
Les Cahiers du GERAD ISSN: 0711–2440

On graceful difference labelings of disjoint
unions of circuits

A. Hertz
C. Picouleau

G–2018–65

August 2018

La collection Les Cahiers du GERAD est constituée des travaux de
recherche menés par nos membres. La plupart de ces documents de
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Québec – Nature et technologies.
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Université du Québec à Montréal, as well as the Fonds de recherche du
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Les textes publiés dans la série des rapports de recherche Les Cahiers du
GERAD n’engagent que la responsabilité de leurs auteurs. Les auteurs
conservent leur droit d’auteur et leurs droits moraux sur leurs publica-
tions et les utilisateurs s’engagent à reconnâıtre et respecter les exigences
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The authors are exclusively responsible for the content of their research
papers published in the series Les Cahiers du GERAD. Copyright and
moral rights for the publications are retained by the authors and the users
must commit themselves to recognize and abide the legal requirements
associated with these rights. Thus, users:
• May download and print one copy of any publication from the

public portal for the purpose of private study or research;

• May not further distribute the material or use it for any profit-
making activity or commercial gain;

• May freely distribute the URL identifying the publication.
If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately
and investigate your claim.



ii G–2018–65 Les Cahiers du GERAD

Abstract: A graceful difference labeling (gdl for short) of a directed graph G with vertex set V is a bijection
f : V → {1, . . . , |V |} such that, when each arc uv is assigned the difference label f(v) − f(u), the resulting
arc labels are distinct. We conjecture that all disjoint unions of circuits have a gdl, except in two particular
cases. We prove partial results which support this conjecture.

Keywords: graceful labelings, directed graphs, disjoint unions of circuits.
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1 Introduction

A graph labeling is the assignment of labels, traditionally represented by integers, to the vertices or edges,

or both, of a graph, subject to certain conditions. As mentioned in the survey by Gallian [1], more than

one thousand papers are devoted to this subject. Among all variations, the most popular and studied

graph labelings are the β-valuations introduced by Rosa in 1966 [4], and later called graceful labelings by

Golomb [3]. Formally, given a graph G with vertex set V and q edges, a graceful labeling of G is an injection

f : V → {0, 1, . . . , q} such that, when each edge uv is assigned the label |f(v)−f(u)|, the resulting edge labels

are distinct. In other words, the vertices are labeled using integers in {0, 1, . . . , q}, and these vertex labels

induce an edge labeling from 1 to q. The famous Ringel-Kotzig conjecture, also known as the graceful labeling

conjecture, hypothesizes that all trees are graceful. It is the focus of many papers and is still open, even for

some very restricted graph classes such that trees with 5 leaves, and trees with diameter 6. The survey by

Gallian [1] lists several papers dealing with graceful labelings of particular classes of graphs, such that the

disjoint union of cliques, the disjoint union of cycles, and the union of cycles with one common vertex.

For a directed graph with vertex set V and q edges, a graceful labeling of G is an injection f : V →
{0, 1, . . . , q} such that, when each arc (i.e., directed edge) uv is assigned the label (f(v)− f(u)) (mod q+ 1),

the resulting arc labels are distinct. As mentioned in [1] and [2], most results and conjectures on graceful

labelings of directed graphs concern directed cycles, the disjoint union of directed cycles, and the union of

directed cycles with one common vertex or one common arc. In particular, it is proved that n
−→
C3, the disjoint

union of n copies of the directed cycle with three vertices, has a graceful labeling only if n is even. However,

it is not known whether this necessary condition is also sufficient.

In this paper, we study graceful difference labelings of directed graphs, which are defined as follows. A

graceful difference labeling (gdl for short) of a directed graph G = (V,A) is a bijection f : V → {1, . . . , |V |}
such that, when each arc uv is assigned the difference label f(v)− f(u), the resulting arc labels are distinct.

The absolute value |f(v) − f(u)| is called the magnitude of arc uv, while f(v) is the vertex label of v. Note

that in a gdl of G, two arcs uv and u′v′ may have the same magnitude |f(v) − f(u)| = |f(v′) − f(u′)| but

their difference labels must then be opposite, i.e., f(v)− f(u) = −(f(v′)− f(u′)).

Given two graphs Gi = (Vi, Ai) and Gj = (Vj , Aj) with Vi∩Vj = ∅, their disjoint union, denoted Gi+Gj ,

is the graph with vertex set Vi ∪ Vj and arc set Ai ∪ Aj . By pG we denote the disjoint union of p copies

of G. For k ≥ 2 we denote by
−→
Ck a circuit on k vertices isomorphic to the directed graph with vertex set

V = {v1, . . . , vk} and arc set A = {vivi+1 : 1 ≤ i < k} ∪ {vkv1}. The circuit
−→
C3 is also called a directed

triangle, or simply a triangle. For all graph theoretical terms not defined here the reader is referred to [5].

Not every directed graph has a gdl. Indeed, a necessary condition for G = (V,A) to have a gdl is

|A| ≤ 2(|V | − 1). Nevertheless this condition is not sufficient since, for example,
−→
C3 has no gdl. Indeed, all

bijections f : V → {1, 2, 3} induce two difference labels equal to 1, or two equal to −1. As a second example,
−→
C2 +

−→
C3 has no gdl. Indeed,

• if the two arcs of
−→
C2 have a magnitude equal to 1, 2, or 3, then

−→
C3 also has an arc with the same

magnitude, which means that two arcs in
−→
C2 +

−→
C3 have the same difference label;

• if the magnitude of two arcs of
−→
C2 is equal to 4, then two difference labels in

−→
C3 are equal to 1 or

to −1.

We conjecture that all disjoint unions of circuits have a gdl, except for the two cases mentioned above. We

were not able to prove this conjecture, but give partial results on it. In particular, we show that n
−→
C3 has a

gdl if and only if n ≥ 2.

2 Partial proof of the conjecture

We are interested in determining which disjoint unions of circuits have a gdl. As already mentioned in the

previous section,
−→
C3 and

−→
C2 +

−→
C3 have no gdl. We conjecture that these two graphs are the only two

exceptions. As first result, we show that if G is a circuit of length k = 2 or k ≥ 4, then G has a gdl. We
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next prove that if G has a gdl, and if G′ is obtained by adding to G a circuit of even length k = 2 or k ≥ 6,

or two disjoint circuits of length 4, then G′ also has a gdl. We also show that the disjoint union of
−→
C4 with

a circuit of odd length has a gdl. All together, these results prove that if G is the disjoint union of circuits,

among which at most one has an odd length, then G has a gdl, unless G =
−→
C3 or G =

−→
C2 +

−→
C3.

We next show that the disjoint union of n ≥ 2 circuits of length 3 has a gdl, and this is also the case if a−→
C4 is added to n

−→
C3. Hence, if G is the union of disjoint circuits with no odd circuit of length k ≥ 5, then G

has a gdl, unless G =
−→
C3 or G =

−→
C2 +

−→
C3. In order to prove the above stated conjecture, it will thus remain

to show that if G is the disjoint union of circuits with at least two odd circuits, among which at least one

has length k ≥ 5, then G has a gdl.

Our first lemma shows that all circuits have a gdl, except
−→
C3.

Lemma 1 The circuit
−→
Ck with k = 2 or k ≥ 4 has a gdl. Moreover, if k ≥ 5, then

−→
Ck has a gdl with exactly

one arc of magnitude 1.

Proof. Clearly,
−→
C2 has a gdl since the two bijections f : V → {1, 2} have 1 and −1 as difference labels. So

assume k ≥ 4. We distinguish four cases, according to the value of k mod 4:

• if k = 4p, p ≥ 1, we consider the following vertex labels:

– f(v2i+1) = i+ 1, 0 ≤ i ≤ 2p− 2;

– f(v2i) = 4p+ 1− i, 1 ≤ i ≤ 2p− 2;

– f(v4p−2) = 2p+ 1, f(v4p−1) = 2p+ 2, f(v4p) = 2p.

Clearly, f is a bijection between {v1, . . . , vk} and {1, . . . , k} with the following difference labels:

– f(vi+1)− f(vi) = (−1)i+1(4p− i), 1 ≤ i ≤ 4p− 4;

– f(v4p−2)−f(v4p−3)=2, f(v4p−1)−f(v4p−2)=1, f(v4p)−f(v4p−1)=−2, f(v1)−f(v4p)=−2p+ 1.

All magnitudes are distinct, except in three cases:

– f(v4p−2)− f(v4p−3) = 2 and f(v4p)− f(v4p−1) = −2;

– for p ≥ 3, f(v2p+2)− f(v2p+1) = 2p− 1 and f(v1)− f(v4p) = −(2p− 1);

– for p = 1, f(v4p−1)− f(v4p−2) = 1 and f(v1)− f(v4p) = −1.

Hence, f is a gdl, and there is exactly one arc of magnitude 1 when p ≥ 2.

• if k = 4p+ 1, p ≥ 1, we consider the following vertex labels:

– f(v2i+1) = i+ 1, 0 ≤ i ≤ 2p;

– f(v2i) = 4p+ 2− i, 1 ≤ i ≤ 2p.

Again, f is a bijection between {v1, . . . , vk} and {1, . . . , k} with the following difference labels:

– f(vi+1)− f(vi) = (−1)i+1(4p+ 1− i), 1 ≤ i ≤ 4p;

– f(v1)− f(v4p+1) = −2p.

All magnitudes are distinct, except for one pair of arcs: f(v2p+2)−f(v2p+1) = 2p and f(v1)−f(v4p+1) =

−2p. Hence, f is a gdl with exactly one arc of magnitude 1.

• if k = 4p+ 2, p ≥ 0, we consider the following vertex labels:

– f(v2i+1) = i+ 1, 0 ≤ i ≤ 2p;

– f(v2i) = 4p+ 3− i, 1 ≤ i ≤ 2p+ 1.

Here also, f is a bijection between {v1, . . . , vk} and {1, . . . , k} with the following difference labels:

– f(vi+1)− f(vi) = (−1)i+1(4p+ 2− i), 1 ≤ i ≤ 4p+ 1;

– f(v1)− f(v4p+2) = −2p− 1.
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There are only two equal magnitudes : f(v2p+2)− f(v2p+1) = 2p+ 1 and f(v1)− f(v4p+2) = −(2p+ 1).

Hence, f is a gdl with exactly one arc of magnitude 1 when p ≥ 1.

• if k = 4p+ 3, p ≥ 1, we consider the following vertex labels:

– f(v2i+1) = i+ 1, 0 ≤ i ≤ 2p− 1;

– f(v2i) = 4p+ 4− i, 1 ≤ i ≤ 2p;

– f(v4p+1) = 2p+ 2, f(v4p+2) = 2p+ 1, f(v4p+3) = 2p+ 3.

For this last case, f is a bijection between {v1, . . . , vk} and {1, . . . , k} with the following difference

labels:

– f(vi+1)− f(vi) = (−1)i+1(4p+ 3− i), 1 ≤ i ≤ 4p− 1;

– f(v4p+1)−f(v4p)=−2, f(v4p+2)−f(v4p+1)=−1, f(v4p+3)−f(v4p+2)=2, f(v1)−f(v4p+3)=−(2p+2).

All magnitudes are distinct, except in two cases:

– f(v4p−2)− f(v4p−3) = 2 and f(v4p)− f(v4p−1) = −2;

– f(v2p+2)− f(v2p+1) = 2p+ 2 and f(v1)− f(v4p+3) = −(2p+ 2).

Hence, f is a gdl with exactly one arc of magnitude 1.

We now show how to add two circuits of length 4, or one even circuit of length k ≥ 6 to a graph that has

a gdl.

Lemma 2 If a graph G has a gdl, then G+ 2
−→
C4 also has a gdl.

Proof. Let {v1, v2, v3, v4} be the vertex set of the first
−→
C4, and let {v1v2, v2v3, v3v4, v4v1} be its arc set.

Also, let {v5, v6, v7, v8} be the vertex set of the second
−→
C4, and let {v5v6, v6v7, v7v8, v8v5} be its arc set.

Suppose G = (V,A) has a gdl f . Define f ′(v) = f(v) + 4 for all v ∈ V as well as f ′(v1) = 1, f ′(v2) =

|V | + 8, f ′(v3) = 2, f ′(v4) = |V | + 6, f ′(v5) = 3, f ′(v6) = |V | + 5, f ′(v7) = 4, and f ′(v8) = |V | + 7. Clearly,

f ′ is a bijection between V ∪ {v1, . . . , v8} and {1, . . . , |V |+ 8}. Moreover, the difference labels on the arcs of

the two circuits are f ′(v2)− f ′(v1) = |V |+ 7, f ′(v3)− f ′(v2) = −(|V |+ 6), f ′(v4)− f ′(v3) = |V |+ 4, f ′(v1)−
f ′(v4) = −(|V | + 5), f ′(v6) − f ′(v5) = |V | + 2, f ′(v7) − f ′(v6) = −(|V | + 1), f ′(v8) − f ′(v7) = |V | + 3, and

f ′(v5)−f ′(v8) = −(|V |+4). Since all magnitudes in G are at most equal to |V |−1, f ′ is a gdl for G+2
−→
C4.

Note that in the proof of Lemma 2, G can be the empty graph G with no vertex and no arc. Hence 2
−→
C4

has a gdl.

Lemma 3 If a graph G has a gdl, then G+
−−→
C2k also has a gdl for k ≥ 1, k 6= 2.

Proof. Suppose G = (V,A) has a gdl f , and let {v1, . . . , v2k} be the vertex set and {v1v2, . . . , v2k−1v2k, v2kv1}
be the arc set of

−−→
C2k. We consider two case.

• If k is odd, then define f ′(v) = f(v) + k for all v ∈ V , as well as f ′(v2i−1) = k − i + 1 and f ′(v2i) =

|V | + k + i for 1 ≤ i ≤ k. Clearly, f ′ is a bijection between V ∪ {v1, . . . , v2k} and {1, . . . , |V | + 2k}.
Moreover, the magnitudes on

−−→
C2k are all striclty larger than |V | and all different, except in one case :

f ′(vk+1) − f ′(vk) = |V | + k and f ′(v1) − f ′(v2k) = −(|V | + k). Since all magnitudes in G are strictly

smaller than |V |, f ′ is a gdl for G+
−−→
C2k.

• If k is even and at least equal to 4, then set f ′(v) = f(v) + k for all v ∈ V , and define the vertex labels

on
−−→
C2k as follows:

– f ′(v2i−1) = k − i+ 1 for 1 ≤ i ≤ k;

– f ′(v2i) = |V |+ k + i for 1 ≤ i ≤ k − 3;
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– f ′(v2k−4) = |V |+ 2k, f ′(v2k−2) = |V |+ 2k − 2, f ′(v2k) = |V |+ 2k − 1.

f ′ is bijection between V ∪ {v1, . . . , v2k} and {1, . . . , |V |+ 2k}, and all magnitudes on
−−→
C2k are strictly

larger than |V |. Moreover, all magnitudes on
−−→
C2k are different, except in two cases :

– f ′(vk)− f ′(vk−1) = |V |+ k − 1 and f ′(v1)− f ′(v2k) = −(|V |+ k − 1);

– f ′(v2k−4)− f ′(v2k−5) = |V |+ 2k − 3 and f ′(v2k−1)− f ′(v2k−2) = −(|V |+ 2k − 3).

Since all magnitudes in G are strictly smaller than |V |, f ′ is a gdl for G+
−−→
C2k.

Since graph G in the statement of Lemma 2 is possibly empty, it follows from Lemmas 1, 2 and 3 that

all disjoint unions of circuits of even length have a gdl. We now consider disjoint unions of circuits among

which exactly one has as an odd length. As already observed,
−→
C3 and

−→
C2 +

−→
C3 have no gdl. We show that

these are the only two exceptions. According to Lemmas 2 and 3, it is sufficient to prove that 2
−→
C2 +

−→
C3,−→

C4 +
−−−−→
C2k+1 (k ≥ 1), and

−−→
C2k +

−→
C3 (k ≥ 3) have a gdl.

Lemma 4 2
−→
C2 +

−→
C3 has a gdl.

Proof. Let {v1, . . . , v7} be the vertex set and {v1v2, v2v1, v3v4, v4v3, v5v6, v6v7, v7v5} be the arc set of

2
−→
C2 +

−→
C3. By considering the vertex labels f(v1) = 1, f(v2) = 6, f(v3) = 3, f(v4) = 7, f(v5) = 2, f(v6) = 4

and f(v7) = 5, it is easy to observe that f is a gdl.

Lemma 5
−→
C4 +

−−−−→
C2k+1 has a gdl for every k ≥ 1.

Proof. Let G =
−→
C4 +

−−−−→
C2k+1. We distinguish two cases:

• if k is odd, then G contains n = 4(k+1
2 ) + 3 vertices. Consider the vertex labels of

−→
Cn used in the last

case of the proof of Lemma 1, with p = k+1
2 , and assume that {v1, vn−2, vn−1, vn} is the vertex set of

the
−→
C4 in G, while {v2, v3, . . . , vn−3} is the vertex set of the

−−−−→
C2k+1. It is sufficient to prove that the

difference labels on v1vn−2 and vn−3v2 do not appear on any other arc of G.

– f(vn−2)− f(v1) = (2p+ 2)− 1 = (k + 3)− 1 = k + 2, which is an odd positive number, while all

other odd difference labels are negative.

– f(v2)−f(vn−3) = (4p+3)−(2p+4) = 2p−1 = k, which is again an odd positive number, different

for the other negative odd labels.

• if k is even, consider the vertex labels of
−−−−→
C2k+4 used in the first case of the proof of Lemma 1 with p = k

2+

1 ≥ 2 (i.e., 4p = 2k+4). Also, define f(v2k+5) = 2k+5 = 4p+1. Assume that {v1, v2k+2, v2k+3, v2k+4}
is the vertex set of the

−→
C4 in G, while {v2, v3, . . . , v2k+1, v2k+5} is the vertex set of the

−−−−→
C2k+1. It is

sufficient to prove that the difference labels on v1v2k+2, v2k+5v2, and v2k+1v2k+5 do not appear on any

other arc of G.

– f(v2k+2)− f(v1) = (2p+ 1)− 1 = (k+ 3)− 1 = k+ 2, which is an even positive number, while all

other even difference labels are negative.

– f(v2) − f(v2k+5) = (4p) − (4p + 1) = −1. Since p > 1, the only other arc with magnitude 1 is

v2k+2v2k+3 which has a difference label of 1.

– f(v2k+5)−f(v2k+1) = (4p+1)− (2p−1) = 2p+2 = k+4, which is again an even positive number,

while all other even difference labels are negative.

Lemma 6
−→
Ck +

−→
C3 has a gdl for every k ≥ 5.
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Proof. Let {v1, . . . , vk+3} be the vertex set and {v1v2, . . . , vk−1vk, vkv1, vk+1vk+2, vk+2vk+3, vk+3vk+1}
be the arc set of G =

−→
Ck +

−→
C3. Consider the gdl f defined in the proof of Lemma 1 for

−→
Ck, and set

f ′(vi) = f(vi) + 2 for all i = 1, . . . , k. If the only arc of magnitude 1 has a difference label equal to -1,

then define f ′(vk+1) = 1, f ′(vk+2) = 2, and f ′(vk+3) = k + 3, else define f ′(vk+1) = 2, f ′(vk+2) = 1, and

f ′(vk+3) = k + 3. Clearly, f ′ is a bijection between {v1, . . . , vk+3} and {1, . . . , k + 3}. To conclude that f ′ is

a gdl, it is sufficient to prove that the difference labels on
−→
C3 do not appear on

−→
Ck.

• The arc vk+1vk+2 is of magnitude 1, and its difference label has the sign opposite to that of magnitude 1

in
−→
Ck;

• The magnitudes of vk+2vk+3 and vk+3vk+1 are distinct and larger than k, while all magnitudes in
−→
Ck

are strictly smaller than k.

All together, the previous lemmas show that if G be the disjoint union of circuits, among which at most

one has an odd length, then G has a gdl if and only if G 6=
−→
C3 and G 6=

−→
C2 +

−→
C3. We now consider the

disjoint union of n circuits of length 3, and show that these graphs have a gdl for all n ≥ 2.

Lemma 7 For every n ≥ 2, the graph n
−→
C3 has a gdl with at most one arc of magnitude 3n− 2, and all other

arcs of magnitude strictly smaller than 3n− 2.

Proof. The graphs in Figures 1,. . . , 8 show the existence of the desired gdl for 2 ≤ n ≤ 9.
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C3.

We now prove the result by induction on n. So, consider the graph n
−→
C3 with n ≥ 10, and assume the

result is true for less than n directed triangles. Let t and r be two integers such that −4 ≤ r ≤ 2 and

n = 7t+ r.

We thus have t ≥ 2. We will show how to construct a gdl for n
−→
C3 given a gdl for t

−→
C3. We thus have to

add n− t directed triangles to t
−→
C3. For this purpose, define

θ =

⌈
n− t

2

⌉
= 3t+

⌈r
2

⌉
.

It follows that n − t = 2θ if r is even, and n − t = 2θ − 1 if r is odd. We now prove the lemma by

considering the 4 cases A,B,C,D defined in Table 1.
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Table 1: Four different cases.

n− t r θ Case

2θ

-4 3t− 2
A-2 3t− 1

0 3t

2 3t+ 1 B

2θ − 1
-3 3t− 1

C
-1 3t

1 3t+ 1 D

Case A : n = 2θ + t, θ ∈ {3t− 2, 3t− 1, 3t}

Consider 2θ directed triangles T1, . . . , T2θ, every Ti having {v3i−2, v3i−1, v3i} as vertex set and {v3i−2v3i−1,

v3i−1v3i, v3iv3i−2} as arc set. Consider the vertex labels f(vi) for T1, . . . , T2θ shown in Table 2.

Table 2: The labeling of T1, . . . , T2θ for case A.

Triangle Ti f(v3i−2) f(v3i−1) f(v3i)

T1 1 2θ + 1 6θ + 3t− 3
T2 2 6θ + 3t 4θ + 3t
T3 3 6θ + 3t− 1 2θ + 2
T4 4 4θ + 3t− 1 6θ + 3t− 2

...
...

...
...

T2k−1 2k − 1 2θ + k 6θ + 3t− 2k + 2
T2k 2k 6θ + 3t− 2k + 1 4θ + 3t− k + 1
k = 3, . . . , θ
...

...
...

...

Also, let f ′ be a gdl for t
−→
C3 with at most one arc of magnitude 3t − 2, and all other arcs of magnitude

strictly smaller than 3t− 2. Define f(vi) = f ′(vi) + 3θ for i = 6θ + 1, . . . , 6θ + 3t. One can easily check that

f is a bijection between the vertex set {v1, . . . , v6θ+3t} and {1, . . . , 6θ + 3t = 3n}.

For each Ti, we define its small difference label (small-dl for short) as the minimum among |f(v3i−1) −
f(v3i−2)|, |f(v3i) − f(v3i−1)|, and |f(v3i−2) − f(v3i)|. Similarly, the big difference label (big-dl) of Ti is the

maximum of these three values, and the medium one (medium-dl) is the third value on Ti. Table 3 gives the

small, medium and big difference labels of T1, . . . , T2θ. By considering two dummy directed triangles D1 and

D2, we have grouped the triangles into θ + 1 pairs π0, . . . , πθ, as shown in Table 3. Two triangles belong to

the same pair πi if their small difference labels have the same magnitude. The difference labels given for D1

and D2 are artificial, but are helpful for simplifying the proof.

Let s1i be the small-dl of the first triangle of πi, and let s2i be the small-dl of the its second triangle.

Define m1
i , m

2
i , b

1
i and b2i in a similar way for the medium and big difference labels of πi. For example,

s12 = −(2θ−2), s22 = 2θ−2, m1
2 = −(4θ+ 3t−5), m2

2 = 4θ+ 3t−7, b12 = 6θ+ 3t−7, and b22 = −(6θ+ 3t−9).

Note that sji +mj
i = −bji and |sji |+ |m

j
i | = |b

j
i | for all i = 0, . . . , θ and j = 1, 2. The following properties are

valid for every πi with 2 ≤ i ≤ θ:

• s1i , m1
i and b2i are negative integers, while s2i , m

2
i and b1i are positive integers;

• s2i = −s1i , m2
i = −m1

i − 2, and b2i = −b1i + 2;

• if i < θ, then s1i+1 = s1i + 1, m1
i+1 = m1

i + 3, and b1i+1 = b1i − 4.
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Table 3: The difference labels of the arcs of T1, . . . , T2θ, D1, D2 for case A.

Pair Triangle Small-dl Medium-dl Big-dl

π0 = (T1, T2)
T1 2θ 4θ + 3t− 4 −(6θ + 3t− 4)
T2 −2θ −(4θ + 3t− 2) 6θ + 3t− 2

π1 = (T3, T4)
T3 −(2θ − 1) −(4θ + 3t− 3) 6θ + 3t− 4
T4 2θ − 1 4θ + 3t− 5 −(6θ + 3t− 6)

π2 = (D1, T5)
D1 −(2θ − 2) −(4θ + 3t− 5) 6θ + 3t− 7
T5 2θ − 2 4θ + 3t− 7 −(6θ + 3t− 9)

...
...

...
...

...
πk = (T2k, T2k+1) T2k −(2θ − k) −(4θ + 3t− 3k + 1) 6θ + 3t− 4k + 1
k = 3, . . . , θ − 1 T2k+1 2θ − k 4θ + 3t− 3k − 1 −(6θ + 3t− 4k − 1)
...

...
...

...
...

πθ = (T2θ, D2)
T2θ −θ −(θ + 3t+ 1) 2θ + 3t+ 1
D2 θ θ + 3t− 1 −(2θ + 3t− 1)

Note that all big difference labels bji have the same parity for 2 ≤ i ≤ θ, j = 1, 2, while for the medium ones,

the parities alternate between successive πi and πi+1. Moreover, the largest magnitude is 6θ+3t−2 = 3n−2,

and there is exactly one arc with this magnitude. Since θ < 3t+1, we have θ+3t+1 > 2θ, which means that

no medium-dl can be equal to a small-dl, with the exception of m2
θ which can be equal to 2θ or 2θ − 1. But

we don’t care about this exception since D2 (the second triangle of πθ) is a dummy triangle. Notice also that

the small difference labels in Table 3 are all distinct, which is also the case for the medium and the big ones.

Since all difference labels on T2θ+1, . . . , T2θ+t are distinct, we conclude that there are only two possibilities

for two arcs uv and u′v′ of n
−→
C3 to have the same difference label f(v)− f(u) = f(v′)− f(u′):

• one of these arcs belongs to T2θ+1, . . . , T2θ+t and the other to T1, . . . , T2θ;

• both arcs belong to T1, . . . , T2θ, one having a big-dl, and the other a medium-dl.

Consider the first case. Remember that there is at most one arc on T2θ+1, . . . , T2θ+t with magnitude 3t−2,

all other arcs having a smaller magnitude. Since at most one arc on T1, . . . , T2θ has a magnitude equal to

θ ≥ 3t−2, we conclude that such a situation can only occur at most once (with θ = 3t−2), and we can avoid

it by flipping all triangles T2θ+1, . . . , T2θ+t. More precisely, by flipping a directed triangle
−→
C3 with vertex set

{x, y, z} and arc set {xy, yz, zx}, we mean exchanging the vertex labels of y and z. Hence, the set of difference

labels is modified from {f(y) − f(x), f(z) − f(y), f(x) − f(z)} to {f(z) − f(x), f(y) − f(z), f(x) − f(y2)},
which means that each difference label of the original set appears with an opposite sign in the modified set,

but with the same magnitude.

Consider the second case, and let i and j be such that bxi = my
j for x, y in {1, 2}. Note that 0 ≤ j < i ≤ θ.

We say that πi is conflicting with πj and we write πi → πj . If πi is not conflicting with πj , we write πi 9 πj .

Note that

if there are k < j < i such that πi → πj → πk, then πk 9 π` for all ` < k. (a)

Indeed, if πi → πj → πk, then there are x, y, z, w in {1, 2} such that bxi = my
j and bzj = mw

k . Then:

|bwk | = |mw
k |+ |swk | = |bzj |+ |swk | ≥ |b

y
j |+ |s

w
k | − 2 = |my

j |+ |s
y
j |+ |s

w
k | − 2 = |bxi |+ |s

y
j |+ |s

w
k | − 2.

Since |bxi | ≥ 2θ + 3t+ 1, |swk | > |s
y
j | > |sxi | ≥ θ, we have min{|b1k|, |b2k|} ≥ |bwk | − 2 ≥ 4θ + 3t. Hence, πk 9 π`

for all ` < k since there is no arc with medium magnitude at least equal to 4θ + 3t.

We now show how to avoid conflicting pairs πi and πj with both i and j at least equal to 2. Conflicts

involving π0 and π1 (i.e., T1, . . . , T4) will be handled later. Consider i and j such that 2 ≤ j < i < θ

and πi → πj . Since b1i and m2
j are positive, while b2i and m1

j are negative, we either have b1i = m2
j or

b2i = m1
j . In the first case, we say that πi is 12−conflicting with πj , while in the second case, we say that πi

is 21−conflicting with πj . Note that

if πi is 12− conflicting with πj , then πi−1 is 21− conflicting with πj and πi+1 9 πj . (b)
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if πi is 21− conflicting with πj , then πi+1 is 12− conflicting with πj and πi−1 9 πj . (c)

Indeed, if πi is 12−conflicting with πj , then b1i = m2
j , which implies b2i−1 =−b1i −2 =−m2

j−2 =m1
j . Since

max{|b1i+1|, |b2i+1|} = |b1i+1| = b1i − 4 < m2
j ≤ min{|m1

j |, |m2
j |}, we have πi+1 9 πj . Similarly, if πi is

21−conflicting with πj , then b2i = m1
j , which implies b1i+1 = −b2i −2 = −m1

j −2 = m2
j . Moreover, since

min{|b1i−1|, |b2i−1|} = |b2i−1| = |b2i |+ 4 > m1
j = max{|m1

j |, |m2
j |}, we have πi−1 9 πj . Observe also that:

if πi → πj for 2 ≤ j, then πk 9 πj for 2 ≤ k 6= i, i− 1, i+ 1. (d)

Indeed, if 2 ≤ k < i − 1, then min{|b1k|, |b2k|} ≥ max{|m1
j |, |m2

j |} + 4, while for θ ≥ k > i + 1, we have

max{|b1k|, |b2k|} ≤ min{|m1
i |, |m2

i |} − 4. In both cases, none of m1
j and m2

j can be equal to b1k or b2k. As next

property, note that:

if πi → πj for 2 ≤ j, then πi 9 πk for 1 ≤ k 6= j. (e)

Indeed, let us first show that πi 9 πj−1. If j = 2, then m1
1 =m1

2−2=−m2
2−4 and m2

1 =−m1
2 =m2

2+2. Since we

have either b1i = m2
2 and b2i = −m2

2+2, or b2i = m1
2 and b1i = −m1

2+2, we see that πi 9 π1. For j > 2, observe

that b1i , b
2
i ,m

1
j ,m

2
j all have the same parity, while m1

j−1,m
2
j−1 have the opposite parity. Hence πi 9 πj−1.

Similarly, πi 9 πj+1 for all 2 ≤ j ≤ θ−1 since the parity of m1
j+1,m

2
j+1 is the opposite of the parity of b1i , b

2
i .

Now, let x, y ∈ {1, 2} be such bxi = my
j . If 1 ≤ k < j − 1, then min{|m1

k|, |m2
k|} ≥ max{|b1i |, |b2i |} + 2, while

for θ ≥ k > j + 1, max{|m1
k|, |m2

k|} ≤ min{|b1i |, |b2i |} − 2. In both cases, none of m1
k and m2

k can be equal to

b1i or b2i , which proves that πi 9 πk for k ≥ 1, k 6= j − 1, j, j + 1.

In what follows, we will remove conflicts by flipping some triangles. More precisely, by flipping πi, we

mean flipping both triangles in πi. Note that :

if πi → πj for j ≥ 2, then πi 9 πk for all k ≥ 2 after the flip of πi. (f)

Indeed, if πi is 12−conflicting with πj , then b1i = m2
j , and there is no triangle with medium-dl equal to

−b1i = −m2
j = or −b2i = b1i − 2 = m2

j − 2. Similarly, if πi is 21−conflicting with πj , then b2i = m1
j , and there

is no triangle with medium-dl equal to −b1i = −b2i + 2 = −m1
j + 2 or −b2i = −m1

j . Hence, we have πi 9 πk
for all k ≥ 2 after the flip of πi. Also,

if πi → πj for j ≥ 2, then πk 9 πj for all k ≤ θ after the flip of πj . (g)

Indeed, if πi is 12−conflicting with πj , then b1i = m2
j , b

2
i−1 = m1

j , and there is no triangle with a big-dl equal

to −m1
j = −b2i−1 or −m2

j = −b1i . Similarly, if πi is 21−conflicting with πj , then b2i = m1
j , b

1
i+1 = m2

j , and

there is no triangle with a big-dl equal to −m1
j = −b2i or −m2

j = −b1i+1. Hence, we have πk 9 πj for all
k ≤ θ after the flip of πj .

Now, let J be the set of integers j such that πi → πj → πk for at least one pair i, k of integers with

2 ≤ k < j < i ≤ θ. Also, let J ′ be the set of integers j′ such that there is k ≥ 2 and j 6= j′ in J with πj → πk
and πj′ → πk. Note that J ∩ J ′ = ∅. Indeed, consider j′ ∈ J ′, and j 6= j′ in J such that πj → πk and

πj′ → πk. It follows from (b), (c) and (d) that j′=j−1 or j′=j+1. Since j ∈ J , m1
j and m2

j have the same

parity as the big difference labels on T5, . . . , T2θ, which means that m1
j′ and m2

j′ have the opposite parity.

Hence, there is no i with πi → πj′ , which proves that j′ /∈ J .

By flipping all π` with ` ∈ J ∪ J ′, we get πi 9 πj for all 2 ≤ j < i ≤ θ with i or j in J ∪ J ′. Indeed,

it follows from (a) that we cannot have πi → πj with both i and j in J ∪ J ′, since this would imply the

existence of k, k′ with 2 ≤ k < k′ ≤ θ and πk′ → πi → πj → πk. Hence, it follows from (f) and (g) that

πi 9 πj for i or j in J , 2 ≤ j < i ≤ θ. Moreover, as observed above, j′ ∈ J ′ implies that m1
j′ and m2

j′ do not

have the same parity as the big diffrence values on T5, . . . , T2θ. Hence, it follows from (f) that πi 9 πj for i

or j in J ′, 2 ≤ j < i ≤ θ.

So, after the flipping of all π` with ` ∈ J ∪ J ′, the remaining conflicts πi → πj with 2 ≤ j < i ≤ θ are

such that {i, j} ∩ (J ∪ J ′) = ∅ . Consider any such conflict. If there is i′ 6= i such that πi′ → πj , then we

know from (d) that i′ = i− 1 or i+ 1. Without loss of generality, we may assume i′ = i+ 1 (else we permute

the roles of i and i′). Since none of j, i, i′ belongs to J ∪ J ′, there is no k such that πk → πi, πk → πi′ or

πj → πk. Also, it follows from (d) that there is no k 6= i, i′ such that πk → πj
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• if i ≤ 2θ/3, we flip πj . We then have min{|b1i |, |b2i |} ≥ 6θ + 3t − 4(2θ/3) − 1 = 10θ/3 + 3t − 1.

It follows that j ≤ 2θ/9 else max{|m1
j |, |m2

j |} ≤ 4θ + 3t − 3(2θ)/9 − 2 = 10θ/3 + 3t − 2. Hence

min{|b1j |, |b2j |} ≥ 6θ+ 3t− 4(2θ/9)− 1 = 46θ/9 + 3t− 1 > 4θ+ 3t− 2. Since the medium magnitudes are

at most equal to 4θ+ 3t− 2, we cannot have πj → πk after the flip of πj . Also, it follows from (g) that,

after the flip of πj , we have πk 9 πj for j < k ≤ θ. Hence, after the flip of πj , the difference labels on

its two triangles are different from those on the other triangles Tk, k ≥ 5.

• if i > 2θ/3, we flip πi and πi′ (if any). In this case, we have max{|m1
i′ |, |m2

i′ |} < max{|m1
i |, |m2

i |}
≤ 4θ + 3t− 3(2θ/3) = 2θ + 3t. Since all big magnitudes on T1, . . . , T2θ are strictly larger than 2θ + 3t,

we cannot have πk → πi after the flip of πi and πi′ . Also, it follows from (f) that after the flip of πi
and πi′ , we have πi 9 πk and πi′ 9 πk for 2 ≤ k < i. Hence, after the flip of πi and πi′ , the difference

labels on their triangles are different from those on the other triangles Tk, k ≥ 5.

After all these flips, there is no πi → πj with 2 ≤ j < i ≤ θ. We consider now triangles T1, T2, T3, T4
involved in π0 and π1. If there is j ≥ 2 such that πj → π1 then we know from (e) that πj 9 πk for all

2 ≤ k < j. Hence, j /∈ J ∪ J ′. If, before the flips, there was i such that πi → πj , then i > 2θ/3. Indeed,

we have seen above that if i ≤ 2θ/3, then min{|b1j |, |b2j |} > 4θ + 3t − 2, which means that πj 9 π1. So, πj
was not flipped, and by flipping π1, we get πj 9 π1 for all 2 ≤ j ≤ θ. Since the parity of m0

1 and m0
2 is the

opposite of the parity of b1i and b2i for all i ≥ 2, we have πj 9 π0 for all 2 ≤ j ≤ θ. Hence, the only possible

remaining conflict is between π0 and π1. This can only occur if b01 = b11 and π1 was flipped. In such a case,

we flip π0 to remove this last conflict.

Case B : n = 2θ + t, θ = 3t+ 1

We treat this case as the previous one. More precisely, the vertex labels f(vi) on T1, . . . , T2θ are given in

Table 4. Given a gdl f ′ for t
−→
C3 with at most one arc of magnitude 3t − 2, and all other arcs of magnitude

strictly smaller than 3t− 2, we set f(vi) = f ′(vi) + 3θ for i = 6θ+ 1, . . . , 6θ+ 3t. Again, one can easily check

that f is a bijection between {v1, . . . , v6θ+3t} and {1, . . . , 6θ + 3t = 3n}.

Table 4: The labeling of T1, . . . , T2θ for case B.

Triangle Ti f(v3i−2) f(v3i−1) f(v3i)

T1 1 2θ + 1 6θ + 3t− 3
T2 2 6θ + 3t 4θ + 3t
T3 3 6θ + 3t− 1 2θ + 2
T4 4 4θ + 3t− 1 6θ + 3t− 2

...
...

...
...

T2k−1 2k − 1 2θ + k 6θ + 3t− 2k + 2
T2k 2k 6θ + 3t− 2k + 1 4θ + 3t− k + 1
k = 3, . . . , θ − 1
...

...
...

...
T2θ−1 2θ − 1 3θ + 3t+ 1 4θ + 3t+ 1
T2θ 2θ 4θ + 3t+ 2 3θ

The small, medium, and big difference labels for triangles T1, . . . , T2θ are given in Table 5. Again, the

triangles are grouped in pairs, using two dummy triangles D1 and D2 which are paired with T5 and T2θ−2,

respectively. Notice that for every uv on a Ti with i ≤ 2θ and every u′v′ on a Tj with j > 2θ, we have

f(v) − f(u) 6= f(v′) − f(u′) since the smallest possible magnitude for uv is θ = 3t + 1, while the largest

possible magnitude for u′v′ is 3t − 2. Hence, in this case, we do not have to flip triangles T2θ+1, . . . , T2θ+t.

Note also that the largest magnitude is 6θ+3t−2 = 3n−2, and there is exactly one arc with this magnitude.

Since θ = 3t+ 1, we have θ+ 3t+ 2 = 2θ+ 1, which means that no medium-dl can be equal to a small-dl.

The small, medium and big difference labels on T1, . . . , T2θ−2 are exactly the same as those of Table 3. Using

the same arguments, as in the previous case, we can avoid conflicts involving medium and big difference

labels of π0, . . . , πθ−1. Consider now πθ:
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• the medium difference values of πθ can only be conflicting with the medium-dl of D2, but we don’t care

about such a conflict since D2 is a dummy triangle;

• the big difference values of πθ can only be conflicting with the medium-dl of a Tk. For this to happen,

we should have 2θ + 3t + 2 equal to 4θ + 3t − 3k + 1 or 4θ + 3t − 3k − 1, or equivalently k equal to
2θ−1

3 = 6t+1
3 or 2θ−3

3 = 6t−1
3 , which is impossible since k is an integer.

Table 5: The difference labels of the arcs of T1, . . . , T2θ, D1, D2 for case B.

Pair Triangle Small-dl Medium-dl Big-dl

π0 = (T1, T2)
T1 2θ 4θ + 3t− 4 −(6θ + 3t− 4)
T2 −2θ −(4θ + 3t− 2) 6θ + 3t− 2

π1 = (T3, T4)
T3 −(2θ − 1) −(4θ + 3t− 3) 6θ + 3t− 4
T4 2θ − 1 4θ + 3t− 5 −(6θ + 3t− 6)

π2 = (D1, T5)
D1 −(2θ − 2) −(4θ + 3t− 5) 6θ + 3t− 7
T5 2θ − 2 4θ + 3t− 7 −(6θ + 3t− 9)

...
...

...
...

...
πk = (T2k, T2k+1) T2k −(2θ − k) −(4θ + 3t− 3k + 1) 6θ + 3t− 4k + 1
k = 3, . . . , θ − 2 T2k+1 2θ − k 4θ + 3t− 3k − 1 −(6θ + 3t− 4k − 1)
...

...
...

...
...

πθ−1 = (T2θ−2, D2)
T2θ−1 −(θ + 1) −(θ + 3t+ 4) 2θ + 3t+ 5

D2 θ + 1 θ + 3t+ 2 −(2θ + 3t+ 3)

πθ = (T2θ−1, T2θ)
T2θ−1 θ θ + 3t+ 2 −(2θ + 3t+ 2)
T2θ −θ −(θ + 3t+ 2) 2θ + 3t+ 2

Case C : n = 2θ + t− 1, θ ∈ {3t− 1, 3t}

Again, consider the vertex labels f(vi) on T1, . . . , T2θ−1 shown in Table 6. Given a gdl f ′ for t
−→
C3 with

at most one arc of magnitude 3t − 2, and all other arcs of magnitude strictly smaller than 3t − 2, we set

f(vi) = f ′(vi) + 3θ − 1 for i = 6θ − 2, . . . , 6θ + 3t − 3. One can easily check f is a bijection between

{v1, . . . , v6θ+3t−3} and {1, . . . , 6θ + 3t− 3 = 3n}. The small, medium, and big difference labels for triangles

T1, . . . , T2θ are given in Table 7.

Table 6: The labeling of T1, . . . , T2θ−1 for case C.

Triangle Ti f(v3i−2) f(v3i−1) f(v3i)

T1 1 2θ 6θ + 3t− 6
T2 2 6θ + 3t− 3 4θ + 3t− 2
T3 3 6θ + 3t− 4 2θ + 1
T4 4 4θ + 3t− 3 6θ + 3t− 5
T5 5 2θ + 2 6θ + 3t− 7

...
...

...
...

T2k 2k 6θ + 3t− 2k − 2 4θ + 3t− k − 1
T2k+1 2k + 1 2θ + k 6θ + 3t− 2k − 3
k = 3, . . . , θ − 1
...

...
...

...

Again, the triangles are grouped in pairs, using one dummy triangle D1 which is paired with T5. Notice

that for every uv on a Ti with i ≤ 2θ − 1 and every u′v′ on a Tj with j > 2θ − 1, we have f(v) − f(u) 6=
f(v′)− f(u′) since the smallest possible magnitude for uv is θ ≥ 3t− 1, while the largest possible magnitude

for u′v′ is 3t− 2. Hence, also in this case, we do not have to flip T2θ+1, . . . , T2θ+t. Note also that the largest

magnitude is 6θ + 3t− 5 = 3n− 2, and there is exactly one arc with this magnitude.

Since θ < 3t + 1, we have θ + 3t > 2θ − 1, which means that no medium-dl can be equal to a small-dl.

Using the same arguments, as in the previous cases, we can avoid conflicts involving π2, . . . , πθ−1.
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Table 7: The difference labels of the arcs of T1, . . . , T2θ−1, D1 for case C.

Pair Triangle Small-dl Medium-dl Big-dl

π0 = (T1, T2)
T1 2θ − 1 4θ + 3t− 6 −(6θ + 3t− 7)
T2 −(2θ − 1) −(4θ + 3t− 4) 6θ + 3t− 5

π1 = (T3, T4)
T3 −(2θ − 2) −(4θ + 3t− 5) 6θ + 3t− 7
T4 2θ − 2 4θ + 3t− 7 −(6θ + 3t− 9)

π2 = (D1, T5)
D1 −(2θ − 3) −(4θ + 3t− 7) 6θ + 3t− 10
T5 2θ − 3 4θ + 3t− 9 −(6θ + 3t− 12)

...
...

...
...

...
πk = (T2k, T2k+1) T2k −(2θ − k − 1) −(4θ + 3t− 3k − 1) 6θ + 3t− 4k − 2
k = 3, . . . , θ − 1 T2k+1 2θ − k − 1 4θ + 3t− 3k − 3 −(6θ + 3t− 4k − 4)
...

...
...

...
...

If there is j ≥ 2 such that πj → π0, then assume there is i > j such that πi → πj . If i ≤ 2θ/3, then

min{|b1i |, |b2i |} ≥ 6θ+ 3t− 4(2θ/3)− 4 = 10θ/3 + 3t− 4. It follows that j ≤ (2θ+ 3)/9 else max{|m1
j |, |m2

j |} ≤
4θ+3t−3(2θ+3)/9−4 = 10θ/3+3t−5. Hence min{|b1j |, |b2j |} ≥ 6θ+3t−4(2θ+3)/9−4 = 46θ/9+3t−48/9 >

4θ + 3t − 4, which contradicts πj → π0. Hence, we necessarily have i > 2θ/3, and since j cannot belong to

J ∪ J ′, we conclude that j was not flipped. Hence, by flipping π0, we get πj 9 π0 for all j ≥ 2.

Since the parity of m1
1 and m2

1 is the opposite of the parity of b1i and b2i for all i ≥ 2, we have πj 9 π1 for

all j ≥ 2. Hence, the only possible remaining conflict is between π0 and π1. This can only occur if b10 = b11
and π1 was flipped. In such a case, we flip π1 to remove this last conflict.

Case D : n = 2θ + t− 1, θ = 3t+ 1

Consider the vertex labels f(vi) on T1, . . . , T2θ−1 shown in Table 8. Given a gdl f ′ for t
−→
C3 with at

most one arc of magnitude 3t − 2, and all other arcs of magnitude strictly smaller than 3t − 2, we set

f(vi) = f ′(vi) + 3θ − 1 for i = 6θ − 2, . . . , 6θ + 3t − 3. One can easily check f is a bijection between

{v1, . . . , v6θ+3t−3} and {1, . . . , 6θ + 3t− 3 = 3n}.

Table 8: The labeling of T1, . . . , T2θ−1 for case D.

Triangle Ti f(v3i−2) f(v3i−1) f(v3i)

T1 1 2θ 6θ + 3t− 6
T2 2 6θ + 3t− 3 4θ + 3t− 2
T3 3 6θ + 3t− 4 2θ + 1
T4 4 4θ + 3t− 3 6θ + 3t− 5
T5 5 2θ + 2 6θ + 3t− 7

...
...

...
...

T2k 2k 6θ + 3t− 2k − 2 4θ + 3t− k − 1
T2k+1 2k + 1 2θ + k 6θ + 3t− 2k − 3
k = 3, . . . , θ − 3
...

...
...

...
T2θ−4 2θ − 4 4θ + 3t− 1 3θ + 3t+ 1
T2θ−3 2θ − 3 4θ + 3t+ 2 3θ − 2
T2θ−2 2θ − 2 3θ + 3t 4θ + 3t+ 1
T2θ−1 2θ − 1 3θ − 1 4θ + 3t

The small, medium, and big difference labels for triangles T1, . . . , T2θ are given in Table 9. Again, the

triangles are grouped in pairs, using one dummy triangle D1 which is paired with T5. Notice that for every

uv on a Ti with i ≤ 2θ − 1 and every u′v′ on a Tj with j > 2θ − 1, we have f(v) − f(u) 6= f(v′) − f(u′)

since the smallest possible magnitude for uv is θ− 2 = 3t− 1, while the largest possible magnitude for u′v′ is

3t− 2. Hence, also in this case, we do not have to flip T2θ+1, . . . , T2θ+t. Note also that the largest magnitude

is 6θ + 3t− 5 = 3n− 2, and there is only one arc with this magnitude.
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Table 9: The difference labels of the arcs of T1, . . . , T2θ−1, D1 for case D.

Pair Triangle Small-dl Medium-dl Big-dl

π0 = (T1, T2)
T1 2θ − 1 4θ + 3t− 6 −(6θ + 3t− 7)
T2 −(2θ − 1) −(4θ + 3t− 4) 6θ + 3t− 5

π1 = (T3, T4)
T3 −(2θ − 2) −(4θ + 3t− 5) 6θ + 3t− 7
T4 2θ − 2 4θ + 3t− 7 −(6θ + 3t− 9)

π2 = (D1, T5)
D1 −(2θ − 3) −(4θ + 3t− 7) 6θ + 3t− 10
T5 2θ − 3 4θ + 3t− 9 −(6θ + 3t− 12)

...
...

...
...

...
πk = (T2k, T2k+1) T2k −(2θ − k − 1) −(4θ + 3t− 3k − 1) 6θ + 3t− 4k − 2
k = 3, . . . , θ − 3 T2k+1 2θ − k − 1 4θ + 3t− 3k − 3 −(6θ + 3t− 4k − 4)
...

...
...

...
...

πθ−2 = (T2θ−3, T2θ−2)
T2θ−3 −(θ + 1) −(θ + 3t+ 4) 2θ + 3t+ 5
T2θ−2 θ + 1 θ + 3t+ 2 −(2θ + 3t+ 3)

πθ−1 = (T2θ−1, T2θ−4)
T2θ−1 θ θ + 3t+ 1 −(2θ + 3t+ 1)
T2θ−4 −(θ − 2) −(θ + 3t+ 5) 2θ + 3t+ 3

Since θ = 3t + 1, we have θ + 3t + 1 = 2θ, which means that no medium-dl can be equal to a small-dl.

The small, medium and big difference labels on T1, . . . , T2θ−5 are exactly the same as those of Table 7. Using

the same arguments, as in the previous case, we can avoid conflicts involving π0, . . . , πθ−3.

Consider now πθ−2 and πθ−1. The medium magnitudes |m1
θ−2|, |m2

θ−2|, |m1
θ−1| and |m2

θ−1| do not appear

on any other triangle. Also, the medium magnitudes on a πk with 2 ≤ k ≤ θ−3 are equal to 4θ+3t−3k−1 =

15t− 3k+ 3 or 4θ+ 3t− 3k− 3 = 15t− 3k+ 1, which mean that they are all equal to 0, or 1 mod 3. Hence,

the big magnitudes |b2θ−2| = |b2θ−1| = 2θ + 3t + 3 = 9t + 5 do not appear on any other triangle as medium

magnitude. Therefore, these two big magnitudes will not be conflicting if we either flip both πθ−1 and πθ−2, or

none of them. The only remaining possible conflicts involve a medium-dl on a Ti (i < θ−2) and b1θ−2 or b1θ−1.

Assume there is a triangle Ti with magnitude 2θ + 3t + 1 = |b1θ−1|. This means that 2θ + 3t + 1 ≤
4θ + 3t− 3i− 1, which is equivalent to i ≤ (2θ − 2)/3. Hence, πi was not flipped. Also, if there is a triangle

Tj with magnitude 2θ + 3t+ 5 = b1θ−2, then j < i ≤ (2θ − 2)/3, which means that πj was not flipped. Now,

• if there is a triangle Ti with medium-dl −(2θ + 3t + 1), then m1
i = b1θ−1, and m2

i−2 = −b1θ−1 + 4 =

2θ + 3t+ 5 = b1θ−2, and we can avoid both conflicts by flipping both πθ−1 and πθ−2;

• if there is a triangle Tj with medium-dl 2θ + 3t + 5, then m2
j = b1θ−2, and m1

j+2 = −b1θ−2 + 4 =

−(2θ + 3t+ 1) = b1θ−1, and we can avoid both conflicts by flipping both πθ−1 and πθ−2.

• if there is no triangle with medium-dl −(2θ + 3t+ 1) or 2θ + 3t+ 5, there is no conflict.

We already know from Lemma 5 that
−→
C4 +

−→
C3 has a gdl. We now show that this is also the case for−→

C4 + n
−→
C3, n ≥ 2.

Lemma 8
−→
C4 + n

−→
C3 has a gdl for every n ≥ 1.

Proof. The graphs in Figures 9,. . . , 15 show the existence of the desired gdl for 2 ≤ n ≤ 8.
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C3 +
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−→
C4.
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Figure 15: 8
−→
C3 +

−→
C4.

For n ≥ 9, we know from Lemma 7 that there is a gdl for (n+1)
−→
C3, which can be obtained by performing

a set F of flips, starting from the labelling f defined in Tables 2, 4, 6, and 8 for cases A, B, C and D,

respectively. We distinguish two cases.

• For cases A and B, we consider the graph G obtained from (n + 1)
−→
C3 by inserting a new vertex

v0 between v5 and v6. More precisely, G is obtained by replacing T2 in (n + 1)
−→
C3 by a

−→
C4 with

vertex set {v0, v4, v5, v6} and arc set {v4v5, v5v0, v0v6, v6v4}. We then define f ′ by setting f ′(v0) = 1

and f ′(vi) = f(vi) + 1 for i = 1, . . . , 3(n + 1). Clearly, f ′ is bijection between {v0, . . . , v3(n+1)} and

{1, . . . , 3n+ 4}. In order to prove that by performing exactly the same set F of flips, we get a gdl for

G, it is sufficient to show that the difference labels on v5v0 and v0v6 cannot appear on other arcs of G.

– |f ′(v0) − f ′(v5)| = |1 − (6θ + 3t + 1)| = 6θ + 3t, which means that v5v0 has a magnitude larger

than that of any other arc in G.

– f ′(v6)−f ′(v0) = (4θ+3t+1)−1 = 4θ+3t. Since this value is strictly larger than any other medium

magnitude in G, the difference label on v0v6 can only be conflicting with a big-dl on a Ti with

i ≥ 5. But this does not occur since these big difference labels have the opposite parity of 4θ+ 3t.

• For cases C and D, we consider the graph G obtained from (n + 1)
−→
C3 by inserting a new vertex v0

between v9 and v7. More precisely, G is obtained by replacing T3 in (n + 1)
−→
C3 by a

−→
C4 with vertex

set {v0, v7, v8, v9} and arc set {v7v8, v8v9, v9v0, v0v7}. We then define f ′ by setting f ′(v0) = 3n + 4 =

6θ + 3t− 2 and f ′(vi) = f(vi) for i = 1, . . . , 3(n+ 1). Clearly, f ′ is bijection between {v0, . . . , v3(n+1)}
and {1, . . . , 3n + 4}. In order to prove that by performing exactly the same set F of flips, we get a
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gdl for G, it is sufficient to show that the difference labels on v0v7 and v9v0 do not appear on other

arcs of G.

– f ′(v7)− f ′(v0) = 3− (6θ+ 3t− 2) = −(6θ+ 3t− 5). The same difference label appears on T2 but

with an opposite sign. These two arcs could be conflicting if exaclty one of π0 and π1 is flipped,

but this does not occur since T1 and T3 have big difference labels of the same magnitude, but with

opposite signs.

– f ′(v0)− f ′(v9) = (6θ+ 3t− 2)− (2θ+ 1) = 4θ+ 3t− 3. Since this value is strictly larger than any

other medium magnitude in G, the difference label on v9v0 can only be conflicting with a big-dl

on a Ti with i ≥ 5. But this does not occur since these big difference labels have the opposite

parity of 4θ + 3t− 3.

All together, the results shown in the eight lemmas of this section can be summarized as follows.

Theorem 1 If G is the disjoint union of circuits, among which at most one has an odd length, or all circuits

of odd length have 3 vertices, then G has a gdl, unless G =
−→
C3 or G =

−→
C2 +

−→
C3.

Conclusion

As mentioned in the introduction, it is an open question to determine the values of n for which n
−→
C3 has a

graceful labeling, i.e., an injection f : V → {0, 1, . . . , q} such that, when each arc xy is assigned the label

(f(y)− f(x)) (mod q + 1), the resulting arc labels are distinct. Considering graceful difference labelings, we

could show that n
−→
C3 has a gdl if and only if n ≥ 2. We have also proved additional cases that support the

following conjecture.

Conjecture 1 If G is the disjoint union of circuits, then G has a gdl, unless G =
−→
C3 or G =

−→
C2 +

−→
C3.
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