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Abstract. The Sparse Transportation Problem (STP) is a generalization of the classic
Transportation Problem (TP) with at least one forbidden arc. Unlike the Balanced TP (BTP)
which always admits a feasible solution, the same is not valid for an STP. In this paper we
propose a new mathematical formulation and a new exact method for solving STPs that
always yields an optimal solution if the problem is feasible. Moreover, our method correctly
proves infeasibility when the problem does not admit a feasible solution. We provide several
theoretical insights and proofs for different parts of our mathematical formulation and
method, advancing the theory of algorithms used for TPs and specifically for solving STPs.
Moreover, through numerical examples and detailed results we demonstrate how our
method works compared to the state-of-the-art approaches existing in the literature. We
also significantly accelerate the performance of our method by using partial pricing, notably
outperforming a minimum cost network flow algorithm applied to the TP. Detailed
computational experiments on feasible instances empirically demonstrate average
reductions of more than 82.7% in runtime when our sparse method with partial pricing is
compared to the state-of-the-art approach from the literature for STPs. In case of infeasible
instances, the overall average runtime reductions were higher than 84.8%. We also conduct
computational experiments of our new mathematical formulation in the state-of-the-art
network flow algorithm and the state-of-the-art linear programming solver Gurobi, and
observed runtime reductions of over 80% and 73%, respectively. We also show that the first
feasible solution obtained with our method is significantly better than the one found by using
the traditional TP formulation.

Keywords. Sparse transportation problem, forbidden arcs, MODI method, exact algorithm,
partial pricing.
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1 Introduction

The Transportation Problem (TP) is one of the most classical problems in Linear Programming
(LP). This problem is defined so as to minimize the total cost to ship a commodity from m
sources to n destinations, subject to the capacity of the m sources and the requirements of the

n demands nodes.

The first studies on TPs are due to the French mathematician Gaspard Monge in 1781 [21]. He
formulated the optimal TP to move a pile of soil or rubble to an excavation or fill. In the 1940s,
Soviet mathematician and economist Leonid Kantorovich introduced a dual formulation, along
with necessary and sufficient optimality conditions. Today, this problem is named as Monge-

Kantorovich mass-transportation problem [27].

The LP formulation and the discrete case of TPs are credited to Hitchcock [15] and Koopmans
[19], that developed the basic TP independently. However, optimal solutions to more complex
problems were only made possible in 1951, when Dantizg [8] applied the concept of LP to
solve the TP. In the following decades some TP studies were carried out by Arsham and Kahn

3], Kleinschmidt and Schannath [17], and Papamanthou et al. [23].

Let M and N be the sets of m sources and n demand nodes, and let S; represent the quantity
available at source i € M, D; be the demand at destination j € N, and A be the set of
admissible arcs. Let also ¢;;, (4, j) € A, be the unit shipping cost from source 7 to destination j,
and z;; be the decision variable representing the quantity to be shipped from ¢ to j. A classic

formulation to the TP is given by (1)—(4).

(TP) : min Z Cijxij (1)

(i,5)eA

subject to

Z Ty <5 Vie M (2)

J:(i,j)eA

CIRRELT-2020-15 1
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i:(3,7)EA
x5 > 0 (4,5) € A. (4)

In case A = |1,2,...,m| x |1,2,...,n| we have a Dense TP (DTP), otherwise the problem
is called a Sparse TP (STP). Moreover, if >, \(Si = > ;.\ D;j = L, then the TP is called
Balanced (BTP). Finally, if the DTP is a BTP it always admits a feasible solution. As a TP
that is not balanced can be easily converted into a BTP [22], we will only consider BTPs in

the remainder of this paper.

Given a sequence « representing a permutation of arcs, a greedy algorithm for the BTP is given

by Algorithm 1.

Algorithm 1 Greedy Algorithm for the Dense Transportation Problem

IHPUt: a sequence a = {(ihjl)? (Z.27j2)7 ey (Zm'm.]mn)}
S« S
D« D

for k=1 to mn do

Ligjy, < mm{Slk, ‘D]k}
Sik — Slk — Lig gy,

Djk A Djk — Liyjy
end for

Output: a feasible solution

The classic methods to determine an Initial Basic Feasible Solution (IBFS) for the DTP define a
permutation « to be used as an input for the greedy algorithm. These are the Northwest corner
[22], minimum cost [22], Vogel [24], and Russel [25]. A sufficient condition for a permutation
to provide an optimal solution to the DTP when used in the greedy algorithm was established

by Hoffman [16]. To demonstrate this, consider the following definition of a Monge Sequence.

Definition 1 Monge Sequence: A sequence a = { (i1, j1), (i2,7J2)s - - - (imn, Jmn)} Such that for
every 1 <i,r <m and1 < j s <n, if (i,j) precedes both (i,s) and (r,j) in o, then c;; + ;s <

Cis + Crj 15 a called a Monge Sequence.

2 CIRRELT-2020-15
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For a given cost matrix C for the DTP and a Monge Sequence «, an optimal solution is obtained
when « is used as input in the greedy algorithm. For example, given a TP with the following

cost matrix '

79 11
C=13 12 4
9 2 11

which has at least two Monge Sequences given by ay = {(2,3),(3,2),(2,1),(2,2),(1,1),(1,3),
(3,3),(1,2),(3,1)} and s = {(2,3),(2,1),(1,1),(2,2),(3,1),(1,3),(3,2),(3,3),(1,2)}. This
means that if the greedy algorithm is applied on sequences a; or s then the result is an
optimal solution for the problem for any S; and D;. Monge Sequences for STP were studied
by Dietrich [9] and Shamir [26], and to the best of our knowledge, these are the most recent
works in this field.

These findings provide a condition to evaluate whether a given permutation yields an optimal
solution when the greedy algorithm is applied, which could lead to the development of algo-
rithms based on establishing permutations to be tested if they are Monge sequences. This would
be useful not only in deterministic and static TPs, but also for dynamic and stochastic ones,
as Estes and Ball [10] have proved necessary and sufficient conditions for the greedy algorithm
to achieve an optimal solution for these problems given a Monge sequence is used as input. A
particular case of interest in having a Monge sequence is when the cost matrix C' is fixed, but
supplies and demands vary over time [2]. However, Alon et al. [2] showed that for every m and
n such that min{m,n} > 3 there exist m X n cost matrices which do not have a corresponding
Monge sequence, i.e., given a cost matrix, a Monge sequence may not even exist. Furthermore,
there are (mn)! different permutations for the TP and the search space becomes very large for

this approach to be efficient.

Moreover, when solving a TP, particular values of S; and D; are given, but the sufficient
condition of Hoffman [16] independs of each S; and D; and then is too general for a given
instance of the problem. For example, the permutation o = {(3,2), (1,1),(2,3), (1,3),(3,1),

(2,2),(3,3),(1,2),(2,1)} is not a Monge Sequence for C, but provides an optimal solution

CIRRELT-2020-15 3
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when Algorithm 1 is applied if S = (15,1220,55) and D = (920, 10,360). However, if S =
(515,720, 55) and D = (320,610, 360), the solution provided by « is not optimal.

The literature also presents an alternative necessary and sufficient condition for optimality,
and an improvement process for the cases for which optimality conditions are not satisfied.
Charnes and Cooper [6] introduced the stepping stone method, which consists of finding a 6-
loop to each non-basic variable. Another method is based on dual variables, called the Modified
Distribution (MODI) method, also known as the u-v method [4, 22]. Loch and Silva [20] study
on the average number of iterations required to find an optimal solution for different methods

of IBFS when the MODI method is applied.

The TP being a special case of the min-cost network, it can be solved using algorithms for those
problems. One of the most efficient and well-known algorithms to solve min-cost network flow
problems is the scaling push-relabel [13]. We compare the performance of our method with this

algorithm, testing instances of different densities, feasible and infeasible.

Although the TP is one of the most well-known problems in LP and many variations have been
proposed since its introduction, only few papers in the literature present methods that exploit
their inherent structures. In particular, when dealing with a sparse problem, the traditional
way to solve the problem is to convert it into a DTP and then apply the aforementioned
methods. In this paper, we take advantage of the sparse structure of the matrices and derive
a new mathematical formulation and a new method to solve STPs more efficiently. Our exact
algorithm presents many computational advantages when solving an STP and reduces to the

traditional method when solving a DTP.

The remainder of this paper is organized as follows. In Section 2 the classical approach to
solve STPs is presented along with two examples. In Section 3 we present our methodological
contribution and two detailed examples. In Section 4 theoretical analysis of our method are
provided. Section 5 describes how a partial pricing scheme can speed up the calculations of
our algorithm. Section 6 describes extensive computational experiments that were carried out
to assess the performance of our new method. Finally, in Section 7 we present the conclusions

of this paper.

4 CIRRELT-2020-15
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2 Sparse Transportation Problems

An STP is a generalization of the TP in which the set of arcs is divided into forbidden and
admissible ones. The aim is to find an optimal solution using only admissible arcs. The STP is
also a particular case of the Constrained TP (CTP), in which the capacity of at least one arc

is zero [7, 11, 18].

In order to apply the MODI method and solve STPs efficiently, it is important to obtain an
IBFS. Unlike the DTP, even establishing an IBFS for STPs is nontrivial [9]. The following
example shows that some intuitive ideas may not generate an IBFS for an STP. Consider the
balanced STP of example 1, represented by Figure 1, containing only eight admissible arcs and

their costs.

1 2 3 4 5 Supply

R PER | || 00

150

120

130

Demand 80 100 130 90 100

Figure 1: Example 1 of a balanced STP instance

If an IBF'S solution using only the set of admissible arcs is known, the MODI method can be used
discarding the calculation of reduced costs ¢;; for each forbidden arc (7, j). Hence, the method
would find an optimal solution faster. Otherwise, if the incumbent solution contains a forbidden
arc, it is necessary to compute all ¢;;. In the example of Figure 1 if we consider that only
admissible arcs may be used in the IBFS, the one obtained from the Minimum Cost Method is
not feasible as it consists of the permutation {(1, 1), (3, 3), (1,3),(2,4), (2,2), (4,4), (4,1),(3,5)},
shown in Figure 2. In this case, it is easy to observe that, despite the graph being connected,
supply and demand capacities are not totally used and satisfied. Furthermore, it is not possible

to easily determine whether a feasible solution to this instance exists.

A classical approach to solve this problem is to set a large cost for each forbidden arc, i.e.,

CIRRELT-2020-15 5
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Figure 2: Example of unsuccessful use of the Minimum Cost Method to an STP instance

use forbidden arcs as artificial variables. Setting the value of the unit cost for forbidden arcs
to at least > ..\, a; x max{|c;| : i = 1,...,m,j = 1,...,n} is enough [22]. However, this
method does not take advantage of the sparse structure of the problem. This new problem
always admits a feasible solution; if its optimal solution contains any artificial variable with

value grater than zero, the original STP is infeasible.

For instance, we set a cost equal to 10000 to each forbidden arc (Figure 3a). Once the problem
is balanced and each forbidden arc is transformed into an artificial variable, it is possible to
apply the Minimum Cost Method, obtain an IBFS (see Figure 3b), and then use the MODI
method.

When the reduced costs for the IBFS are computed, arcs (3,5) and (4, 4) are associated with
negative reduced costs (Figure 3c). As (4,4) is associated with the most negative one (—9996),
it will be the entering arc. Thus, the 6-loop is {(4,4), (4,2),(2,2),(2,4)}, 0 = min{x, xo4} =
x40 = 30 and (4, 2) is the arc to leave the basis.

After the first iteration (Figure 3d), arc (3,5) is associated with the most negative reduced cost
(—19990) and is the entering arc (Figure 3e), 6-loop= {(3,5), (4,5), (4,4), (2,4), (2,2), (1,2),
(1,3),(3,3)} and 6 = min{xys, T4, T12, X33} = w12 = 10. In this case the exiting arc is (1,2) and
Figure 3f shows the next solution. After the second iteration (Figure 3f), arc (4, 1) is the only one
associated with a negative reduced cost (Figure 3g), #-loop= {(4,1),(1,1),(1,3),(3,3),(3,5),
(4,5)} and 0 = min{x11, 33, 745} = 245 = 80. In this case the exiting arc is (4,5) and Figure

3h presents the new solution.

6 CIRRELT-2020-15
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In the third iteration the optimal solution is achieved (Figure 3i). In this solution 10 units are
shipped from origin 4 to destination 5, but this arc is an artificial one. Therefore, the original

STP is infeasible.

Another numerical example considering that arc (4,5) is admissible with cost 6 is shown in
Figure 4a. Using the same approach of the previous example, Figure 4b presents an IBF'S,
Figure 4c shows the reduced costs and #-loop for the IBFS, and Figures 4d-4g depict the first
and second iterations of the algorithm, when an optimal solution is obtained. In this case, there
are no artificial arcs in the optimal solution (Figure 4f), therefore the problem is feasible and

its solution is optimal for the original STP.

Even though the strategy of associating large costs to forbidden arcs and analyze the existence
of artificial arcs after an optimal solution is obtained always yields a solution, it does not take
any advantage of the sparsity of the problem. In the next section we propose a new method to

speed up the search of an optimal solution by benefiting from the structure of the problem.

3 Proposed Mathematical Formulation and Method

Our proposed mathematical formulation and method consist of generalizing the original STP
by expanding it in such way that it always admits a feasible solution. This new problem will be
referred to as the Augmented TP (ATP). The additional costs, supply and demand are defined

in (5)—(8) and detailed examples of ATPs are presented in the following sections.

Cmttns1 =0 (5)
Ciny1 =M 1eM (6)
Cm1y =M jEN (7)
Spi1 = Dpi1 = L. (8)

An IBFS always exists for the ATP using only admissible arcs and the ones associated with

the new row and column, i.e., without using any forbidden arc. Even if all original arcs were

CIRRELT-2020-15 7
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Demand 100
v 2 10000 3 9999 10000

(b) IBFS and its dual variables. loop.

Demand 100 100
v 2 10000 3 9999 19996

(e) First iteration reduced costs, entering arc

(d) First iteration solution and its dual variables. and 6-loop.

Demand 100
v 2 -9990 3 -9991 6

(g) Second iteration reduced costs, entering

(f) Second iteration solution and its dual variables. arc and 6-loop.

Demand
v -9990 -9990 3 -9991 6

(i) Optimality condition achieved.

(h) Third iteration solution and its dual variables.

Figure 3: Example 1 showing the classical method to solve STPs

8 CIRRELT-2020-15
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Demand 100
\ 2 10000 3 9999 6

(b) IBFS and its dual variables. loop.

100

v 210000 3 9999 10002 (e) First iteration reduced costs, entering arc
(d) First iteration solution and its dual variables. and 6-loop.
u
0
0
-1
0
Demand

v 2 4 3 3 6

(g) Optimality condition achieved.

(f) Second iteration solution and its dual variables.

Figure 4: Example 2 showing the classical method to solve STPs

CIRRELT-2020-15 9
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forbidden, the original supplies and demands could be transported by the newly added variables.
The LP model of the ATP is given by (9)-(14):

(ATP):min > ciyij+ Y Minsr + Y Mymirj + Wmiinn (9)
(i,j)eA ieEM JEN
subject to:
Z Yij + Yint1 = Si Vie M (10)
ji(i,5)eA
Y Uit Ymis =D, VjieN (11)
i:(i,j) €A
m+1
Z Yin+1 = L (12)
i=1
n+1

> Ymiry =1L (13)
j=1

Yij = 0 Vie MU{m+1},7 e NU{n+1}. (14)

The proposed method adds m+n-+1 variables and two constraints to the problem. Specifically,
it adds one variable to the left hand side of each supply and demand constraint of the original

STP.

In the next two sections we describe how our proposed method works in case the original STP

is infeasible (Section 3.1) or feasible (Section 3.2).

3.1 Proposed Method for an Infeasible STP instance

The first example of the usage of our method is the STP of Figure 1. Considering (5)—(8) to
expand the STP represented in Figure 1 yields the problem depicted in Figure 5 illustrating an
ATP. As it will be later proved, if y,,, 11,41 < L after the MODI method is applied to the ATP,

then the solution is not optimal to the original STP.

10 CIRRELT-2020-15
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S\D 1 6 Supply
1 10000 100
2 10000 150
3 10000 120
4 10000 130
5 10000 10000 | 10000 | 10000 | 10000 0 500
Demand 80 100 130 90 100 500 1000

Figure 5: Example 1 of cost matrix for our method to solve an STP

The traditional methods to find an IBF'S can be applied without restrictions for the ATP. Using
the Minimum Cost Method, considering o = {(1, 1), (3, 3), (1, 3), (2,4), (2,2), (1,6), (4,6), (5,2),
(5,5),(5,6)} the greedy algorithm yields the solution shown in Figure 6a. It is then possible to
continue using the MODI method considering only the set A of admissible arcs and the newly

added ones.

Arcs (3,5) and (4,4) are the ones associated with negative reduced costs for this IBFS (Figure
6b). Taking the most negative one, (4,4), to enter the basis, we have #-loop= {(4,4),(2,4),
(2,2),(5,2),(5,6),(4,6)}, 0 = min{yas, ys2, Ya6} = ys2 = 40 and arc (5,2) to leave the basis.
After the first iteration (Figure 6¢), arc (3,5) is the one to enter the basis, §-loop= {(3,5),
(3,3),(1,3),(1,6),(5,6),(5,5)}, @ = min{yss, y16, Ys5 } = y16 = 10 and arc (1,6) leaves the basis
(Figure 6d). After the second iteration (Figure 6e), arc (4, 1) is the entering one, 6-loop= {(4, 1),
(1,1), (1,3),(3,3), (3,5), (5,5), (5,6), (4,6)}, 0 = min{yi1, yss. yss, vas} = yn1 = 80 and arc (1, 1)
leaves the basis (Figure 6f).

When the reduced costs at the third iteration are computed (Figure 6g), we have achieved the
optimality condition for the ATP (Figure 6h). In this case, ¥m41,+1 < L and the solution is
then not optimal for the original STP. In fact, it will be shown that the original STP instance

is not feasible.

3.2 Proposed Method for a Feasible STP instance

The second example of the proposed method is the STP instance of Figure 4a and the ATP is
the one of Figure 7. It will be shown later that if ¥,,+1,+1 = L when the optimality condition

is satisfied for the ATP, then the solution is optimal for the original STP.

CIRRELT-2020-15 1"
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\D 6 Supply u
1 10 100 0
2 150 19996
3 120 1
4 130 130 0
5 360 500 10000
Demand 80 | 100 130 | 90 | 100 | s00 | 1000
v 2 20000 3 19999 20000 10000
(a) IBFS and its dual variables.
6 Supply u
10 100 0
150 0
120 -1
% 130 0
400 500 | -10000
90 | 100 | s00 | 1000
v 2 4 3 3 20000 10000

(c) First iteration solution and its dual variables.

6 Supply u
100 0
150 | 19994
120 -1

90 130 | 19994

410 500 9994

Demand 80 | 100 | 130 | 90 | 100 | 500 1000
v 2 19990 3 -19991 6 9994

(e) Second iteration solution and its dual variables.

6 Supply u
100 0
150 | 19994
120 -1

10 130 | 19994

490 500 9994

Demand 80 | 100 | 130 | 90 | 100 | s00 | 1000
v 419990 -19990 3 -19991 6 -9994

(d) First iteration reduced costs, entering

arc and 6-loop.

(f) Second iteration reduced costs, entering

arc and 6-loop.

h) optimalit diti hieved.
(g) Third iteration solution and its dual variables. (h) optimality condition achieve

Figure 6: Example of our method for an infeasible STP.

6 Supply

10000] 100

10000| 150

10000| 120

10000| 130

5 10000 | 10000 | 10000 | 10000 | 10000 0 500
Demand| 80 100 130 90 100 500 | 1000

Figure 7: Example 2 of cost matrix for our method to solve an STP
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The traditional methods to obtain an IBFS may once again be used. For example, us-
ing the Minimum Cost Method, considering o = {(1,1), (3,3),(1,3),(2,4),(2,2), (4,5), (5,2),
(1,6),(4,6),(5,6)} it is possible to use the MODI method considering only admissible arcs.
In the IBFS (Figure 8a), the only arc with a negative reduced cost is (4,4) (Figure 8b).
Thus, 6-loop= {(4,4),(2,4),(2,2), (5,2), (5,6), (4,6)}, 0 = min{yas, ys2, vas} = ya6 = 30 and
arc (4,6) leaves the basis (Figure 8b). After the first iteration (Figure 8c), arc (3,5) en-
ters the basis, 6-loop= {(3,5),(3,3),(1,3),(1,6),(5,6),(5,2),(2,2),(2,4),(4,4),(4,5)}, 0 =
min{yss, Y16, Ys2, Y24, Yas } = y16 = 10 and arc (1,6) leaves the basis (Figure 8d). After the
second iteration (Figure 8e), arc (5,5) is the only one with a negative reduced cost and 6-
loop= {(5,5), (5,2),(2,2),(2,4), (4,4),(4,5)}, 0 = min{ys2, You,Yss} = ys2 = 0 and arc (5,2)
leaves the basis (Figure 8f).

When the reduced costs at the third iteration are computed (Figure 8h), we have that the
optimally condition for the ATP was achieved. In this case, ¥+t1,+1 = L and the solution of

Figure 8g discarding the extra blue cells is optimal for the original STP.

4 Theoretical Analysis of the Proposed Mathematical
Formulation and Method

—(mT;;lAD. Therefore, the number of arcs to be

The sparsity o of an STP may be defined as 0 =
considered in the proposed method is (1—0)(mn)+m+n+ 1, while in the classical approach it
is always necessary to consider mn arcs. For this reason, the higher the sparsity is, the better

our method will perform compared to the classical approach.

In the previous sections we have shown through numerical examples how the proposed method
works. We now focus on detailed theoretical explanations. First, it is possible to argue that in
the classical approach, once a BF'S using only admissible arcs is found, it is no longer necessary
to compute the reduced cost for any forbidden arc; the same holds for our new method, meaning
that the third iteration presented in Section 3.2 was not required. To this end, we refer to the

Phase I of the methods when all reduced costs need to be computed (namely when the solution

CIRRELT-2020-15 13
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6 Supply
10 | 100
150
120
30 | 130
5 40 460 | 500
Demand] 80 | 100 | 130 | 90 [ 100 [ 500 [ 1000
v 2 20000 3 19999 6 10000
(a) IBFS and its dual variables.
S/D 1 2 3 4 5 6 [Supply
1 80 10 10 | 100
2 90 60 150
3 120 120
4 30 | 100 130
5 10 490 | 500
Demand] 80 [ 100 [ 130 [ 90 [ 100 [ 500 | 1000
v 2 20000 3 19999 20002 10000

(c) First iteration solution and its dual variables.

S/D 1 2 3 4 5 6 Supply

1 80 20 100
2 100 50 150
3 110 10 120
4 40 90 130
5 0 500 500

Demand | 80 100 130 90 100 500 | 1000
v 2 4 3 3 6 -9996

(e) Second iteration solution and its dual variables.

6 Supply

100

150

120

130

5 0 500 500

Demand| 80 100 130 90 100 500 | 1000
v 2 4 3 3 6 -9994

(b) IBFS reduced costs, entering arc and 6-

loop.

-19996

-19996
-10000

(d) First iteration reduced costs, entering

arc and 6-loop.

(f) Second iteration reduced costs, entering

arc and 6-loop.

(h) optimality condition achieved.

(g) Third iteration solution and its dual variables.

Figure 8: Example of our method for a feasible STP

14 CIRRELT-2020-15



A New Mathematical Formulation and a Faster Algorithm for Sparse Transportation Problems

still uses a forbidden arc), and to Phase II when only admissible arcs are used and not all
reduced costs need to be calculated. In the computational experiments section we will detail
the runtime for each of these two phases. This will allow us to compare the running time for

each iteration, notably for Phase I and precisely measure the gains of our method.

Besides being capable to correctly identify whether the original STP in infeasible, our method
can be easily implemented from any MODI implementation. The only important modification
lies in the second step, because instead of calculating ¢;; = ¢;; — w; — v;,Ve and j, the only

computation required is ¢;; = ¢;; — u; — vy, (4, 7) € A.

In what follows, let A’ be the set composed by the union of set A and the arcs associated with

the newly added variables to the STP.
Theorem 1: The ATP is always feasible.
Proof of Theorem 1

In order to show that ATP is always feasible, it suffices to determine one feasible solution. A

feasible solution to ATP can be obtained by setting:

Yint1 = i 1eM
Ymt1,j = D; jeN

Ym+1n+1 = 0

Replacing the variable values (15)—(18) in the LHS of equations (10)—(13) yields expressions
(19)—(22), respectively:

> Ui+ Y =0+ 8 =S, ieM (19)
j:(i,5)€A

> Yyt Ymiry =0+ D; = D; jeN (20)
i:(ij)€A
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n+1 n n
Zym—f—l,j = Zym+1,j + Tmtint1 = Z Dj=1L= 54 (21)
j=1 j=1 j=1

m+41 m

Z Yin+1 = Zyi,nJrl t Ymtinsl = Z Si=1L=Dyy. (22)
i=1

i=1 i=1
This implies that all constraints are satisfied, which completes the proof. [

It is shown that the solution defined by (15)—(18) satisfies each constraint of ATP. Therefore,
this problem is feasible and admits an optimal solution, denoted by ¥;;, (7, j) € A’. Particularly

for variable 1,,41n41 two situations can occur: either y» ., =Lory: ;. ., <L.

Note that any of the variables set to zero in expressions (17) and (18) can be used as a degener-
ated basic variable to the ATP, which can be exploited in the MODI method. In what follows

we consider variable Y, 41 541.

Theorem 2: If y;; € A’ is a feasible solution to the ATP and ¥, 41,41 = L, the original STP is

feasible.
Proof of Theorem 2

Replacing Ypmt1; =0, 7 € N, yint1 =0, i € M and ypmy1n41 = L in (10)—(13) yields (23)—(26):

n+1
L= Zym—l—l,j + Ymiint1 = L = Z?Jm+1,j +L= Zym+1,j =0=Ym1;, =0 JEN (23)
j=1 JEN JEN
Z Yint1 =0=>Yiny1 =0 €M (24)
iEM
D Ui tYin =S8 i€EM=) ;=5 i€M (25)
JEN JeN
Y Yt ymi=D; JEN= y;=D; jEN. (26)
ieEM ieEM

Setting Z;; = vi5, (i, 7) € A, makes (25) and (26) assure that (2) and (3) are satisfied. Thus, &
is a feasible solution to the STP. [

o . . . ij, (i,7) € A
Corollary 1: If z = x5, (i,7) € A, is a feasible solution to the STP, so y;; =
Ym+1n+1 = L
is feasible to ATP.
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Proof of Corollary 1

It is important to note that 41041 = L = Ym+1.5 J
Yin+1 = O, 1€ ,/\/l
Replacing these variable values in the LHS of equations (11) and (12), we have that all the

constraints of the ATP are satisfied:

Z Yij + Yint1 = Z Tij + Yinp1 =9 +0=5; ieM (27)
ji(ij)eA Ji(i,5)eA
> Uit Umii= > Tyt ymn;=Dj+0=D; jEN (28)
i:(i,5)€A i:(i,5) €A
n+1
Zym—i-l,j = Z Ym+1,j T Ymtinsr = 0+ L=L=5,1 (29)
j= JEN
m—+1
Z Tipg1l = Z Yintl T Ympimsr =0+ L =L = Dy, (30)
i—1 ieM

which completes the proof. [

These first analyses focused on the feasibility relationship between the STP and the ATP. We

now focus on optimality conditions.

Theorem 3: If yj;, (i,7) € A’, is an optimal solution to the ATP and vy, .., = L, so z}; = 45,
(1,7) € A, is an optimal solution to the STP.

Proof of Theorem 3
Let zarp(y) be the objective function value of solution y of ATP.

Since y;;, (i,7) € A’ is feasible to the ATP and y;, ., = L, we have:

zarp (Y Z CijYi; = Z Cijyy; + Z My, 15+ Z MY; i1+ Yt 1 = Z CijYij-

(i,5) €A’ (i,j)€A JEN ieM (i,5)eA
(31)

Because of y* is an optimal solution to the ATP and y;,,, .., = L, it follows from Theorem 2

that zj; € A is feasible to STP. By contradiction, suppose that z}; € A is not optimal to the
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STP. So, there must exist a solution i7; € A feasible to the STP such that:

ZSTp<i’*) = Z Cz‘ji’;kj < Z Cisz} = ZSTP(.T*) (32)

(i) €A (i.)EA’

On the other hand, it follows from Corollary 1 that y* = z7;, (i,j) € A, and ;1,4 = L is
feasible to the ATP, so

zarp(y*) = Z Ciliy + Z My 415+ Z My; i1+ 0Ymitnin (33)
(i,j)eA JEN ieM
zarp(i) = Y cdl < Y cyrl = zarp(y°) (34)
(i,j)eA (i,§)eA

Which is not possible because y;; is optimal to ATP. Hence, z* is an optimal solution to the

STP. U

Theorem 4: If the ATP admits an optimal solution yj; € A" and y;, ., < L, the STP is

infeasible.

For each previous demonstrations the solution space was non-negative real numbers. In order to
prove Theorem 4, the solution space is considered, without loss of generality, to be non-negative

integer numbers.
Proof of Theorem 4

Let

€ = max(  jjeaicij} (35)

k= mn (36)

T = maziem jen{Si, D} (37)

M >Thr > > ey (38)
(4,5)eA

If y* is an optimal solution to the ATP and ¥, ., < L then
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S =Y Yoy > L (39)

ieM JjEN
And because
zarp(y) = Z CijYi; + Z Mym1,; + Z MY;pi1 + 0Yms1,n41 (40)
(i,j)eA JEN ieM
it follows that
zarp(y) > Y iy +2M (41)
(i,j)EA

Assuming that the STP admits a feasible solution z, we know that this solution augmented by
Umt1nt1 = L is feasible to the ATP (from Corollary 1), and the objective function value for

this solution to the ATP is:

ZATp(i') = Z Ciji'ij <M< Z Cijy:j +2M < ZATP<y*) (42>
(i,5)eA (i,5)eA

Expression (42) contradicts the fact that y* minimizes za7p. Therefore, the STP is infeasible.

O

In Corollary 1 and Theorem 3 we have proved that if the ATP is feasible and v, .., = L, by
solving the ATP we have the solution to the STP. Moreover, Theorem 4 demonstrates that an
optimal solution to the ATP in which y;, .4 ,,,; < L suffices to show that the STP is infeasible.
Hence, solving an ATP leads to the solution of an STP.

Finally, the next theorem shows that is not necessary to compute reduced costs for forbidden
arcs. The gains of the proposed method lie in computing them only for admissible arcs, which
is sufficient as demonstrated next. The following theorem provides a practical result for the
improvement procedure in our algorithm, and explains the advantage of the proposed method

in the number of reduced costs that must be updated.
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Theorem 5: In an STP with arc set A, finite costs ¢;; for (i, j) € A, forbidden arcs with costs
equal to at least M = 3.\ a; x max{|c;;| : ¢ =1,...,m,j=1,...,n}, and a BFS using only

arcs belonging to A, the entrance of an arc (i,j) ¢ A never improves the solution.
Proof of Theorem 5

When the costs associated with the basic variables are finite, so are v’ and v'. Therefore, for
any (7,7) ¢ A we have that ¢;; = ¢;; —u; —v; = M —u; —v; > 0. Hence, it is not necessary to

compute ¢;; for (i,5) ¢ A. O

As a result of the Theorem 5, we have that the biggest challenge to solve STPs is to determine a

BF'S using only admissible arcs; once one is known, the classical approach may also be applied.

Combining the developments presented in this section, we have that the ATP always admits a
feasible solution and when the MODI method is applied computing the reduced costs only for

(1,7) € A’, an optimal solution to ATP is obtained. Thus, two possibilities arise:

1. y* is an optimal solution to the ATP and y;, ., = L = the STP is feasible and its

optimal solution is obtained by discarding v, , .4, and setting z7; =y, : (i,7) € A;

2. y* is an optimal solution to the ATP and y;;, ., ,,,; < L = the STP is infeasible.

5 Acceleration technique using partial pricing

Partial Pricing (PP) is a well-known strategy in solving LP problems [14, 12]. It consists in
evaluating the reduced costs of only a subset Spp of non-basic variables [5]. The challenges in
using PP are to determine the sequence of non-basic variables to be evaluated as well as how

many reduced costs will be computed.

In our algorithm the costs ¢;; associated with each variable were already sorted when ap-
plying the minimum cost method. We use this sorted list A at each iteration, avoiding
any computational burden. The rationale for this choice is to first evaluate variables with

low values of ¢;;, such that when we compute ¢;; = ¢;; — u; — v; we have higher chances
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of obtaining negative values of ¢;; in the early attempts. For example, in Figure 1 A=
{(1,1),(3,3),(1,3),(2,4),(4,4),(2,2,),(4,1),(3,5)}.

Regarding the size of our PP list, we determine a value Lpp such that we stop the search once
we have identified the first Lpp variables with negative reduced costs (or fewer if all variables
have been tested). These variables with negative reduced costs constitute the set Spp. This
procedure is repeated at each iteration. We note, however, that the sequence of variables to be

evaluated according to their costs ¢;; does not need to be reordered.

The pseudocode of our implementation of PP is described in Algorithm 2. Note that because
it guarantees to compute a negative reduced cost variable if one exists, optimality conditions

are respected.

6 Computational Experiments

In order to evaluate the performance of our new exact method, we have conducted extensive
computational experiments. We have implemented the MODI method in C++ using the same
data structure for both the traditional method and our sparse approach, meaning that the gains
obtained are direct results of our new method to solve STPs. For each parameter combination
we have solved 100 different instances randomly generated and the results showed in this section
represent the averages of performance measures. Since runtimes are in the order of milliseconds
and to avoid any bias, for each instance and each algorithm, we run it 20 times, discarding the
best five and the worst five times, averaging the time of the remaining 10 runs. Moreover, the
order of each execution were further randomized to avoid any bias or trends in CPU usage.
Thus, for a total of 8,200 instances, we have run them 20 times in our TP algorithm with
full and partial pricing, and with and without forbidden arcs; 20 times using the algorithm
of Ababei [1] with and without forbidden arcs; and 20 times using Gurobi with and without
forbidden arcs. This totals 1,312,000 executions.

All computations were performed on a desktop PC equipped with an Intel i7 8565 running
at 1.8GHz with 16GB of RAM installed (even though the memory footprint of our codes is
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Algorithm 2 Partial pricing algorithm
Input: Admissible arcs set A, supply vector S, demand vector D, cost matrix

¢, and a maximum number Lpp of negative reduced costs computed at each itera-
tion
A + arcs of A in ascending order of costs ¢
Sol «+ IBFS(A, S, D, ¢) {create an initial feasible solution}
Optimal < False
while not Optimal do
(u,v) <= Dual values of variables in Sol
Negative ReducedCosts < 0; LowestCost < 0
for each (7,7) € A do
Compute ¢;: = ¢;3 — u; — v;
if ¢;; < LowestCost then
LowestCost < ¢; {it is the most negative of the list thus far}
entry + (1, )
Negative ReducedCosts <— Negative ReducedCosts + 1
if NegativeReducedCosts = Lpp then
Break for
end if
end if
end for
if Negative ReducedCosts > 0 then
Update(Sol, entry)
else
Optimal < True
end if

end while

Output: an optimal solution
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extremely small), with the Windows 10 operating system. The algorithms were all coded in
C++ and we used Gurobi 9.0 as the LP solver. In order to compare with the min-cost network
flow scaling push-relabel algorithm, we use the open-source C++ implementation of Ababei [1]
of the original algorithm of Goldberg [13]. All instances and detailed results are available from

https://www.leandro-coelho.com/sparse-transportation-problem/.

In Section 6.1 we show the results for feasible problems, considering problems sizes ranging from
100 x 100 to 500 x 500 and densities ranging from 2% to 75%. Section 6.2 shows the results for
infeasible problems with same ranges of size and density. Moreover, for all the computational

experiments with partial pricing we used Lpp = 120.

An overall comparison of the different implementations that we analysed is based on the total
execution time. More detailed comparison of the four versions of the MODI method (with
partial and full pricing, with and without forbidden arcs) are evaluated by running time, number
of iterations, average time per iteration, number of reduced costs computed, and gap of the
IBFS to an optimal solution. Additionally, for infeasible instances, we also evaluate the time

required to prove that the instances were infeasible.

6.1 Results for Feasible Instances

In what follows we present the details of extensive computational results on 100 feasible in-
stances of each configuration of sizes and densities for L = 100m, ¢in = 10, Cpnae = 1000.
Specifically, we compare the performance of our method against the traditional one of using
artificial variables for all forbidden arcs, with and without partial pricing. Moreover, we also
present the results of Gurobi and of a network flow algorithm on both the traditional method
(all variables, including forbidden arcs), and in our sparse representation. The general results
of execution times are presented in Tables 1 and 2 and the later in this section we detail the
performances of our new approach and the partial pricing. The LP formulation in Gurobi and
the network flow algorithm implementation of Ababei [1] allow solving the STP using only
admissible arcs, referred to columns Sparse in Tables 1 and 2. In order to present a detailed

comparison we conducted computational experiments considering high costs for non-admissible
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arcs and the results are presented under columns Traditional. Recall that each value presented
in our tables are average over 100 instances executed 20 times each where the best five and

worst five results are discarded.

When comparing the results of Gurobi and of the network flow algorithm implementation
presented in Tables 1 and 2, we have that in cases of using high costs to forbidden arcs, the
second one had the better execution times, but the gains of considering only admissible arcs
are much higher in Gurobi. Moreover, when using only admissible arcs the general purpose
solver Gurobi outperforms the specialized implementation in a lower level language (C++) of
Ababei [1], with the only few exceptions observed in higher density cases. In the same tables
both MODI method with Full Pricing (MODI FP) and with Partial Pricing (MODI PP) refer
to results of our implementation in C++. For problems os size 100 x 100 the MODI FP is faster
than the best results of Gurobi and our Sparse approach with FP outperforms Gurobi by a large
margin in most of the cases, but loses performance for larger problems with high densities. As
our focus lies on solving STPs, the gains obtained for lower density cases are already relevant.
However, in order to provide a new state-of-the-art solver for STPs we also implemented a
Partial Pricing strategy to speed up the MODI methods. The usage of PP made it possible
to outperform the state-of-the-art solver Gurobi in all cases by a factor of around 4x. The
relative gains of each approach in the MODI method are presented in Figure 9, highlighting
the percentage of runtime reductions and the behavior of each density level when increasing
the size of the problem. Moreover, the relative gains of our Sparse MODI method with Partial
Pricing (SMODIPP) when compared to the network flow algorithm are presented in Figure 10.

A more detailed analysis of the results from Table 1 show some unexpected results. For example,
in the traditional cases with high costs for forbidden arcs, we have that Gurobi’s runtimes
increase as the density becomes higher. In the sparse case with only admissible arcs we have
that for instances of sizes 100 x 100 and 200 x 200 the runtime increases more significantly as
the density increases. However, it is not possible to find a pattern for problems of size 300 x 300
and larger. It is not possible to identify the reasons as the solver was used as a block box. It
is important to note that for lower density instances of Table 2 this behavior does not exist for

problems solved with Gurobi, i.e., it does not occur in problems of size 500 x 500 with densities
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Table 1: Average time (ms) to solve STPs using Gurobi, Network Flow and the MODI methods for

different sizes (averages over 100 instances per density level, size and method)

Traditional Sparse (our method)
Size Size
Average Average
Density | 100100 200x200 300x300 400x400 500x500 100x100 200%200 300x300 400x400 500x500

5% 14.84 51.73 125.01 248.55 403.97 168.82 3.74 10.29 24.25 45.09 78.93 32.46

10% 15.34 54.50 125.56 251.82 403.78 170.20 4.44 14.76 36.74 83.97 151.06 58.19

= 15% 15.50 54.34 127.38 251.79 408.52 171.51 5.15 19.04 49.98 117.56 218.90 82.13

§ 20% 15.29 55.43 128.21 253.81 412.54 173.06 5.65 23.54 72.98 149.93 133.71 77.16

25% 15.39 56.03 129.98 256.34 415.75 174.70 6.39 27.21 89.31 93.20 135.62 70.34

50% 15.48 56.76 132.96 264.23 434.26 180.74 9.53 34.38 68.52 122.22 192.52 85.43

75% 15.52 57.73 135.12 265.59 446.40 184.07 12.63 41.56 91.37 158.27 289.39 118.64

Average 15.33 55.22 129.18 256.02 417.89 174.73 6.79 24.39 61.88 110.03 171.44 74.91

5% 9.05 42.57 100.32 187.06 300.76 127.95 6.46 32.71 75.50 136.21 211.84 92.54

i 10% 9.63 43.04 101.46 187.39 301.60 | 128.62 7.17 33.60 77.58 139.08 216.86 94.86

EO 15% 9.65 43.25 102.30 188.38 301.12 128.94 7.35 34.03 79.00 140.38 218.12 95.78

E 20% 9.75 43.82 101.10 188.77 301.54 129.00 7.64 34.66 79.84 142.67 220.63 97.09

E 25% 9.93 43.97 102.81 188.26 299.30 128.85 7.58 35.21 81.13 144.95 222.88 98.35

50% 10.17 44.60 104.31 191.24 308.00 131.66 8.19 37.42 86.15 154.73 243.69 106.04

5% 10.15 45.37 106.90 198.93 322.12 136.69 8.62 39.71 91.88 167.54 266.31 114.81

Average 9.76 43.80 102.74 190.00 304.92 130.25 7.57 35.33 81.58 146.51 228.62 99.92

5% 2.65 15.19 42.61 91.09 173.07 64.92 0.66 4.38 15.29 35.95 74.40 26.14

10% 1.96 12.65 40.35 91.80 184.79 66.31 0.89 6.78 23.73 58.71 123.02 42.63

& 15% 1.88 13.01 44.02 106.16 216.21 76.26 1.09 8.70 31.73 80.59 170.55 58.53

é 20% 1.86 13.69 48.65 120.91 253.53 87.73 1.27 10.40 39.78 101.51 216.86 73.96

= 25% 1.85 14.73 54.82 138.03 292.21 100.33 1.46 12.17 46.96 122.90 264.74 89.65

50% 2.32 20.80 86.12 233.19 510.08 170.50 2.18 19.89 83.67 228.57 502.03 167.27

75% 2.95 27.76 121.48 331.28 738.25 244.34 2.99 27.94 120.30 331.88 738.58 244.34

Average 2.21 16.83 62.58 158.92 338.31 115.77 1.51 12.89 51.64 137.16 298.60 100.36

5% 1.21 4.99 12.63 25.12 47.69 18.33 0.67 3.81 10.66 22.19 43.84 16.23

10% 1.07 4.89 12.80 25.65 47.94 18.47 0.79 4.31 11.67 24.14 45.61 17.30

& 15% 1.09 5.11 13.25 26.66 49.19 19.06 0.90 4.69 12.48 25.23 47.60 18.18

é 20% 1.09 5.24 13.68 27.21 50.27 19.50 0.97 5.00 13.06 26.21 49.38 18.92

= 25% 1.12 5.52 14.33 28.29 51.64 20.18 1.04 5.24 13.67 27.52 50.58 19.61

50% 1.33 6.35 16.43 32.98 59.50 23.32 1.32 6.37 16.16 3241 59.96 23.24

5% 1.55 7.19 18.73 37.44 67.51 26.48 1.56 7.30 18.69 36.60 66.73 26.18

Average 1.21 5.61 14.55 29.05 53.39 20.76 1.04 5.25 13.77 27.76 51.96 19.95
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With Full Pricing - Time reduction: sparse (our method) vs traditional method Traditional Method - Time reduction: Partial Pricing vs Full Pricing
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Figure 9: Time reduction percentages: sparse and traditional models, with partial pricing and full

pricing

Time Reduction - Our Sparse MODI method with Partial Pricing (SMODIPP) vs sparse network flow
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Figure 10: Time reduction percentages: our Sparse MODI method with Partial Pricing (SMODIPP)

vs sparse network flow algorithm
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Table 2: Average time (ms) to solve STPs using Gurobi, Network Flow and the MODI methods for
low density instances of size 500 x 500 (averages over 100 instances per density level, size and method)
Method Density 2% 3% 1% 5% 6% % 8% | Average

Traditional | 394.41 399.07 401.24 403.97 401.37 402.68 403.14 | 400.84
Sparse 41.89  56.13  67.47 7893 102.07 112.32 127.05 83.69

Gurobi

Traditional | 305.38 302.66 303.19 300.76 301.00 299.50 299.56 | 301.72
Sparse 209.71 209.61 211.09 211.84 212.23 212.72 214.04 | 211.61

Network Flow

Traditional | 266.65 205.00 181.28 173.07 174.71 173.68 177.28 193.10
Sparse 39.24  52.09 64.05 7440 84.70 94.60 104.23 73.33
Traditional | 49.00 47.76 4745 4769 47.87 47.82 4751 47.87
Sparse 38.62  41.23  42.64 43.84 4399 4420 44.95 42.78

MODI FP

MODI PP

ranging from 2% to 8%

Other cases in Table 1 that call attention are the ones of sizes 100 x 100 and 200 x 200 for both
Traditional MODI FP and Traditional MODI PP, and for size 300 x 300 using the traditional
approach. For these cases, the explanation relies in the number of iterations and the times per

iteration for each phase, as detailed presented in tables 4 and 5.

In Table 2 we observe that for the MODI method the runtimes tend to increase with the
densities. A notable exception arises on the 2% densities instances when compared to the 3%
ones, notably with full pricing. As we will see on the results of Table 4, this is due again to
higher number of iterations needed to find an IBFS (Phase 1), with a much more expensive

time per iteration with respect to the partial pricing version (Table 5).

Finally, analyzing the average time to solve the instances it is important to note that our new
sparse approach with partial pricing, called SMODIPP, has the best overall performance. The
partial pricing technique significantly reduces runtimes. We also highlight that the reduction in
runtime is higher for lower density cases. This fact is due to the average number of admissible
arcs associated with each source and each destination being directly proportional to the problem
size. One may also observe that as the density increases, the running times of both methods
converge. In fact, for an instance with a density of 100%, our method reduces to the traditional

one.
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On average, the sparse representation showed important time reductions on instances with few
arcs, especially on smaller ones, in which the number of admissible arcs is low. Our proposed
method outperforms the state-of-the-art network flow algorithm and the state-of-the-art general
purpose solver Gurobi. The usage of partial pricing and our new sparse formulation showed
significant improvement, with an average runtime over all sizes and densities of 19.95 ms versus
115.77 ms for the traditional representation with full pricing, 99.92 ms of network flow and

74.91 ms for Gurobi, i.e, runtime gains of 82.8%, 80.0% and 73.3%, respectively.

As our method consists of improvements in the traditional MODI method, proposing a new
approach to deal with infeasible arcs and speeding it up by the usage of partial pricing, in
the reminder of this paper we will present detailed results of computational experiments that
show the gains of our method when compared to the traditional approach in the MODI method.
Moreover, our detailed computational experiments reveal the insights to explain the total times

to solve problems of different combinations of sizes and densities.

While the gains in Phase 1 are expected due to the lower number of reduced costs computed,
our method also significantly outperformed the traditional one in Phase 2, as can be seen from
Table 3. Although the time per iteration is basically the same (Table 5), our sparse method

requires fewer iterations in this phase (Table 4).

Here we show the average runtimes of the STPs using the MODI for different sizes, splitting the
runtimes of the Minimum Cost Method (MCM), of the time required to find an IBFS (Phase 1),
and the time to prove optimality after an IBFS is obtained (Phase 2). Take, for example, the
average results for instances of size 100 : the traditional method with full pricing requires 2.21
ms, and adding partial pricing reduces this time to 1.21 ms; our sparse representation takes
only 1.50ms with full pricing and only 1.03 ms with partial pricing, a gain of 53.4% (11.1% inn
MCM, 76.1% in Phase 1 and 47.9% in Phase 2) over the traditional method, with much more

important gains in low densities.

We present in Table 4 the average number of iterations in each phase. Overall, our method
required significantly fewer iterations than the traditional one; the breakdown indicates that

in Phase 1 our method required more iterations, but in Phase 2, and especially on densities of
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Table 3: Average time (ms) to solve STPs using the MODI method for different sizes (averages over

100 instances per density level, size and method)

Traditional method Sparse (our method)

Sizes | Densities With FP With PP With FP With PP
MCM Phl Ph2  Total | MCM  Phl Ph2 Total | MCM  Phl Ph2  Total | MCM  Phl Ph2 Total
5% 0.26 2.25 0.14 2.65 026 0.76 019 1.21 0.19  0.44 0.03 0.66 0.19 041 0.08 0.67
10% 0.28 1.21 047 196 | 028 042 037 1.07| 022 043 024 089| 022 033 025 079
15% 031 095  0.62 1.88| 031 032 047 1.09| 025 041 0.43 1.09| 025 027 037 090
100 20% 0.33 0.77 0.76 1.86 033 024 052 1.09 0.28  0.36 0.63 1.27 028 021 048 097
25% 0.35  0.60  0.89 1.85| 035 019 058 1.12| 032 031 0.83 146 | 032 016 056 1.04
50% 046  0.28 1.58  232| 046 0.08 079 133| 046 0.16 1.57 218 | 046 007 079 1.32
5% 0.55 0.11 2.29 2.95 055 0.04 0.96 1.55 0.55  0.09 2.35 2.99 0.54 0.03 098 1.56

Average 0.36 0.88 0.96 2.21 036 029 055 1.21| 032 031 0.87 1501 032 021 050 1.03

5% 0.88  11.28 3.03 1519] 089 215 195 499| 056 291 0.91 4.38 056 197 127 381
10% 0.99 6.60 5.07 1265| 0.99 118 271 489 0.70 279 3.29 6.78 0.70 125 236 4.31
15% 1.10 5.28 6.63 13.01 1.09 092 3.09 511 0.84 259 5.27 8.70 083 093 292 4.69
200 20% 1.18 4.29 821 13.69 118 0.68 338 524| 096 222 722 10.40 096 070 3.33 5.00
25% 1.28 3.60 9.85 14.73 128 0.57 3.67 552 1.09  2.05 9.03  12.17 1.09 059 356 5.24
50% 1.67 1.70 1744  20.80 1.68 0.26 442 6.35 1.63 099 1727 19.89 1.63 020 454 6.37
5% 2.00 0.68 25.08 27.76 198 010 511 719 1.94 058 2543 27.94 1.94 011 525 7.30

Average 1.30 478 1076 16.83 130 0.84 348 561 1.10  2.02 9.77  12.89 1.10  0.82 332 524

5% 1.93 2827 1241 4261 1.93 439 631 1263 115 8.63 551 1529 115 439 512 10.66
10% 2.16 18.68 19.52 40.35| 216 2.82 7.82 12.80 147 866 13.60 23.73 148 290 729 11.67
15% 238 1527 2638 44.02| 237 208 881 1325 1.77 737 22,60 31.73 1.77 196 875 1248
300 20% 257 1262 3346 48.65| 256 1.57 9.54 13.68| 2.06 6.88 30.85 39.78 | 2.05 1.66 9.35 13.06
25% 2.77 1095 4110 54.82 | 277 1.16 1040 14.33| 233 6.10 3853 46.96 | 232 1.18 10.16 13.67
50% 3.67 507 7738 86.12| 3.65 043 1234 1643| 3.56 3.14 7698 83.67 | 3.53 040 1222 16.16
5% 4.36 1.95 11518 12148 | 435 0.18 1421 18.73| 4.23 142 11465 12030 | 421 0.15 14.32 18.69

Average 2.83  13.26 4649 6258 | 283 1.80 992 14.55| 237 6.03 4324 51.64| 236 1.81 9.60 13.77

5% 3.35 5719 3054  91.09| 334 848 13.30 25.12 1.95 18.79 1520 35.95 1.96 8.63 11.60 22.19
10% 3.71 3715 5095 91.80| 3.70 547 1649 25.65| 251 1743 3877 5871 2.50 587 15.76 24.14
15% 4.07 3145 70.63 106.16 | 4.08 439 18.19 26.66 | 3.01 16.74 60.84 80.59 | 3.01 4.63 17.58 25.23
400 20% 442 26.04 9045 12091 | 441 3.06 19.75 27.21| 3.51 15.01 8299 101.51 351 3.10 19.60 26.21
25% 476 22.89 110.38 138.03 | 4.77 255 20.97 2829 | 4.00 13.01 10589 122.90| 3.98 270 20.83 27.52
50% 6.32 11.93 214.93 233.19| 6.33 0.95 2569 3298 | 6.13 731 21513 22857 | 6.15 0.79 2547 3241
5% 7.53 513 318.61 33128 | 7.58 035 29.52 3744 | 732 345 321.11 33188 | 737 028 28.96 36.60

Average 4.88 2740 126.64 158.92 | 4.89 3.61 20.56 29.05| 4.06 13.10 119.99 137.16 | 4.07 3.72 19.97 27.76

2% 4.82 22773 3410 266.65 | 4.85 25.86 18.30 49.00 | 2.56 31.58 510 3924 | 255 2389 1218 38.62

3% 4.94 153.65 46.42 205.00 | 4.95 20.30 22.51 47.76 | 2.72 34.56 14.81 52.09 | 2.72 21.13 17.38 41.23

4% 5.05 119.10 57.13 181.28 | 5.06 18.48 23.92 4745 | 290 3576 2540 64.05| 290 1891 20.83 42.64

5% 5.15 101.66  66.26 173.07 | 5.15 17.14 2540 47.69 | 3.06 35.35 3598 7440 | 3.06 16.96 23.82 43.84

6% 5.27  94.57 74.87 17471 | 528 15.84 26.75 47.87| 3.23 34.59 46.88 84.70 | 3.23 15.76 24.99 43.99

%% 536 85.33 83.00 173.68 | 5.37 14.32 28.13 47.82 | 3.39 3425 56.96 94.60 | 3.39 13.86 26.95 44.20

500 8% 548  79.62 9218 177.28 | 547 12.65 29.39 4751 | 3.55 33.46 67.22 10423 | 3.55 12.65 28.75 44.95
10% 5.70 70.23 108.86 184.79 | 5.68 11.19 31.08 47.94| 3.88 3257 86.57 123.02 | 3.89 11.22 30.50 45.61

15% 6.25 57.35 152.61 216.21 6.22 879 3419 49.19| 4.68 30.03 13584 170.55| 4.70 8.66 34.24 47.60

20% 6.75 50.44 196.34 253.53 | 6.76 553 37.99 50.27 | 544 26.53 184.89 216.86 | 543 595 38.00 49.38

25% 731 39.46 24545 292.21 729 453 3981 51.64| 6.15 24.84 233.75 264.74| 6.17 545 3896 50.58

50% 9.74  23.08 477.26 510.08 | 9.73 2.10 47.67 59.50 | 9.57 13.76 478.70 502.03 | 9.54 1.68 48.74 59.96

5% 11.63 9.75 716.87 73825 | 1L.75 0.62 55.15 67.51 | 11.39 6.61 720.58 738.58 | 11.42 0.37 54.95 66.73
Average 7.51  50.28 280.52 338.31 751 713 3876 53.39 | 6.31 24.24 268.04 298.60 | 6.32 7.18 3846 51.96

Total Average 3.38 1932 93.07 11577 | 338 273 14.65 20.76 | 2.83 9.14 8838 100.36 | 2.83 2.75 14.37 19.95

* are not considered to compute the averages
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25% and less, our method required significantly fewer iterations. Moreover, Table 5 shows the
average time per iteration, where it becomes finally clear why overall our method performed
so much better. Finally, Table 6 explains where this gain originates: our method requires

significantly fewer computations of reduced costs.

In order to understand the gains of Phase 2 in running time and number of reduced costs
computed, since the algorithm for Phase 2 is identical for both methods, we also evaluate the
gap between the optimal solution value and the cost of the first feasible solution found, i.e.,
that when Phase 1 ends. The results are shown in Table 7. For less dense instances, our
method finishes Phase 1 with a solution significantly better than that of the traditional method
and very close to the optimal one, explaining why the Phase 2 of our method requires fewer

iterations and is so much faster.

This section showed that our method outperformed the traditional approach for solving STPs,
in case of feasible problems. Moreover, the gains are seen not only comparison with the MODI
Method, but also in relation to the state-of-the-art solver Gurobi and the network flow algo-

rithm.

We have also performed experiments with L = 100xm, ¢, = 10, ¢nee = 10000 and L = 10000,
Cmin = 10, Cpaz = 1000. Since the results do not show anything new, they are not reported

and can be obtained on the website alongside all results and instances.

6.2 Results for infeasible instances

Our method also correctly identifies infeasibility and to measure the performance for this case
we analyzed the running time, number of iterations, the average time per iteration when proving
that no feasible solution to the original STP exists, and the number of reduced costs computed.
The results are shown on in Tables 8-10. Our approach also outperformed the traditional one
when proving infeasibility and it is possible to observe that for low density instances we have
gains in both the number of iterations and time per iteration. For higher densities the gains

are due to lower running time per iteration.
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Table 4: Average number of iterations to solve STPs using the MODI method for different densities

and sizes (averages over 100 instances per density level, size and method)

Traditional method Sparse (our method)

Sizes | Densities With FP With PP With FP With PP
Phase 1 Phase 2 Total | Phase 1 Phase 2 Total | Phase 1 Phase 2 Total | Phase 1 Phase 2 Total
5% 166.58 44.88  211.46 143.81 66.92  210.73 130.26 10.10  140.36 137.21 27.31  164.52
10% 83.68  123.11  206.79 86.95 120.18  207.13 | 105.93 64.51  170.44 | 104.03 81.40  185.43
15% 65.75  143.08  208.83 69.08  143.86 212.94 87.18 99.07  186.25 81.61  113.33  194.94
100 20% 52.27 15391  206.18 53.80 154.28  208.08 67.61 126.93  194.54 63.37  140.31  203.68
25% 41.30 162.26  203.56 41.31 165.94  207.25 52.60 148.82  201.42 46.42 155.78  202.20
50% 18.72  187.20  205.92 18.29  191.33  209.62 17.37  186.78  204.15 17.04  190.97  208.01
5% 7.51 20236 209.87 8.13 20422 212.35 744 20446  211.90 742 204.65 212.07
Average 62.26 14526  207.52 60.20  149.53  209.73 66.91  120.10  187.01 65.30  130.54  195.84
5% 21746  314.14  531.60 | 252.48  284.13  536.61 297.22 98.70 39592 | 295.17  184.70  479.87
10% 122,58 395.97 51855 | 150.08  379.59  529.67 | 210.10  259.40 469.50 | 182.83  325.21  508.04
15% 96.66 ~ 421.84 518.50 | 115.86 418.06 533.92 | 159.56  337.82 497.38 | 133.48  390.58  524.06
200 20% 78.92  447.00  525.92 86.56  444.84  531.40 116.25  392.61  508.86 100.90  431.45 532.35
25% 65.49  466.11  531.60 74.60  465.65  540.25 94.42 42797  522.39 82.82  449.00 531.82
50% 29.67  503.44  533.11 34.48  498.53  533.01 27.88  498.14  526.02 27.99  505.15 533.14
75% 11.07  519.35  530.42 1248  508.23  520.71 11.60  523.53  535.13 13.05  520.35  533.40
Average 88.84 43826  527.10 | 103.79 42843 532.22 131 362.60 493.60 | 119.46  400.92  520.38
5% 247.48  658.48 905.96 | 369.83  573.35 943.18 | 446.77  298.84  745.61 | 419.18  464.66  883.84
10% 158.13  734.85 892.98 | 24813 684.52 932.65 | 314.64 516.59 831.23 | 27443 636.65 911.08
15% 125.96  768.85 894.81 | 185.74  757.80 943.54 | 207.09  660.62 867.71 | 187.31  750.00  937.31
300 20% 101.88  799.16  901.04 141.23  790.94 932,17 | 15744  735.36  892.80 157.56  773.44  931.00
25% 85.94 82735 913.29 | 101.33  837.09 938.42 | 11835 774.84 893.19 | 110.71  822.04 932.75
50% 35.26  870.47  905.73 37.10  875.88  912.98 34.39  868.04  902.43 36.15 87323  909.38
5% 12.01 901.29  913.30 14.29  907.99  922.28 10.68  896.02  906.70 12.35  906.28  918.63
Average | 109.52  794.35 903.87 | 156.81  775.37  932.17 | 184.19  678.62 862.81 | 171.10  746.61 917.71
5% 283.40 1031.35 1314.75 | 557.12  878.76 1435.88 | 623.08  521.19 1144.27 | 600.26  759.93 1360.19
10% 178.02 1136.89 1314.91 | 370.14 1060.43 1430.57 | 380.18  870.16 1250.34 | 409.87 1004.39 1414.26
15% 146.38 1180.78 1327.16 | 292.95 1132.04 1424.99 | 273.54 1019.44 129298 | 322.90 1088.64 1411.54
400 20% 117.41 1204.54 1321.95 | 208.44 1206.09 1414.53 195.76 1106.06 1301.82 | 215.18 1185.48 1400.66
25% 100.38  1221.93 1322.31 | 170.52 1238.85 1409.37 | 141.52 1173.95 131547 | 189.09 1236.00 1425.09
50% 45.51 1283.67 1329.18 63.81 1334.14 1397.95 43.34 1287.19 1330.53 53.21 1338.41 1391.62
5% 17.19 1305.94 1323.13 2226  1356.92 1379.18 13.75  1312.29 1326.04 17.22° 1350.29 1367.51
Average | 126.90 1195.01 1321.91 | 240.75 117246 1413.21 | 238.74 1041.47 1280.21 | 258.25 1137.59 1395.84
2%% 714.83 1150.12 1864.95 | 1161.33  880.71 2042.04 | 1054.61 174.42  1229.03 | 1212.94  588.32 1801.26
3% 477.11  1334.95 1812.06 | 962.42 1082.04 2044.46 | 987.65  432.51 1420.16 | 1067.41 831.74 1899.15
4% 367.64 1435.52 1803.16 | 881.72 1137.40 2019.12 | 887.91  643.70 1531.61 | 947.79  986.03 1933.82
5% 312.87 1483.65 1796.52 | 831.99 1199.36 2031.35 | 782.33  809.86 1592.19 | 853.02 1125.33 1978.35
6% 286.37 1500.66 1787.03 | 773.19 1258.90 2032.09 | 685.54  945.18 1630.72 | 787.41 1162.42 1949.83
7% 258.75 1520.17 1778.92 | 698.55 1312.96 2011.51 | 617.95 1046.70 1664.65 | 698.75 1255.46 1954.21
500 8% 239.31 1543.53 1782.84 | 622.27 1369.48 1991.75 | 554.15 1132.48 1686.63 | 637.67 1336.72 1974.39
10% 207.08 1555.66 1762.74 | 554.57 1437.84 1992.41 | 460.78 1245.67 1706.45 | 562.19 1399.81 1962.00
15% 163.73 1602.69 1766.42 | 433.23 1545.82 1979.05 | 313.35 1434.33 1747.68 | 432.44 1534.72 1967.16
20% 140.21 1638.03 1778.24 | 277.04 1675.10 1952.14 | 218.47 1536.78 1755.25 | 297.14 1661.09 1958.23
25% 105.79 1685.57 1791.36 | 224.37 1717.15 1941.52 | 170.30 1606.01 1776.31 | 272.56 1664.04 1936.60
50% 52.83 1735.73 1788.56 | 103.36 1831.16 1934.52 49.32  1724.66 1773.98 81.77 185321 1934.98
75% 19.46  1767.59 1787.05 30.58 1855.87 1886.45 15.62 1766.04 1781.66 16.81 1863.04 1879.85
Average | 143.14 1638.42 1781.56 | 350.73 1608.90 1959.63 | 287.17 1446.19 1733.36 | 359.42 1585.89 1945.31
Total Average 106.13  842.26 94839 | 18246  826.94 1009.39 | 181.60  729.79  911.40 | 194.71  800.31  995.02

* are not considered to compute the averages
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Table 5: Average time per iteration (ms) to solve STPs using the MODI method for different densities

and sizes (averages over 100 instances per density level, size and method)

Traditional method Sparse (our method)

Sizes | Densities With FP With PP With FP With PP

Phase 1 Phase 2 Total | Phase 1 Phase 2 Total | Phase 1 Phase 2 Total | Phase 1 Phase 2 Total
5% 0.01371  0.00251 0.01129 | 0.00526 0.00286 0.00451 | 0.00338 0.00248 0.00334 | 0.00295 0.00277 0.00293
10% 0.01448  0.00378 0.00813 | 0.00477 0.00310 0.00381 | 0.00407 0.00373 0.00395 | 0.00313 0.00305 0.00310

15% 0.01442  0.00432 0.00753 | 0.00465 0.00325  0.0037 | 0.00468 0.00434  0.0045 | 0.00331 0.00327 0.00329
100 20% 0.01465 0.00497 0.00744 | 0.00455 0.00338 0.00368 | 0.00532 0.00494 0.00507 | 0.00336 0.00339 0.00338
25% 0.01458 0.00549 0.00733 | 0.00448 0.00349 0.00369 | 0.00595 0.00556 0.00566 | 0.00352 0.00357 0.00356
50% 0.01478  0.00841 0.00899 | 0.00445 0.00412 0.00414 | 0.00905 0.00841 0.00846 | 0.00400 0.00416 0.00414
5% 0.01540 0.01130 0.01143 | 0.00498 0.00471 0.00471 | 0.01308 0.01148 0.01151 | 0.00508 0.00479 0.00478

Average | 0.01456 0.00583 0.00888 | 0.00473 0.00356 0.00403 | 0.00642 0.00585 0.00607 | 0.0036 0.00357  0.0036
5% 0.05223  0.00963 0.02696 | 0.00854 0.00685 0.00764 | 0.00980 0.00922 0.00967 | 0.00668 0.00691 0.00677
10% 0.05385 0.01280 0.02251 | 0.00790 0.00715 0.00735 | 0.01328 0.01268 0.01295 | 0.00684 0.00727 0.00711
15% 0.05460  0.01572  0.02299 | 0.00800 0.00740 0.00752 | 0.01620 0.01561 0.01580 | 0.00697 0.00749 0.00735

200 20% 0.05436  0.01837 0.02379 | 0.00788 0.00761 0.00765 | 0.01911 0.01837 0.01854 | 0.00698 0.00773 0.00758
25% 0.05501  0.02113 0.02530 | 0.00772 0.00788 0.00784 | 0.02179 0.02108 0.02121 | 0.00710 0.00794 0.00780
50% 0.05739  0.03463 0.03590 | 0.00762 0.00887 0.00878 | 0.03600 0.03467 0.03471 | 0.00754 0.00899 0.00890
5% 0.06216  0.04829 0.04856 | 0.00867 0.01005 0.01000 | 0.05210 0.04858 0.04860 | 0.00907 0.01011 0.01007

Average | 0.05558 0.02294 0.02943 | 0.00804 0.00797 0.00811 | 0.02392 0.02289 0.02307 | 0.00731 0.00806 0.00794

5% 0.11427  0.01885 0.04491 | 0.01193 0.01102 0.01135 | 0.01932 0.01842 0.01896 | 0.01047 0.01103 0.01076
10% 0.11819  0.02655 0.04279 | 0.01148 0.01143 0.01142 | 0.02753 0.02633 0.02678 | 0.01058 0.01147 0.01119
15% 0.12137  0.03430 0.04657 | 0.01134 0.01164 0.01155 | 0.03561 0.03421 0.03454 | 0.01054 0.01167 0.01144
300 20% 0.12389  0.04187 0.05118 | 0.01126 0.01206 0.01192 | 0.04370 0.04197 0.04227 | 0.01058 0.01211 0.01183
25% 0.12712  0.04969 0.05702 | 0.01159 0.01245 0.01233 | 0.05166 0.04972 0.04998 | 0.01078 0.01239 0.01218
50% 0.14399  0.08890 0.09104 | 0.01182 0.01411 0.01400 | 0.09150 0.08864 0.08874 | 0.01133 0.01401 0.01389
5% 0.16311  0.12777 0.12821 | 0.01427 0.01567 0.01561 | 0.13790 0.12795 0.12801 | 0.01470 0.01582 0.01576
Average | 0.12999 0.05542 0.06596 | 0.01193 0.01262  0.0126 | 0.05702 0.05532 0.05561 | 0.01123 0.01264 0.01244
5% 0.20180  0.02962 0.06681 | 0.01524 0.01514 0.01517 | 0.03017 0.02915 0.02971 | 0.01437 0.01529 0.01488
10% 0.20858  0.04481 0.06706 | 0.01486 0.01557 0.01535 | 0.04585 0.04456 0.04495 | 0.01434 0.01572 0.01531
15% 0.21497  0.05980 0.07695 | 0.01519 0.01610 0.01586 | 0.06114 0.05969 0.06000 | 0.01442 0.01619 0.01574
400 20% 0.22155 0.07511 0.08815 | 0.01472 0.01642 0.01614 | 0.07667 0.07505 0.07529 | 0.01449 0.01657 0.01621
25% 0.22825 0.09032 0.10081 | 0.01520 0.01696 0.01670 | 0.09201 0.09017 0.09037 | 0.01436 0.01689 0.01653
50% 0.26239  0.16741 0.17066 | 0.01535 0.01928 0.01907 | 0.16995 0.16709 0.16714 | 0.01527 0.01905 0.01889

75% 0.30063  0.24395 0.24466 | 0.02029 0.02180 0.02169 | 0.26336 0.24468 0.24474 | 0.01799 0.02149 0.02142
Average | 0.23325 0.10158 0.11644 | 0.01578 0.01732 0.01714 | 0.10354 0.10148 0.10174 | 0.01500 0.01731 0.01700
2%% 0.31857  0.02964 0.14038 | 0.0223 0.02081 0.02164 | 0.02994 0.02926 0.02985 | 0.01969 0.02073 0.02003
3% 0.32205 0.03478 0.11042 | 0.02115 0.02083 0.02095 | 0.03500 0.03422 0.03476 | 0.01981 0.02091 0.02029

4% 0.32402  0.03979 0.09768 | 0.02099 0.02108 0.02101 | 0.04027 0.03947 0.03993 | 0.01992 0.02115 0.02055
5% 0.32486  0.04465 0.09342 | 0.02065 0.02121 0.02095 | 0.04519 0.04442 0.04480 | 0.01987 0.02121 0.02062
6% 0.33020  0.04988 0.09483 | 0.02054 0.02129 0.02096 | 0.05045 0.04960 0.04996 | 0.02000 0.02154 0.02090
7% 0.32980  0.05460 0.09462 | 0.02059 0.02148 0.02112 | 0.05541 0.05441 0.05479 | 0.01985 0.02150 0.02089
500 8% 0.33257  0.05971 0.09637 | 0.02045 0.02150 0.02112 | 0.06038 0.05936 0.05969 | 0.01988 0.02154 0.02098
10% 0.33929  0.06996 0.10162 | 0.02028 0.02166 0.02123 | 0.07071 0.06949 0.06982 | 0.01996 0.02184 0.02127
15% 0.34977  0.09521 0.11886 | 0.02050 0.02217 0.02173 | 0.09582 0.09472 0.09491 | 0.02002 0.02239 0.02182
20% 0.36026  0.11981 0.13878 | 0.02030 0.02272 0.02231 | 0.12142 0.12032 0.12045 | 0.02007 0.02296 0.02246
25% 0.37274  0.14561 0.15900 | 0.02062 0.02327 0.02288 | 0.14619 0.14553 0.14559 | 0.02024 0.02350 0.02296
50% 0.43825 0.27494 0.27973 | 0.02137 0.02615 0.02577 | 0.28120 0.27754 0.27758 | 0.02176 0.02635 0.02609
75% 0.50634  0.40567 0.40671 | 0.02374 0.02978 0.02960 | 0.45315 0.40807 0.40818 | 0.02618 0.02954 0.02947

Average | 0.38450 0.16512 0.18544 | 0.02107 0.02385 0.02349 | 0.17338 0.16572 0.16590 | 0.02115 0.02397 0.02353

Total Average | 0.16358 0.07018 0.08123 | 0.01231 0.01307 0.01308 | 0.07286 0.07025 0.07048 | 0.01166 0.01311 0.01290

* are not considered to compute the averages
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Table 6: Average number (x10%) of reduced costs computed (#rcc) to solve STPs using the MODI

method for different densities and sizes (averages over 100 instances per density level, size and method)

Traditional method Sparse(our method)

Sizes | Densities With FP With PP With FP With PP
Phase 1 Phase 2  Total | Phase 1 Phase 2 Total | Phase 1 Phase 2  Total | Phase 1 Phase 2 Total
5% 1.53 0.02 1.55 0.30 0.02  0.32 0.09 0.01 0.10 0.05 0.01  0.06
10% 0.84 0.12 0.96 0.15 0.06  0.20 0.13 0.06 0.19 0.05 0.04  0.09
15% 0.66 0.21 0.87 0.11 0.09 0.19 0.15 0.15 0.30 0.04 0.07  0.11
100 20% 0.52 0.31 0.83 0.08 0.11  0.19 0.15 0.25 0.40 0.04 0.10 0.14
25% 0.41 0.41 0.82 0.06 0.14 0.19 0.14 0.37 0.51 0.03 0.13  0.16
50% 0.19 0.94 1.12 0.02 0.25 0.28 0.09 0.93 1.02 0.01 0.25 0.27
5% 0.08 1.52 1.59 0.01 0.37  0.38 0.06 1.53 1.59 0.01 0.37  0.38
Average 0.60 0.50 1.11 0.10 0.15 0.25 0.12 0.47 0.59 0.03 0.14 017
5% 8.42 0.63 9.05 0.46 0.19  0.65 0.71 0.20 0.91 0.16 0.12  0.28
10% 4.90 1.58 6.48 0.20 0.32  0.52 0.92 1.04 1.96 0.10 0.28 0.38
15% 3.87 2.53 6.40 0.15 041  0.57 1.02 2.03 3.05 0.08 0.40 047
200 20% 3.16 3.58 6.73 0.11 0.51  0.62 0.98 3.14 4.12 0.06 0.50  0.56
25% 2.62 4.66 7.28 0.08 0.61  0.69 0.98 4.28 5.26 0.05 0.59  0.64
50% 1.19 10.07  11.26 0.03 1.04 1.07 0.57 9.96  10.53 0.02 1.05  1.07
5% 0.44 15.58  16.02 0.01 147  1.48 0.35 15.71  16.06 0.01 1.50  1.52
Average 3.51 5.52 9.03 0.15 0.65 0.80 0.79 5.19 5.98 0.07 0.63 0.70
5% 22.10 2.96  25.07 0.55 0.52  1.07 2.28 1.35 3.62 0.26 0.43  0.69
10% 14.23 6.61  20.84 0.27 0.76  1.03 3.02 4.65 7.67 0.16 0.72  0.88
15% 11.34 10.38  21.72 0.19 097 115 2.92 8.92 11.84 0.10 0.95 1.05
300 20% 9.17 14.39 2355 0.14 1.20  1.33 2.93 1324 16.17 0.08 116 1.25
25% 7.73 18.62  26.35 0.11 141  1.52 2.73 1743 20.17 0.07 1.38  1.44
50% 3.17 39.17 4235 0.04 229 232 1.57 39.06  40.63 0.03 227 229
5% 1.08 60.84  61.92 0.02 319  3.21 0.73 60.48  61.21 0.01 3.28  3.29
Average 9.83 21.85  31.69 0.19 1.48  1.66 2.31 20.73  23.04 0.10 1.46  1.56
5% 45.21 8.25  53.46 0.68 1.01  1.69 5.48 4.17 9.65 0.42 0.89  1.30
10% 28.48 18.19  46.67 0.33 145 1.78 6.39 13.92  20.31 0.24 1.39  1.63
15% 23.42 28.34  51.76 0.27 1.78  2.05 6.78 2447 31.25 0.19 1.75  1.94
400 20% 18.79 38.55  57.33 0.14 214 228 6.42 3540  41.82 0.12 214 226
25% 16.06 48.88  64.94 0.14 247 261 5.77 46.96  52.73 0.10 246  2.55
50% 7.28  102.69 109.98 0.05 421 425 3.50  102.98 106.48 0.03 4.08 412
5% 2,75 156.71 159.46 0.02 5.98  6.00 1.66  157.48 159.14 0.01 577  5.78
Average 20.28 57.37  77.66 0.23 272 295 5.14 55.05  60.20 0.16 2.64 280
2% 178.71 5.75 184.46 2.34 1.03  3.37 6.33 0.87 7.20 1.06 0.71  1.78
3% 119.28 10.01 129.29 1.32 132 265 8.40 3.24  11.64 0.87 1.05 1.92
4% 91.91 14.36  106.26 1.09 1.48  2.56 9.77 6.44 16.21 0.74 1.30  2.04
5% 78.17 1855 96.71 0.91 1.64 255 10.56 10.12 20.69 0.63 1.55 218
6% 71.53 22.51  94.05 0.81 1.77 259 10.97 1418  25.15 0.57 1.69 225
%% 64.64 26.60  91.24 0.71 1.91  2.63 11.43 18.32  29.75 0.48 1.87 235
500 8% 59.80 30.87  90.67 0.58 2.06 2.64 11.64 22.65 34.29 0.42 2.03 246
10% 51.75 38.89  90.65 0.47 229 276 11.98 31.14 4312 0.36 226 2.62
15% 40.92 60.10 101.03 0.40 285 3.25 12.06 53.79  65.85 0.27 282  3.08
20% 35.05 81.90 116.95 0.19 3.53  3.72 11.14 76.84  87.98 0.18 3.48  3.66
25% 26.45  105.35 131.80 0.17 4.00 418 10.81 100.38 111.19 0.17 3.92  4.09
50% 13.21  216.97 230.18 0.08 6.59  6.67 6.21  215.58 221.80 0.05 6.69 6.75
5% 4.87 33142 336.29 0.01 9.56  9.57 2.94  331.13 334.08 0.01 9.55  9.56
Average 35.77  121.88 157.66 0.32 435  4.67 9.39 117.00 126.39 0.24 433 4.56
Total Average 14.00 41.43 5543 0.20 1.87 207 3.55 39.69  43.24 0.12 1.84 1.96

* are not considered to compute the averages
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Table 7: Average gap between the solution value of Phase 1 and an optimal solution value using the
MODI method for different densities and sizes (averages over 100 instances per density level, size and

method)

Average gap (%) Maximum gap (%) Minimum gap (%)
Sizes | Densities | Traditional | Sparse (our) | Traditional | Sparse (our) | Traditional | Sparse (our)

FP PP FP PP FP PP FP PP FP PP FP PP

5% 449  6.07| 040 1.08| 1561 1247 | 424 4.28| 0.00 122 0 0.02
10% 16.27 14.38 | 505 6.41|30.09 2827|1229 1342| 6.67 6.06| 0.35 120
15% 20.65 19.87 | 11.27 12.94 | 32.01 30.89 | 18.67 20.93 | 8.66 7.62| 2.38 1.99
100 20% 23.69 23.66 | 17.20 19.10 | 35.46 36.44 | 33.44 32.82 | 11.03 12.29 | 6.88 6.84
25% 26.09 27.21|22.01 24.35|41.23 43.81 | 33.10 37.47 | 1448 12.70 | 10.63 11.79
50% 34.25 36.29 | 34.74 36.68 | 45.15 45.38 | 44.30 44.77 | 21.11 15.90 | 17.89 20.62
5% 40.31 40.87 | 40.55 41.00 | 51.64 51.64 | 50.87 50.87 | 25.85 27.67 | 27.39 28.49

Average | 23.68 24.05| 18.74 20.22 | 35.88 35.56 | 28.13 29.22 | 12.54 11.92 | 9.36 10.14

5% 1790 1149 | 244 4631|2727 21.56 | 7.31 10.94| 435 6.29| 0.14 0.31
10% 25.94 22,70 | 12.72 1648 | 37.47 3232 | 21.19 27.19 | 10.11 10.15 | 5.63 7.86
15% 28.79 28.57 | 19.89 24.01 | 36.47 38.87 | 29.28 34.96 | 20.32 17.19 | 10.78 10.72
200 20% 30.66 32.36 | 24.91 29.43 | 41.96 44.42 | 34.69 41.29 | 21.40 20.68 | 14.98  9.13
25% 32.95 34.86 | 28.51 32.60 | 43.57 45.96 | 40.61 44.54 | 24.07 14.14 | 15.56 16.95
50% 38.51 40.52 | 38.43 41.26 | 48.67 52.02 | 50.22 52.24 | 29.00 18.81 | 28.26 27.64
5% 41.23 42.06 | 40.93 41.95 | 49.68 49.78 | 50.17 49.86 | 27.86 31.07 | 30.25 29.01
Average | 30.85 30.37 | 23.97 27.19 | 40.73 40.70 | 33.35 37.29 | 19.59 16.91 | 15.09 14.52
5% 24.91 15.74| 6.60 9.67 | 31.93 24.61 | 13.53 18.66 | 16.38 4.48 | 248 2.64
10% 29.94 24.63 | 16.54 20.45 | 36.87 37.04 | 24.47 32.06 | 19.78 12.47 | 9.68 7.82

15% 32.00 30.83 | 24.33 28.97 | 39.94 40.77 | 34.52 40.56 | 24.59 16.22 | 16.36 12.16
300 20% 33.40 34.14 | 28.82 32.19 | 42.09 4547 | 44.81 47.49|23.75 13.21 | 19.77  9.90
25% 34.85 37.63 | 31.42 36.24 | 44.32 46.78 | 42.18 44.93 | 24.94 21.59 | 19.62 16.47
50% 38.17 40.58 | 38.22 40.84 | 49.84 51.86 | 49.46 50.10 | 23.77 18.35 | 25.26 18.44
5% 40.06  40.71 | 39.32 40.27 | 46.79 47.00 | 47.96 48.35 | 32.92 16.90 | 29.52 31.26
Average | 33.33 32.04 | 26.47 29.81 | 41.68 41.93 | 36.71 40.31 | 23.73 14.74 | 17.53 14.10

5% 28.68 16.83| 9.01 11.85|35.20 25.68 | 15.17 21.34|21.35 827 | 430 3.86
10% 32.84 26.66 | 20.75 23.12 | 38.84 39.83 | 29.46 38.02 | 24.62 10.24 | 13.35  8.65
15% 33.86 30.17 | 26.10 27.84 | 41.63 47.64 | 39.12 42.11 | 24.20 9.63 | 17.22 7.38
400 20% 35.09 34.67 | 29.60 33.33 | 42.65 48.42 | 39.86 45.82 | 25.42 10.06 | 18.80 10.08
25% 35.30 36.13 | 32.08 34.79 | 45.94 46.56 | 41.31 4741 | 26.11 14.77 | 22.11 11.47
50% 37.21 39.16 | 37.26 39.71 | 45.80 46.92 | 45.11 49.04 | 27.30 12.81 | 26.24 21.97
5% 37.16 38.00 | 37.60 38.39 | 44.94 44.94 | 45.13 4542 | 26.71 23.06 | 29.31 28.21

Average | 34.31 31.66 | 27.49 29.86 | 42.14 42.86 | 36.45 41.31|25.10 12.69 | 18.76 13.09
2% 2115  7.75| 0.81 3.10 | 27.28 12.66 | 2.10 6.31 | 1449 3.10 | 0.03 1.00
3% 26.87 12.21| 4.07 6.56 | 33.96 21.62 | 8.24 11.62|21.50 5.35| 1.10 1.53

4% 30.31 14.92 | 8.05 10.38 | 35.36 27.52 | 13.48 20.49 | 22.60 5.32 | 4.35 3.20
5% 31.73 16.57 | 11.71 13.87 | 36.39 27.87 | 18.60 23.99 | 25.09 6.05 | 5.88 3.33
6% 32.06 18.79 | 15.02 15.56 | 38.12 31.24 | 20.83 30.08 | 25.87  4.61 | 10.28  4.87
%% 33.01 21.19 | 17.51 18.97 | 38.26 35.98 | 23.93 36.64 | 26.20 6.16 | 8.91  6.40
500 8% 3344 2354 |19.79 21.82|39.16 36.93 | 2549 36.41 | 26.42 845 |12.31 6.67
10% 33.91 25.77 | 22.89 23.99 | 39.84 40.98 | 28.50 42.81 | 26.69 8.26 | 15.61 6.73
15% 34.52 29.19 | 27.69 28.37 | 43.17 43.75 | 36.31 42.67 | 28.09 8.82 | 1831 7.55
20% 34.89 34.58 | 30.59 33.10 | 41.65 45.68 | 40.22 45.98 | 26.09  8.23 | 22.02 9.12
25% 36.19 35.96 | 32.41 33.73 | 45.08 47.77 | 40.40 46.99 | 28.33 11.97 | 24.75  7.31
50% 35.23 36.02 | 35.63 37.27 | 41.90 43.64 | 43.09 44.09 | 28.18 12.74 | 22.18  8.17
5% 35.21 35.69 | 35.76 36.28 | 41.84 42.19 | 44.21 44.73 | 27.77 15.93 | 28.26 18.92
Average | 34.53 30.54 | 28.10 29.52 | 41.41 41.70 | 35.90 41.61 | 27.18 10.29 | 19.57 8.73
Total Average | 31.34 29.73 | 24.95 27.32 | 40.37 40.55 | 34.11 37.95 | 21.63 13.31 | 16.06 12.11

* are not considered to compute the averages
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The results of Table 8 show that Gurobi is the fastest one to prove the infeasibility for most
of the cases. The exceptions are for problems of size 100 x 100 and densities lower than 20%,
in which cases our SMODIPP method had the best runtimes. Moreover, we observe that our
SMODIPP method outperforms the network flow algorithm in all cases by a large margin,

specially for those ones with fewer number of admissible arcs.

Table 8: Average time (ms) to prove infeasibility for infeasible STPs using the Gurobi, Network
Flow and the MODI methods for different sizes (averages over 100 instances per density level, size and

method)

Traditional Sparse (our method)
Size Size
Average Average
Density | 100100 200x200 300x300 400x400 500x500 100x100 200x200 300x300 400x400 500x500
5% 14.69 57.21 230.61 447.25 723.64 294.68 1.02 1.01 1.67 2.00 3.25 1.79
10% 15.18 98.24 273.15 518.48 990.31 379.07 1.01 1.31 2.40 6.06 9.14 3.98
‘g 15% 15.44 116.88 310.10 617.51  1060.46 | 424.08 1.03 1.99 3.38 8.60 13.06 5.61
(% 20% 15.37 131.50 339.37 704.33  1178.05 473.72 1.06 2.04 6.57 11.13 17.05 7.57
25% 15.44 136.30 360.15 74132 1289.43 508.53 1.06 2.49 7.96 13.49 21.14 9.23
50% 15.87 157.25 222.79 417.95 682.49 299.27 1.58 7.11 14.01 27.69 42.64 18.61
75% 17.33 96.43 230.11 445.85 736.94 305.33 2.02 10.19 22.68 40.89 77.55 30.67
Average 15.62 113.40 280.90 556.10 951.62 383.53 1.25 3.73 8.38 15.69 26.26 11.06
5% 9.56 42.77 101.78 189.38 308.47 130.39 6.38 30.85 73.21 131.30 206.25 89.60
5 10% 8.91 42.59 101.73 188.83 303.86 129.18 6.19 30.88 73.56 132.69 207.39 90.14
;_T_:o 15% 9.23 42.97 101.12 188.09 302.39 128.76 6.35 31.39 74.00 134.10 208.59 90.88
—5‘ 20% 9.33 42.77 100.74 186.87 300.83 128.11 6.55 31.34 73.50 134.65 211.06 91.42
§ 25% 9.16 42.66 101.15 186.04 294.31 126.66 6.33 31.35 75.81 134.95 212.16 92.12
50% 9.02 42.18 99.87 185.21 300.27 127.31 6.61 33.05 77.54 140.49 223.39 96.22
75% 8.40 40.55 97.42 181.12 292.74 124.05 6.86 33.79 80.80 146.75 234.78 100.60
Average 9.09 42.36 100.54 186.51 300.41 127.78 6.47 31.81 75.49 136.42 214.80 93.00
5% 3.35 29.30 104.77 270.07 574.60 196.42 0.67 4.53 15.81 37.51 77.12 27.13
10% 3.28 28.20 103.29 265.17 573.36 194.66 0.95 7.05 24.39 58.81 122.75 42.79
& 15% 3.23 28.07 104.46 273.89 594.83 200.90 1.16 8.66 31.26 78.06 163.99 56.63
é 20% 3.21 27.96 105.68 284.02 623.67 | 208.91 1.32 10.12 37.77 98.43 209.81 71.49
= 25% 3.15 27.97 111.25 294.22 655.54 218.43 1.44 11.60 45.37 118.84 259.50 87.35
50% 3.40 30.07 118.37 322.81 706.73 236.27 2.22 18.61 76.89 206.57 451.14 151.09
75% 3.58 30.56 125.09 331.83 706.60 239.53 2.92 24.67 102.15 272.69 586.97 197.88
Average 3.32 28.88 110.42 291.72 633.62 213.59 1.53 12.18 47.66 124.42 267.32 90.62
5% 1.48 6.42 16.33 31.85 59.93 23.20 0.69 4.03 11.35 23.55 46.72 17.27
10% 1.42 6.52 17.24 34.87 66.49 25.31 0.85 4.66 12.93 27.60 54.62 20.14
& 15% 1.43 6.81 18.68 39.29 77.81 28.80 0.97 5.22 15.04 32.95 64.47 23.73
é 20% 1.45 7.26 20.78 45.37 88.14 32.60 1.06 5.80 17.01 37.71 76.59 27.63
= 25% 1.47 7.74 23.26 50.62 98.56 36.33 1.13 6.38 18.99 43.61 84.43 30.91
50% 1.77 10.10 30.90 67.81 129.66 48.05 1.58 9.38 28.19 63.12 119.88 44.43
75% 2.13 13.16 41.28 91.19 173.83 64.32 2.08 12.68 39.88 88.55 166.13 61.86
Average 1.59 8.29 24.07 51.57 99.20 36.94 1.19 6.88 20.48 45.30 87.55 32.28

In the more detailed results of Table 10 we observe that the main gains are in the number of
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Table 9: Average time (ms) to solve prove infeasibility for infeasible STPs using the Network Flow
and the MODI methods for low density instances of size 500 x 500 (averages over 100 instances per

density level and method)

Method Density 2% 3% 4% 5% 6% ™% 8% | Average
- Traditional | 426.41 620.56 732.01 723.64 749.40 874.32 856.42 711.82

urobi
Sparse 1.72 2.00 2.80 3.25 6.01 6.79 7.42 4.28

Traditional | 310.31 309.79 308.84 308.47 307.40 307.61 306.65 | 308.44
Sparse 205.33 205.52 206.36 206.25 206.89 206.74 207.03 206.30
Traditional | 595.21 586.89 584.02 574.60 579.84 572.16 578.73 581.64
Sparse 40.06 54.00 66.63 77.12 87.27 96.29 105.49 75.26

Network Flow

MODI FP

Traditional | 59.46  59.79  59.75 59.93 60.92 62.25 62.78 60.70
Sparse 39.95 43.01 44.62 46.72 4751 4881  49.89 45.79

MODI PP

reduced costs computed, which have reductions greater than 90% for the densities of 20% or
lower. Particularly for instances of problems of size 500 x 500 and densities of 10% or lower
this reduction is over 99%. We also highlight that, unlike what we observed in the feasible
instances, here the partial pricing significantly increased the number of iterations. However,
the average time saving in the in the iterations is high enough to allow the usage of partial

pricing leading to substantial gains in the overall runtime.

7 Conclusion

We have proposed a new mathematical formulation and a faster algorithm to solve STPs. Our
method is very general and can also be applied for dense BTPs, and any unbalanced problem
instance can be easily converted to a balanced one. In addition we have provided theorems
that prove the mathematical and theoretical aspects of our approach. When the MODI method
was used and the results compared to the ones obtained by the classical approach, we observed
gains in the number of reduced costs computed, number of iterations, runtime, and gap between
the value of the first feasible solution and an optimal solution. A partial pricing scheme has
significantly improved the performance of our method, outperforming both a minimum cost

network flow algorithm and the state-of-the-art solver Gurobi. Moreover, the gain in runtime
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Table 10: Performance for infeasible problems using the MODI method for different densities and

sizes (averages over 100 instances per density level, size and method)

Traditional method

Sparse (our method)

Sizes | Densities With FP With PP With FP With PP
MCM Phl t/it. F#rce | MCM Phl t/it. #rce | MCM Phl t/it. #rce | MCM Phl t/it. #ree
m) 9 T ) x| ) 9 T e <10t ) m9 T ) x100| ) m T (u) x10r
5% 0.26 3.09 217.02 14.25 2.17 0.26 1.22 216.29 5.63 0.54 0.19 0.48 142.19 3.39 0.10 0.19 0.50 169.71 2.95 0.06
10% 0.28 3.00 209.65 14.27 2.10 0.28 1.13 217.59 5.20 0.47 0.22 0.73 179.49 4.05 0.22 0.22 0.64 200.65 3.17  0.10
15% 0.31 2.93 205.52 14.25 2.06 0.31 1.13 226.87 4.97 0.46 0.25 0.91 195.55 4.64 0.33 0.25 0.72 219.56 3.29 0.13
100 20% 0.33 2.88 203.70 14.15 2.04 0.33 1.12 230.76 4.88 0.45 0.28 1.04 199.32 5.19 0.44 0.29 0.77 227.39 3.39 0.15
25% 0.35 2.80 198.59 14.10 1.99 0.35 1.12 234.75 4.79  0.46 0.31 1.12 197.41 5.68 0.53 0.32 0.81 232.79 3.49 0.18
50% 0.46 2.94 208.17 14.10 2.08 0.46 1.31 293.00 4.50  0.51 0.46 1.76 207.42 8.48 1.08 0.45 1.12 291.37 3.87  0.35
75% 0.55 3.03 220.66 13.71 2.21 0.55 1.57  394.30 4.03 0.62 0.54 2.38 216.66 10.99 1.67 0.54 1.54 400.19 3.87  0.58
Average 0.36 2.95 209.04 14.12 2.09 0.36 1.23 259.08 4.86  0.50 0.32 1.20 191.15 6.06 0.62 0.32 0.87 248.81 3.43 0.22
5% 0.89 28.42 539.04 52.73 21.56 0.88 5.54 551.66  10.05 1.84 0.55 3.97 403.68 9.84 0.97 0.56 3.47 507.19 6.84 0.31
10% 0.99 27.21 511.27  53.23 20.45 0.98 5.54 566.03 9.79 1.82 0.69 6.36 486.19 13.07 2.14 0.70 3.96 550.65 7.19 0.44
15% 1.09 26.98 502.75 53.66 20.11 1.08 5.73 597.71 9.60 1.83 0.83 7.84 498.35 15.73 3.19 0.83 4.39 592.99 7.40 0.58
200 20% 1.19 26.78 495.13 54.07 19.81 1.18 6.07  637.94 9.57 1.92 0.96 9.16 496.20 18.46 4.17 0.96 4.83 640.26 7.57 073
25% 1.27 26.70 490.58 54.42 19.62 1.28 6.46 684.56 9.49 2.02 1.09 10.50  494.85 21.22 5.15 1.09 5.29 681.97 777 0.90
50% 1.68 28.39 499.94 56.76 20.00 1.67 8.42 881.12 9.65 2.70 1.63 16.98 493.82 34.40 10.07 1.63 7.75 891.47 8.75 2.01
75% 1.99 28.57 485.34 58.88 19.41 1.99 11.16 1221.43 9.22 3.81 1.93 22.74 483.42 47.04 14.70 1.93 10.75 1191.73 9.11 3.54
Average 1.30 27.58 503.44 54.82 20.14 1.30 6.99 734.35 9.63 2.28 1.10 11.08 479.50 22.82 5.77 1.10 5.78 722.32 7.80 1.21
5% 1.93 102.84 901.97 114.03 81.18 1.93 14.41 983.43 14.67 4.06 1.14 14.66 764.27 19.19 3.90 1.15 10.20 946.43 10.78 0.78
10% 2.15 101.14 867.02 116.64 78.03 2.16 15.08 1040.69 14.52 4.13 147 2292 849.60 26.98 8.16 1.47 11.47 1029.24 11.15 1.07
15% 2.37 102.09 854.37 119.50 76.89 2.36 16.32 1146.33 14.26 4.35 1.76 29.49 854.62 34.51 12.05 1.77 13.27 1156.63 11.49 1.48
300 20% 2.57 103.12 845.17 122.03 76.07 2.57 18.21 1263.08 14.46 4.86 2.05 35.72 845.78  42.22 15.73 2.06 14.95 1264.71 11.84 1.95
25% 2.78 108.47  869.32 124.79 78.24 2.77 20.49 1414.81 14.57 5.43 2.32 43.05 867.24  49.65 20.03 2.32 16.67 1365.18 12.25 2.54
50% 3.65 114.72 828.18 138.52 74.54 3.66 27.25 1709.75 16.08 7.77 3.57 73.32 833.63 87.99 38.01 3.53 24.67 1698.20 14.62 5.92
75% 4.35 120.74 790.56 152.74 71.15 4.35 36.92 2259.44 16.52 11.61 4.22 97.93 779.85 125.59 53.11 4.22 35.65 2261.34 15.92 10.72
Average 2.83 107.59 850.94 126.89 76.58 2.83 21.24 1402.50 15.01 6.03 2.36 45.30 827.86 55.16 21.57 2.36 18.12 1388.82 12.58 3.50
5% 3.34  266.73 1320.75 201.96 211.32 3.34 28.51 1483.58 19.25 7.12 1.96 35.56 1175.38 30.24 10.34 1.95 21.60 1453.36 14.86 1.46
10% 3.71 261.46 1260.29 207.47 201.65 3.70 31.17 1630.65 19.16 7.54 2.50 56.30 1244.84 45.23 20.91 2.50 25.10 1644.88 15.28 2.11
15% 4.06 269.83 1257.11 214.59 201.14 4.05 35.24 1854.61 19.10 8.42 3.01 75.05 1253.42 59.89 31.09 3.01 29.93 1904.12 15.77 3.03
400 20% 4.42  279.60 1268.67 220.43 202.99 4.41 40.96 2124.59 19.41 9.75 3.52 94.91 1262.51 75.19 41.41 3.51 34.20 2115.70 16.24 4.13
25% 4.74 289.48 1279.52 226.22 204.72 476  45.86 2370.29 19.54 10.70 3.98 114.87 1279.91 89.74 52.22 3.99 39.61 2376.08 16.75 5.35
50% 6.32 316.49 1216.26 260.24 194.60 6.31 61.50 2722.11 22.84 16.60 6.13 200.44 1211.94 165.46 97.93 6.14 56.98 2758.02 20.83 12.86
75% 7.55 324.28 1110.05 292.15 177.61 7.58 83.61 3452.73 24.44 25.23 7.35 265.34 1093.94 24254 132.15 7.33 81.22 3483.33 23.57 23.74
Average 4.88 286.84 1244.66 231.87 199.15 4.88  46.69 2234.08 20.53 12.19 4.06 120.35 1217.42 101.18 55.15 4.06 41.23 224793 17.61 7.53
2% 4.82 590.39 1858.54 317.77 464.64 4.82 54.65 2077.18 26.35 11.76 2.55 37.51 1255.88 29.86 7.54 2.56 37.38 1857.78 20.12 1.88
3% 4.93 581.96 1815.97 320.43 453.99 4.94 54.85 2107.80 26.09 11.52 2.72 51.28 1454.24 35.26 12.36 2.72 40.29 1981.12 20.34 2.07
4% 5.07 578.95 1789.22 323.69 447.31 5.06 54.69 2128.65 25.73 11.08 2.90 63.73 1577.03  40.41 17.35 2.89 41.74 2042.29 20.44 2.26
5% 5.15 569.45 1756.30 324.29 439.08 5.15 54.78 2143.99 25.61 11.06 3.06 74.06 1630.52 45.43 22.01 3.06 43.66 2119.03 20.61 2.46
6% 5.27 574.56 1755.13 327.22 438.78 5.26 55.66 2165.06 25.77 11.52 3.23 84.05 1671.19 50.29 26.74 3.23 44.28 2133.02 20.77  2.63
7% 5.37 566.80 1722.56 328.97 430.64 5.35 56.90 2228.40 25.60 11.57 3.38 92.90 1679.81 55.31 31.08 3.39 45.42 2176.45 20.87 2.85
500 8% 5.46 573.27 1736.99 434.25 5.47 57.31 2225.23 25.85 11.78 3.55 101.94 1691.93 60.25 35.53 3.55 46.34  2207.65 21.01 3.09
10% 5.69 567.67 1688.98 336.14 422.25 5.66 60.83 2377.57 25.68 12.52 3.80 118.87 1691.57 70.27  43.98 3.88 50.74 2401.57 21.15 3.69
15% 6.24 588.59 1691.62 347.97 42291 6.24 T1.57 2738.52 26.27 14.94 4.66 159.32 1684.41 94.59 64.85 4.66 59.81 2754.71 21.75 5.35
20% 6.75 616.92 1725.23 357.61 431.31 6.78 81.36 3094.14 26.47 17.24 5.42 204.38 1715.59 119.14 87.50 5.41 71.18 3207.59 22.29 7.55
25% 7.29 648.25 1762.23 367.86 440.56 7.31 91.25 3426.01 26.93 19.69 6.15 253.35 1753.72 144.48 111.36 6.15 78.28 3395.33 23.16 9.71
50% 9.71 697.02 1627.91 428.15 406.98 9.73 119.93 3900.74 31.04 29.94 9.53 441.61 1621.26 272.28 204.28 9.51 110.37 3902.02 28.49 23.49
75% 11.66 694.94 1425.33 487.58 356.33 | 11.68 162.15 4867.16 33.67 46.61 | 11.41 575.55 1424.61 403.91 268.54 | 11.40 154.73 4716.47 33.19 43.76
Average 7.50 626.12 1668.23 378.51 417.06 7.51 91.70 3221.16 27.95 21.71 6.30 261.02 1645.95 164.30 114.65 6.29 81.25 3213.82 24.38 13.72
Total Average 3.37 210.22 895.26 161.24 143.00 3.37 33.57 1570.24 15.60 8.54 2.83 87.79 872.38 69.90 39.55 2.83 29.45 1564.34 13.16 5.23

* are not considered to compute the averages
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required to prove infeasibility was more than 80% for instances with densities lower than 10%.
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