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l’accès au travail et enquêterons sur votre demande.
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Abstract: This paper presents an invariant Rauch-Tung-Striebel Smoother (IRTS) applicable to
systems with states that are an element of a matrix Lie group. In particular, the extended Rauch-Tung-
Striebel (RTS) smoother is adapted to work within a matrix Lie group framework. The main advantage
of the invariant RTS (IRTS) smoother is that the linearization of the process and measurement models
is independent of the state estimate resulting in state independent Jacobians when certain technical
requirements are met. The multiplicative RTS (MRTS) smoother is also reviewed and is used as a
direct comparison to the proposed IRTS smoother using simulated and experimental data.
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1 Introduction

The need to estimate states using incomplete and noisy data arises in many engineering applications.

In robotics applications, where states of interest are often elements of a matrix Lie group, a popular

state estimator is the extended Kalman filter (EKF), or rather the multiplicative extended Kalman

filter (MEKF), a variant of the EKF [1]. The EKF is an approximation to the Bayes filter that uses

linearization to compute a state estimate [2, Sec. 4.2]. The prediction and correction steps of the EKF

use process and measurement model Jacobians, respectively, that are evaluated at the most recent

state estimate. If the most recent state estimate is poor, the Jacobians are inaccurate.

The invariant EKF (IEKF) is a state estimator that is specific to systems with states that are an

element of a matrix Lie group. It was shown in [3, 4] that when the process model is group affine, the

measurements are left invariant (right invariant), and a left-invariant error (right-invariant error) is

used, the IEKF as interpreted as an observer possesses asymptotic convergence properties. Moreover,

the Jacobians associated with the IEKF are state-estimate independent and, as such, the IEKF has

enhanced performance properties when compared to the EKF or MEKF [3, 4].

Unlike the Kalman filter and its nonlinear variants, the Rauch-Tung-Striebel (RTS) smoother uses

all available measurements in a batch framework to compute state estimates using a forward pass

followed by a backward pass. In [5] an RTS smoother for systems with states that are an element of a

matrix Lie group is presented, but the invariant framework is not leveraged. The article [6] considers the

full batch estimation problem in an invariant framework, rather than a forward-backward smoothing

approach, as considered in [5] and this paper. The advantage of the IEKF framework is the fact

that the Jacobians are state-estimate independent. Motivated by this fact, this paper considers the

derivation of an invariant RTS (IRTS) smoother for systems with states that are elements of a matrix

Lie group. Like the IEKF, the IRTS smoother has state-independent Jacobians.

To assess the performance of the IRTS smoother relative to a multiplicative RTS (MRTS) smoother,

a state estimation problem on the matrix Lie group SE2(3) is considered. In particular, the position,

attitude and velocity of a rigid body are estimated using acclerometer, rate gyro, and position mea-

surements. Simulation results demonstrate that the state-estimate independent Jacobians associated

with the IRTS smoother result in better performance relative to the MRTS smoother that uses state-

estimate-dependent Jacobians. Experimental results using the EuRoC dataset [7] is also considered.

Although results are less pronounced when working with real data, the IRTS smoother outperforms

the MRTS smoother.

The remainder of this paper is as follows. Notation and preliminaries are presented in Section 2. In

Section 3 the standard RTS smoother is reviewed. An extended RTS smoother applicable to systems

with states that are an element of matrix Lie group, a so-called MRTS smoother, is presented in

Section 4. Finally, the IEKF framework is brought to bear on the RTS smoothing problem in Section 5.

Section 6 formulates the state estimation problem associated with SE2(3), while Sections 7.1 and 7.2

present simulation and experimental results of the MRTS and IRTS smoothers applied to the SE2(3)

estimation problem. The paper is drawn to a close in Section 8. This paper’s contributions are the

IRTS smoother derivation in Section 5 and its evaluation in simulation and experiments in Sections 7.1

and 7.2.

2 Preliminaries

2.1 Matrix Lie groups

Consider the matrix Lie group G, which is composed of n × n matrices with m degrees of freedom,

that is closed under matrix multiplication [8]. The matrix Lie algebra associated with G, denoted by g,

is the tangent space of G at the identity element 1, denoted as T1G. The matrix Lie algebra can be

mapped to the matrix Lie group using the exponential map, exp (·) : g → G. The inverse map uses
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the matrix natural logarithm, ln (·) : G → g. The linear operator (·)∧ : Rm → g maps an m dimension

column matrix to the matrix Lie algebra. The inverse map is (·)∨ : g→ Rm.

Definition 1 (Group Affine [3]): The function F (X,u) is said to be group affine if for X1, X2 ∈ G
it satisfies

F (X1X2,u) = X1F (X2,u) + F (X1,u) X2 − X1F (1,u) X2.

Definition 2 (Left- and Right-Invariant Error [3]): Consider X, X̂ ∈ G. The left-invariant error

between X and X̂ is given by δXL = X−1X̂ and the right-invariant error between X and X̂ is δXR =

X̂X−1.

2.2 Kinematics

A reference frame Fa is composed of three orthonormal physical basis vectors [9]. The orientation

of Fa relative to Fb is described by a direction cosine matrix (DCM) Cab ∈ SO(3). A physical vector

v−→ can be resolved in Fa as a column matrix va or in Fb as vb, where va = Cabvb and va, vb ∈ R3.

The position of a point z relative to a point w resolved in Fa is denoted as rzwa ∈ R3. The velocity of

z relative to w with respect to Fa is denoted as ṙzwa = vzw/aa and the angular velocity of Fb relative

to Fa resolved in Fc is given by ωbac ∈ R3.

3 RTS smoothing

Consider the linear system

ẋ(t) = Ax(t) + Bu(t) + Lw(t), (1)

yk = Hkxk + Mkvk, (2)

where k denotes the time steps such that xk = x(tk), x(t) ∈ Rm is the state, u(t) is an interoceptive

measurement, yk is the exteroceptive measurement, w(t) is process noise, and vk is measurement noise.

Unless required for clarity, the argument (t) will once again be omitted for brevity. The discrete-time

process model can be found in several ways [10] resulting in the discrete-time process model

xk = Ak−1xk−1 + Bk−1uk−1 + Lk−1wk−1. (3)

The RTS smoother consists of a forward filter and a smoother that goes backward in time. The forward

filter is the traditional Kalman filter for k = 0, . . . , N .

The predicted state estimate and covariance are found using [11, Sec. 8.2]

x̌fk = Ak−1x̂f,k−1 + Bk−1uk−1, (4)

P̌fk = Ak−1P̂f,k−1AT
k−1 + Lk−1Qk−1LT

k−1, (5)

where wk ∼ N (0,Qk), x̌fk is the a priori forward state estimate, x̂fk is the a posteriori forward

state estimate, P̌fk is the a priori forward covariance estimate and P̂fk is the a posteriori forward

covariance estimate. The Kalman gain Kk is found by minimizing the covariance with respect to Kk,

which gives [11, Sec. 8.2]

Kfk = P̌fkHT
k

(
HkP̌fkHT

k + Mk−1RkMT
k−1
)−1

, (6)

where vk ∼ N (0,Rk). The predicted estimates are then updated using [12, Sec. 9.4]

x̂fk =x̌fk + Kfk (yk −Hkx̌fk) , (7)

P̂fk = (1−KfkHk) P̌fk (1−KfkHk)
T

+ KfkMkRkMT
kKT

fk. (8)
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After the forward filter has been run, the backward smoother is initialized using x̂fN and P̂fN .

The smoothing equations [11, Sec. 8.2]

Ksk = P̂fkAT
k P̌−1f,k+1, (9)

x̂sk = x̂fk + Ksk (x̂s,k+1 − x̌f,k+1) , (10)

P̂sk = P̂fk −Ksk

(
P̌f,k+1 − P̂s,k+1

)
KT
sk, (11)

are then used for k = N − 1, . . . , 0, where Ksk is the smoother gain, x̂sk is the smoother estimate,

and P̂sk is the smoother covariance.

4 Multiplicative RTS smoothing

The extended RTS smoother is used for nonlinear systems and has many variations, an example of

which is discussed by Särkkä in [11]. Consider a nonlinear system described by the continuous-time

process and discrete-time measurement models

Ẋ(t) = F (X(t), x(t),u(t),w(t)) , (12)

ẋ(t) = f (X(t), x(t),u(t),w(t)) , (13)

yk = gk (xk, vk) , (14)

where X ∈ G is an element of a matrix Lie group while x ∈ Rnx . For a process model of the form

given by (12) and (13), the multiplicative RTS (MRTS) smoother can be used for state estimation. A

similar multiplicative approach to smoothing is taken in [13, 5]. The MRTS smoother can be viewed

as an extension of the extended RTS smoother in the same way the multiplicative extended Kalman

Filter (MEKF) is an extension of the standard EKF. Owing to the popularity of the EKF, and the use

of the MEKF as the benchmark when assessing the benefits of the IEKF, the MRTS smoother will be

compared to the proposed IRTS smoother derived in Section 5.

As is done in many Kalman filter variants, the MRTS smoother requires linearization of the process

and measurement models. Combining and linearizing (12) and (13), and also linearizing (14), results in

δẋ = Aδx + Lδw, (15)

δyk = Hkδxk + Mkδvk, (16)

where A and L are the process model Jacobians, and Hk and Mk are the measurement model Jacobians.

The error definitions used to linearized are [14]

δx =

[
ln(XX̂−1)∨

x̂− x

]
.

The error in the state defined on G is multiplicative because G is not closed under addition. Also, this

is just one error definition; alternative definitions can be used as well.

The forward filter is the known MEKF [13]. The prediction step from x̂k−1 to x̌k is performed

by integrating (12) and (13) from time tk−1 to time tk assuming no process noise. The predicted

covariance is given by (5) and the Kalman gain is given by (6). The state estimate correction is

given by [
δχ1

δχ2

]
= Kfkδyk, (17)

X̂fk = X̌fk exp
(
(δχ1)

∧)
, (18)

x̂fk = x̌fk + δχ2, (19)

where δyk = yk − y̌k and the corrected covariance is given by (8).
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The backward smoothing is initialized using the state estimate and covariance output of the forward

filter. The Kalman gain for the smoother is given by (9) and the smoother covariance update is given

by (11). The smoother-state innovation and smoother state update are given by[
z1sk
z2sk

]
=

[
ln
(
X̌f,k+1

)∨
x̂s,k+1 − x̌f,k+1

]
, (20)

X̂sk = X̂fk exp
((

Kskz1sk
)∧)

, (21)

x̂sk = x̂fk + Kskz2sk. (22)

5 Invariant RTS smoothing

The invariant extended Kalman filter (IEKF) [3] can be considered a variant of the extended Kalman

filter (EKF), but specific to estimation problems defined on matrix Lie groups. Here, the invariant

filtering framework is leveraged to introduce the invariant RTS (IRTS) smoother. Similar to tradi-

tional RTS smoothing and MRTS smoothing the forward filter in IRTS smoothing is the IEKF, and

subsequently a backward smoothing step will be performed. The IEKF and proposed IRTS smoother

are applicable to process models of the form

Ẋ(t) = F (X(t),u(t)) + X(t)W(t), (23)

where X(t) ∈ G is the state and W(t) ∈ g is process noise where w(t) = W(t)∨ ∈ Rm. The argument (t)

will once again be omitted for brevity. Given the true state X and the state estimate X̂, the error

can be defined as a left-invariant error or right-invariant error. Additionally, when the process model

(excluding noise) is group affine, the error dynamics are state-independent, as stated in the next

theorem.

Theorem 1 (State-independent error dynamics [3]). If the function F (X(t),u(t)) is group affine and

the error is either left- or right-invariant, then the error propagation will be state-independent.

The choice of using a left- or right-invariant error depends on the left- or right-invariant form of

the measurements, as defined next.

Definition 3 (Left- and right-invariant measurement model): Left- and right-invariant measurements are

yLk = Xkbk + vk, (24)

yRk = X−1k bk + vk, (25)

respectively, where bk is some known column matrix of appropriate dimension.

When confronted with a left-invariant (right-invariant) measurement model and a group affine

process model, a left-invariant error (right-invariant error) should be used [3, 4].

The error dynamics are linearized using δX = exp
(
δξ∧

)
≈ 1 + δξ∧, where δξ ∈ Rm is the state of

the linearized system, and the superscript for left or right has been dropped here. Because the problem

considered in Section 6 has a left-invariant error, subsequent derivations assume a left-invariant error.

The linearized process model is

δξ̇ = Aδξ + Lδw. (26)

The prediction step in the forward filter from Xk−1 to Xk is performed by integrating the nonlinear

process model from time tk−1 to tk. The predicted covariance is given by (5). The left-invariant error

δXfk = X̂−1fk X̌fk is the error between the predicted and the corrected state. Rearranging the error

definition results in an expression for the corrected state given by

X̂fk = X̌fkδX−1fk ,

= X̌fk exp
(
− (Kfkzfk)

∧)
,
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where zfk = X̌−1fk (yk − y̌k) is the innovation, the Kalman gain is given by (6), and y̌k = X̌fkbk. To

find an expression for Hk and Mk it is necessary to linearize the innovation. To do this, substitute (24)

into the innovation expression and use the definition of the error, which results in

zfk = X̌−1fk
(
Xkbk + vk − X̌fkbk

)
= δX̌−1bk + X̌−1vk − bk. (27)

Letting δX̌−1fk ≈ 1− δξ̌∧fk and substituting this into (27) gives

zfk = −δξ̌∧fkbk + X̌−1fk δvk
= Hkδξ̌fk + Mkδvk.

After the forward-filter pass, the backward smoothing is initialized with the corrected state estimate

X̂fN and covariance P̂fN . The Kalman gain used in the backward smoothing is given by (9) and the

covariance update is given by (11). To find an expression describing the smoothed state estimate, first

the error between X̂s,k+1 and X̌f,k+1 must be defined. In the traditional RTS smoother there is the

x̂s,k+1− x̌f,k+1 term which can be seen as a δx term or as a smoother innovation term. The equivalent

error in the present context, when the state is an element of G and a left-invariant error is employed, is

δXsk = X̂−1s,k+1X̌f,k+1. (28)

The linear representation of this error will be referred to as δξsk where exp
(
δξ∧sk

)
= δXsk. Note that

if a right-invariant error is used, then (28) should also be a right-invariant error. Using the linear

representation of the error, an expression for the smoother-state innovation zsk is

zsk = δξsk = ln
(

X̂−1s,k+1X̌f,k+1

)∨
. (29)

Given that the smoother-state innovation has been defined, an expression for the smoother state

estimate update can now be found. The smoother update step within a matrix Lie group context is

then

X̂sk = X̂fk exp
(
− (Kskzsk)

∧)
. (30)

Mind that the expressions given for the innovation and state estimate correction in the forward filter

and backward smoother are derived for the left-invariant measurement model (24) using a left-invariant

error definition. If however a right-invariant measurement model is used, then a right-invariant error

definition must be used. This will result in

zsk = ln
(

X̌f,k+1X̂−1s,k+1

)∨
, (31)

X̂sk = exp
(
− (Kkzsk)

∧) X̂fk, (32)

for the smoother-state innovation and smoother state estimate update, respectively.

6 Sample problem in SE2(3)

Consider the problem of a body free to translate and rotate in 3D space. The body is equipped with

a rate gyro and an accelerometer. Let Fa be an inertial frame and Fb a frame that rotates with the

body. Point w is a fixed reference point and point z moves with the body. The states of interest are

rzwa , vzw/aa and Cab. The state can be represented as an element of SE2(3), that being

T =

Cab vzw/aa rzwa
0 1 0
0 0 1

 . (33)
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Details pertaining to the matrix Lie group SE2(3) are presented in the Appendix. The rate gyro

measures

u1
b = ωbab − w1

b ,

where w1
bk
∼ N

(
0,Q1

k

)
when discretized. The accelerometer measures

u2
b = fb − w2

b ,

where fb is the specific force resolved in the body frame and w2
bk
∼ N

(
0,Q2

k

)
when discretized. The

kinematics are

Ċab = Cabωbab
×
,

v̇zw/aa = fa + ga = Cabfb + ga,

ṙzwa = vzw/aa ,

where (·)× : R3 → so(3) is the linear operator that maps a three dimensional column matrix to the

matrix Lie algebra so(3). The continuous-time process model is then given by

Ċab = Cab
(
u1
b + w1

b

)×
, (34)

v̇zw/aa = Cab
(
u2
b + w2

b

)
+ ga, (35)

ṙzwa = vzw/aa , (36)

This can be written as a function of the state matrix T as

Ṫ =

Cabu1
b
× Cabu2

b + ga vzw/aa

0 0 0
0 0 0


︸ ︷︷ ︸

F(T,ub)

+T

w1
b
× w2

b 0
0 0 0
0 0 0


︸ ︷︷ ︸

Wb

, (37)

where Wb = w∧b , wb = [w1
b

T w2
b

T 0T]T and ub = [u1
b

T u2
b

T 0T]T. The function F (T,ub) is group affine.

In this problem a position measurement, such as a global positioning system (GPS) or ultra-wide

bandwidth (UWB) measurement, provides

yak = rzkwak
+ vak . (38)

This can also be expressed as a function of the state Tk,

yak = Tk
[

0
1

]
+

[
vak
0

]
. (39)

6.1 Error propagation

The measurement model in (39) is left invariant as it has the form of (24). As such, a left-invariant

error δT = T−1T̂ will be used. The error propagation is

δṪ = Ṫ−1T̂ + T−1 ˙̂T. (40)

Substituting (37) into (40) and rearranging results in

δṪ = F (δT,ub)− F (1,ub) δT−WδT. (41)

Equation (41) is then linearized using δT ≈ 1 + δξ∧ and W = δW, where δξ =
[
δξφ

T
δξv

T
δξr

T
]T

,

resulting in

δξ̇ = Aδξ + Lδw, (42)

where

A =

−u1
b
× 0 0

−u2
b
× −u1

b
× 0

0 1 −u1
b
×

 , L = −1, (43)

are the process model Jacobians.
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6.2 Linearization of the measurement model

The measurement model is given by (39), and substituting this into the innovation then gives

zk = Ť−1k (yak − y̌ak)

= Ť−1k

(
Tk
[

0
1

]
+

[
vk
0

]
+ Ťk

[
0
1

])
= δŤ−1k

[
0
1

]
+ Ť−1k

[
vk
0

]
+

[
0
1

]
. (44)

Linearizing (44) by letting δŤ−1k ≈ 1− δξ̌∧k and vak = δvak ,

zk ≈
(

1− δξ̌∧k
)[ 0

1

]
+ Ť−1k

[
δvak

0

]
−
[

0
1

]
= −δξ̌∧k

[
0
1

]
+ Ť−1k

[
δvak

0

]

= −

 δξ̌
φ×

δξ̌
v

k δξ̌
r

k

0 0 0
0 0 0

[ 0
1

]
+ Ť−1k

[
δvak

0

]

= Hδξ̌k + Mk

[
δvak

0

]
, (45)

where

Hk =

[
0 0 −1
0 0 0

]
, Mk= Ť−1k . (46)

Owing to the fact that F (T,ub) is group affine, the measurement model in (39) is left invariant, and

a left-invariant error is being used, A and Hk do not depend on T̂ nor Ťk. The invariant framework

does not guarantee L and Mk will not depend on T̂ and Ťk, respectively, and in this specific case L is

constant while Mk depends on Ťk.

6.3 Jacobians using MRTS smoothing

The Jacobians associated with MRTS smoothing are given by

A =

 −u1
b
× 0 0

−Ĉabu1
b
× 0 0

0 1 0

 , L =

 1 0 0
0 Ĉab 0
0 0 0

 , (47)

Hk =

[
0 0 1
0 0 0

]
, Mk = 1. (48)

Notice that two of the four Jacobians in (47) and (48) depend on the state estimate, while one of the

four Jacobians in (43) and (46) depend on the state estimate. This may seem like a small difference,

but as the results of Sections 7.1 and 7.2 show, this difference does manifest itself in the performance

of the filters.

7 Simulations and experiments

7.1 Simulation parameters and results

A constant acceleration and angular velocity of azw/a/aa =
[
2.5 2.5 2.5

]T
10−3 m/s2 and ωbac =[

0.01 0.01 0.01
]T

rad/s are used in a 300 s simulation. The true initial attitude is always Cab0 =
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exp
(
φ×0
)
, where φ0 =

[
π
4

π
4

π
4

]T
rad, the initial position is rz0wa = 0 m and the initial velocity is

always vz0w/aa = 0 m s−1. The rate gyro and accelerometer provide measurements at a rate of 100 Hz

and the position measurements at a rate of 10 Hz. The rate gyro and accelerometer are assumed to

have zero-mean Gaussian noise with a variance set to σ2
g = π

36 rad2 s−2 and σ2
a = 5 × 10−3 m2 s−4,

respectively. The noise on the position measurements is set to have a variance of σ2
R = 0.05 m2. The

covariance matrices for the smoother are given by

Q =

 σ2
g1 0 0
0 σ2

a1 0
0 0 0

 , R = σ2
R1,

P0 =

 σ2
P1

1 0 1
0 σ2

P2
1 0

0 0 σ3
P3

1

 ,
where σP1 = π

36 rad, σP2 = 0.05 m s−1 and σP3 = 0.05 m. This is the standard situation, and describes

the situation used to obtain the results, unless otherwise specified.

Monte Carlo simulations are performed to obtain results showing the error in the state estimator.

For every Monte Carlo simulation the simulated trajectory is slightly altered from the standard trajec-

tory. The trajectory is altered by simulating noise on the constant acceleration and angular velocity,

so that the acceleration and angular velocity are slightly altered for every Monte Carlo simulation,

then by integration a true value for velocity, position and attitude are obtained. The variance between

every simulation of the acceleration is set to be σ2
1 =

[
10−4 10−4 10−4

]T
m2 s−4 and the variance

of the angular velocity is set to be σ2
2 =

[
10−5 10−5 10−5

]T
rad2 s−2.

Figure 1 shows the results of the mean root mean square error (RMSE) in each state for 100

Monte Carlo simulations using the IRTS and the MRTS smoothers. The lower bounds of the errorbars

in Figure 1, and all forthcoming figures, are set to a percentile of 2.5 and the upper bounds of the

errorbars are set to a percentile of 97.5. Although the attitude errors associated with the IRTS and

MRTS smoother are about the same, the errors in position and velocity associated with the IRTS

smoother are less than those associated with the MRTS smoother. The attitude errors are large

Figure 1: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS in simulation with the standard noise values.

due to the problem set up. Specifically, the only exteroceptive measurements available are position

measurements, meaning the attitude is weakly observable. The phrase “attitude is weakly observable”

refers to the fact that there are no sensors that are a direct function of the attitude (e.g., such as a

magnetometer), the only way to correct attitude estimates is through the position measurement, and

the position measurement is not a direct function of the attitude. This is why attitude is referred to

as weakly observable. Additionally, the rate-gyro measurements appear multiple times in the process

model Jacobian A. Therefore, rate-gyro noise impacts the accuracy of the the Jacobian A, and thus
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the results, especially as there is only a very weak correction in the attitude estimate via the position

measurements.

Increasing the initial error of the estimator to σP1 = π
6 rad, σP2 = 0.2 m s−1 and σP3 = 0.2 m, and

thus changing the initial covariance matrix P0, gives results shown in Figure 2. It can be seen that

inflating the initial error yield even more pronounced results, favoring the IRTS smoother. Specifically,

the attitude errors associated with both smoother are similar, while the position and velocity errors

associated with the IRTS smoother are less than those associated with the MRTS smoother.

Figure 2: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS in simulation using an inflated initial error.

7.2 Experimental results using ETH dataset

The IRTS and MRTS smoother have also been compared using data from [7]. This dataset contains

the groundtruth and IMU measurements at 200 Hz. The groundtruth data is used to create noisy

position measurements at 10 Hz as if from a GPS. The same covariance matrices P0 and R are used

to initialize the smoother and to create the noisy position measurements. The results for 100 Monte

Carlo simulations are shown in Figure 3, which describes the standard situation. The estimation errors

show to be very similar for both smoothers. Just as for the simulated data, the initial error on the

Figure 3: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS on the ETH dataset.

estimator is increased to σP1
= π

6 rad, σP2
= 0.2 m s−1 and σP3

= 0.2 m. The results of this increase

in initial error are shown in Figure 4. Again, although the attitude errors as computed using the IRTS

and MRTS smoothers are about the same, the position and velocity errors associated with the IRTS

smoother are much lower than the errors computed using the MRTS smoother, when increasing the

initial error in the state estimate.
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Figure 4: The mean RMSE on the norm of the attitude (left), velocity (middle) and position (right) estimator using the
IRTS and MRTS on the ETH dataset for an inflated initial error.

8 Conclusions

The main purpose of this paper is to derive and present the IRTS smoother and benchmark it using

simulated and experimental data relative to the MRTS smoother. The IRTS smoother is essentially

an application of the invariant filtering of [3, 4] where left- or right-invariant error definitions, group

affine process models, and left- or right-invariant measurement models are leveraged to give state-

independent Jacobians. The IRTS and MRTS smoother were compared on a SE2(3) problem using

both simulated and experimental data. On the simulated data, the invariant smoother outperforms the

MRTS smoother in most situations. When using experimental data both smoothers had comparable

results, but for large initial errors, the invariant smoother outperforms the multiplicative smoother.

Appendix

Three dimensional poses can be represented by the special euclidean group SE2(3),

SE2(3) =T =

 C v r
0 1 0
0 0 1

 ∈ R5×5
∣∣∣∣ C ∈ SO(3), v, r ∈ R3

 .

The matrix Lie algebra associated with SE2(3) is

se2(3) =
{
Ξ = ξ∧ ∈ R5×5 | ξ ∈ R9

}
,

where

ξ∧ =

 ξφ

ξv

ξr

∧ =

 ξφ
×

ξv ξr

0 0 0
0 0 0

 .
Additionally, so(3) =

{
Ω = ω× ∈ R3×3 | ω ∈ R3

}
where

ω× =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 .
The exponential map from se2(3) to SE2(3) is

exp
(
ξ∧
)

=

 expSO(3)

(
ξφ
×)

Jξv Jξr

0 1 0
0 0 1

 ,
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where expSO(3)

(
ξφ
×)

is given by Rodrigues’ rotation formula [2] and J is given by

J =
sinφ

φ
1 +

(
1− sinφ

φ

)
aaT +

1− cosφ

φ
a×,

where φ = ‖ξφ‖ and a = ξφ/φ.
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