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La publication de ces rapports de recherche est rendue possible grâce au
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3000, chemin de la Côte-Sainte-Catherine
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Abstract: Two-level orthogonal designs play an important role in industrial screening experiments, in
which the primary goal is to identify the treatment factors with the largest main effects on the output
of a process or the performance of a product. Often, the experimental tests suggested by the orthogonal
designs cannot be performed on a single day or using a single batch of raw material. This causes day-to-
day or batch-to-batch variation in the experimental results, and necessitates the use of orthogonal blocking
patterns. These blocking patterns ensure that the factors’ main effects can be estimated independently from
the day-to-day or batch-to-batch variation. Finding an optimal orthogonal blocking pattern for an orthogonal
design is a major challenge. Recently, mixed integer linear programming has been used for that purpose.
While this approach is promising, computational experiments have indicated it is quite slow. We show how
to speed up the mixed integer linear programming approach by adding symmetry breaking constraints to
the formulation, and study the usefulness of an asymmetric representatives formulation. In other words,
we introduce state-of-the-art symmetry breaking approaches in optimal experimental design. We perform
extensive computational experiments to test which combinations of symmetry breaking constraints work best.
Throughout, we consider two kinds of symmetry: symmetry due to the fact that the blocks can be relabeled
without affecting the quality of the blocking pattern, and symmetry due to replicated test combinations.

Keywords: Asymmetric representatives formulation, confounding, symmetry breaking constraints, Integer
Linear Programing, orthogonal blocking
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1 Introduction

Experimental designs play an important role in industrial engineering, as they are key tools in the context

of product and process innovation or improvement. More specifically, experimental designs define a plan

for a systematic study of the relationship between one or more outputs of a process and the inputs to that

process, or between one or more measures of a product’s performance and the characteristics of that product.

Generally, we use the name factor or treatment factor for each process input or for each product characteristic

studied in an experiment. In the initial phase of a study, experiments typically involve a large number of

factors and two levels are used for each factor.

For example, a car tire manufacturer may perform an experiment to investigate how the wear of tires

depends on twelve factors, and use two levels for each factor: Rubber Compound (A/B), Number of Ribs

(small/large), Shoulder Block Position (low/high), Center Line Cut Depth (low/high), Center Line Cut

Width (low/high), Shoulder Cut Width (low/high), Center Line Cut Angle (small/large), Shoulder Cut Angle

(low/high), Center Line Cut Through (yes/no), Shoulder Cut Through (yes/no), Center Line Additional Sipe

(yes/no), and Shoulder Additional Sipe (yes/no). A full factorial experiment using these twelve two-level

factors would require 212 = 4096 tests, which is practically infeasible due to the high costs and time required.

Commonly used alternatives to full factorial designsfor the treatment factors, which require substantially

fewer experimental tests, are fractional factorial designs and Plackett-Burman designs (see, e.g., Montgomery,

2009; Wu and Hamada, 2009), as well as other two-level orthogonal arrays (see, e.g., Hedayat et al., 1999;

Mee, 2009). A two-level orthogonal array with n factors, N runs and strength t is an N × n matrix of −1s

and 1s. Each column corresponds to a factor and involves as many −1s as 1s. Moreover, in every set of

t columns, each t-tuple of −1s and 1s occurs equally often. We denote the set of non-isomorphic two-level

orthogonal arrays of strength t by OA(N ; 2n; t). The reason why orthogonal arrays are popular experimental

designs is that they allow for independent estimates of the factors’ main effects on the process output or

the product performance. Orthogonal arrays of strength 3 are more attractive than orthogonal arrays of

strength 2 because they ensure that the main effect estimates are not biased whenever there are interaction

effects. Orthogonal arrays of strength 4 do not only allow the independent estimation of the main effects,

but also of the two-factor interaction effects.

A drawback of orthogonal arrays with a strength larger than 2 is that they involve a larger number of

runs. Experiments based on orthogonal arrays with a larger number of runs typically span multiple days, or

require multiple batches of raw material, multiple operators or machines. It is common to observe day-to-

day, batch-to-batch, operator-to-operator or machine-to-machine variation in experimental results. For this
reason, experimental design textbooks emphasize the importance of using orthogonal blocking arrangements.

An orthogonal blocking arrangement is essentially an assignment of the experimental tests to the different

days, batches, operators or machines used during the experiment, so that the estimates of the factors’

main effects are not affected by the day-to-day, batch-to-batch, operator-to-operator or machine-to-machine

variation. Ideally, the estimates of the interaction effects are not affected by these sources of variation either.

For experiments with many factors, it is, however, often impossible to find blocking arrangements with this

desirable property for the interaction effects’ estimates. Therefore, experimenters often have to content

themselves with blocking arrangements that are orthogonal for the main effects, but not for the interaction

effects.

Generally, the day, batch, operator or machine is referred to as a blocking factor. The blocking factor

assigns the experimental tests defined by the levels of the treatment factors to several blocks. In this article,

we denote the number of blocks by b. One way to obtain orthogonal blocking arrangements involving b blocks

of N/b experimental tests is to construct an orthogonal array of the type OA(N ; b × 2n; 2), involving one

b-level factor and n two-level factors. Such an orthogonal array ensures that the main effects’ estimates are

not affected by the block-to-block variation. The challenge then is to enumerate all possible orthogonal arrays

of the type OA(N ; b × 2n; 2) (for instance, using the algorithm of using Schoen et al. (2010)), and identify

the ones for which the interaction effects’ estimates are influenced as little as possible by the block-to-block

variation. This kind of procedure has been used successfully by Schoen et al. (2013) and Schoen et al. (2015).
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Generally, the two-level part of an array of the type OA(N ; b× 2n; 2) is referred to as the treatment design,

because it defines the combinations of levels of the treatment factors to be tested in the experiment.

Unfortunately, for run sizes N ≥ 32, it is computationally infeasible to generate and explore complete

catalogs of non-isomorphic orthogonal arrays of the type OA(N ; b × 2n; 2). Therefore, searching blocking

arrangements of arrays of the type OA(N ; 2n; 2) using the methods of Schoen et al. (2015) is not feasible

for these run sizes. Instead, one could explore catalogs of arrays of the type OA(N ; b× 2n; 3). However, the

usefulness of this approach is limited because it requires both the full orthogonal array (including the b-level

blocking factor) and the two-level part of the array (the treatment design) to be of strength 3. This require-

ment is too strict because experimenters are generally not interested in interactions between the blocking

factor and the treatment factors. Therefore, it is sufficient for the full orthogonal array to have strength 2,

while the two-level treatment design has strength 3. At present, no methodology is available for enumerating

all possible ways in which all non-isomorphic strength-3 treatment designs of the type OA(N ; 2n; 3) can be

embedded in an orthogonal blocking arrangement of the type OA(N ; b× 2n; 2). Consequently, it is unknown

how to optimally arrange, for example, the runs of the large number of attractive two-level treatment designs

of strength 3 identified by Schoen and Mee (2012) in blocks.

To circumvent the above enumeration problems, Sartono et al. (2015a) presented an integer linear pro-

gramming formulation for arranging any given treatment design of the type OA(N ; 2n; t) in b blocks such

that the complete design is an orthogonal array of the type OA(N ; b×2n; 2). This procedure thus guarantees

that the estimators of the main effects are independent of the blocking factor. In addition, the procedure

minimizes the dependence of the two-factor interaction effects’ estimates on the blocking factor.

The main weakness of the integer linear programming approach is the long computing time required to

obtain optimal blocking arrangements. This is partially due to the symmetry in the formulation of the integer

linear program used by Sartono et al. (2015a). An integer linear program is symmetric if its variables can

be permuted without changing the structure of the problem (Margot, 2010). Similarly, the integer linear

program formulation in the two-step approach used by Sartono et al. (2015b) to arrange a given subplot

design in blocks also involves symmetry, and therefore suffers from long computation times too. In the

problem of finding optimal blocking arrangements, the symmetry is caused by the fact that the blocks can

be relabeled without affecting the solution quality.

To illustrate the symmetry in the problem of finding an orthogonal blocking pattern for a given orthogonal

array, assume that we wish to arrange the orthogonal array X with 32 runs and four two-level factors design

in Table 1 in four blocks of size eight. One arrangement of the 32 runs in four blocks of size eight is given

in the column labeled b1, where the blocks are labeled 1, 2, 3 and 4. It can be verified that this blocking

arrangement is orthogonal for the main effects: the numbers of −1s and 1s in each column of X are equal

within each of the four blocks. In this example, there are two different symmetry problems.

The first type of symmetry is due to the fact that we can relabel the blocks without changing the quality

of the blocking pattern. For instance, whether or not the blocking pattern is orthogonal for the main effects

is not affected by the labels used for the blocks. This is illustrated in Table 1 in the column labeled b2, which

is identical to column b1, except for the fact that the block labels 1 and 2 have been switched. As there are

four blocks in this example, there are in fact 4! possible permutations of the block labels.

The second type of symmetry in this example is that the orthogonal array involves 16 pairs of identical

runs. For instance, runs 1 and 2 are identical. When using blocking arrangement b1, run 1 appears in block 1,

while run 2 appears in block 2. However, we can reassign runs 1 and 2 to blocks 2 and 1, respectively, without

affecting the quality of the blocking arrangement. This new assignment is shown in the column named b3

in Table 1. As the orthogonal array in the tables contains 16 pairs of identical runs, there are 216 possible

ways in which the duplicated runs can be assigned to the blocks without affecting the quality of the blocking

arrangement.

Generally, the first type of symmetry is the most problematic. This is because many screening experiments

involve a limited number of experimental runs and many factors, and orthogonal arrays with small numbers

of runs and many factors involve at most a few replicated runs.
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Table 1: An orthogonal four-factor two-level treatment design arranged in four blocks of eight runs.

run X b1 b2 b3

1 −1 −1 −1 −1 1 2 2
2 −1 −1 −1 −1 2 1 1
3 −1 −1 −1 1 3 3 3
4 −1 −1 −1 1 4 4 4
5 −1 −1 1 −1 3 3 3
6 −1 −1 1 −1 2 1 2
7 −1 −1 1 1 1 2 1
8 −1 −1 1 1 4 4 4
9 −1 1 −1 −1 4 4 4
10 −1 1 −1 −1 1 2 1
11 −1 1 −1 1 2 1 2
12 −1 1 −1 1 3 3 3
13 −1 1 1 −1 4 4 4
14 −1 1 1 −1 3 3 3
15 −1 1 1 1 2 1 2
16 −1 1 1 1 1 2 1
17 1 −1 −1 −1 4 4 4
18 1 −1 −1 −1 3 3 3
19 1 −1 −1 1 1 2 1
20 1 −1 −1 1 2 1 2
21 1 −1 1 −1 4 4 4
22 1 −1 1 −1 1 2 1
23 1 −1 1 1 3 3 3
24 1 −1 1 1 2 1 2
25 1 1 −1 −1 2 1 2
26 1 1 −1 −1 3 3 3
27 1 1 −1 1 1 2 1
28 1 1 −1 1 4 4 4
29 1 1 1 −1 1 2 1
30 1 1 1 −1 2 1 2
31 1 1 1 1 4 4 4
32 1 1 1 1 3 3 3

As the method of Sartono et al. (2015a) is based on mixed integer linear programming, it uses a branch-

and-bound algorithm to find an optimal blocking arrangement. Branch-and-bound procedures are described

in detail in Wolsey (1988). Whenever branch-and-bound procedures are used for optimization problems

involving symmetry, they end up evaluating the equivalent solutions that can be obtained by permuting

variables. This leads to prohibitively long computing times (Sherali et al., 2003). In the context of block-

ing orthogonal arrays, this means that the branch-and-bound procedure evaluates all equivalent blocking

arrangements that can be obtained by relabeling blocks and by reassigning duplicated experimental runs.

The problem of finding optimal blocking arrangements for orthogonal arrays to some extent resembles

the job grouping problem studied by Jans and Desrosiers (2013). In the job grouping problem, we need to

assign a set of jobs, each with a specific set of tool requirements, to a number of machines with limited tool

capacities, so as to minimize the number of machines needed. The symmetry in this problem results from the

fact that the machines are identical, and, for any given solution, the machines can be permuted to obtain an

equivalent solution. To deal with the symmetry in the job grouping problem, Jans and Desrosiers (2013) use

symmetry breaking techniques such as variable reduction and hierarchical ordering. These techniques have

been used in the operations research literature on various occasions, for instance by Coelho and Laporte (2014)

and Jans (2009) to tackle inventory-routing problems and production planning problems. Another symmetry

breaking technique is to reformulate the original integer linear program and use an asymmetric representatives

formulation (ARF). This kind of formulation was first proposed by Junglas (2007) and Campêlo et al. (2008)

for the vertex coloring problem. A similar approach has been used by Jans et al. (2008) to group end

products that use a common component. An ARF was generalized for binary clustering problems by Jans and

Desrosiers (2010), and has been applied to the aforementioned job grouping problem by Jans and Desrosiers

(2013). The ARF approach has also been used to develop a class representative model for pure parsimony

haplotyping (Catanzaro et al., 2010) in the field of genetic data analysis. It has also been discussed by Margot

(2010), who provides a good introduction to symmetry in integer linear programing (ILP). Symmetry breaking
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constraints have further been applied to various problems such as allocating surgery blocks (Denton et al.,

2010), facility layout planning (Sherali et al., 2003), production and inventory routing (Adulyasak et al.,

2014; Coelho and Laporte, 2013), workforce design (Bard and Wan, 2008), the deficiency problem for edge

coloring (Altinakar et al., 2016), timetabling (Boland et al., 2008), computer clustering (Van der Gaast et al.,

2014) and freight consolidation (Melo and Ribeiro, 2015).

The goals of this paper are to speed up the approach of Sartono et al. (2015a) by adding symmetry

breaking constraints to their formulation for finding optimal blocking arrangements of orthogonal arrays,

and to develop a new formulation that does not suffer from problems of symmetry. Achieving these goals will

allow future experimenters to generate orthogonal blocking arrangements for large orthogonal arrays within

acceptable computing times.

The remainder of the paper is organized as follows. In Section 2.1, we introduce the problem formulation

used by Sartono et al. (2015a). In Section 3, we propose several constraints that can be added to the original

formulation to break the symmetry due to the blocks as well as due to the occurrence of identical runs. The

constraints we propose are based on variable reduction, hierarchical ordering, and lexicographical ordering. In

addition, we employ the objective perturbation technique to destroy symmetry in the orginal formulation. In

Section 4, we present an asymmetric representatives formulation. Additionally, we propose several symmetry

breaking constraints that can be added to the ARF to break the symmetry due to the occurrence of identical

runs. In Section 5, we test the different problem formulations using a set of two-level orthogonal arrays with

run sizes from 32 up to 48. Finally, in Section 6, we discuss our findings as well as some opportunities for

future research.

2 Original formulation

2.1 Problem description

Our goal is to arrange the N runs of a two-level orthogonal array X involving q1 two-level treatment factors

into b blocks or groups of size N/b. We label the b blocks 1, 2, . . . , b. Each element of X is either −1 or +1.

We denote the element of X in row i and column j by xij . That element is the level of the jth experimental

factor in the ith run of the experiment.

Every column of X is a main effect contrast vector, because it is used to estimate the main effect of the

corresponding experimental factor. Generally, experimenters are not only interested in estimating the factors’

main effects, but also in estimating the two-factor interaction effects. This requires the calculation of the

so-called two-factor interaction contrast vectors. These are the element-wise products of any two columns

of X. The (N × q1(q1− 1)/2)-dimensional matrix involving all two-factor interaction contrasts vectors is the

two-factor interaction contrast matrix, which we denote by W. We denote the number of columns of W,

q1(q1 − 1)/2, by q2, and the element of W in row i and column j by wij .

An arrangement of the N runs of X in b blocks can be represented using an N × b binary assignment

matrix B whose elements bij take the value 1 when the i-th run of X is assigned to the j-block, and 0

otherwise. Because we want to estimate the main effects of the experimental factors independently from the

block effects, we want the binary assignment matrix B to be orthogonal to the matrix X. Therefore, we want

to optimize B subject to the constraint that all elements of the (q1 × b)-dimensional matrix product XTB

are zero. More specifically, subject to this orthogonal blocking constraint, we want to minimize the extent to

which estimates of two-factor interactions are confounded with the blocks. In mathematical terms, we want

the elements of the (q2 × b)-dimensional matrix product S = WTB to be as close to zero as possible. In

the remainder of this paper, we denote the element of S in row i and column j by sij . That element can be

calculated as sij =
∑N

k=1 wkibkj .

To make the elements of S as close to zero as possible, Sartono et al. (2015a) adopt a hierarchical approach.

The primary objective in that approach is to minimize the maximum absolute element of the matrix S, which
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we denote by s = max{|sij | , i = 1, . . . , q2; j = 1, . . . , b}. The secondary objective is to minimize the sum of

all absolute values of the elements of S. We can calculate that sum as γ =
∑q2

i=1

∑b
j=1 |sij |.

2.2 Integer linear program

In order to avoid absolute values in our optimization model, Sartono et al. (2015a) use two auxiliary (non-

negative) variables, s+ij and s−ij , for each element sij of S, so that sij = s+ij − s
−
ij . The first of these auxiliary

variables is strictly positive when sij > 0, and zero otherwise. The second of the auxiliary variables is strictly

positive when sij < 0, and zero otherwise. In terms of the auxiliary variables, we can rewrite our primary

objective function as

s = max{s+ij , s
−
ij , i = 1, . . . , q2; j = 1, . . . , b},

and our secondary objective function as

γ =

q2∑
i=1

b∑
j=1

s+ij +

q2∑
i=1

b∑
j=1

s−ij ,

with

s+ij − s
−
ij =

N∑
k=1

wkibkj .

Since we have a primary and a secondary objective, we use pre-emptive goal programming (Ignizio, 1983).

Our combined objective function can be written as

min f = Ms+

q2∑
i=1

b∑
j=1

s+ij +

q2∑
i=1

b∑
j=1

s−ij ,

where M is a large number.

In summary, we use the following integer linear programming (ILP) model to assign the N runs of a given

orthogonal array X to b blocks of size N/b:

min f = Ms+

q2∑
i=1

b∑
j=1

s+ij +

q2∑
i=1

b∑
j=1

s−ij (1)

subject to

N∑
k=1

wkibkj − s+ij + s−ij = 0, i = 1, . . . , q2; j = 1, . . . , b (2)

N∑
k=1

xkibkj = 0, i = 1, . . . , q1; j = 1, . . . , b (3)

N∑
i=1

bik = N/b, k = 1, . . . , b (4)

b∑
k=1

bik = 1, i = 1, . . . , N (5)

s+ij ≤ s, i = 1, . . . , q2; j = 1, . . . , b (6)

s−ij ≤ s, i = 1, . . . , q2; j = 1, . . . , b (7)

bij ∈ {0, 1}, i = 1, . . . , N ; j = 1, . . . , b (8)

s+ij ≥ 0, i = 1, . . . , q2; j = 1, . . . , b (9)

s−ij ≥ 0, i = 1, . . . , q2; j = 1, . . . , b. (10)
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Equation (1) in this model represents the objective function, which in a hierarchical way minimizes the

confounding between the two-factor interaction contrast vectors contained within the matrix W and the

block effects. Equation (2) ensures that either s+ij or s−ij represents the absolute value of the element sij of

the matrix S. Equation (3) ensures that the main-effect contrast vectors are orthogonal to the blocks by

imposing that all the elements of the matrix product XTB are zero. Equations (4) and (5) indicate that every

block should include N/b runs and that every run should be assigned to exactly one block. Equations (6)

and (7) define the maximum absolute element of S. Finally, Equations (8), (9), and (10) are the binary

constraints for the elements of the assignment matrix B and the nonnegativity constraints for s+ij or s−ij .

3 Symmetry breaking approaches for the original formulation

First, we propose constraints that can be added to the original formulation to break the symmetry due to the

blocks. This is the most important kind of symmetry in screening experiments with many factors. Second,

we propose constraints that can be added to the original formulation to break the symmetry due to identical

runs.

We compare a broad variety of symmetry breaking approaches whereas previous research generally focused

on a smaller subset of approaches such as variable reduction and lexicographic ordering (Jans and Desrosiers,

2013), hierarchical ordering (Coelho and Laporte, 2014), objective perturbation (Ghoniem and Sherali, 2011),

or an asymmetric representatives formulation (Campêlo et al., 2008).

3.1 Symmetry due to the blocks

3.1.1 Variable reduction

One approach to reduce the symmetry in an integer programming formulation is variable reduction, i.e. the

elimination of some of the variables (Jans and Desrosiers, 2013). Since we can arbitrarily label the blocks in

any blocking arrangement, we can assign the first run of the orthogonal array under consideration to any of

the b blocks. To break this symmetry, we assign the first run to block 1. This is done by setting b11 = 1,

which is equivalent to setting b1j = 0, for each j > 1. The second run can be assigned either to the same

block as the first run (when the optimal assignment requires runs 1 and 2 to be assigned to the same block),

or to another block (when the optimal assignment requires runs 1 and 2 to be assigned to different blocks). In

the latter case, we have the freedom to assign the second run to any of the b− 1 remaining blocks. To break

the symmetry in the assignment of the second run, we impose the constraint that the second run is either

assigned to the first block or to the second block. This can be done by adding the constraint b21 + b22 = 1

to the original problem formulation, or equivalently, by setting b2j = 0, for each j > 2. The same kind of

reasoning can be used to add symmetry breaking constraints for each of the runs 3, . . . , b− 1. This approach

to symmetry breaking can be summarized using the following equation:

bij = 0, i = 1, . . . , b− 1; j = i+ 1, . . . b. (11)

Since some of variables are set to zero, and hence removed from the optimization problem, this technique

is referred to as ‘variable reduction’.

3.1.2 Lexicographical ordering

Another way to break the symmetry in the original problem formulation is to impose that the blocks are

ordered in a lexicographic way, based on the assignment of the runs to the b blocks. The main idea in the

lexicographic ordering is that we first order the blocks based on the presence of the first run. Obviously, this

ordering will not be complete and a tie will occur between all b− 1 blocks that do not contain the first run.

To deal with the tie, the presence of the second run can be used as a secondary criterion to rank the blocks.

However, depending on whether or not the first and the second run are assigned to the same block, there will
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still be a tie between b− 1 or b− 2 blocks, and a tertiary criterion is needed for ranking, i.e., the presence of

the third run. Continuing this line of reasoning eventually results in a complete ranking of all b blocks.

Technically, ordering the blocks based on the presence of the first run is achieved by adding the following

constraints to the original problem formulation:

b11 ≥ b12 ≥ . . . ≥ b1b,

or, equivalently,

21−1b11 ≥ 21−1b12 ≥ . . . ≥ 21−1b1b. (12)

To attempt to break the tie between the b− 1 blocks that do not contain the first run, we use the following

constraint, which also takes into account the assignment of the second run:

2b11 + b21 ≥ 2b12 + b22 ≥ . . . ≥ 2b1b + b2b,

or, equivalently,

22−1b11 + 21−1b21 ≥ 22−1b12 + 21−1b22 ≥ . . . ≥ 22−1b1b + 21−1b2b. (13)

The appropriate choice of the coefficients of the decision variables will ensure that the first run acts as

the primary criterion for ordering the blocks and the second run is the secondary criterion when there is a

tie with respect to the first criterion.

Since Constraint (13) will also not result in a unique ordering of the blocks, we can also take into account

the assignment of the third run. An appropriate constraint using the presence of the first, second and third

run as primary, secondary and tertiary ranking criteria is given by

4b11 + 2b21 + b31 ≥ 4b12 + 2b22 + b32 ≥ . . . ≥ 4b1b + 2b2b + b3b,

or, equivalently,

23−1b11 + 22−1b21 + 21−1b31 ≥ 23−1b12 + 22−1b22 + 21−1b32 ≥ . . . ≥ 23−1b1b + 22−1b2b + 21−1b3b.

To ensure that a unique ordering is obtained, the above constraints need to be generalized to take into account

all runs when ranking the b blocks. This yields the following set of constraints:

N∑
i=1

2N−ibi,k−1 ≥
N∑
i=1

2N−ibik, k = 2, . . . , b. (14)

One way to interpret the constraints in Equation (14) is as follows. First, we calculate the value∑N
i=1 2N−ibik for each block k, and, next, we impose that the blocks are arranged in decreasing order of

their value. The value of a block depends on the runs it contains, and the weights used for each of the N

runs. In Equation (14), the weight of the ith run is 2N−i. Using the weights 2N−i ensures a unique ordering

of all the blocks, following the lexicographic principle that the block containing the first run is ranked first,

followed by the block that contains the second run, etc. The fact that the ordering is unique implies that the

set of constraints in Equation (14) is ideal, as it eliminates all symmetry due to the blocks. The constraints,

however, have one drawback: the weights used for the N runs can become extremely large and potentially

result in numerical difficulties for large numbers of runs.

While the constraints in Equation (14) result in a unique ordering by themselves, it may be useful to

add all of the lexicographic constraints in Equations (12)–(14) to the original problem formulation, instead

of only those in Equation (14) itself. A concise way of writing all these constraints is as follows:

j∑
i=1

2j−ibi,k−1 ≥
j∑

i=1

2j−ibik, k = 2, . . . , b; j = 1, . . . , N. (15)
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Table 2: Total weights for the four blocks in blocking arrangements b1, b2 and b3 in Table 1 when the weight of the ith run is
2N−i (left) and N − i (right).

Arr. Block 1 Block 2 Block 3 Block 4 Block 1 Block 2 Block 3 Block 4

b1 2,185,307,176 1,143,083,396 672,416,321 294,160,402 125 123 123 125
b2 1,143,083,396 2,185,307,176 672,416,321 294,160,402 123 125 123 125
b3 1,111,565,352 2,216,825,220 672,416,321 294,160,402 124 124 123 125

It is possible to use a similar ordering logic with a set of smaller weights for the N runs, to avoid numerical

problems. The ordering resulting from the use of a different set of weights will generally only be a partial

ordering of the b blocks, but it will still remove some of the symmetry in the original problem formulation.

One possible weight for the ith run that we will test in this paper is the weight N − i instead of 2N−i. This

results in the following set of constraints:

N∑
i=1

(N − i)bi,k−1 ≥
N∑
i=1

(N − i)bik, k = 2, . . . , b. (16)

In order to see how the constraints in Equations (14) and (16) help to reduce the symmetry between the

blocks, consider the three equivalent blocking arrangements labeled b1, b2 and b3 in Table 1. The three

blocking arrangements all involve four blocks of eight runs. We can now calculate the value of each block in

the three blocking arrangements, using the weights 2N−i and N − i for the individual runs. The resulting

values for the three arrangements appear in Table 2.

Table 2 shows that the weights 2N−i result in a unique value for each of the blocks, no matter what blocking

arrangement is considered. Importantly, the values obtained for the blocks in blocking arrangements b2 and

b3 violate the constraints in Equation (14). In other words, when adding the constraints in Equation (14)

to the original problem formulation, two of the three equivalent blocking arrangements in Table 1 become

infeasible and will be eliminated during the branch-and-bound procedure.

The weights N − i do not result in a unique value for each of the blocks. For instance, in blocking

arrangement b1, both blocks 1 and 4 have a total weight of 125, while blocks 2 and 3 have a total weight

of 123. As a consequence, it is possible to switch the labels of several blocks without changing the total

weights, so that not all symmetry has been broken. Nevertheless, the constraints in Equation (16) do have

added value. This is because none of the blocking arrangements b1, b2 and b3 satisfy these constraints, so

that none of these blocking arrangements will be considered in the branch-and-bound procedure for identifying

an optimal solution. However, by switching blocks 2 and 4 in arrangement b1, we would obtain an acceptable

solution under the constraints in Equation (16).

3.1.3 Hierarchical ordering

Coelho and Laporte (2014) suggest yet another type of symmetry breaking constraint, which is called hier-

archical ordering and which does not involve large numbers. The idea of hierarchical ordering is that, if we

assign the ith run to the kth block, then at least one of the runs 1, . . . , i − 1 should have been assigned to

block k − 1. This kind of ordering is enforced by the following constraints:

bik ≤
i−1∑
j=1

bj,k−1, i = 2, . . . , N ; k = 2, . . . , b (17)

3.2 Symmetry due to replicated runs

In this section, we propose constraints to break symmetry due to the occurrence of identical runs in the

orthogonal array that has to be arranged in blocks. The main idea here is that, if the first occurrence of

a replicated run is assigned to block i, then the second occurrence should be assigned to one of the blocks
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i, . . . , b. Likewise, if the second occurrence of a replicated run is assigned to a block j, then the third

occurrence has to be assigned to one of the blocks j, . . . , b, etc.

It is not very difficult to cast this into a linear inequality. Suppose that the runs i and j are identical and

i < j. Then, the constraint

b∑
k=1

k bik ≤
b∑

k=1

k bjk (18)

produces the desired kind of assignment of the two replicates to the blocks. To break all the symmetry due

to the replicated runs of an orthogonal array, we need to add a constraint such as the one in Equation (18)

for each pair of identical runs.

3.3 Perturbing the objective function

Rather than adding symmetry breaking constraints to an integer linear program to speed up the computations,

Ghoniem and Sherali (2011) suggested modifying, or perturbing, the objective function. By means of this

technique, we modify the objective function so that equivalent blocking arrangements end up having a

different value for the objective function. Ideally, the objective function is modified so that only one of all the

equivalent blocking arrangements results in the optimal objective function value. The technique proposed

by Ghoniem and Sherali (2011) requires adding a weighted sum of expressions used in symmetry breaking

constraints to the original objective function.

Because their approach is based on the symmetry breaking constraints in Equation (14), the values∑N
i=1 2N−ibik calculated for each block k are added to the objective function, with appropriate weights. We

ensure that the weights increase with the block label (1, . . . , b), so that they are compatible with the original

‘larger than’ constraint in Equation (14). By using a larger weight for larger block labels, there is an incentive

to minimize the value
∑N

i=1 2N−ibik for the larger block labels rather than for the smaller block numbers.

This implies that blocking arrangements that are equivalent in terms of the original objective function are

no longer equivalent in terms of the newly modified, or perturbed, objective function. Consequently, this

approach breaks the symmetry due to the blocks.

Obviously, the original objective function, which aims to minimize the confounding of the two-factor

interactions with the blocks, should receive a higher priority in the newly modified objective function than

the perturbation added to break the symmetry between the blocking arrangements. For this reason, the

original objective function should get a sufficiently large weight µ in the newly modified objective function.

In the context of our search for optimal blocking arrangement, the modified objective function is

min f = µ(Ms+

q2∑
i=1

b∑
j=1

s+ij +

q2∑
i=1

b∑
j=1

s−ij) + (

b∑
k=1

1

b− k + 1

N∑
i=1

2N−ibik), (19)

(20)

where

µ = 2N
b∑

k=1

1

b− k + 1
.

Ghoniem and Sherali (2011) obtained the best results for their optimization problem by combining the

objective function perturbation with the addition of the original symmetry breaking constraints. For this

reason, in our comparisons, we also combine the perturbed objective function in Equation (19) with the

lexicographic ordering constraints in Equation (14) when searching for optimal blocking arrangements.

4 An alternative problem formulation

In this section, we reformulate the original optimization problem by means of an asymmetric representatives

formulation (ARF), which was introduced in the literature by Campêlo et al. (2008) for the vertex coloring
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problem, and later used by Jans and Desrosiers (2013) for the job grouping problem. The ARF can be readily

implemented to avoid symmetry between the blocks in our problem of finding optimal blocking arrangements.

We also show how symmetry breaking constraints can be added to the ARF to deal with identical runs.

4.1 The asymmetric representatives formulation

The major source of symmetry in the original problem formulation is the fact that b blocks or groups of runs

need to be identified and that the groups have labels that can be permuted. An alternative formulation, the

asymmetric representatives formulation, keeps track of which runs appear in the same block too, but it uses

a label for each block that depends on the runs it contains. More specifically, a block is identified or labeled

by its lowest-indexed run. As a result, it is no longer possible to swap the labels of the blocks.

We illustrate this idea using a small example. Suppose that we wish to arrange six runs, labeled 1, . . . , 6,

in three blocks of size two. One possible blocking arrangement groups runs 1 and 3, runs 2 and 5, and runs

4 and 6. Because the lowest index for a run in the first block is 1, we label the first block as 1. Likewise,

the lowest index for a run in the second block is 2, and, therefore, we label the second block as 2. Finally,

the lowest index in the third block is 4. Therefore, we label the third block as 4. To uniquely identify this

blocking pattern, all we need to know is that

1. The blocks’ labels are 1, 2 and 4;

2. Run 3 appears in the same block as run 1;

3. Run 5 appears in the same block as run 2;

4. Run 6 appears in the same block as run 4.

Now, the challenge is to find a mathematical formulation that is based on this kind of information.

Building on the work of Campêlo et al. (2008) and Jans and Desrosiers (2013), we use N(N + 1)/2 binary

decision variables vij , where the first index i runs from 1 to N and the second index j runs from i to N .

A variable vij takes the value one if run i and run j are assigned to the same block and if j is the smallest

index in that block. Otherwise, vij takes the value zero. In our small example, the variables v11, v22 and v44
as well as v31, v52, and v64 take the value one, while all other variables, including v33, v55 and v66, take the

value zero. Table 3 provides an overview of all decision variables and their values for the example. Note that

v66 necessarily equals zero, because it is impossible for the 6th run to be the run with the smallest index in

any block of size two.

Table 3: Values for the decision variables vij in the example in Section 4.1.
The symbol ‘-’ indicates a variable that is not used.

i
j

1 2 3 4 5 6
1 1 - - - - -
2 0 1 - - - -
3 1 0 0 - - -
4 0 0 0 1 - -
5 0 1 0 0 0 -
6 0 0 0 1 0 0

The asymmetric representatives formulation is based on the variables vij . We call run j the block identifier

of run i. Whenever vii = 1 for a particular run i, this indicates that there exists a block in which run i has

the smallest index. Since, in general, we need b blocks, there should be exactly b different variables vii which

take the value one, and N − b variables vii which take the value zero. We do not need any other decision

variables to ensure that b blocks are utilized. Note that all variables vii for which i > N −N/b+ 1 must be

zero. This is because any block with identifier i has to contain N/b runs selected from the set {i, . . . , N}.
This is only possible if the cardinality of the set {i, . . . , N} is at least N/b, i.e., if i ≤ N − N/b + 1. This

allows us to limit the number of decision variables and constraints in the ARF formulation. In total, there

are N(N + 1)/2− (N/b)((N/b)− 1)/2 decision variables vij which can be nonzero.
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As before, the objective function minimizes the maximum absolute element of the matrix S which quanti-

fies the confounding between the two-factor interaction contrast vectors and the blocks, followed by the sum

of all absolute elements of S. Unlike the original problem formulation, the ARF formulation does not involve

the N × b binary elements bij of the matrix B, which assigns the runs to the blocks. Instead, it involves

the binary variables vik. This has a substantial impact on the formulation of the constraints. In the new

formulation, the decision variables vik have to be used to determine the elements of S, because these variables

indicate whether or not runs have been assigned to a block involving run k as the run with the smallest index.

If a certain block identifier k is not used (vkk = 0), we cannot assign any run j to a block with label k. Thus,

the elements of S related to that block label will be zeros. If a certain block identifier k is used (vkk = 1),

these decision variables play a role similar to that of the variables bik equal to one in the original formulation,

and allow the calculation of the elements of S corresponding to the block with identifier k. These elements

can be positive or negative, and are calculated as

sij =

N∑
k=j

wkivkj , i = 1, . . . , q2; j = 1, . . . , N −N/b+ 1.

We denote their absolute values by s+ij or by s−ij , depending on whether they are positive or negative, as

in the original problem formulation. In a similar fashion, we need to calculate the elements of the matrix

product XTB to check the orthogonality of the blocking arrangement for the main effect contrast vectors.

The elements of that matrix are computed as

N∑
k=j

xkivkj , i = 1, . . . , q1; j = 1, . . . , N −N/b+ 1,

and they should equal zero for any orthogonal blocking arrangement.

The complete ARF formulation for the problem of finding an optimal blocking arrangment for the N runs

of an orthogonal array is as follows:

min f = Ms+

q2∑
i=1

N−N/b+1∑
j=1

s+ij +

q2∑
i=1

N−N/b+1∑
j=1

s−ij (21)

subject to

N∑
k=j

wkivkj − s+ij + s−ij = 0, i = 1, . . . , q2; j = 1, . . . , N −N/b+ 1 (22)

N∑
k=j

xkivkj = 0, i = 1, . . . , q1; j = 1, . . . , N −N/b+ 1 (23)

N∑
i=k

vik = (N/b)× vkk, k = 1, . . . , N −N/b+ 1 (24)

min(i,N−N/b+1)∑
k=1

vik = 1, i = 1, . . . , N (25)

N−N/b+1∑
i=1

vii = b, (26)

vik ≤ vkk, k = 1, . . . , N −N/b+ 1, i = k + 1, . . . , N, (27)

s+ij ≤ s, i = 1, . . . , q2; j = 1, . . . , N −N/b+ 1, (28)

s−ij ≤ s, i = 1, . . . , q2; j = 1, . . . , N −N/b+ 1, (29)

vij ∈ {0, 1}, i = 1, . . . , N ; j = 1, . . . , N −N/b+ 1, (30)
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s+ij ≥ 0, i = 1, . . . , q2; j = 1, . . . , N −N/b+ 1, (31)

s−ij ≥ 0, i = 1, . . . , q2; j = 1, . . . , N −N/b+ 1. (32)

Constraint (22) identifies the elements of the matrix S as well as the auxiliary variables s+ij and s−ij .

Constraint (23) ensures that the blocking arrangement is orthogonal for the main effect contrast vectors.

Constraint (24) ensures that the number of runs assigned to the block with identifier k is N/b if that block is

used. More specifically, that constraint ensures that, if vkk = 1 (i.e., if there is a block with run k as the run

with the smallest index), then that block involves N/b runs in total. Constraint (25) ensures that every run

is assigned to exactly one block. Constraint (26) guarantees that the total number of blocks used equals b.

Constraint (27) ensures that no runs are assigned to a block with identifier k if that block is not used (i.e., if

vkk = 0). Constraints (28) and (29) make sure that s reflects the maximum absolute element of S. Finally,

Constraints (30), (31), and (32) indicate which decision variables are binary and which are positive integer

values.

4.2 Symmetry due to replicated runs

The ARF formulation does not suffer from symmetry due to the blocks, because the blocks cannot be

relabeled. However, it may still suffer from symmetry due to the presence of identical runs in an orthogonal

array. Therefore, in this section, we propose a constraint that can be added to the ARF to break the

symmetry due to identical runs. The main idea now is that, if the first occurrence of a replicated run, say

run i, is assigned to a block with identifier ki (in which case viki
= 1) and the second occurrence of the

replicated run, say run j, is assigned to a block with identifier kj (in which case vjkj
= 1), then ki should be

smaller than or equal to kj . Likewise, if the second occurrence of a replicated run is assigned to a block with

identifier kj , then the third occurrence has to be assigned to a block with an identifier larger than or equal

to kj , etc. This is achieved by adding the symmetry breaking constraint

min(i,N−N/b+1)∑
ki=1

ki viki
≤

min(j,N−N/b+1)∑
kj=1

kj vjkj
, (33)

to the ARF for each pair of replicated runs i and j, where i < j.

5 Computational experiments

In this section, we report the results of several computational experiments intended to find the best formula-

tion for identifying optimal blocking patterns in terms of computing time and objective function value. For

the comparison of all the approaches described above, we focus on the blocking of 32-run orthogonal arrays.

After eliminating the least fruitful approaches, we turn our attention to 40-run and 48-run orthogonal arrays.

The orthogonal arrays we consider are strength-3 orthogonal arrays listed by Schoen and Mee (2012). These

orthogonal arrays have excellent properties in terms of main effects and interaction effects estimation.

For the 32-run and 40-run designs, we performed all tests under Windows 7 (64 bits) on a 3.4GHz Intel

Core i7-3770 with a 16 GB internal memory. For the 48-run designs, we performed all tests under Windows

7 (64 bits) on a 3.04GHz Intel Xeion X5667 with an internal memory of 12 GB. For each case, we used

MATLAB 2012b along with CPLEX version 12.5. We used the default settings of CPLEX throughout. The

default relative mixed integer programming (MIP) gap tolerance is 0.01%, meaning that the solver reports a

solution as optimal as soon as the relative MIP gap is smaller than or equal to 0.01%.

For the value of M in the various formulations of our problem, we used N × q2 + 1. This is because

the maximum sum of all elements in S is N × q2. This is unlike Sartono et al. (2015a), who used a value

of 10, 000.

In our discussion of the computational results, we refer to the original formulation as OF. We refer to

the variable reduction technique as VR, to the lexicographic ordering technique as LEX, to the hierarchical
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ordering technique as HO, and to objective perturbation as OBJ. For the VR, LEX and HO approaches, we

add the relevant equation between parentheses. Whenever we use symmetry breaking constraints for identical

runs, we refer to it as IR.

Below, we provide a summary of all our results. More details can be found in supplementary materials

that are available from the authors.

5.1 Comparing different formulations using 32-run two-level designs

In this section, we test the performance of the OF with and without symmetry breaking constraints as well

as the ARF when it comes to blocking 32-run orthogonal arrays. We initially focus on the symmetry due

to the blocks since, except for the one four-factor array shown in Table 1, there are no strength-3 32-run

orthogonal arrays with replicated runs reported by Schoen and Mee (2012). We start by adding a single type

of symmetry breaking constraint to the OF. Next, we select the best performing types of symmetry breaking

constraints and test combinations of these.

For our tests with 32-run orthogonal arrays, we used a computing time limit of two hours. We considered

blocking arrangements with four blocks of eight runs and eight blocks of four runs.

5.1.1 Using a single type of symmetry breaking constraint

We summarize our initial results for 32 runs in Table 4. The first column indicates the various problem

formulations considered. The second column shows the average computing times in seconds required to

arrange the 15 32-run orthogonal arrays in four blocks of eight. For this scenario, all optimization problems,

with or without symmetry breaking constraints, were solved to optimality well within the computing time

limit. Therefore, the gaps between our final solutions and the best lower bounds obtained are all zero. The

next three columns in Table 4 are all related to the arrangements with eight blocks of four runs. For each

formulation, two lines of results are provided in these columns. The upper line shows average results for

the 12 ‘easy’ problems, for which the OF was solved to optimality within the computing time limit. The

lower line shows average results for the three ‘difficult’ problems, for which the OF could not be solved to

optimality within two hours. The first of the three columns indicates what fraction of the 12 easy problems

could be solved to optimality and what fraction of the three hard problems could be solved to optimality, by

any given formulation. The second of the three columns for eight blocks shows the average computing times

for the easy and hard problems. The third column shows the average gap between the final solution and the

best lower bound obtained.

For arranging the 15 orthogonal arrays in four blocks, all eight problem formulations in Table 4 were

solved to optimality within 15 seconds. The formulations which required the smallest average computing

times (2.52 and 2.43 seconds) were the OF and the formulation with perturbed objective function (OBJ),

followed by the OF in combination with the VR approach (2.76 seconds). The OF in combination with the

lexicographical ordering based on the constraints in Equation (14) resulted in the longest computing time

(14.36 seconds). The ARF required 9.48 seconds, on average, to be solved to optimality. We observe that

these problems are easy considering the computing time required using the OF, and symmetry breaking

techniques cannot substantially improve that computing time. This is in line with other results from the

literature which indicate that symmetry breaking does not substantially improve or even slows down the

computation times for easy problems (Jans, 2009).

For arranging the 15 orthogonal arrays in eight blocks, we obtain a totally different picture. This time,

the OF was able to solve only 12 of the 15 blocking problems to optimality within the computing time limit

of two hours. For the remaining three problems, the OF resulted in an average gap of 0.59% between the

best solution found and the best lower bound. The 12 problems that were solved to optimality by the OF

involved the smallest numbers of factors (4–12), while the three other problems involved the largest numbers

of factors (14, 15 and 16). Interestingly, five of the seven symmetry breaking approaches in Table 4 do allow

us to solve the three difficult problems to optimality within the computing time limit. More specifically, the
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VR approach, the LEX approach based on Equation (14), the LEX approach based on Equation(15), the

OBJ approach and the ARF approach converge to optimality well within the computing time limit. Of these

five approaches, the VR approach is by far the slowest. The ARF approach is the fastest: it is able to solve

both the easy and the difficult problems within one second of computing time. The ARF was able to solve

these problem instances more than 2000 times faster than the OF. The LEX approach based on Equation(16)

is the slowest of all seven symmetry breaking approaches for the easy problems. It is unable to solve six of the

12 easy problems to optimality and it is also not able to solve any difficult problem to optimality within two

hours. The HO approach solved all easy problems to optimality, and two of the three difficult problems. Its

computing time is very large compared to those of the ARF approach, the OBJ approach, the LEX approach

based on Equation (14) and the LEX approach based on Equation (15).

Note that, for the easy problems, the VR approach is slower than the OF, but this is compensated by

the fact that it is able to solve the three difficult problems with an average computing time of about 4200

seconds. Unlike the VR approach, the LEX approach based on Equation (14), the LEX approach based on

Equation (15), the OBJ approach and the ARF approach all produced a substantial reduction in computing

time, both for the easy problems and for the difficult problems. The HO approach is similar to the VR

approach in terms of computing time, but it allowed only two of the three difficult problems to be solved to

optimality.

Table 4: Average computing times for finding optimal arrangements of 15 32-run orthogonal arrays in four and eight blocks using
different problem formulations.

Formulation
4 blocks 8 blocks

CPU-T(s) Optimal solutions CPU-T(s) Gap(%)

OF 2.52
12/12 584.42 0.00%
0/3 7200.21 0.59%

OF-VR 2.76
12/12 732.22 0.00%
3/3 4200.70 0.00%

OF-LEX(14) 14.36
12/12 28.79 0.00%
3/3 84.18 0.00%

OF-LEX(15) 3.10
12/12 12.04 0.00%
3/3 49.51 0.00%

OF-LEX(16) 8.00
6/12 4898.69 1.58%
0/3 7205.19 4.19%

OF-HO 12.85
12/12 1624.44 0.01%
2/3 5989.01 0.15%

OBJ 2.43
12/12 11.78 0.00%
3/3 24.87 0.00%

ARF 9.48
12/12 0.22 0.00%
3/3 0.15 0.00%

5.1.2 Combining two types of symmetry breaking constraints

Our computational tests involving a single type of symmetry breaking constraint showed that all but one

approach (the LEX approach involving the constraints in Equation (16)) have at least some added value.

In this section, we investigate five combinations of two types of constraints. More specifically, we test the

combinations VR-LEX, VR-HO, and LEX-HO. As there are two valuable variants of the LEX approach

(involving the constraints in Equations (14) and (15)), we have two variants of the combination VR-LEX and

two variants of the combination LEX-HO. The performance of the formulations obtained by combining two

types of symmetry breaking constraints is summarized in Table 5, which has the same structure as Table 4.

When it comes to arranging the 32-run orthogonal arrays in four blocks of eight runs, the five combinations

of two symmetry breaking methods perform similarly. All 15 problems were solved to optimality for that

number of blocks, within four seconds. For this problem, the OF, without any symmetry breaking constraints,

is as fast as the various approaches in Table 5.
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Table 5: Average computing times for finding optimal arrangements of 15 32-run orthogonal arrays in four and eight blocks by
combining two types of symmetry breaking constraints.

Formulation
4 blocks 8 blocks

CPU-T(s) Optimal solutions CPU-T(s) Gap(%)

OF-VR-LEX(14) 2.50
12/12 16.78 0.00%
3/3 59.04 0.00%

OF-VR-LEX(15) 3.21
12/12 12.26 0.00%
3/3 107.64 0.00%

OF-VR-HO 3.04
12/12 8.79 0.00%
3/3 29.25 0.00%

OF-LEX(14)-HO 3.80
12/12 10.03 0.00%
3/3 36.02 0.00%

OF-LEX(15)-HO 2.93
12/12 13.21 0.00%
3/3 21.69 0.00%

For finding arrangements in eight blocks of four runs, the combined approaches in Table 5 all outperform

the OF, both in terms of computing time and in terms of solution quality. The combined approaches are all

able to solve the three difficult problems to optimality, unlike the OF, the OF-LEX(16) approach and the

OF-HO approach in Table 4, in a limited amount of time. A remarkable result is that, separately, the VR

and HO techniques resulted in long computing times for finding arrangements in eight blocks, but combining

them with the LEX approach leads to a symmetry breaking approach that is competitive with the others in

Table 5. We note that, for the blocking arrangements involving eight blocks, the ARF is still substantially

faster, by at least a factor of 40, than any of the combined approaches. The combination of either the VR

approach or the HO approach with the LEX(14) approach leads to smaller computation times that using the

LEX(14) separately. For the LEX(15) approach, only the combination with the HO approach improves the

computing times, and only for the three difficult problems.

5.2 Comparing different formulations using 40-run two-level designs

In our computational experiments involving 32-run orthogonal arrays, the OF-LEX(14), OF-LEX(15), ARF

and OBJ approaches performed well. Also, the combined approaches OF-VR-HO and OF-LEX(15)-HO

exhibited a good performance. In this section, we compare these six approaches to the OF for the 18 40-run

orthogonal arrays recommended by Schoen and Mee (2012). They are the best designs in terms of the G-

and G2- aberration criteria. For the 40-run arrays, we used a computing time limit of two hours.

For two-level orthogonal arrays involving 40 runs, there are three types of possible orthogonal blocking

arrangements. The first type of blocking arrangement involves four blocks of ten runs. The second type

involves five blocks of eight runs, and the third type involves ten blocks of four runs. The set of 18 40-run

arrays we consider here contains six arrays with replicated runs. Therefore, these six arrays allow us to test

the added value of the constraints in Equations (18) and (33) to break the symmetry due to replicated runs

in the OF and in the ARF.

5.2.1 Symmetry due to the blocks

In this section, we compare seven different formulations to break the symmetry due to the blocks for the

18 40-run orthogonal arrays. The seven formulations are listed in the first column of Table 6, which has a

structure similar to that of Table 4.

When applying the OF to the 18 40-run orthogonal arrays with the intention of finding blocking arrange-

ments with four blocks of ten runs, 15 of the resulting problems could be solved to optimality within the

computing time limit of two hours. As a result, for the scenario with four blocks, there are 15 easy problems

and three difficult problems. The hard problems involve 7, 19 and 20 factors. Remarkably, none of the

symmetry breaking approaches outperforms the OF in terms of the number of optimal solutions produced or
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in terms of the computing time required. Five of the six symmetry breaking approaches in Table 6 even fail

to solve all easy problems to optimality. The only symmetry breaking approach that solves all easy problems

combines the VR technique and the HO technique. The computing time required by that approach for the

easy problems (464.91 seconds) is only a little bit larger than that required by the OF (437.86 seconds). For

the difficult problems, the gap between the best solution obtained and the best lower bound is slightly smaller

for the symmetry breaking approach combining the VR and HO techniques (0.87%) than for the OF (1.03%).

In terms of computing time and in terms of the gap, the ARF approach is the least attractive approach for

the scenario with four blocks. All other symmetry breaking approaches lead to a smaller gap than the OF

for the difficult problems.

When applying the OF to obtain arrangements of the 40-run orthogonal arrays in five blocks of ten runs,

14 of the 18 resulting problems can be solved to optimality within the computing time limit. The average

required computing time for these easy problems is 960.92 seconds. This time, all symmetry breaking

approaches other than the ARF are able to solve all easy problems with an average computing time smaller

than that for the OF. The fastest approach is the one combining the VR and HO approaches (580.03 seconds).

For the four difficult problems (involving 17, 18, 19, and 20 factors), the symmetry breaking approaches other

than the ARF lead to a small reduction in the average gap. The smallest gap of 0.35% is obtained by the

combined VR-HO approach, while the gap for the OF is 0.50%. The ARF produces an average gap of about

the same size as the OF.

Finally, when applying the OF to find arrangements of the 18 40-run orthogonal arrays in ten blocks of four

runs, only eight of the resulting optimization problems can be solved to optimality within the computing time

limit. The average required computing time for these eight cases is 517.62 seconds when using the OF. When

using symmetry breaking constraints, however, this average computing time can be reduced substantially.

The largest reduction in computing time is achieved by the ARF approach, which requires only 1.1 seconds

for the eight easy problems. Besides reducing the computing time for the easy problems involving ten blocks,

the symmetry breaking approaches also allow the ten difficult problems (involving 11–20 factors) with ten

blocks to be solved to optimality. For the ARF approach, the average computing time required to do so is

only 8.37 seconds. The average computing time for the other symmetry breaking approaches is larger than

that of the ARF by several orders of magnitude.

5.2.2 Symmetry due to identical runs

In this section, we focus on the six 40-run orthogonal arrays that involve replicated runs. These arrays

involve 4, 5, 7, 8, 9 and 10 factors and 16, 30, 38, 38, 38, and 38 distinct runs (out of a total of 40 runs),

respectively. These designs have at least two pairs of replicated runs. The main goal of this section is to

test whether adding the symmetry breaking constraints for identical runs to the OF, the ARF, and the

best formulations involving constraints to break the symmetry due to the blocks (i.e., the OF-VR-HO and

OF-LEX(15)-HO approaches) leads to a reduction of computing times. In total, we test and compare four

different pairs of formulations: OF versus OF-IR, OF-VR-HO versus OF-VR-HO-IR, OF-LEX(15)-HO versus

OF-LEX(15)-HO-IR, and ARF versus ARF-IR. The results are summarized in Table 7.

One key result is that adding symmetry breaking constraints for identical runs to the OF leads to a major

inflation of the computing time. For instance, when looking for arrangements involving ten blocks of four

runs, adding the constraints implies that, for five of the six arrays with replicated runs, the OF could no

longer be solved to optimality within two hours of computing time, even though the plain OF could be solved

to optimality within the computing time limit of two hours for these cases. In none of the cases, adding the

symmetry breaking constraints for identical runs to the OF led to a substantial reduction in computing time.

Adding symmetry breaking constraints for identical runs to the ARF does lead to a reduction in computing

time. For example, when looking for arrangements involving four blocks of ten runs, adding the constraints

implies that, for five of the six arrays with replicated runs, the computing time of the ARF decreases

substantially. The average computing time for four blocks goes down from 2449.63 seconds to 1923.51

seconds. For arrangements with five or ten blocks, adding symmetry breaking constraints for identical runs
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to the ARF leads to a reduction in computing time for all cases except those involving seven and ten factors

and five blocks, and four factors and ten blocks.

Finally, combining constraints for breaking the symmetry due to the blocks and constraints for breaking

the symmetry due to identical runs leads to an increase in computing time in most cases. The combined

formulation OF-VR-HO-IR only reduces the computing time for one of the 18 cases (four factors, four blocks),

while the combined formulation OF-LEX(15)-HO-IR reduces the computing time for four of the 18 cases.

Overall, the OF, OF-VR-HO and ARF-IR formulations are the best when arranging designs with replicated

runs in four blocks, five blocks and ten blocks, respectively.

5.3 Comparing different formulations using 48-run two-level designs

In this section, we compare the best symmetry breaking approaches from Section 5.1 for the 31 48-run arrays

recommended by Schoen and Mee (2012). For two-level experimental designs involving 48 runs, there are

four types of possible orthogonal blocking arrangements. These blocking arrangements involve 4, 6, 8 and 12

blocks. For the 48-run arrays, we set the computing time limit to four hours. Because the constraints in the

LEX(14) and LEX(15) approaches might lead to numerical problems (due to the large weights needed when

solving problems with 48 runs), we only use the first 40 runs of each orthogonal array when implementing

these symmetry breaking approaches here. In doing so, we adopt the same approach as Jans and Desrosiers

(2013).

5.3.1 Symmetry due to the blocks

In this section, we apply the six best formulations from Section 5.1 to deal with the symmetry due to the

blocks to 48-run designs. The results are summarized in Tables 8 and 9. The structure of this table is similar

to that of the tables for 32- and 40-run arrays.

When using the OF to arrange the 31 48-run arrays in four blocks of 12 runs, 26 of the 31 resulting

optimization problems could be solved to optimality within the computing time limit of four hours. The

average computing time required was 527.21 seconds. The average gap for the remaining five problems,

involving 12, 13, 14, 23 and 24 factors, was 0.56%. Using lexicographical ordering by means of the constraints

in Equation (14) is a little bit better, since that approach allowed us to solve one of the difficult problems

to optimality. That approach also allowed us to solve all 26 easy problems to optimality, with an average

computing time of 498.41 seconds. The other lexicographical approach, LEX(15), failed to solve one of the

easy problems to optimality. Of the two combined approaches tested, the OF-LEX(15)-HO performed best,

as it was able to solve 27 of the 31 problems to optimality. However, it did not outperform the OF-LEX(14)

approach (neither in terms of number of problems solved to optimality, nor in terms of computing time). The

ARF approach was the poorest approach for the scenario with four blocks, as it was able to solve only 23 of

the 31 problems to optimality. The fastest approach for the easy problems was the OF-VR-HO approach,

with a computing time of 399.68 seconds on average.

Using the OF approach to find arrangements with six blocks allowed us to solve 13 of the 31 problems

to optimality, with an average computing time of 3061.39 seconds. The average gap for the other 18 cases

(involving 8, 9, and 14–24 factors) was 1.19%. Of the symmetry breaking approaches tested, the OF-VR-HO

performed best: it produced optimal solutions for all easy problems in the shortest computing time (1518.56

seconds), and it was able to solve five of the 18 difficult problems to optimality. The OF-LEX(14) approach

managed to solve four of the difficult problems, while the OF-LEX(15) approach, the ARF approach and

the OF-LEX(15)-HO approach only allowed two of these problems to be solved. The OF-OBJ approach

allowed us to solve five difficult problems to optimality, but failed to solve two easy problems. For finding

arrangements with six blocks, the ARF approach performed better than for finding arrangements involving

four blocks, relative to the other approaches. Its computing time is, however, still the longest of all approaches

listed in Table 8, for six blocks.

For eight blocks of six runs, the OF allowed us to solve only nine of the 31 problems to optimality

within the computing time limit, using an average computing time of 885.76 seconds. For three of these
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nine problems (involving 11, 12 and 13 factors), the OF returned an infeasible solution within one minute of

computing time. For the remaining 22 difficult problems (involving 4–6, 8–10, 14–24 factors), the average gap

was 4.23%. None of the symmetry breaking approaches managed to solve a substantial number of difficult

problems to optimality. Only the ARF approach allowed the solution of two of these problems. The other

approaches allowed the solution of only one difficult problem. For the easy problems, all symmetry breaking

approaches are faster than the OF. The ARF approach has the smallest computing time for these problems

(54.30 seconds).

Finally, for 12 blocks of four runs, six problems were solved to optimality by the OF within the computing

time limit. The average computing time required to do so was 6976.54 seconds. The ARF approach performed

extremely well for the scenario with 12 blocks: it was able to solve all 31 problems to optimality, using a

very short average computing time (less than 30 seconds). The symmetry breaking approaches based on

the OF all performed better than the plain OF, but worse than the ARF. More specifically, they were all

able to solve the six easy problems to optimality and 11 or 13 of the 25 difficult problems (involving 5–24

factors), and they all required similar average computing times. It should be noted, however, that the ARF

is approximately 2 orders of magnitude faster than the best alternative symmetry breaking approach.

Table 8: Average computing times for finding optimal arrangements of 31 48-run designs in four and six blocks.

Formulation
4 blocks 6 blocks

Optimal solutions CPU-T(s) Gap Optimal solutions CPU-T(s) Gap

OF
26/26 527.21 0.01% 13/13 3061.39 0.01%
0/5 14400.12 0.56% 0/18 14401.65 1.19%

OF-LEX(14)
26/26 498.41 0.01% 13/13 2249.37 0.01%
1/5 13418.81 0.52% 4/18 12630.48 0.79%

OF-LEX(15)
25/26 1020.69 0.01% 13/13 1814.69 0.01%
1/5 13640.30 0.54% 2/18 13786.33 0.90%

ARF
23/26 2764.24 3.87% 13/13 4005.50 0.02%
0/5 14400.48 3.08% 2/18 13478.50 4.21%

OF-LEX(15)-HO
26/26 747.87 0.00% 12/13 3658.84 3.68%
1/5 13746.19 0.53% 2/18 13357.35 0.86%

OF-VR-HO
26/26 399.68 0.00% 13/13 1518.56 0.01%
0/5 14400.08 0.45% 5/18 12535.79 0.72%

OF-OBJ
26/26 690.80 0.00% 11/13 3544.43 3.72%
0/5 14401.09 0.57% 5/18 13403.32 0.81%

Table 9: Average computing times for finding optimal arrangements of 31 48-run designs in eight and twelve blocks.

Formulation
8 blocks 12 blocks

Optimal solutions CPU-T(s) Gap Optimal solutions CPU-T(s) Gap

OF
9/9 885.76 0.00% 6/6 6976.54 0.01%
0/22 14401.72 4.23% 0/25 14404.75 3.61%

OF-LEX(14)
9/9 256.85 0.00% 6/6 90.07 0.00%
1/22 13839.65 3.67% 11/25 8590.34 0.90%

OF-LEX(15)
9/9 273.15 0.00% 6/6 198.67 0.00%
1/22 13997.63 3.64% 11/25 8702.48 0.80%

ARF
9/9 54.30 0.00% 6/6 0.89 0.00%
2/22 13367.36 3.41% 25/25 22.84 0.00%

OF-LEX(15)-HO
9/9 267.17 0.00% 6/6 159.90 0.00%
1/22 14304.05 3.73% 11/25 8385.58 0.63%

OF-VR-HO
9/9 225.77 0.00% 6/6 68.51 0.00%
1/22 13857.07 3.40% 13/25 8039.01 0.48%

OF-OBJ
9/9 352.06 0.00% 6/6 341.75 0.00%
1/22 13830.03 3.86% 11/25 9234.57 0.84%
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5.3.2 Symmetry due to identical runs

For the three 48-run orthogonal arrays involving replicated runs, we investigated whether using constraints

to break the symmetry these runs cause speeds up the solution of the OF, the ARF, and two formulations

involving the OF and two kinds of symmetry breaking constraints for the blocks (i.e., the OF-VR-HO and

OF-LEX(15)-HO approaches). The results are summarized in Table 10. The three arrays involve 4, 5 and 6

factors and 16, 32 and 44 distinct runs (out of 48), respectively. In some cases, adding the symmetry breaking

constraints had a major impact on the computing times. For instance, the ARF was sped up substantially

by adding the constraints for the 5-factor array when the goal was to obtain an arrangement in four or six

blocks, and for the 6-factor array when looking for an arrangement in four blocks. Adding the symmetry

breaking constraints for identical runs to the OF leads to an increase in computing time for all cases. In

particular, for the design with six factors arranged in six blocks and the design with four factors arranged in

twelve blocks, adding the constraints to the OF made that the corresponding problems could no longer be

solved to optimality within the computing time limit of four hours, even though the plain OF could be solved

to optimality well within four hours of computing time. Combining constraints for breaking the symmetry

due to the blocks and constraints for breaking the symmetry due to identical runs in the OF led to quite

fast computing for all designs with replicated runs arranged in four and six blocks. Overall, the combined

OF-HO-VR formulation worked best for the problems with four and six blocks, whereas the ARF worked

best for problems with twelve blocks. None of the formulations allowed the solution of the instances with

eight blocks within the computing time limit.

6 Conclusions

In this paper, we proposed various symmetry breaking constraints and an alternative formulation to tackle

the symmetry in the original formulation of Sartono et al. (2015a) for identifying optimal arrangements of

orthogonal arrays in blocks. We consider two kinds of symmetry: symmetry due to the blocks and symmetry

due to the occurrence of identical runs in the orthogonal array under consideration.

We paid much attention to the first kind of symmetry, which is the most important one in screening

experiments with many factors and limited numbers of runs. To ensure the symmetry due to the blocks

is removed from the original problem formulation, we used variable reduction, lexicographical ordering and

hierarchical ordering, and combinations of these techniques. We also studied the impact of objective per-

turbation, and we explored an asymmetric representatives formulation that does not suffer from symmetry

due to the blocks. The asymmetric representatives formulation performed extremely well for large numbers

of blocks and limited numbers of runs per block (e.g., eight, ten and twelve blocks of size four, and eight

blocks of size six). However, that formulation performed rather poorly for problems involving few blocks (e.g.,

four blocks of size ten or twelve). If the number of blocks is as small as four, then the original formulation

of Sartono et al. (2015a) is definitely competitive, and it cannot be improved upon by adding symmetry

breaking constraints. Adding symmetry breaking constraints even tends to increase the required computing

time, while the number of problems solved to optimality hardly increases. For larger numbers of blocks,

adding symmetry breaking constraints to the original formulation does help to reduce the computing time.

For instance, for problems with five blocks of eight runs, eight blocks of six runs, ten blocks of four runs or

twelve blocks of four runs, all symmetry breaking constraints studied for the original formulation led to a

decrease in computing time. The larger the number of blocks, the larger is the decrease in computing time.

For the largest numbers of blocks, the best symmetry breaking approaches all allowed all problems to be

solved to optimality well within the computing time limit.

We also studied the use of symmetry breaking constraints to remove symmetry due to the occurrence of

replicated runs in the orthogonal arrays. Adding these kinds of constraints to the asymmetric representatives

formulation generally led to a substantial decrease in computing time in all cases except when arranging

48-run orthogonal arrays with replicated runs in 8 or 12 blocks. For the original formulation of Sartono et al.

(2015a), adding constraints to remove symmetry due to identical runs led to an increase in computing time

for all cases. However, the combination of constraints to break the symmetry due to the blocks and due
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to identical runs did lead to an improvement in computing time for designs with replicated runs arranged

in four blocks of size ten, four blocks of size twelve, and six block of size eight. In conclusion, our results

concerning the use of symmetry breaking constraints to cope with identical runs are mixed. We therefore do

not recommend to use these constraints by default.

Based on our computational experiments, we would recommend using the asymmetric representatives

formulation whenever the number of blocks is large and the number of runs per block is at most six. For

numbers of blocks up to four, there is no added value in using constraints that break the symmetry due to

the blocks. For intermediate problems, the original formulation of Sartono et al. (2015a) combined with one

or two types of symmetry breaking constraints seems best. The best symmetry breaking approaches involve

the lexicographical ordering constraints in Equations (14) and (15), and variable reduction combined with

hierarchical ordering.

In this paper, we illustrated our methodology by finding optimal arrangements of two-level orthogonal

arrays with run sizes of 32, 40 and 48. In future research, it would be interesting to apply our recommended

formulations to search for optimal blocking arrangements of mixed-level orthogonal arrays, and of two-level

orthogonal arrays with run sizes larger than 48. Also, since we used the same objective function as Sartono

et al. (2015a), our results are not optimal in terms of the statistical criteria called G- and G2- aberration.

This is because Sartono et al. (2015a) opted for an objective function that is linear in the decision variables.

Finding an alternative objective function that is a better approximation to the G- and G2- aberration criteria

would be another interesting topic for future research.
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