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Abstract: We consider a dynamic collective choice problem where a large number of players are cooperatively
choosing between multiple destinations while being influenced by the behavior of the group. For example, in
a robotic swarm exploring a new environment, a robot might have to choose between multiple sites to visit,
but at the same time it should remain close to the group to achieve some coordinated tasks. We show that
to find a social optimum for our problem, one needs to solve a set of Linear Quadratic Regulator problems,
whose number increases exponentially with the size of the population. Alternatively, we develop via the Mean
Field Games methodology a set of decentralized strategies that are independent of the size of the population.
When the number of agents is sufficiently large, these strategies qualify as approximately socially optimal.
To compute the approximate social optimum, each player needs to know its own state and the statistical
distributions of the players’ initial states and problem parameters. Finally, we give a numerical example
where the cooperative and non-cooperative cases have opposite behaviors. Whereas in the former the size of
the majority increases with the social effect, in the latter, the existence of a majority is disadvantaged.

Keywords: Mean field games, collective choice, multi-agent systems, social optimum
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1 Introduction

Discrete choice models were developed in economics to understand human choice behavior. A concern of these
models is predicting the decision of an individual in face of a set of alternatives, for example, anticipating
a traveler’s choice between different modes of transportation [1]. These choices depend on some personal
characteristics, such as the traveler’s financial situation, on some attributes of the alternatives, such as their
prices, and on some unobservable attributes, e.g., the traveler’s taste. The first static discrete choice model
was proposed by McFadden in [2].

In some situations, the individuals’ choices are socially influenced, that is, an individual’s choice is affected
by the others’ choices, for example entry or withdrawal from the labor market in cooperative families [3]. The
main goal of this paper is to model within the framework of dynamic cooperative game theory situations where
a large number of players/agents are making socially influenced choices among a finite set of alternatives. The
players involved in this game are weakly coupled, that is, the individual choices are considerably influenced by
a functional of the others’ choice distribution (in this paper the mean), but for a sufficiently large population,
an isolated individual’s choice has a negligible influence on the others’ choices. Moreover, the players’ states
contributing to the social effect are assumed indistinguishable. In navigation applications for example, a
planner might want to deploy a swarm of robots cooperating to explore an unknown terrain. A robot faces
a situation where it should choose between multiple sites to visit. At the same time, it should remain closed
to the group to achieve some coordinated tasks [4-6].

In non-cooperative games, perfectly rational players act selfishly by minimizing their individual costs
irrespective of making the other players better off or worse off. This “utilitarianist” aspect of non-cooperative
games neglects the social context where the social norms, social values, the presence of a social planner or
the social structures impose a kind of cooperation between the players. An example of the influence of the
social context on the behavior of players was given in [7], where the author shows how at the Chicago Options
Exchange the relations among the traders, supposed to be noncooperative, affect their trades. In the robotic
swarm example, the cooperative behavior of the robots results from the intention of the planner to optimize
a total cost. Whereas in the non-cooperative case the agents search for a Nash equilibrium, the players seek
in the cooperative case a totally different type of solution, namely a social optimum.

The Mean Field Games (MFG) methodology, which we follow in this paper, is concerned with dynamic
games involving a large number of weakly coupled agents. It was originally developed in a series of papers
to study dynamic non-cooperative games [8-14]. The cooperative Linear Quadratic Gaussian (LQG) MFG
formulation was developed later in [15], where the authors investigate the structure of the LQG costs to
develop for a continuum of agents a set of decentralized person-by-person optimal strategies (a weaker solution
concept than the social optimum that coincides under some conditions with the social optimum [16,17]).
Moreover, they show that these strategies, when applied by a finite population, converge to an exact social
optimum as the number of players increases to infinity.

The main contribution of this paper is as follows. We consider a cooperative collective choice model
where the number of candidate optimal control laws increases exponentially with the size of the population.
Then, we develop a set of decentralized strategies of dimensions independent of the size of the population
and that converge to the social optimum as the size of the population increases to infinity. Although the
methodology used to solve the game follows [15], the non-smoothness and non-convexity of our final costs,
which involve a minimum function, require different proofs for the convergence of the mean field based
decentralized strategies to the social optimum, see Lemmas 2, 4, Theorem 4 and Remark 3. In particular,
our problem formulation results in decentralized strategies that are discontinuous with respect to the agents’
initial conditions, capturing the issue of choosing between a finite set of alternatives, which cannot be modeled
using the standard LQG MFG setup considered in [15].

In [18], we studied the non-cooperative version of our model and developed via the MFG methodology
approximate Nash strategy profiles that converge to exact Nash equilibria as the number of players increases
to infinity. Since the person-by-person solutions are Nash-like solutions, we rely in this note on some results
established in [18] to establish the existence of the person-by-person solutions and compute them. A static
discrete choice model with social interactions was also studied by Brock and Durlauf in [19], where the authors
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develop a non-cooperative and a cooperative game involving a large number of players. Each player makes
a choice between two alternatives while being affected by the average of its peers’ decisions. Inspired by the
statistical mechanics approach, Brock and Durlauf propose a methodology to solve the game that is similar
to the MFG approach.

The cooperative dynamic discrete choice model is formulated in Section 2. We show in Section 3 that to
find an exact social optimum, one can naively solve [V Linear Quadratic Regulator (LQR) problems, each
of dimensions Nn, where [ is the number of choices, N the number of players, and n the dimension of the
individual state spaces. Alternatively, we develop in Section 4 via the MFG approach and within the so-
called person to person optimization setting a set of decentralized strategies that are asymptotically socially
optimal. The dimensions of the decentralized strategies are independent of the size of the population. In
Section 5 we give some simulation results, while Section 6 presents our conclusions.

2 Mathematical model

We consider a cooperative game model involving N players with linear dynamics
T; = Ajx; + Biu, i=1,...,N, (1)

where A; € R"*™, B; € R"*™ x, € R"™ is the state of agent i, u; € U = Ly([0, T],R™) its control input and
2¥ its initial state. The players cooperate to minimize a common social cost

N
(2 =350 (1) !
=1

J; (ui,x(N)) _ /T{g’
0

are the individual costs, ¢,7;, M;; > 0, Z € R™"™ and p; € R*, j = 1,...,[, are the destination points.
The individual cost functions penalize along the path the effort and the deviation from the mean. Moreover,
each agent must be close at time T to one of the destination points. Otherwise, it is strongly penalized by
the final cost. The agents are cost coupled via the average z(N) = % Zf\;l x;. The coefficient r; depends
on the agent 7. In the robotic swarm example, this reflects, for instance, the intention of the social planner
to limit the mobility of some robots. We assume that the coefficient M;; depends on the agent 7 and the
destination point p; to impose initial preferences towards the alternatives, as discussed later in Remark 1.
When considering the limiting population (N — 00), it is convenient to represent the limiting sequences of
(0i)iz1,..~ = {(As, Biyriy M, ..., M) Yizr, v and {20}i—1 n by two independent random variables 6
and 2° on some probability space (Q,F,P). We assume that @ is in a compact set ©. Let us denote the
empirical measures of the sequences 6; and z¥, Py’ (A4) = + vazl 1{g,eay and PY(A) = & Zf\il Ligoeay
for all (Borel) measurable sets A. We assume that P} and P}’ have weak limits Py and Py. For further
discussions about this assumption, one can refer to [15].

~

where

2o . M,
o= 2o 4 i facr min {2 1em -pir} @)

A social optimum is defined as the optimal control law (uf,...,u}) of (2). We start in the following
section by solving for such a social optimum in a centralized manner.

3 Centralized social optimum

In this section, we assume that each player can observe the states and the parameters of the other players.
We define © = (x1,...,2n5)7 the state of the population and u = (uy,...,un)? its strategy profile. The
population’s dynamics is then

i = Az + Bu, (4)
where A = diag(A,,...,Ay) and B = diag(B4, ..., By). The individual costs can be written
Ji (ui,x(N)) = min J}’ (ui,x(N)) ) (5)
ZISTAN
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where A = {p1,...,p;} and

Jipj (ui,x(N)) _ /T{2
0

Using the equality a + min(b, ¢) = min(a + b, a + ¢), one can prove by induction that the social cost (2) can

be written
JSOC ( b (N)) Jd ( 747 N))
e d=(dy,... dN)EANZ Ui

2
i - 22| +;||ui||2}dt+ 2:(T) — p; 2.

Noting that

inf Jsoc( (N)) = min inf ZJd ( :c(N)>,

uelU deAN yeUN 4

one can optimize the IV costs J¢(u) = Zi\;l J% (u;, ™)) and choose the less costly combination of destination
points d* € AN which corresponds to the minimum of the optima of J¢. The costs J?, for d € AN, can be
written

T
1 p~ 1 px 1 -
J4u) = / {QxTQx + QUTR'LL} dt + 5 (@(T) - d)T M (2(T) - d), (6)
0
where Q = I, ® Iy + % (117) ® L, R = diag(r1Lm, ..., nIm), M? = diag(Mia, In, ..., Myay 1), and
L=27"2-7-27, (7)

with ® denoting the Kronecker product, 1 = [1,...,1]7, diag(.) denoting a block diagonal matrix.
The LQR problem defined by (6) and (4) has a unique optimal control law [20]

wl(t) = —RBT (Mt + 5(r)) (8)
with the corresponding optimal cost
TAw(0)) = Za(0) T4 0)a(0) + F(0)x(0) + 5(0). )

where I'?, Bd and 67 are respectively matrix-, vector-, and real-valued functions satisfying the following
backward propagating differential equations:

0! - PBRBTT! + T4A+ ATT + Q=0 (10a)
gl = (deR*BT - AT) i (10b)
3 1 - o

01 = S (BT BRI BT (10c)

with the final conditions ['4(T) = M?, f4(T) = —M®d and 64(T) = %dTMdd.
We summarize the above analysis in the following theorem.

Theorem 1 The social planner problem (2) has an optimal control law u? defined in (8) and corresponding to

As discussed in Section 2, to capture the discrete choice phenomenon, the final cost forces the agents to be
at time T in the vicinity of one of the destination points. Indeed, the following theorem establishes that for
sufficiently large M;;, each player reaches an arbitrarily small neighborhood of a destination point. Moreover,
it asserts that there is only one set of destination points p* € RV™ that the agents can reach exactly under
an optimal control law, namely, the final state zo(7") under the control law ug optimizing

T
Jo(u) = /0 {;xTQ:U + ;’U,TRU} dt, (11)

i.e., (6) without the final cost.
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Theorem 2 Suppose that (A;,B;), i =1,...,N, are controllable and the agents are minimizing (2). Then,

i. for any e > 0, there exists My > 0 such that for all M;; > My, each agent is at time T inside a ball of
radius € and centered at one of the destination points.

ii. the agents 1,..., N reach at time T the destination points d = (di,...,dyn) € AN if and only if d = p*.

Proof. Let ¢ > 0 and d € AN. The pairs (A;, B;), for i = 1,..., N, are controllable. Therefore, there
exist N continuous control laws @;, i = 1,..., N, such that the corresponding final states satisfy z;(T) = d;,
i=1,...,N. Let ¢ = (4;, 4—_;). We have

By optimality, we have

2i(uh)(T) = di||* < J¢ < T4 @),

N
M;q,

The cost J%(@) is independent of M;;. Therefore, there exists MJ > 0 such that for all M;q, > MY,

|2: (ud)(T) — d;||* <€, for i = 1,..., N. By choosing My = Inax MY, we get i).

Next, suppose that d # p* for all d € AN. The optimal social cost is JZ, for some d and some M;q,,
i = 1,...,N. We suppose that the players reach under their optimal strategies the destination points
dy,....dn. Let M}; > M;q, fori=1,...,N. We have, for all u € UN, J'(u) > J%(u) where

= [ e L -
J(u) = 5% Qx—|—2u Ru dt—|—Z
0 i=1

Under u¢, the players 1,..., N reach dy,...,dy. Therefore,

wi(T) — dil|>.

/
id;
2

J' (u‘,f) = (uf) = min J%(u) = J&.

Therefore, min J’(u) = min J%(u). This equality holds for all M, > Miq,, i = 1,...,N. The solutions of

(10a)-(10c) are analytic functions of M? (for a proof of the analyticity one can refer to [21]). Therefore,
the optimal cost min, J'(u) defined in (9) is an analytic function of M, . But min, J'(u) is constant for
all Mi’di > M,q,. Therefore, by analyticity, it is constant for all Mi’di > 0, and more precisely for M;; =

This implies that u? is the optimal control law of Jo(u) defined in (11). The definition of p* implies that
T (u‘j) (T') = p* # d. This is a contradiction, so in fact some of the agents cannot reach their destination

point.

Now suppose that there exists v € AN such that v = p*. We have J"(u) > Jy(u) for all u. Following the
definition of p*, we have
muin JQ(U,) = JQ(U,()) = JU(Uo).

Therefore, the optimal control of J is ul = ug. Hence, the agents reach p* = v. O

Remark 1 We show in this remark that in the absence of a social effect (¢ = 0), the number of agents that
go towards a destination point p; decreases as M;; increases. To simplify things, we consider the binary
choice case I = 2. In the absence of a social effect, each agent i minimizes its individual cost (5). In the
following, we write ij (ui, a:(N)) as ij (u;, M) to emphasize that the coefficient M;; in ij (ui, a:(N)) s equal
to M, and that the cost does not depend on N) (q =0). Following Theorem 1 and the absence of a social
effect, for M;y = My > 0 and M;2 = My > 0, an agent i goes towards py if and only if min J/* (u;, My) <
min J? (u;, Ma). For an M} > My, min J* (u;, My) < min JP* (u;, Ma) < min J? (u;, M}). Therefore, by
increasing Mo, the number of agents that go towards ps decreases.
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A naive approach to find an exact social optimum would be to solve the [V LQR problems corresponding
to the different combinations of destinations. This is obviously computationally expensive, and moreover,
with this approach each player needs to observe the states and parameters of all the other players. Instead,
we develop in the following sections a set of decentralized strategies that are asymptotically optimal. These
strategies are decentralized in the sense that an agent i’s strategy depends only on its state z; and on the
distributions Py and Py of the initial conditions and parameters respectively.

4 Decentralized social optimum

A weaker solution concept than the social optimum is the person-by-person optimal solution [16,17].

Definition 1 A strategy profile ( *,ur ) is said to be person- by -person optimal with respect to the social cost
Jsoc(uiy,u_y) if for alli € {1,. N} for all u; € U, Jsoc(ui,u* ;) > Jsoc(ul,ut;).

A social optimum is necessarily a person-by-person optimal solution. Following the methodology proposed
n [15], we compute in the following section a set of decentralized approximate person-by-person solutions.
Moreover, we show under some technical assumptions that these solutions become socially optimal as N — oo.

4.1 Person-by-person optimality

Assuming that the other players fixed their person-by-person optimal strategies u*;, an agent i computes
its person-by-person optimal strategy u; by minimizing the cost Jsoc(ui,u” ;) over the strategies u; € U.
Similarly to [15], one can show that the soc1a1 cost can be written

Juoeluisu ) = Jui (wn, ™M) + Tos(ur,),

*(N) _ N %
where 2,/ = 1/N ijl’j# x5,

) T . y T . r M
J1,4 (Uzﬁﬂf(iN)) = / {IlTQﬂfz + (xf(iN)> Lx; + £||Ui|2} dt +j51111n . %H%‘(T) - p;l?
0 =1,...,

\ g Z\" Z\ q(N-1)_;

L=—q77 (In - ) —qZ + WZTZ.

The term J3 ;(u* ;) does not depend on the strategy u; of player i. Therefore, minimizing Jso.(u;, u* ;) reduces

to minimizing Jp ; (ui7x_(;v)>.

The person-by-person optimal solutions (u},u* ;) are fixed points of the following system of equations:

u; —argman“(ul,x* (N)> 1=1,...,N.
u, €U

Equivalently, these solutions are the Nash equilibria of a noncooperative game involving the IV players defined
in (1) but associated with the individual costs

J1,i (Ui,ﬂ?—i(m) i=1,...,N. (12)
The players are cost coupled through the average of the population. In the following we develop via the

MFG approach a decentralized approximate Nash strategy profile with respect to (12), or equivalently a set
of decentralized approximately person-by-person optimal strategies with respect to (2).
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4.2 Mean field equation system

According to the MFG approach, each agent assumes a continuum of agents and computes its best response
to an assumed given continuous path Z. This path represents the mean path of the infinite size population
under a Nash strategy profile. Since the players must collectively reproduce this assumed mean path when
applying their best responses to it, this path can be computed by a fixed point argument. Under the infinite
size population assumption, the costs (12) reduce to the cost of a generic agent with state x, control input u
and parameters 6:

T
My,
Huza®,0) = [ {;’||x2 +qi" Lo+ 7";||u||2}dt + min {;J Ja(T) —pj|2}, (13)
0 J=4

where Z = Ez is the mean trajectory of the infinite size population. The generic agent’s state x satisfies (1)
where (A;, B;,u;) is replaced by (Ag, By,u), with an initial state 2°(w) drawn from Py and parameters
0(w) = (Ag, Bo,r9, Mp1, ..., Mp;)(w) drawn from Py. In the following, we omit w from the notation.

4.2.1 The generic agent’s best response to z

We define T'Y € C([0,T],R™*"), B¢ € C([0,T],R™) and & € C([0,T],R) to be the unique solutions of the
following backward propagating differential equations:

1

Y — EFngBaT TY +T9Ag + AITY 4+ qI,, =0 (14a)
: 1

B = (mfiBeBeT - A?) Bh—qLz (14b)
, 1

0k = 5, (B) Bo By By, (14c)

with the final conditions

1
LU(T) = Mo I, BUT) = —Morpr, 65(T) = QMakPszv

Lemma 1 Given the initial condition and the parameters, an agent’s best response to T and the corresponding

optimal cost are
1

a(t,2",0) = Z —%BQT Tty (t,2°,0) + B(t)) Lpe () (%) (15)
j=1
l
J* (z,2°,0) = Z @(xo)Trg?(O)xO + (89)(0)"2" + 55(0)) 1D§(f)(a;°), (16)

where & (t,mo,(‘)) is the generic agent’s state under the feedback law (15), I‘Z, ﬁg, 52 are the unique solutions

of (14a)-(14c), and

i 1
DY(z) = {:v eR"|VE=1,...,1, 5gcT(rf.(O) - FZ(O)):H—

(840) - #(0) o + 580 - 0 < 0} (17
Proof. See [18, Lemma 1]. O

The cost function (13) can be written as the minimum of [ LQR cost functions each corresponding to a
distinct possible destination point. When minimizing one of these LQR costs, an agent goes towards the
corresponding destination point. The region Df (Z) defined in (17) includes the initial conditions for which
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the LQR problem corresponding to p; is the less costly LQR problem. Therefore, there exist [ basins of
attraction D?(:E), 7 =1,...,1, where the players initially present in D‘g( ) go towards p;.

We define \I/?(m,m,ng,m) = <I>j (m,m2)T ByBY <IJj (n3,m4), where H?(t) = %F?(t)Bng — AT and <I>§ is
the unique solution of
0

dt H? (t)(I)g (tv n)a (I)g (777 77) = I,. (18)

The state trajectory of the generic agent is then [18]
0 T 0, Mo ! 6
(t,2°,0) Z]lDe {<1> (0,72 + =2 [ W(0,t,0,T)p; do

e Jo
/0 / o.t,0,7)La(r)drdo}. (19)

4.2.2 Existence of a solution for the mean field fixed point equation system

The mean field equation system is determined by (14a)—(14c) plus the infinite size population mean equation

T(t) = / i (t,2°,0) dPo x Py. (20)

This equation system defines an operator G(.) from the Banach space (C([0, T],R™), ||||c) into itself. In fact,
given a continuous path Z, one can solve (14a)-(14c) and compute by (20) the mean trajectory G(Z) of the
generic agent when it optimally tracks . We define

l

= E|lz° 29(0,t
22| ]ZW@ 250,
: My; [t
e j/ ¥j(o,t,0,T)p; d 21
? ;(G,t)IEIgf[O,T] ) o ](U’ » 0,y )pj o ( )

l

k=Y L9 (0,t,0,7)L].

1 (9to7‘)6@><[0T]3 )
J=

Since © and [0, 7] are compact and @? is continuous with respect to time and parameter 6, then k1, ko and k3
are well defined.

Assumption 1 We assume that \/max (ki + ko, k3)T < 7/2.

Noting that the left hand side of the inequality tends to zero as T' goes to zero, Assumption 1 can be satisfied
for short time horizon T for example.

Assumption 2 We assume that L > 0, where L is defined in (7).

Assumption 2 is satisfied, for example, when Z = —al,, @ > 0. In this case, the social effect pushes the
agents away from the mean of the population.

Assumption 3 We assume that Py is such that the Po—measure of quadric surfaces is zero.
02

Assumption 4 We assume that E||2°|* < co.

Theorem 3 Under Assumptions 1, 3 and 4, G has a fized point. If (Ag, By, Myj,19) = (A, B, M;,r), i.e
the parameters are the same for all the agents, the result holds with Assumption 1 replaced by Assumption 2.

Proof. See [18, Theorems 6 and 8]. O
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Theorem 3 provides conditions under which a solution of the mean field equations (14a)—(14c) and (20)
exists. In case of nonuniform parameters, i.e. (Ag, By, Myj,7¢) are not the same for all the agents, the
existence of a fixed point is proved by Schauder’s fixed point theorem [18, Theorem 8] , where Assumption 1
is used to construct a bounded set that is mapped by G into itself. When the parameters are the same for all
the agents, by similar techniques than those used in [18, Theorem 6], one can show that a fixed point of G is
the optimal state of an LQR problem of running cost 27 (L + I,,) + % ||u|[?. The existence and uniqueness
of an optimal solution of this LQR problem is a consequence of Assumption 2. In the following, (15) and (19)
are considered for a fixed point path z. We define

~(N) — 1 - A (1) — - 0 p. N/ 0 Nip.
000 = S ai(t) = [ & (1.0, 6) B )R (6, (22)

and @N) = (a;,4_;), where @;(t) = a(t,2?,0;) and ;(t) = &(t, 22, 6;).

4.3 Asymptotic social optimum

In this section, we show that when the agents apply the strategy profile @ defined below Theorem 3 and
n (15), the corresponding per agent social cost (2) converges to the optimal per agent social cost as the
size of the population increases to infinity. At the end of this section, we also give an explicit form of the
asymptotic per agent optimal social cost.

Assumption 5 We assume that + Zf\il |29]? < C for all N > 0.

Remark 2 Assumption 5 implies Assumption 4. In fact, PY converges in distribution to Py. Therefore,
there exists on some probability space (2, F,P) a sequence of random variables X< of distribution P} and a
random variable X° of distribution Py such that XY converges with probability one to X°. We may consider,
without loss of generality, that (2, F,P) is the same as the one defined in Section 2. By Fatou’s Lemma [22],

1Y 2 L. 2
C> llrr}\{lnfﬁzlzl Hx?” :hn}vmf/HX?VH dP
Z/IimNianX]({,HQdP:/HXOHZdIP’:IEHxOHQ.

The functions defined by (14a), (14b) and (14c) are continuous with respect to 6, which belongs to a compact
set ©. The random variables § and 20 are assumed to be independent. Therefore, under Assumption 4 and
by Fubini-Tonelli’s theorem [22], the operator G defined in paragraph 4.2.2 by (14a)-(14c) and (20) has the
following form:

Ez (t,2°,0) = G(z)(t) = /@ / nf(t,xO,G) dPq(x°)dPy(6). (23)

In the following lemma, we show that when applying the decentralized person-by-person control laws, the
finite population average path converges to the fixed point path z that the agents are optimally tracking. In
the standard LQG MFG literature, the proof of this result relies on the uniform boundedness and equicon-
tinuity of the generic agent’s state trajectory with respect to the initial conditions and parameters. In our
case, this trajectory (19), considered as a function of the time ¢, the initial condition z° and the parameter 6,
is discontinuous. In fact, it has on each basin of attraction D? a different structure that depends on the
corresponding p;. Hence, the proof requires some additional constructions to deal with the discontinuity.

Lemma 2 Under Assumptions 3 and 5,

T 2
lim H:zUV) - :zH dt = 0. (24)

N—oo Jg
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Proof. In view of (22) and (23), we have
M) — z(t) = / i (t,22,0;) dPY (20)dPY (6;) — / & (t,2°,0) dPo(2")dPy(6).

If #(t, 29, 0;) and Z(t, 2°, 0) were uniformly bounded and equicontinuous with respect to the initial conditions
and parameters, then one can show the convergence by [23, Corollary 1.1.5]. But (¢, 20, 6;) and #(t, 2", 0) are
discontinuous. Alternatively, we show that the set of discontinuity points has a measure zero under Assump-
tion 3. We then we show that #(V) converges pointwise to Z. Finally, We prove the uniform convergence,

from which the result follows.

Pointwise convergence. P} and ]P’év converge respectively in distribution to Py and Py. Therefore, there
exist on some probability space (2, F,P) a sequence of random variables X?\, of distribution IP(])V (resp. a
sequence of random variables fg, of distribution Pév ), and a random variable X of distribution Py (resp. a ran-
dom variable £? of distribution Py) such that X (resp. £%) converges with probability one to X (resp. £%).
Thus,

M (1) — z(t) = / (7 (t, X%, &%) — 2 (t, X°,£%)) dP.

For a fixed t, the discontinuity points of & (t, 29, 0) (considered now as a function of ° and ) are included
in the set D = {(z%,0) e R" x O |20 € 5D§ (z)}. Under Assumption 3 and the independence of 2° and 6,
one can prove that Py x Pg(D) = 0. Hence, & (t, X%, {ﬁ,) converges with probability one to z (t, X0, 50). The
compactness of [0,7] and ©, and the continuity of Hg imply

& (t, X%,6%) — 2 (6, X°, )| < Kul| XY || + K2l| X°|| + K,

for some finite K, Ko, K3 > 0. 2(V)(t) converges pointwise to Z(t) for all t € [0,T] as a consequence of
Assumption 5, Remark 2 and Lebesgue’s dominated convergence theorem.

Uniform convergence. As in the proof of Theorem 3, see [18, Theorem 8], one can show that for all ¢, ts,
}:%(N) (t1) — i(N)(tg)H < Kty — ta] and ||Z(t1) — Z(t2)|| < K|t1 — t2|, where K > 0 is independent of N. We
fix an € > 0 and consider a partition 0 =ty < t; < --- < t; =T of [0,T] such that for all ¢,t' € [t),tj41], for
N > 1, |2 @) — 2N ()| < e and ||Z(t) — Z(t')|| < € By the pointwise convergence, there exists Ny such
that for all N > Ny, for k = 1,...,4, [|#N)(t) — Z(t)|| < e. We fix N > Ny. For an arbitrary ¢ € [0, 7],
there exists k such that ¢ € [tx, tx+1]. We have

12 () — 2 (@)l < 180 (1) = & (t) | + 1290 (tr) — 2(t) | + 2(t) — ()] < 3e.

This inequality holds for an arbitrary ¢ € [0, T, therefore, Nlim sup ||#N)(t)—z(t)||? = 0. This implies (24).
—90¢€[0,T)

O

We now state the main result of this paper, which asserts that under appropriate conditions, when the
agents apply the mean field person to person optimization based decentralized strategies (15), the per agent
social cost converges to the per agent optimal social cost as the size of the population increases to infinity.
To compute its control strategy (15), each agent only needs to know its initial condition, current state, the
distributions Py and Py and a fixed point path Z of the operator G defined in (23).

Theorem 4 Under Assumptions 2, 3, and 5,

inf %J (u,x(N)) L (a<N>,§:(N>)‘ —0. (25)

lim
ueUN N

N —oc0

Proof. Let w € U™ such that Jye (u,x(N)) < Jsoc (ﬁ(N),i(N)). Noting (19), the compactness of ©, the
continuity of IT(t) with respect to t and # and Assumption 5, one can prove that (1/N)Joc (M), 2N < ¢,
where ¢ is independent of N. Therefore, (1/N)Js0c (u, x(N)) < ¢p and

1T
N 2 [l P o s+ P e < e,
i=170
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where ¢; > 0 is independent of N. Let ; = z; — &; and 4; = u; — ;. We have (26) below

N
1 1 . T
NJSOC (u’x(N)) = N‘ISO(’( (N) N)) Z/ T’,’LL,LTUidt
N T
1 2 ; T
+N;/o {gH@i_quv)H +%||ai||2+q(@—zz<m) (ﬁi—Z:%(N))}dt (26)
N N
1 . My 2 1 M 2
+N;j311,1}ﬂ“71 57 ll2:(T) = s —N;jg}_{l 5 12:(T) = ps]*
For a fixed point Z of G, and recalling (13) we have
T (g -
T, 7,22, 0:) = J (@, 7, 22, 0:) + / {2||£i||2+21||ﬂi||2+quL5:i+q§:fi‘i+ria?ai}dt
0
M;; M;;
+omin S (T) - gyl — min S a(T) - i, (27)

Now (26) and (27) yield

Mz

L (1 2™) = %J( ), 500) 4 = 1

N Ul,l‘,l'l,e) J<’&lv'i‘ xO 9)) (28)

1,=1

+q/OT (i(N)>TL5;(N)dt+q/OT< ) _ x)T Mt

By the bounds ¢y and c;, the Cauchy-Schwarz inequality and Lemma 2, we deduce that ey =
qfOT(:%(N) — E)TL:%(N)dt converges to 0 as N goes to infinity. The optimization of 4; with respect to J
and Assumption 2 imply %Jsoc(u,m( )) > J soc(U ) x(N)) + en. O

Remark 3 (need for Assumption 2) In static games, a sufficient condition of the person-by-person solution
to be a social optimum is the convezity and smoothness of the costs [17, Lemma 2.6.1]. Although not explicitly
mentioned by the authors [15], this condition (which is automatically satisfied in the LQG setting) guarantees
also the convergence of the person-by-person solution to the social optimum in case of dynamic LQG MFG
problems [15, Theorem 4.2]. In fact, if we follow the techniques used in [15, Theorem 4.2], then by the
convexity of the running cost, (26) implies

N T
1 1 1
NJSDC (ua x(N)) 2 Jsoc (Q(N)v ﬁj(N)) + N Z/ {rlﬂfﬁz + q (‘%Z)T (5%7, + L"E)} dt + EN

N
N
1 M,
b D0 min S () - - fZ min | 222 a4(T) = py (29)
i=1 ’
We have
d 0; ~T ~ ~ _
d (F acz—&—ﬁk) —r;Q; ul—q(xz) (Z; + LT).
Hence,
1 ) > L S(N) A (N)
NJSOC <’U/7.'IJ ) Z NJSOC (u y L ) (30)

0 2 () =00 T ) 1)) e

where ¢; is the final cost of agent i. If the final costs are convexr (which is not the case), then (30) im-
plies (25). To deal with the non-convezity of the final costs, steps (29) and (30) are replaced by (27), (28)
and Assumption 2.
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4.4 Asymptotic optimal social cost

In this section, we give an explicit form of the asymptotic per agent optimal social cost ]\;lm inf %Jsoc(u7 W )).
—oo ueUN

In the following lemmas, we start by approximating this asymptotic per agent social cost.

Lemma 3 Under Assumptions 2, 3 and 5,

1 1
inf Nt]soc (uyx(N)) - thsoc (ﬂ(N)a 'i')

ueUN

=0

lim
N—o0

Proof. We have
b ) [
_4 /T HZ (fg(N) _ i-)HZdt + q/T (@(N) _ Z:E) 7 (96 _ i,(N)) dt.
2 Jo |

The Cauchy-Schwarz inequality and Lemma 2 imply

1 1
lim ’NJSOC (aW%@(N)) — e (aww)

N—oc0

2
Zx(N)H ~|l# — Zm||2> dt

=0.

Therefore, we deduce by Theorem 4 the result. O

Lemma 4 Under Assumptions 2, 3 and 5,

lim
N—oo

inf %Jsoc (u,x(N)) —JS(Z)

ueUN

where
T (4 )
Jé’é’c(ﬂf)Z/ [/ {2||56(t,:v°,9)—ZxH +
0
76~ 0 2 o My 0 2
EHu(t,x LO)|I7 pdt + in ITHx(T,x ,0) — p;||7 | dPodPy.
J=1
Proof. By Lemma 3, it suffices to prove that

T25u(®) = Taee (8),7)

lim
N—o00

We use the same notation as in the proof of Lemma 2. We have
1
J350(@) = e Tsoe (8N, 7) = b1 + 2 + v
where

(t, X°,¢%) — zz||” -

WAL
w2=/0/{’“§

Mo
£
P3 = :mlml 5

& (6, X%, %) — zz|” }d]P’dt

2

i (t X&)

S (8, X% €8 || }dIP’dt

| (T, X5, %) — p;|° dP.

R 2 3 M§9
#(1X%¢") —py| dP— [ min —

Noting that a’a — b7b = (a + b)T(a — b) and that the minimum of [ continuous functions is continuous, one
can prove by the same techniques used in the proof of Lemma 2 that v, ¥9 and 3 converge to zero as N
goes to infinity. O
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In the following theorem, we give an explicit form of the asymptotic social cost. This expression depends
only on the distributions Py, Py and a fixed point path Z.

Theorem 5 Under Assumptions 2, 3 and 5,

lim inf iJ, (u x(N)) = —1/T ¢zt Lzdt+
N soc bl 2 0

N—ocoueUN

l
= [ oo @ 5@V TTI0)2° + (B(0)7" + 55(0) dPod.
j=1

Proof. Following Lemma 4, the per agent asymptotic optimal social cost is equal to J5.(Z). Noting (20),

soc
one can write J55.(T) =ty — & fOT qzT Lzdt, where

- [ [ {8

# (8,2, 0)||" + s L (t,2°,0) + 3 |17 (t,2°,0) | }dt

. My;
+ min -
j=1,.,0 2

& (T,2°,0) ijQ]dIP’Od]P’g -

l
S~ [ Lo (@{ @) TI0) + 510)7 + 65(0) JaPodPs.

=1

O

5 Simulation results

In this section, we compare numerically the cooperative and the non-cooperative behaviors of a group of
agents choosing between two alternatives under the social effect. We consider a uniform group of 400 players

initially drawn from the Gaussian distribution N ( [-5 IO]T

dynamics

715]2) and moving in R? according to the

0 1 0
A = [0.02 —0.3] Bi= {0.3]

towards the potential destination points p; = (—10,0) or ps = (10,0). Hence we have a binary choice
problem, and in this case one can characterize the way the population splits between the alternatives, in
both the cooperative and non-cooperative cases, by a number A, which is the fraction of players that go
towards p;. This number A is a fixed point of a well defined function F' and can be computed by dichotomy.
Moreover, one can compute the fixed point path z that corresponds to A. For more details one can refer
to [18, Theorem 6] and [18, Section 5.A]. We set r; = 10, M;; = 1200, T = 2, Z = 3.5],, and we vary
the social effect coefficient q. L = Z7Z — Z — ZT = 5.251, satisfies Assumption 2. For ¢ = 0 (no social
effect), Figure 1 and 2 show that the 82% of the players (green squares in Figure 2) go towards p; in both
the cooperative and non-cooperative cases. As the social effect increases (¢ increases from 0 to 45), in the
non-cooperative case, the majority influences the minority whose size reduces from 18% to zero (Figure 1
and 4). In the cooperative case however, the size of the majority decreases and the population splits more
evenly between the two choices (Figure 1 and 3). Figure 1 also illustrates that the per agent social cost in
the cooperative case is smaller than in the non-cooperative case.
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Figure 1: Cooperative vs. non-cooperative behavior.
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6 Conclusion

We consider in this paper a dynamic cooperative game model where a large number of players are making
a socially influenced choice between multiple alternatives. Finding an exact social optimum can be done by
solving a number of LQR problems that grows exponentially with the number of players. Alternatively, we
develop via the MFG methodology a set of decentralized strategies that are asymptotically socially optimal.
The computation of the decentralized strategies assumes that each agent knows the statistical distributions of
the initial states and parameters. For future work, it is of interest to consider situations where the cooperative
players learn these statistical distributions while moving towards the destination points, e.g., by sharing and
updating their current states and parameters through a random communication graph.
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