized as follows.

Theorem 1 If G is the disjoint union of circuits, among which at most one has an odd length, or all circuits
of odd length have 8 vertices, then G has a gdl, unless G = C3 or G = C3 + Cg.

Conclusion

As mentioned in the introduction, it is an open question to determine the values of n for which n(T;; has a
graceful labeling, i.e., an injection f : V — {0,1,..., ¢} such that, when each arc xy is assigned the label
(f(y) — f(x)) (mod q+ 1), the resulting arc labels are distinct. Considering graceful difference labelings, we
could show that nCg has a gdl if and only if n > 2. We have also proved additional cases that support the
following conjecture.

— — =
Conjecture 1 If G is the disjoint union of circuits, then G has a gdl, unless G = C3 or G = C5 + C3.
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