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Abstract: This paper develops an efficient method to solve a typical combinatorial optimization problem
that is frequently encountered when designing high levels of productivity and quality with a reasonable
cost. Recent industrial applications have critical quality requirements that are not taken into account by the
majority of methods proposed in the literature. In this paper, we explore the impact of adding these quality
constraints on the system performance. We use a fast cost calculation model to solve the optimal buffer
sizing problem in unreliable production lines simultaneously with the quality control problem constraints.
The system studied in this contribution consists of n machines, n fixed-size buffers and m inspection stations
in series. The objective is to minimize combined storage and shortage costs, and also to specify the optimal
number and location of those inspection stations in the system. We combine a multilevel hybrid search
method to identify search regions with promising locations of inspection stations and an exact method to
optimize the assignment of buffer sizes for each location. Numerical results on test problems from previous
research are reported. This approach reduces the solution time by more than 97% in some cases and allows
a huge test problem with 30 machines to be solved.

Key Words: Inspection, production lines, quality, combinatorial optimization, meta-heuristics.
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1 Introduction

Improving productivity with production control policy has been studied by several authors, and the major
works in the literature are based on the assumption that all parts produced are conform, which is not re-

alistic in industrial contexts. The current and standard quality analysis models tend to separately consider

the problem of developing strategies for the quality preservation in production lines (by positioning inspec-

tion stations, for example) and the development of strategies to optimize the production problem (Kanban,

CONWIP, or others). As has been well indicated [1, 2, 3, 4, 5, 6], both whole decisions are interdependent.
We illustrate this interdependence through the example of the analysis of Kanban strategies introduced by

Toyota in the sixties that have since become the paradigm of “lean manufacturing”: they essentially advocate

areas of limited storage between successive machines in a production line. The objective of these storage

areas is to allow a certain degree of decoupling between machines to increase the productivity of the line
(limitation of the effects of parts shortage for downstream machines or blocking machines that are upstream

from one that is broken down.). These stocks should be limited because they are associated with frozen

capital: the storage costs and extended transit times of parts in the workshop.

In an ideal “just in time” scenario, there would be no intermediate stock and finished parts would be pulled

from the system as they are produced. However, hazards such as machinery breakdowns and lack of raw
material or operators, will come to question this idealized vision, unable to ensure sufficient continuity of the

workshop output. The sizes of the storage areas are directly related to the statistics of these hazards, as well

as the estimated costs of the service losses that may result. So, if we choose to size the Kanban by completely

ignoring the production quality dimension in the problem, we likely risk overestimating the security service

level with storage areas which may contain important quantities of defective parts. These defective parts
play a negative role for at least two reasons: on one hand, they correspond to misused production line time,

since they decrease the efficiency of individual machines; they systematically undermine the “efficiency” of

the intermediate storage and its ability to help increase the productivity of the line. On the other hand, as

the investments associated with production line come from the same source, the costs associated with storage
within the line are going to burden the budget associated with the improvement of the quality and vice

versa. Authors in [7] present a survey of recent advances on the interface between quality and production

system design. They provide evidence that production design impacts quality and quality impacts production

design. Also, the location of the inspection station affects both the expected production cost per item and

the production rate of the line.

The integration of quality aspects and maintenance in production policies for a single unreliable machine

producing a singe product type has been receiving growing attention from researchers: the manufacturing

system starts in an “in-control” state producing conforming parts and then switches to an “out-control” state

and starts producing non conforming items. Due to the complexity of these models, different contributions

with integrated models have been developed and can be classified as: i) joint production and quality problem
([8, 9, 10], ...); ii) joint production and maintenance problem ([11, 12, 13], ...); iii) joint production, quality and

maintenance problem ([14, 15, 16], ...). They are many research works (see [17]) that focus on determining the

optimal inspection station position in n serial production lines with or without: i) scrapping, ii) rework, iii)

off-line repair, without considering the concept of buffer sizing. Considering serial production lines consisting
of production and inspection machines that follow Bernoulli reliability and quality assumptions, Meerkov in

[18] and [19] provided important insights into the nature of both production and quality bottlenecks. Such

systems are encountered in automotive assembly and painting operations where the downtime is relatively

short and the defects are a result of uncorrelated random events [20].

Like Kim and Gershwin [1, 2], we propose working with continuous production models (fluid models).
However, in [1, 2], although the models are continuous, quality remains discrete and we see this as a potential

source of contradictions in the modeling (unlike our model where quality is studied as a continuous flow) .

In our case, we consider a tandem of machines where every machine has to satisfy a demand rate of good

parts per time unit. We consider the problem of sizing the inventory level taking into account that the stock

is a mixture of good and defective parts and there is generally elimination of defective parts along the line
by positioning a number of inspection stations. A steady effort was made to develop decomposition methods
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to reduce the analysis of the line to a series of an equivalent machines that can be isolated and sequentially

analyzed [21].

Simulation is a real representation of the system studied. It can simulate any scenario involving any

decision, but simulation is not an optimization method and the use of an exhaustive method to find the
optimal solution is not practical when the systems are complex because the number of possibilities is huge (in

our case, it equals nm ∗ 100n) where n (resp. m) is the number of machines (resp. the number of inspection

stations). Therefore, it is important to use optimization techniques on a simplified but realistic mathematical

model. Modeling quality management issues combined with production management becomes very complex
when considering all the factors that impact quality and production. Hence, there is a need to simplify the

model by using some assumptions in a such a way that the resulting model can be solved optimally. We

are motivated in this work to develop an optimization technique that would be able to find the optimal or

near optimal solutions by performing a limited number of iterations. The same principle (but not similar

methods) has been used in other areas such as: maintenance [22], pull control policies [23], buffer allocation
[24]. These models are smaller and less complex than ours.

This paper efficiently solves a generalization of the model proposed in [21] where the question of finding

the optimal number and positions of the inspection stations in the production line is addressed. We adapt and

combine a partitioning technique, Tabu Search (TS) and Genetic Algorithm (GA) to identify search regions

with promising locations of inspection stations and an exact method to optimize the assignment of buffer sizes
for each given location. Hybridizing in this way (which we refer to as multilevel hybridizing) is very effective

for high-dimensional combinatorial optimization problems. In fact, when the number of solutions is huge, as

is the case in this paper, this step aims to locate promising search regions. This approach provides a balance

between diversification and intensification. First, the selection of solutions by GA allows the identification
of promising regions in the search space. One intended role of using GA is to facilitate the exploration by

guiding the search to unvisited regions with good potential. This leads to a certain diversification in terms

of subspaces to explore. Second, TS intends to search intensively around good solutions found in the past

search. This leads to intensification by exploiting the neighborhood of each solution selected by GA.

The exact method of [25] has been shown to be efficient when dealing with small instances of buffer
sizing and an inspection stations allocation problem. This approach is an Exhaustive Search Method (ESM)

because the search is guaranteed to generate all possible locations of inspection stations. For each fixed

location, the problem is reformulated as a network flow optimization problem that can be efficiently solved

by a fast polynomial algorithm. Actually, the space that will be searched is finite but very large and the

exhaustive search method may need hours for large instances. To evaluate the objective function (called
fitness) for the fixed locations proposed by the hybrid method, we use the same shortest path procedure used

in ESM. The new approach proposed in this paper finds optimal (in most cases) or near optimal solutions in

a fraction of time compared to the exhaustive search method proposed in [25].

The knowledge resulting from this model, developing such optimization techniques, and business rules

will enable the development of tools that can be combined with the simulation to evaluate and optimize more
realistic and complex models without the simplifying assumptions (in our case we assume that the line is

homogeneous, final demand is constant, etc.).

The remainder of the paper is organized as follows. In Section 2, the problem statement and some

theoretical properties are discussed. A short description of the proposed approach is given in Section 3. A

comparison between ESM [25] and this hybrid method, consolidated with some numerical results, will be
presented in Section 4. Conclusions are drawn in Section 5.

2 Problem formulation and theoretical discussion

Figure 1 illustrates the production system studies. It consists of n machines separated by n− 1 buffers and

contains (m+1) inspection stations. Machines can be either up or down, starved or blocked. A machine Mi

is starved if one of the upstream machines is down and all buffers between this machine and the machine Mi

are empty. Mi is blocked if one of the downstream machines is down and all buffers between this machine
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and the machine Mi are full. When a machine is neither starved nor blocked and is operational, it transfers

parts from the upstream buffer to the downstream in a continuous way. We assume that the first machine

can never be starved and an inspection station is located after the last machine to ensure the conformity of
parts received by the customer.

Figure 1: The production line

All machines Mi, i = 1...n could be modeled as a continuous time Markov chain that produce a single

part type with two different quality levels: conforming and non conforming with the same predefined ratio

of non-conforming parts to conforming parts β. We consider that all the machines have the same maximum
production rate k, failure rate p and repair rate r.

We denote d the demand rate for good parts from the last buffer, xi the inventory level on the buffer i,

d̃i the long term average number of parts pulled unit of time from the stock xi, cp the storage cost per time

unit and per part, cI the inspection cost per pulled part, and andes the required availability rate of conforming
finished parts.

A binary variable λi determines whether or not there is a station before the machine M(i+1) to ensure

that all the parts being processed by M(i+1) are conforming. We suppose that m inspection stations are

dispersed along the line (m is not known) i.e.

n−1
∑

i=1

λi = m, m ∈ {0, 1, ..., (n− 1)} and λn = 1.

The optimization problem is the minimizing of the long term per unit time average global cost of storage,

production shortages, and inspection. In other words, the cost to be minimized is:

JT (d̃i,λi)
= lim

T→∞

1

T

n
∑

i=1

E





T
∫

0

(cp xi(t) + cI d̃i λi)dt



 (1)

under conditions:
n−1
∑

i=1

λi = m,m ∈ {0, 1, ..., (n− 1)} and λn = 1.

The average long term combined storage, shortage costs and inspection costs in (1) expressions can be written

after development and calculation (see article [21]) as:

J(a, λ) =

n−1
∑

i=1

T (i)(a, λ) + TF (a, λ) + cI

n
∑

i=1

λi d̃i (2)

T (i)(a, λ) = cp

(

k
(r(1−ai−1)+p)

ai−1

σi(k − d̃i

ai
) (r+p)

ai−1

−
k (1 − ai)

σi(k − d̃i

ai
)
−

[

1

σi
−

(1− ai)
(r+p)
ai−1

σ2
i (k − d̃i

ai
)

]

ln

[ (r(1−ai−1)+p)
ai−1

d̃i

ai

r (k − d̃i

ai
)

−
σi

(r(1−ai−1)+p)
ai−1

d̃i

ai

(r+p)
ai−1

r (1− ai)

]

)

, i = 1, ..., n− 1 (3)

TF (a, λ) =
ρn cp (

k (1−exp(−µn(1−ρn) zn(a
des
n ))

1−ρn
− (r+p)

an−1
zn(a

des
n ) exp(−µn(1− ρn) zn(a

des
n ))

(r+p)
an−1

(1− ρn exp(−µn(1− ρn) zn(adesn )))
(4)
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with: σi =
( (r+p)

ai−1
)

d̃i
ai

−k r

(k−
d̃i
ai

)
d̃i
ai

, ρn =
r(k− d̃n

ades
n

)

(r(1−an−1)+p)

an−1

d̃n

ades
n

, µn = (r(1−an−1)+p)

an−1(k−
d̃n

ades
n

)
and

zn(a
des
n ) = −

ln





1
ρn



1−
(1−ρn)

(1−ades
n )(

(r+p)
(r(1−an−1)+p)

)









µn(1−ρn)

• ai, i = 1...n−1 is the total parts wip availability coefficient at buffer xi ; this coefficient is lower-bounded

by max

[

(

r
(r+p)

)i−1

,
(r+p) d̃i

r k

]

and upper-bounded by min
(

[

r+p
r

](n−i)
adesn , 1

)

. (For more details see

[26])

• d̃i, i = 1...n is the long term average number of parts pulled per unit time from stock xi. The d̃i, i = 1...n

expression depends on the selected position along the line of them inspection stations. So if ej, j = 1...m

the inspection station’s position, i.e.

λi =

{

1 if i = ej , j = 1...m
0 if not

}

(5)

then:

d̃i =































d(1 + β)n if 1 ≤ i ≤ e1
d(1 + β)n−e1 if e1 < i ≤ e2
. .

. .

d(1 + β)n−em−1 if em−1 < i ≤ em
d(1 + β)n−em if em < i ≤ n































(6)

The problem can be formulated as follows: find the minimal average global cost system structure (a, λ,m)

that satisfies both constraints. That is,

minimize J(a, λ,m) (7)

subject to

n−1
∑

i=1

λi = m ∀m, 1 ≤ m ≤ n− 1, (8)

max

[

(

r

(r + p)

)i−1

,
(r + p) d̃i

r k

]

≤ ai ≤ min

(

[

r + p

r

](n−i)

adesn , 1

)

, ∀i, 1 ≤ i ≤ n, (9)

λn = 1 and an = adesn , (10)

λi ∈ {0, 1} ∀i, 1 ≤ i ≤ n− 1. (11)

ai ≥ 0 ∀i, 1 ≤ i ≤ n, (12)

The next proposition discusses the sensitivity of the production line to cI . A numerical example is given

in Subsection 4.3 to illustrate this theoretical result.

Proposition 2.1 The total cost as a function of cI is a piecewise linear function. The slope of the line depends

on the number of inspection stations m and their positions λ.

Proof. The minimum total storage and inspection costs is

J(a, λ) =

n−1
∑

i=1

T (i)(a, λ) + TF (a, λ) + cI

n
∑

i=1

λid̃i

The optimal total storage and inspection costs as a function of cI is:
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J(a∗, λ∗) =

n−1
∑

i=1

T (i)(a∗, λ∗) + TF (a
∗, λ∗) + cI

n
∑

i=1

λ∗
i d̃

∗
i

= Constant(cI) + cI

n
∑

i=1

λ∗
i d̃

∗
i (13)

where (a∗, λ∗) = argmin(J(a, λ)).

So, if ei, i = 1...m are the inspection station’s positions , then we can write equation (13) as follows:

J(a∗, λ∗) = Constant(cI) + cI

(

m
∑

i=1

d(1 + β)n−ei + d(1 + β)n

)

(14)

This equation makes it possible to conclude the total cost as a function of cI is a piecewise linear function,

of which the slope depends only on m and the inspection station’s position ei, i = 1...m.

The cost function is likely to be convex. Conjecturing on the convexity of the cost function may lead to

reducing the number of iterations of the algorithm. For instance, the local minimum of a convex function is
also a global minimum and there are many efficient specialized methods for optimizing convex functions. This

reduction in the number of iterations will lead to a significant reduction in the overall solution time. Actually,

Conjecture 2.2 emphasizes the fact that the cost function is convex on the position of the inspection station

and on the number of the located inspection stations. This conjecture is likely to be true as empirically

shown by the numerical results in Subsection 4.2.

Conjecture 2.2

• The minimal total cost (storage and inspection costs) is a convex function of λ, i.e. the location of the

internal inspection station.

• The minimal total cost (storage and inspection costs) is a convex function of the number of the internal

inspection stations.

• If we divide the production line into two parts that are the same size (i.e. same number of machines)
and we fix the number of stations in the first part, the minimal total cost (storage and inspection costs)

is a convex function of the number of the internal inspection stations in the second part.

3 Methodology of the solution

The objective is minimizing the average long term combined storage and shortage costs, while also specifying
the optimal location of inspection stations that provide the specified final conditions set by the customer.

The goal is to solve the optimization task given by Eqs. (7)–(12) for a larger test problem with 30 machines.

3.1 Exact method

This exhaustive search method (ESM) was first introduced in [25]. For a fixed λ, we obtain an objective func-

tion that is separable by variables ai (T
(i)(a, λ) = T (i)(ai, ai−1, λ)). The idea is to reformulate minaJ(a, λ),

for each fixed location λ, as a shortest path problem defined on a network (described below) and efficiently

solve it by a standard shortest path algorithm to find an optimal assignment of buffer sizes.

Consider the connected network G(E, V ) consisting of a set of nodes E and a set of links V as depicted
in Figure 2. Each column i corresponds to a set of buffer availability possibilities for machine i. Each node is

connected to all nodes in the next column. Each arc is associated with a real number ci,i+1 that corresponds

to the shortage and inspection costs, such that: c0,1 = 1, ci,i+1 = T i(ai, ai+1, λ) + cI × λi × d̃i, i = 1...n− 2

and cn−1,n = TF (an−1, an, λ) + cI × λn × d̃n.

The algorithm is given by Algorithm 1. The exact method finds the optimal solutions for the 10 machine

and 20 machine instances. However, the run time appears to be unreasonable for some instances: the exact



6 G–2015–96 Les Cahiers du GERAD

Figure 2: The network flow problem

method applied to the problem with 20 machines (for 7 ≤ m ≤ 13) takes hours. Especially if we increase

the number of machines, this method becomes drastically inefficient. For large instances (30 machines and a

variable number of inspection stations), ESM was unable to solve them.

Algorithm 1 Optimal buffer sizing and inspection stations location algorithm [25]

Z∗ = ∞.
for all λ do

Evaluate the cost function Z and a for λ by Algorithm 2.
if Z < Z∗ then

Z∗ = Z, a∗ = a, λ∗ = λ.
end if

end for

return (Z∗, a∗, λ∗).

Algorithm 2 Fitness evaluation

Given a λ:
- Construct the network G.
- Find a shortest path in G (the buffer size vector a) and set Z to its cost.
return (Z, a).

3.2 Multilevel Hybrid Heuristic

To solve very large instances of the combinatorial optimization problem formulated in (7)–(12), it is important
to have an effective and fast procedure to locate the extra m inspection stations (without going through all

the combinations). The main idea of our approach consists of combining ideas from the exact method and

meta-heuristic techniques. In fact, the search space S, which is very large, is composed of all possible λi values

considered during the search. A particularity of the proposed approach is that it proceeds in two steps to

deal with this huge number of solutions: (i) partitioning the search space into a set of disjoint subspaces; (ii)
applying meta-heuristic techniques (a hybrid heuristic) to subspaces to select potential solutions. Algorithm 2

presented in Section 3.1 is applied for each selected λ (in a subspace) to evaluate its fitness and select the
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optimal combination of buffer sizes ai. This approach finds near optimal solutions for the same instances in

a fraction of time compared to ESM. Details are given in the following subsections.

3.2.1 Partitioning the search space

We present some basic concepts of the partitioning used in the proposed approach. Here-forth, a solution

vector refers to λ. Each solution vector is assigned an address, also called level, as explained below.

Definition 3.1 We divide the solution vector into two equal parts and we create an address for each solution

as follows: the address of λ is defined by: Address(λ) =

n/2
∑

l=1

λl.

Example

Let us consider a system of n = 20 machines with m = 5 inspection stations: 2 inspection stations located
in the first part and 3 inspection stations located in the second part:

λ = [(0, 0, 1, 0, 0, 0, 0, 1, 0, 0), (0,0,1,0,0,1,0,0,0,1)]

From the above definition, the address of λ is simply obtained by counting the number of 1 in the first part.

That is, address(λ) = 2.

Definition 3.2 A search subspace of address r, denoted by Sr is defined as the set of solutions which have the

same address, equal to r.

Following the above definitions, the lower bound of r is 0 and its upper bound is m. It is obvious that

(Sr)1≤r≤m is a partition of the search space S. This means that:

1. Sr1

⋂

Sr2 = ∅ ∀ r1 6= r2, and

2. S =

m
⋃

r=0

Sr.

3.2.2 Hybrid heuristic

When the number of combinations in λ is huge in a certain Sr, the objective of this step is to locate

promising regions in Sr. The proposed hybrid optimization approach is based on a combination of Genetic

Algorithm (GA) and Tabu Search (TS). The approach tends to provide a balance between diversification and

intensification. First, the selection of λ by some GA-operators allows the identification of the search space.
One intended role of the used GA is to facilitate the exploration by guiding the search to unvisited regions.

Second, the intended role of TS is to search carefully and intensively around good solutions found in the

past search. The hybrid heuristic is presented in Algorithm 3. Nrep and Nc are parameters tuned by the

experimentation.

In Step 3, we use the so-called one-point crossover operator, which, as illustrated in Table 1, creates the
child string O for the given pair of parent strings λ1 and λ2 by:

1. Copying string elements belonging to the first fragment from λ1;

2. Copying the rest of the string elements from λ2.

Table 1: An example illustrating the 1-point crossover procedure

Parent string λ1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1
Parent string λ2 0 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 0 0 0 1

Child string 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 1
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Algorithm 3 Hybrid Heuristic Algorithm

Given level r, Nrep, Nc

Z∗ = ∞, k = 0, l = 0.
Step 1. Generate random population of Ns chromosomes (solutions of the same address).
Step 2. Select randomly from the populations two solutions of Sr named parent1 and parent2 that will
“reproduce” to create a new solution.
Step 3. Produce a new solution O (child or offspring) from a selected pair of parent solutions.
Step 4. Find the best solution (Z, a, λ) in the neighborhood of the new child O (V (O)) using the TS
algorithm.
if Z < Z∗ then

Z∗ = Z, a∗ = a, λ∗ = λ.
end if

Step 5. If the new solution obtained by TS is better than the worst solution currently in the population,
it replaces it, or else it is discarded.
if k < Nrep then

k = k + 1 and go to Step 2.
end if

Step 6. Decide if the population is replenished and start a new genetic.
if l < Nc then

k = 0, l = l + 1 and go to Step 1.
end if

return (Z∗, a∗, λ∗).

Tabu search, used in Step 4, is a meta-heuristic that consists of an iterative method, where at each iteration

we move from a current solution to a new solution in a neighborhood, until some stopping criterion has been

satisfied. Our neighborhood structure is defined as follows: at each iteration of TS, the local transformations
(or moves) that can be applied to the current solution λ, define a set of neighboring solutions for a given

subspace as: Neighborhood(λ) = {inspection stations located in a production line obtained by applying a

single move to λ}. The move applied to λ consists of changing two positions of the inspection stations. It

follows that the number of inspection stations located in the production line does not change after a local

transformation of λ. Each new solution obtained by TS is decoded to obtain its fitness value. These fitness
values, which are a measure of quality, are used to compare different solutions. This fitness is evaluated

according to the objective function J(a, λ) optimized with an exact method (Algorithm 2).

TS enhances the local search performance by using memory structures: once a potential solution has been

determined, it is marked as tabu, so that the algorithm does not visit that possibility repeatedly. That is,

tabus are used to prevent cycling when moving away from local optima through non-improving moves. At
each iteration, the best solution λ′ in a subspace V(λ) ⊂ Neighborhood(λ) is selected and considered as a

tabu solution for some next iterations. The subspace V(λ), called the effective neighborhood, is generated by

eliminating the tabu solutions from Neighborhood (λ). Tabu solutions are stored in a short-term memory,

called a tabu list, which contains the solutions that have been visited in the recent past. The size of the tabu
list (tabu tenure) used in this paper is dynamic, as it is usually found that using a variable size tabu list is

more efficient [27, 28]. Finally, the stopping criterion is specified in terms of a maximum number of local

iterations (mnli) without improving the best-known solution.

3.2.3 Multilevel Hybrid Algorithm

Multilevel Hybrid Heuristic (MHH) is an iterative procedure, where at each iteration we move from a current

level to a new level. Choosing a search space and a neighborhood structure is by far the most critical step in

the design of any meta-heuristic. It is at this step that one must make the best use of the understanding and
knowledge he/she has of the problem at hand [27]. In the problem studied in this paper, the search space is

the space of all possible line structures considered (visited solutions) during the search. After dividing the

search space into a set of disjoint subspaces, this approach applies hybrid heuristic presented in Section 3.2.2

to each selected subspace. The algorithm can be presented as follows:
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Algorithm 4 Multilevel Hybrid Heuristic

Z∗ = ∞.
Step 1. The initial solution is chosen such that there is no inspection station (λi = 0 ∀i ≤ n− 1).
Step 2. The address r is randomly incremented and the best solution (Z, a, λ) in Sr is calculated by
Algorithm 3.
if Z < Z∗ then

Z∗ = Z, a∗ = a, λ∗ = λ.
end if

Step 3. The termination criterion is checked. It is defined as the maximum time (maxt) without finding
an improvement in the best known solution. If it is reached, the search is concluded and the best obtained
solution is recommended. Otherwise, return to step 2.
return (Z, a).

4 Numerical results

To analyze the solution method introduced in this paper, three design optimization problems (benchmarks)

are used: a sample with 10 machines, a larger test problem with 20 machines and a huge one with 30 machines.

The algorithms are implemented in C++. The numerical tests were completed on an Intel Core i7 at 2.8 GHz
with 8 GB of RAM running Linux. Table 2 shows the different parameters used for the numerical results:

Table 2: System parameters

n p r k β d cp cI adesn maxt(sec) Nc Nrep mnli

10 machines 10 0,2 0,9 4 0,1 1 1 2 0.95 10 2 3 5
20 machines 20 0,2 0,9 9 0,1 1 0.1 0.2 0.95 600 2 5 5
30 machines 30 0,2 0,9 22 0,1 1 0.1 0.2 0.95 3600 2 5 5

4.1 Comparing MHH to ESM

To compare MHH to ESM, we re-implemented ESM in the same conditions (computer, programming lan-

guage, operating systems, etc.) as the MHH algorithm. On the one hand, this allows us to determine the

optimal solutions, for small to medium size instances, to compare. On the other hand, it allows the obser-
vation of how ESM behaves on the third problem instance, which is an important benchmark that has been

newly proposed in this paper. The percent that one solution improves upon another is defined in terms of

objective value and CPU time as follows:

MPTI = 100 ×
(ESM Time - MHH Time)

ESM Time
%. (15)

For 10 machines, MHH and ESM find the same optimal solutions in comparable times. The comparison

results are given in Tables 3 and 4 for 20 and 30 machines with m = 1...10. The first column indicates the

number m of inspection stations. Note that there is no column for ESM cost because it coincides with MHH

cost. MHH finds optimal solutions for all instances. The columns MHH/Best tell the time in which the

best solution is found while the column MHH/Final tells the time MHH finishes according to the stopping
criteria. ESM takes hours with the problem with 20 machines. Comparisons show that MHH outperforms

ESM in terms of the execution time. In fact, MHH finds optimal solutions in a fraction of the MHH time

on the 20 machine problem. For the problem with 30 machines, our method finds high-quality solutions in

a reasonable time. ESM cannot solve instances with m ≥ 7 in a reasonable times. For example, for m = 7,
after one month, the algorithm cannot converge to a global solution. So, we cannot expect to obtain an

optimal solution by ESM in a reasonable times except for the problem with 10 machines. For this reason,

we need very fast heuristics to provide very good results in acceptable times.
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Table 3: The comparison results for 20 machines

Cost Running time (s)

m MHH ESM MHH/Best MHH/F inal MPTI

1 9.2315 15.3 34.3 177.6 -91.39
2 6.9004 105.7 77.4 440.5 -76.01
3 6.2806 421.7 422.0 1011.9 -58.33
4 6.2998 1601.2 591.7 1191.7 25.58
5 6.4972 4743.3 571.2 879.4 81.46
6 6.7430 11108.7 631.4 992.0 91.07
7 7.0159 20613.0 635.2 1108.9 94.62
8 7.3165 29790.2 960.7 1560.7 94.76
9 7.6498 35764.9 476.5 1076.5 96.99
10 8.0147 35767.6 109.0 709.0 98.02

Table 4: The comparison results for 30 machines

Cost Running time (s)

m MHH ESM MHH/Best MHH/F inal MPTI

1 43.3517 31.2 109.6 829.3 -96.24
2 24.5994 389.4 1186.7 1554.6 -74.95
3 21.1825 3524.2 3779.7 3926.9 -10.25
4 19.5903 18769.2 4470.1 5671.9 69.78
5 19.1385 115432.0 6584.2 8065.0 93.01
6 19.3456 421630.0 10034.2 13634.2 96.77
7 19.5901 – 10713.9 14313.9 –
8 19.8583 – 12300.6 15900.6 –
9 20.1527 – 10549.2 14149.2 –
10 20.4792 – 11128.0 14728.0 –

Table 5 shows the results for 20 machines by MHH and ESM while limiting the running time to one hour.
Both methods find optimal solutions in one hour for m ≤ 5. MHH finds better solutions for m ≥ 6.

Table 5: Results by MHH and ESM for 20 machines during 1 hour

m MHH ESM

1 09.2315 09.2315
2 06.9004 06.9004
3 06.2806 06.2806
4 06.2998 06.2998
5 06.4972 06.4972
6 06.7430 07.0839
7 07.0159 07.4549
8 07.3165 07.8745
9 07.6498 08.4677
10 07.7947 08.8909

4.2 Characteristics of the production line

After demonstrating how quickly and efficiency the hybrid method can be, we will show some results of

interest from the homogenous case with 10 and 20 machines. Figure 3 displays the optimal cost as a function

of the location of the internal inspection station λi, i = 1, 2, ..., 9. The optimal number of inspection stations

is m = 1, and in this case the minimal total cost (storage and inspection costs) is a convex function of the
location of the internal inspection station. The optimal position of the station is after the fourth machine

i.e. λ4 = 1.

Figure 4 displays the optimal cost as a function of a number of internal inspection stations m = i,

i = 1, 2, ..., 19. We notice that the minimal total cost (storage and inspection costs) is a convex function of
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Figure 3: The optimal cost as a function of λi, i = 1, 2, ..., 9: The 10 machines case
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Figure 4: The optimal cost as a function of m = 1, 2, ..., 19: The 20-machine case

a number of internal inspection stations m. The optimal number of inspection stations is m = 3, and the
optimal positions of these stations are: λ2 = 1, λ7 = 1, λ18 = 1, otherwise λi = 0. The results obtained by

MHH and ESM are identical.

Figure 5 displays the best cost found by MHH as a function of the number of the internal inspection

stations m = i, i = 1, 2, ..., 29. We notice that the minimal total cost is a convex function of the number

of the internal inspection stations m and the optimal number of inspection stations is m = 5. The optimal
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positions of these stations are: λ1 = 1, λ3 = 1, λ7 = 1, λ15 = 1 and λ29 = 1. These results confirm

Conjecture 2.2.
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Figure 5: The optimal cost as a function of the number of inspection stations, m: The 30-machine case.

4.3 Sensitivity analysis

In this subsection, we study how the optimal total cost and the optimal number of inspection stations reacts

to the variation of some parameters of the model. In our case, the parameters will be β and cI . Table 6

defines the set of parameters we are using for this study.

Table 6: System parameters

n p r k d cp adesn

20 machines 20 0,2 0,9 9 1 0.1 0.95

4.3.1 The inspection cost cI

We begin by studying the effect of changing the inspection cost per time unit and per part cI (for a fixed

β = 0, 1). Figure 6 (the top one) shows that for values of cI close to the storage cost per time unit and per

part cp, the optimal number of inspection stations is quite high (bottom figure), while for a very high value
of cI , the optimal number of required inspection stations decreases until it reaches zero (for a very high total

cost). This makes sense since the system will encourage storage when it is more profitable or help eliminate

non-conforming parts by imposing more inspection stations otherwise.

Also, when the inspection cost per time unit and per part cI increases, the locations of the inspection

stations tend to be closer to the end of the line and when one of those stations is placed after the n − 1
machine then any increase in cI will make this station unnecessary, meaning that the optimal number of

stations will be reduced by 1 (Table 7).
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Figure 6: The optimal number of inspection stations and the optimal total cost as a function of cI

Table 7: The optimal location of inspection stations

cI 0.2 0.3 0.5 0.6 0.8 1.2 1.3 2 2.7 3.3 3.9 4.5 5.2 5.7

The optimal m 3 3 2 2 2 2 1 1 1 1 1 1 1 1

The optimal positions 2; 7; 18 2; 7; 19 3; 11 3; 13 3; 14 4; 19 5 6 7 8 9 10 11 11

Figure 7 displays the case m = 1 (top figure) and m = 0 (bottom figure). In the first case and for each

inspection station position, the total cost as a function of cI is linear. Whereas in the second case, and

because there is no inspection station, the total cost as a function of cI is a linear function.

4.3.2 The fraction of non conforming to conforming parts β

Figure 8 and Table 8 show the behavior of the line as a function of β. When β increases, the quantity of

non-conforming parts increases, unlike the quantity of good parts that will decrease. This means that if we

do not eliminate the nonconformity from the system, then the machines will work harder and the stocks will
fill faster than if we do and the line will not be able to meet the final demand. Unlike the case in which cI
varies, the cost does not vary linearly (Figure 7) but exponentially (Figure 9) .
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Figure 7: The optimal total cost as a function of cI (Two cases: m∗ = 1 and m∗ = 0)
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Figure 8: The optimal number of inspection stations as a function of β

Table 8: The optimal inspection stations location

β 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11

The optimal m 1 1 1 1 2 2 3 3 4

The optimal positions 18 18 18 16 8; 18 6; 18 4; 10; 19 2; 7; 18 2; 4; 8; 18

5 Conclusions

This paper proposes an efficient hybrid approach based on ideas from an exact method and meta-heuristics to

solve the buffer sizing problem in unreliable homogeneous production lines with several inspection stations.
This is a very hard mixed integer nonlinear program. The proposed approach combines the genetic algorithm

and tabu search to identify profitable configurations (locations of the inspection stations). For these locations,
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Figure 9: The optimal total cost as a function of β

we use an exact approach to decide the optimal sizes of buffers to use. Our final goal is to find an optimal

or near optimal design. This hybrid approach provides a balance between diversification and intensification

that is demonstrated to work well on such homogeneous production lines with up to 30 machines. When

compared to ESM, MHH results are superior in terms of CPU time for the same quality of solutions. Future
research will focus on developing a more realistic analytic model for non homogeneous production lines and

solving it by combining simulation and optimization methods.
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