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Abstract: This paper presents an invariant Rauch-Tung-Striebel Smoother (IRTS) applicable to
systems with states that are an element of a matrix Lie group. In particular, the extended Rauch-Tung-
Striebel (RTS) smoother is adapted to work within a matrix Lie group framework. The main advantage
of the invariant RTS (IRTS) smoother is that the linearization of the process and measurement models
is independent of the state estimate resulting in state independent Jacobians when certain technical
requirements are met. The multiplicative RTS (MRTS) smoother is also reviewed and is used as a
direct comparison to the proposed IRTS smoother using simulated and experimental data.

Acknowledgments: The authors graciously acknowledge funding from Group for Research in Decision
Analysis (GERAD) and the National Science and Engineering Research Council (NSERC) of Canada.
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1 Introduction

The need to estimate states using incomplete and noisy data arises in many engineering applications.
In robotics applications, where states of interest are often elements of a matrix Lie group, a popular
state estimator is the extended Kalman filter (EKF), or rather the multiplicative extended Kalman
filter (MEKF), a variant of the EKF [1]. The EKF is an approximation to the Bayes filter that uses
linearization to compute a state estimate [2, Sec. 4.2]. The prediction and correction steps of the EKF
use process and measurement model Jacobians, respectively, that are evaluated at the most recent
state estimate. If the most recent state estimate is poor, the Jacobians are inaccurate.

The invariant EKF (IEKF) is a state estimator that is specific to systems with states that are an
element of a matrix Lie group. It was shown in [3, 4] that when the process model is group affine, the
measurements are left invariant (right invariant), and a left-invariant error (right-invariant error) is
used, the IEKF as interpreted as an observer possesses asymptotic convergence properties. Moreover,
the Jacobians associated with the IEKF are state-estimate independent and, as such, the IEKF has
enhanced performance properties when compared to the EKF or MEKF (3, 4].

Unlike the Kalman filter and its nonlinear variants, the Rauch-Tung-Striebel (RTS) smoother uses
all available measurements in a batch framework to compute state estimates using a forward pass
followed by a backward pass. In [5] an RTS smoother for systems with states that are an element of a
matrix Lie group is presented, but the invariant framework is not leveraged. The article [6] considers the
full batch estimation problem in an invariant framework, rather than a forward-backward smoothing
approach, as considered in [5] and this paper. The advantage of the IEKF framework is the fact
that the Jacobians are state-estimate independent. Motivated by this fact, this paper considers the
derivation of an invariant RTS (IRTS) smoother for systems with states that are elements of a matrix
Lie group. Like the IEKF, the IRTS smoother has state-independent Jacobians.

To assess the performance of the IRTS smoother relative to a multiplicative RTS (MRTS) smoother,
a state estimation problem on the matrix Lie group SFE5(3) is considered. In particular, the position,
attitude and velocity of a rigid body are estimated using acclerometer, rate gyro, and position mea-
surements. Simulation results demonstrate that the state-estimate independent Jacobians associated
with the IRTS smoother result in better performance relative to the MRTS smoother that uses state-
estimate-dependent Jacobians. Experimental results using the EuRoC dataset [7] is also considered.
Although results are less pronounced when working with real data, the IRTS smoother outperforms
the MRTS smoother.

The remainder of this paper is as follows. Notation and preliminaries are presented in Section 2. In
Section 3 the standard RTS smoother is reviewed. An extended RTS smoother applicable to systems
with states that are an element of matrix Lie group, a so-called MRTS smoother, is presented in
Section 4. Finally, the IEKF framework is brought to bear on the RTS smoothing problem in Section 5.
Section 6 formulates the state estimation problem associated with SFE5(3), while Sections 7.1 and 7.2
present simulation and experimental results of the MRTS and IRTS smoothers applied to the SE5(3)
estimation problem. The paper is drawn to a close in Section 8. This paper’s contributions are the
IRTS smoother derivation in Section 5 and its evaluation in simulation and experiments in Sections 7.1
and 7.2.

2 Preliminaries

2.1 Matrix Lie groups

Consider the matrix Lie group G, which is composed of n X n matrices with m degrees of freedom,
that is closed under matrix multiplication [8]. The matrix Lie algebra associated with G, denoted by g,
is the tangent space of G at the identity element 1, denoted as 7T1G. The matrix Lie algebra can be
mapped to the matrix Lie group using the exponential map, exp (-) : g — G. The inverse map uses
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the matrix natural logarithm, In () : G — g. The linear operator ()A : R™ — g maps an m dimension
column matrix to the matrix Lie algebra. The inverse map is ()" : g — R™.

Definition 1 (Group Affine [3]): The function F (X, u) is said to be group affine if for X;, Xs € G
it satisfies
F (X1Xz,u) = X4F (Xo,u) + F (X1, u) X5 — X4F (1,u) Xo.

Definition 2 (Left- and Right-Invariant Error [3]): Consider X,X € G. The left-invariant error
between X and X is given by 6X" = XX and the right-invariant error between X and X is 6X® =
XX,

2.2 Kinematics

A reference frame F, is composed of three orthonormal physical basis vectors [9]. The orientation
of F, relative to Fy is described by a direction cosine matrix (DCM) C,p, € SO(3). A physical vector

2, can be resolved in F, as a column matrix v, or in Fj as vy, where v, = CopVp and vg, vy € R3.

The position of a point z relative to a point w resolved in F, is denoted as rZ* € R3. The velocity of

z relative to w with respect to F, is denoted as FZ% = vi"/* and the angular velocity of JF, relative

to F, resolved in F, is given by w’ € R3.

3 RTS smoothing
Consider the linear system
x(t) = Ax(t) + Bu(t) + Lw(¢), (1)
Vi = HpxXp + My vy, (2)

where k denotes the time steps such that x;, = x(¢x), x(¢t) € R™ is the state, u(t) is an interoceptive
measurement, yy, is the exteroceptive measurement, w(t) is process noise, and v, is measurement noise.
Unless required for clarity, the argument (¢) will once again be omitted for brevity. The discrete-time
process model can be found in several ways [10] resulting in the discrete-time process model

Xp = A 1Xg—1 +Brqup 1 + L 1we . (3)

The RTS smoother consists of a forward filter and a smoother that goes backward in time. The forward
filter is the traditional Kalman filter for £k =0,..., N.

The predicted state estimate and covariance are found using [11, Sec. 8.2]
Xpp = Ap_1Xf -1+ Br_1ug_q, (4)

P =Ap 1 Prr AT+ Ly 1Qu 1L}, (5)

where wi, ~ N (0,Qg), Xsi is the a priori forward state estimate, Xgi, is the a posteriori forward
state estimate, f’fk is the a priori forward covariance estimate and f’fk is the a posteriori forward
covariance estimate. The Kalman gain Ky is found by minimizing the covariance with respect to K,
which gives [11, Sec. 8.2]

. . -1
ka = Pkaz (HkakH;cr + Mk71RkM;€r,1) , (6)
where v ~ N (0,Rg). The predicted estimates are then updated using [12, Sec. 9.4]

Xrp =X + Kpp (Y6 — HiXgi) (7)
+ K MR, MK, (8)
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After the forward filter has been run, the backward smoother is initialized using X;n and f’f N-
The smoothing equations [11, Sec. 8.2]

Ko = PrrAfP L,

—~
=)
=

Xoro = Xpi + Ko (X k41 — Xf641) (10)
P, = Pfk — K (Pf,k+1 - Ps,k+1) K1, (11)
are then used for k = N — 1,...,0, where Ky is the smoother gain, X, is the smoother estimate,

and P, is the smoother covariance.

4 Multiplicative RTS smoothing

The extended RTS smoother is used for nonlinear systems and has many variations, an example of
which is discussed by Sarkké in [11]. Consider a nonlinear system described by the continuous-time
process and discrete-time measurement models

X(t) = F (X(t),x(t), u(t), w(t)), (12)
x(t) = £(X(t),x(t),u(t), w(t)), (13)
Vi = 8k (X, Vi), (14)

where X € G is an element of a matrix Lie group while x € R™. For a process model of the form
given by (12) and (13), the multiplicative RT'S (MRTS) smoother can be used for state estimation. A
similar multiplicative approach to smoothing is taken in [13, 5]. The MRTS smoother can be viewed
as an extension of the extended RTS smoother in the same way the multiplicative extended Kalman
Filter (MEKF) is an extension of the standard EKF. Owing to the popularity of the EKF, and the use
of the MEKF as the benchmark when assessing the benefits of the IEKF, the MRTS smoother will be
compared to the proposed IRTS smoother derived in Section 5.

As is done in many Kalman filter variants, the MRTS smoother requires linearization of the process
and measurement models. Combining and linearizing (12) and (13), and also linearizing (14), results in

0% = Adx + Low, (15)
O0yr = Hidxp + Mpovy, (16)

where A and L are the process model Jacobians, and Hx and M, are the measurement model Jacobians.
The error definitions used to linearized are [14]

Sx — [ln(z((f(—xl)v} .

The error in the state defined on G is multiplicative because G is not closed under addition. Also, this
is just one error definition; alternative definitions can be used as well.

The forward filter is the known MEKF [13]. The prediction step from Xx_; to Xj is performed
by integrating (12) and (13) from time #;_; to time ¢; assuming no process noise. The predicted
covariance is given by (5) and the Kalman gain is given by (6). The state estimate correction is
given by

5X1]

= K40y, 17

] = Kpuin, (1)
X = Xprexp ((0x1)") (18)
Xpi = Xpr + 0Xa, (19)

where 0y, = yr — ¥x and the corrected covariance is given by (8).
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The backward smoothing is initialized using the state estimate and covariance output of the forward
filter. The Kalman gain for the smoother is given by (9) and the smoother covariance update is given
by (11). The smoother-state innovation and smoother state update are given by

[zék] _ {Aln (Xppt1)” } 7 (20)

Z X k1 — Xf k41

- - A

Xsk = ka exp ((Kskzik) ) 5 (21)
Xor = X1 + Kepz2),. (22)

5 Invariant RTS smoothing

The invariant extended Kalman filter (IEKF) [3] can be considered a variant of the extended Kalman
filter (EKF), but specific to estimation problems defined on matrix Lie groups. Here, the invariant
filtering framework is leveraged to introduce the invariant RTS (IRTS) smoother. Similar to tradi-
tional RTS smoothing and MRTS smoothing the forward filter in IRTS smoothing is the IEKF, and
subsequently a backward smoothing step will be performed. The IEKF and proposed IRTS smoother
are applicable to process models of the form

X(t) = F(X(t),u(t)) + X(t)W(t), (23)

where X(¢) € G is the state and W(¢) € g is process noise where w(t) = W(t)¥ € R™. The argument (t)
will once again be omitted for brevity. Given the true state X and the state estimate X, the error
can be defined as a left-invariant error or right-invariant error. Additionally, when the process model
(excluding noise) is group affine, the error dynamics are state-independent, as stated in the next
theorem.

Theorem 1 (State-independent error dynamics [3]). If the function F (X(¢),u(¢)) is group affine and
the error is either left- or right-invariant, then the error propagation will be state-independent.

The choice of using a left- or right-invariant error depends on the left- or right-invariant form of
the measurements, as defined next.

Definition 3 (Left- and right-invariant measurement model): Left- and right-invariant measurements are

Vi = Xibi + vi, (24)
i = X; by + v, (25)

respectively, where by is some known column matrix of appropriate dimension.

When confronted with a left-invariant (right-invariant) measurement model and a group affine
process model, a left-invariant error (right-invariant error) should be used [3, 4].

The error dynamics are linearized using 6X = exp (6¢") ~ 1+ 6¢", where ¢ € R™ is the state of
the linearized system, and the superscript for left or right has been dropped here. Because the problem
considered in Section 6 has a left-invariant error, subsequent derivations assume a left-invariant error.

The linearized process model is .
0€ = AO€ + Low. (26)

The prediction step in the forward filter from X;_; to Xy is performed by integrating the nonlinear
process model from time tx_1 to tx. The predicted covariance is given by (5). The left-invariant error
Xy = XJTle fk is the error between the predicted and the corrected state. Rearranging the error
definition results in an expression for the corrected state given by

ka = ka(SX;kl,
= ka exXp (— (kaka)/\) y
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where zy;, = X}?kl (Yx — ¥x) is the innovation, the Kalman gain is given by (6), and y; = kabk. To
find an expression for Hy and My, it is necessary to linearize the innovation. To do this, substitute (24)
into the innovation expression and use the definition of the error, which results in

Zip = X;kl (Xkbk + Vi — kabk)
= §X_1bk + X‘lvk — bk (27)

Letting 55(;1@1 ~1-— 65% and substituting this into (27) gives

A o
Zf = 75£fkbk + kalng
= deéfk + M, ovy,.

After the forward-filter pass, the backward smoothing is initialized with the corrected state estimate
Xy and covariance Py. The Kalman gain used in the backward smoothing is given by (9) and the
covariance update is given by (11). To find an expression describing the smoothed state estimate, first
the error between Xs7k+1 and Xf7k+1 must be defined. In the traditional RTS smoother there is the
X k+1 — X x+1 term which can be seen as a X term or as a smoother innovation term. The equivalent
error in the present context, when the state is an element of G and a left-invariant error is employed, is

0Xar = X j o Xp ket (28)

The linear representation of this error will be referred to as 6§, where exp (5£5Ak) = 0X,x. Note that
if a right-invariant error is used, then (28) should also be a right-invariant error. Using the linear
representation of the error, an expression for the smoother-state innovation zg is

N . \
Zg) — 6£sk =In (X;]16+1Xf7k+1) . (29)

Given that the smoother-state innovation has been defined, an expression for the smoother state
estimate update can now be found. The smoother update step within a matrix Lie group context is
then

Xsk = ka exp (— (Kskzsk)A) . (30)

Mind that the expressions given for the innovation and state estimate correction in the forward filter
and backward smoother are derived for the left-invariant measurement model (24) using a left-invariant
error definition. If however a right-invariant measurement model is used, then a right-invariant error
definition must be used. This will result in

. . v
Zsi, — In (Xf,k+1xs_,llg+1) y (31)
Xk = exp (- (Kkzsk)/\) ka» (32)

for the smoother-state innovation and smoother state estimate update, respectively.

6 Sample problem in SFE,(3)

Consider the problem of a body free to translate and rotate in 3D space. The body is equipped with
a rate gyro and an accelerometer. Let F, be an inertial frame and F; a frame that rotates with the
body. Point w is a fixed reference point and point z moves with the body. The states of interest are

e, v2"/% and C,p. The state can be represented as an element of SE,(3), that being

zw/a
Cup Va l'gw

T=1|0 1 0 |- (33)
0 0 1
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Details pertaining to the matrix Lie group SFE5(3) are presented in the Appendix. The rate gyro
measures
u = wpt — wi,
where wj ~ N (0,Q;) when discretized. The accelerometer measures
ul =f, — w,

where f;, is the specific force resolved in the body frame and W%k ~N (0, Q%) when discretized. The
kinematics are

b X
Cab = Cabwba 3

Vzw/a = fa + g4 = Cabfb + 8a,

22 W

zw/a
rg

a 9

=V

where () : R® — 50(3) is the linear operator that maps a three dimensional column matrix to the
matrix Lie algebra s0(3). The continuous-time process model is then given by

Cab == Cab (ll; + W;) . ) (34)
VEW/C = Cyp (u +wp) + ga, (35)
B =il (36)
This can be written as a function of the state matrix T as

 [Copul Copu2 g, v2/ W w2 0
T= 0 0 0 +T | 0 0 0}, (37)

0 0 0 0 0 0

F(T,up) W,

where Wy, = w)', w, = [wi' w2' 0T]T and u, = [ul" u2' 07]T. The function F (T, w,) is group affine.

In this problem a position measurement, such as a global positioning system (GPS) or ultra-wide
bandwidth (UWB) measurement, provides

Ya, = TE"Y + V. (38)
This can also be expressed as a function of the state Ty,

Var = Ty m + {ng} . (39)

6.1 Error propagation

The measurement model in (39) is left invariant as it has the form of (24). As such, a left-invariant
error 0T = T~'T will be used. The error propagation is

5T = T717 + T-'T. (40)
Substituting (37) into (40) and rearranging results in
6T =F (0T, u,) — F (1,u;) 6T — W4T. (41)

.
Equation (41) is then linearized using 6T ~ 1+ 6¢" and W = 6W, where 0§ = [5£¢T sevT 5&”} ,

resulting in

6€ = ASE + Low, (42)
where
—ul* 0 0
A= —u%x —ugx 0 , L=-1, (43)
0 1 —u”

are the process model Jacobians.
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6.2 Linearization of the measurement model

The measurement model is given by (39), and substituting this into the innovation then gives

T (Yo — Yar)

. 0 Vi -
ZTkl(Tk|:1:|+|: 0 ]+Tk|:
o1 0 -1 Vi 0
USRS A e

Linearizing (44) by letting 6T, ' ~ 1 — 6&’2 and v,, = dvg,,
- <A 0 1 6vak 0
we (o) [3 [ eme [ ][]

= —5&, [ (1) ] + T [ 5V0“k }

Zj

Lp % v yr
3 0&;  0& 0 . [ v,
S e ]
0 0 0
_H§ék+M;€{5‘6‘lk}, (45)
where
0 0 —1 .
Hk:{o 0 0 ] M= T, . (46)

Owing to the fact that F(T,u;) is group affine, the measurement model in (39) is left invariant, and
a left-invariant error is being used, A and Hy do not depend on T nor T. The invariant framework
does not guarantee L and Mj, will not depend on T and Ty, respectively, and in this specific case L is
constant while Mj depends on T,.

6.3 Jacobians using MRTS smoothing

The Jacobians associated with MRTS smoothing are given by

—ul* 0 0 1 0 0
A= —éabub 0 0 ) L= 0 ab 0 ) (47)
0 10 0 0 0
0 01
Hk:{o 0 0], M; = 1. (48)

Notice that two of the four Jacobians in (47) and (48) depend on the state estimate, while one of the
four Jacobians in (43) and (46) depend on the state estimate. This may seem like a small difference,
but as the results of Sections 7.1 and 7.2 show, this difference does manifest itself in the performance
of the filters.

7 Simulations and experiments
7.1 Simulation parameters and results

A constant acceleration and angular velocity of azw/a/a = [2.5 2.5 2.5}T 1073 m/s? and wh* =
[0.01 0.01 0.01]T rad/s are used in a 300s simulation. The true initial attitude is always Cgp,
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exp ((;55), where ¢ = [% T %] rad, the initial position is r7°* = 0 m and the initial velocity is
always Viow/ “ =0 ms~'. The rate gyro and accelerometer provide measurements at a rate of 100 Hz
and the position measurements at a rate of 10 Hz. The rate gyro and accelerometer are assumed to

have zero-mean Gaussian noise with a variance set to o7 = 7= rad®s™? and o7 = 5 x 1073 m?s™*,

respectively. The noise on the position measurements is set to have a variance of 0% = 0.05 m?. The
covariance matrices for the smoother are given by

(o210 0
Q=| 0 21 0 |, R =031,
L 0 0 0
(021 0 1
P, = 0 o351 0 ,
|0 0 o1

where op, = 3¢ rad, op, = 0.05 ms~! and op, = 0.05 m. This is the standard situation, and describes
the situation used to obtain the results, unless otherwise specified.

Monte Carlo simulations are performed to obtain results showing the error in the state estimator.
For every Monte Carlo simulation the simulated trajectory is slightly altered from the standard trajec-
tory. The trajectory is altered by simulating noise on the constant acceleration and angular velocity,
so that the acceleration and angular velocity are slightly altered for every Monte Carlo simulation,
then by integration a true value for velocity, position and attitude are obtained. The variance between

every simulation of the acceleration is set to be o2 = [10_4 10~4 10_4}T m?s~* and the variance

of the angular velocity is set to be o3 = [10_5 10—° 10_5]T rad?s2.

Figure 1 shows the results of the mean root mean square error (RMSE) in each state for 100
Monte Carlo simulations using the IRTS and the MRTS smoothers. The lower bounds of the errorbars
in Figure 1, and all forthcoming figures, are set to a percentile of 2.5 and the upper bounds of the
errorbars are set to a percentile of 97.5. Although the attitude errors associated with the IRTS and
MRTS smoother are about the same, the errors in position and velocity associated with the ITRTS
smoother are less than those associated with the MRTS smoother. The attitude errors are large

1 0.12 0.1

0.1}

e
%
e
=3
®

(m/s)

e
=
e
=3
=

2w/a

a

0.06

S
=

Mean RMSE ¢ (rad)
e
2

Mean RMSE r;* (m)

0.04

Mean RMSE v,

=
o
e
=3
=

0.02

& & & & & &
Ny NN Ny

Figure 1: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS in simulation with the standard noise values.

due to the problem set up. Specifically, the only exteroceptive measurements available are position
measurements, meaning the attitude is weakly observable. The phrase “attitude is weakly observable”
refers to the fact that there are no sensors that are a direct function of the attitude (e.g., such as a
magnetometer), the only way to correct attitude estimates is through the position measurement, and
the position measurement is not a direct function of the attitude. This is why attitude is referred to
as weakly observable. Additionally, the rate-gyro measurements appear multiple times in the process
model Jacobian A. Therefore, rate-gyro noise impacts the accuracy of the the Jacobian A, and thus
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the results, especially as there is only a very weak correction in the attitude estimate via the position
measurements.

Increasing the initial error of the estimator to op, = § rad, op, = 0.2 ms~! and op, = 0.2 m, and
thus changing the initial covariance matrix Py, gives results shown in Figure 2. It can be seen that
inflating the initial error yield even more pronounced results, favoring the IRTS smoother. Specifically,
the attitude errors associated with both smoother are similar, while the position and velocity errors
associated with the IRTS smoother are less than those associated with the MRTS smoother.

2 - 0.15 0.1
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z —
3 £ o1t 8
£ : -
by = 5006 ]
m s =
z =
p = =00}
E 2005} 1 E
0.5} =
0.02 |
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Figure 2: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS in simulation using an inflated initial error.

7.2 Experimental results using ETH dataset

The IRTS and MRTS smoother have also been compared using data from [7]. This dataset contains
the groundtruth and IMU measurements at 200 Hz. The groundtruth data is used to create noisy
position measurements at 10 Hz as if from a GPS. The same covariance matrices Py and R are used
to initialize the smoother and to create the noisy position measurements. The results for 100 Monte
Carlo simulations are shown in Figure 3, which describes the standard situation. The estimation errors
show to be very similar for both smoothers. Just as for the simulated data, the initial error on the
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Figure 3: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS on the ETH dataset.

estimator is increased to op, = % rad, op, = 0.2 ms~! and op, = 0.2 m. The results of this increase
in initial error are shown in Figure 4. Again, although the attitude errors as computed using the IRTS
and MRTS smoothers are about the same, the position and velocity errors associated with the IRTS
smoother are much lower than the errors computed using the MRTS smoother, when increasing the
initial error in the state estimate.
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Figure 4: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS on the ETH dataset for an inflated initial error.

8 Conclusions

The main purpose of this paper is to derive and present the IRTS smoother and benchmark it using
simulated and experimental data relative to the MRTS smoother. The IRTS smoother is essentially
an application of the invariant filtering of [3, 4] where left- or right-invariant error definitions, group
affine process models, and left- or right-invariant measurement models are leveraged to give state-
independent Jacobians. The IRTS and MRTS smoother were compared on a SF5(3) problem using
both simulated and experimental data. On the simulated data, the invariant smoother outperforms the
MRTS smoother in most situations. When using experimental data both smoothers had comparable
results, but for large initial errors, the invariant smoother outperforms the multiplicative smoother.

Appendix

Three dimensional poses can be represented by the special euclidean group SFEs(3),
SE5(3) =

C v

0 1

r
T= 0 | €eR™5 | CeSO®3),v,reR?
1

0 0
The matrix Lie algebra associated with SFE2(3) is
se2(3) = {E=¢" e RV | £ e R},

where N y
. £¢ £¢ é-v £r
=& = 0 0 0
'3 0 0 0
Additionally, s0(3) = {Q = w* € R**3 | w € R?} where
0 —Ws W2
w™ = w3 0 —w
—W? w1 0

The exponential map from seq(3) to SE2(3) is

. eXPs0(3) <€¢X> J§& J¢
exp (") = 0 10 |-
0 0 1
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where expgos) (é‘bX) is given by Rodrigues’ rotation formula [2] and J is given by

= Si;¢1 + (1 - Siz(b) aaT 4 L0050 _;°S¢aX,

where ¢ = ||€?|| and a = £°/¢.
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