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Abstract. In the Quadratic Assignment Problem (QAP), facilities are assigned to sites in 
order to minimize interactions between pairs of facilities. Although easy to define, it is 
considered as one of the hardest problems in combinatorial optimization, due to its non-
linear nature. After decades of research on the QAP, many variations of this problem arose 
to deal with different applications. Along with the QAP, we consider in this study four variants 
- the Quadratic Bottleneck Assignment Problem, the Biquadratic Assignment Problem, the 
Quadratic Semi-Assignment Problem, and the Generalized QAP - and develop a single 
framework to solve them. Our multi-start iterated tabu search (MS-ITS) is based on the most 
successful heuristics to solve the QAP. It combines the diversification phase of generating 
new local optima found after modifying a solution, using an operator that performs random 
swaps of facilities, with the intensification phase of a simple, yet effective, tabu search. The 
search is speed up through several solutions being improved concurrently using parallelism, 
and a convergence criteria determines whether the search stops according to the current 
best solutions in each parallel search. Computational experiments using the hardest 
benchmark instances from the literature attest the effectiveness of the MS-ITS, showing its 
competitiveness when compared to state-of-the-art methods to solve this problem. We also 
show that our MS-ITS significantly outperforms the best methods found for all four variants 
of the QAP, significantly improving their literature. 
Keywords. Assignment, quadratic assignment, hybrid metaheuristic, tabu search, parallel 
computing. 
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1. Introduction

Consider an assignment problem where facilities have to be located in sites. Each facility can be

located in one site and each site can hold exactly one facility. The distances between sites and the

flows between facilities are given. The Quadratic Assignment Problem (QAP) consists in minimizing

a cost function expressed by the distance and the flow between each pair of facilities located in their

respective sites.

The QAP was introduced in 1957 by Koopmans and Beckmann [49]. It is a well-known and well-studied

problem, being considered as one of the most difficult ones to solve in combinatorial optimization. It

belongs to the class of NP-complete problems, meaning that no known polynomial time algorithm

exists to solve it up to a proven optimality. Even finding an approximate solution to the QAP is hard

[79]. This difficulty is mainly due to the quadratic form of its objective function in addition to its

combinatorial nature.

Several problems related to the QAP appeared in literature in the following years. The Quadratic

Bottleneck Assignment Problem (QBAP) was proposed in 1961 by Steinberg [86], and it aims to

minimize the maximum cost between two facilities instead of the overall network cost. Two years later,

the Biquadratic Assignment Problem (BiQAP) was proposed by Lawler [51]. It is essentially a QAP

in which the interactions occur between four facilities simultaneously instead of two. The Quadratic

Semi-Assignment Problem (QSAP), proposed in 1969 by Greenberb [40], relaxes the constraints that

all sites have to be assigned to exactly one facility, allowing the number of potential sites to be different

than the number of facilities. A relatively new problem is the Generalized QAP (GQAP), proposed

in 2003 by Lee and Ma [53], which generalizes the QAP by considering that multiple facilities can be

located in a site, if enough resources are available. Other less used and studied variants also exist

[48, 76, 78, 85].

A number of practical problems can be formulated as a QAP or one of its variants. The design of

typewriter keyboards [77] or keyboards on touchscreen devices [25] can be formulated as a QAP in

order to arrange the keys to minimize the time needed to write some text. The campus planning

problem [26] and the hospital layout problem [32] are essentially QAPs where buildings have to be

located in the available sites in order to minimize the total walking distance between the buildings.

The backboard wiring problem is solved using a QBAP to minimize the length of the longest wire

that connects controls and displays [86]. A GQAP can be used to design a university curriculum [91].
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Other applications include the molecular conformation problem [75], dartboard design [31], zoning

in forests [11], computer motherboard design [65], and presidential campaign itinerary planning [52].

Perhaps the most popular applications arise in logistics and facility layout. Cordeau et al. [22] use

the GQAP to manage containers in a storage yard. Fu and Kaku [36] and Benjaafar [6] show that

the QAP can be used to design a facility layout in order to minimize work-in-process inventories.

Chiang et al. [20] use a BiQAP variant as a quantitative attempt to minimize workflow interferences

in facility layout design. Krarup and Pruzan [50] describe the QAP as being equivalent to the layout

planning problem. The QAP can also be adapted to formulate other fundamental problems such as

the traveling salesman problem, the graph partitioning problem and the maximal clique problem [73],

while the QSAP is used for optimizing clustering [43] and scheduling [57] problems.

In their review, Abdel-Basset et al. [1] show that the majority of exact approaches for QAPs use some

sort of branch-and-bound related algorithm. First schemes of this technique are found in Gilmore [38]

and Lawler [51] and recent advances in Hahn et al. [41]. Other exact approaches use cutting plane

methods [5, 65], branch-and-cut [33], and dynamic programming [21]. The calculation of lower bounds

for QAPs is also a topic of interest in research. Some examples of techniques are the Gilmore-Lawler

bound [38], eigenvalue related bound [34], bounds based on linear programming [2, 27], and bounds

based on reformulations [82]. The presented methods are used for the QAP, but they can be easily

adapted for its variants.

Exact methods usually fail to prove solution optimality within a reasonable time for instances of con-

siderable size. An alternative approach to deal with these instances is the use of heuristics and

metaheuristics, such as simulated annealing [66], genetic algorithms [29], scatter search [23], ant

colony [59, 89], neural networks [12], particle swarm [54], greedy randomized adaptive search pro-

cedure (GRASP) [71], variable neighborhood search [37], and tabu search [30]. Recent trends in the

development of heuristic procedures to solve QAPs are the combination of two or more metaheuristics,

creating a hybrid algorithm, most of which use a diversification-intensification approach. Because of

the good performance of tabu search in QAPs, several hybrid heuristics use it in this phase. For

example, Chiang and Chiang [19] and Misevičius [67] incorporate tabu search to simulated anneal-

ing, Hasegawa et al. [45] use tabu search with a neural network, and Youssef et al. [92] hybridize

tabu search, simulated annealing and fuzzy logic. A popular combination is tabu search with genetic

algorithm [4, 28, 35]. When genetic algorithms are hybridized with local searches and have all solu-

tions improved by them, they are known as memetic algorithms. Moreover, some methods based on
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memetic algorithms are found in Merz and Freisleben [63] and Ostrowski and Ruoppila [72]. Memetic

algorithms are highly parallelizable, which can potentially linearly reduce the running time of the

algorithm with the number of available cores. Even when no genetic operators are applied, but solu-

tions are evolved in parallel, parallelism has potential to speed up the search. Several studies applied

parallelism to solve the QAP [44, 46, 69, 90].

The QAP has received considerable attention during the last decades, as shown by the several QAP

books and reviews (see Abdel-Basset et al. [1], Burkard [14], Finke et al. [34] and Loiola et al. [55]).

However, the literature for its variants is outdated, and modern methods were not yet tested for most

of them.

In this paper, we present a multi-start iterated tabu search (MS-ITS) metaheuristic to solve the QAP,

QBAP, BiQAP, QSAP and GQAP. The method iterates between diversification-intensification phases

to evolve multiple solutions, performing random modifications to them followed by local searches and

a tabu search to reach new local optima. Since the intensification phase is too time consuming, we

use parallelism to apply multiple tabu searches simultaneously to the solutions evolving in parallel.

Our MS-ITS has a different structure than similar approaches for this problem. We show that our

framework is robust enough to be adapted to solve all five problems requiring no major modifica-

tions. Computational experiments using benchmark instances attest the effectiveness of the MS-ITS,

significantly updating the state-of-the-art methods of the QAP variants. Our method has the best

average performance compared to the other heuristics for a hard set of benchmark instances for the

QAP, finding solutions on average at 0.03% from best known solutions (BKS). For the BiQAP, QSAP,

and GQAP, we find the BKS in all instances tested performing better than the state-of-the-art meth-

ods used as comparison, either heuristics or exact methods. For the QBAP, we show that MS-ITS

outperforms a state-of-the-art exact method especially in larger instances.

Another contribution of this paper is providing a literature review of the most relevant research related

to the QAP and its variants. We survey the most relevant formulations, solution algorithms, instances

and solutions for the five variants addressed in this paper.

The remainder of this paper is organized as follows. Section 2 gives a formal presentation of the

five problems considered by presenting their mathematical formulations and a description of related

studies to each one. Section 3 details the MS-ITS. The results of computational experiments for each

of the problems are presented in Section 4. Finally, Section 5 presents our concluding remarks.
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2. Mathematical formulations and literature review

The formulations for the QAP, QBAP, BiQAP, QSAP, and GQAP are presented next.

2.1. Quadratic Assignment Problem

Let n be the number of facilities to be assigned to n sites, where N = {1, . . . , n} represents the set

of such facilities and sites. Two n × n matrices are given. F = (fij) represents the flow between

facilities i and j, and D = (dkl) represents the distance between sites k and l. A QAP solution may

be represented by a permutation of N , where p(i) is the position of the facility i in the permutation.

The Koopmans-Beckman QAP formulation [49] is represented as:

min
p∈ΠN

∑
i∈N

∑
j∈N

fijdp(i)p(j), (1)

where ΠN is the set of all permutations of N . Each single product of f and d is the cost of assigning

facilities i and j to sites p(i) and p(j), respectively. This formulation can be transformed to a quadratic

0–1 formulation using a permutation matrix X = (xij), such that:

xik =


1, if p(i) = k,

0, otherwise.

(2)

The matrix X is characterized by the following assignment constraints:

∑
i∈N

xik = 1, ∀k ∈ N , (3)

∑
k∈N

xik = 1, ∀i ∈ N , (4)

xik ∈ {0, 1}, ∀i, k ∈ N . (5)

Hence, the QAP is formulated as:

min
∑
i∈N

∑
j∈N

∑
k∈N

∑
l∈N

fijdklxikxjl, (6)
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subject to constraints (3)–(5). Other formulations for the QAP exist [1, 14, 55, 70], and it can be

solved in polynomial time for some special matrix structures [18]. Although the literature on exact

approaches for the QAP is vast, benchmark instances with as few as 30 nodes are yet open to be

solved [17].

A better alternative to deal with larger problems is the development of heuristics. Those recent effec-

tive heuristics similar to our MS-ITS to solve the QAP are described next. Misevičius [68] presents

an ITS where several cycles of diversification and intensification occur between a complex mutation

operator mechanism and a tabu search. The memetic algorithm proposed by Benlic and Hao [8] inte-

grates a special local search procedure, known as Breakout Local Search (BLS), with an evolutionary

approach that uses genetic algorithm operators to create a pool of candidate solutions to be improved

by the local search. Tosun [90] presents a parallel algorithm that hybridizes a genetic algorithm and

a robust tabu search, using parallelism to speed up the latter. In Aksan et al. [3], a parallel BLS

is presented where parallel solutions evolve and are improved using BLS. These methods are tested

on several instances from the QAPLIB library [17], having very similar performances, and they are

among the best methods found to solve the QAP.

2.2. Quadratic Bottleneck Assignment Problem

In the bottleneck version of the QAP, the same inputs for the original problem are given. The objective,

however, is to find a permutation p ∈ ΠN such that:

min
p∈ΠN

max
i,j∈N

fijdp(i)p(j), (7)

which can be reformulated with a linear objective function by introducing a slack variable Z as:

minZ, (8)

subject to (3)–(5), and to

Z − fijdklxikxjl ≥ 0, ∀i, j, k, l ∈ N . (9)

The above formulation can yet be converted to a mixed integer linear programming (MILP) model

using the standard linearization technique [39] to replace the quadratic terms in constraints (9) by
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the linearization variables zikjl = xikxjl, i.e., zijkl is equal to one if facility i is assigned to site k and

facility j is assigned to site l, and zero otherwise. Thus, (9) is replaced by the linear constraints:

Z − fijdklzikjl ≥ 0, ∀i, j, k, l ∈ N , (10)

zikjl ≤ xik, ∀i, j, k, l ∈ N , (11)

zikjl ≤ xjl, ∀i, j, k, l ∈ N , (12)

zikjl ≥ xik + xjl − 1, ∀i, j, k, l ∈ N . (13)

The literature of the QBAP is very limited. Burkard [13] states that the QBAP is NP-hard since it

contains the bottleneck travelling salesman problem as a special case. He also proves the asymptotic

behavior of the problem. Although the QBAP can be solved using the same QAP algorithms, we

could not find any study with computational results for the QBAP. Steinberg [86] introduces QBAP

for a wiring problem, but unfortunately he does not solve it, only presenting the results for the given

backboard wiring instance as a QAP.

2.3. Biquadratic Assignment Problem

In the BiQAP, we are given two four-dimensional arrays as input, A = (aijkl) and B = (bp(i)p(j)p(k)p(l)),

where aijkl is the QAP flow-equivalent parameter for the facilities i, j, k and l, and bp(i)p(j)p(k)p(l) is

the distance-equivalent parameter for the sites p(i), p(j), p(k) and p(l). The BiQAP is formulated in

the Koopmans-Beckmann form [16] as:

min
p∈ΠN

∑
i∈N

∑
j∈N

∑
k∈N

∑
l∈N

aijklbp(i)p(j)p(k)p(l). (14)

N -adic variants of the QAP, such as the cubic and quartic versions – as the BiQAP is also called

– are generalizations of the QAP, therefore, they are also NP-hard. Although the BiQAP has been

considered since the 1960s, it was formally studied for the first time several decades later in Burkard

et al. [16], who present different formulations for the problem and show how to compute lower bounds

for the optimal solution value, derived from lower bounds for the QAP. After computational tests

for instances with known optimal solutions, they conclude that the quality of the bounds is not very

good and deteriorates when the problem size increases. This suggests that exact methods will only be

effective on very small instances. Finally, the asymptotic behavior of the BiQAP is proved by showing
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that the ratio between the worst and optimal solution values tends to one as the size of the problem

increases.

Due to the difficulty to solve the BiQAP exactly, some heuristics have been proposed. Burkard and

Çela [15] develop and compare variants of simulated annealing, tabu search and other improvement

methods, particularly using pairwise exchange algorithms (detailed in Section 3.3.1). Computational

experiments using the same instances as in Burkard et al. [16] suggest that one version of the simulated

annealing is the best among the variants tested. Later, Mavridou et al. [61] describe a GRASP for the

BiQAP that iteratively constructs greedy solutions by making the first four assignments simultaneously

using their cost of interaction, then assigning the other facilities one by one, and uses the pairwise

exchange algorithm to improve the solution. This method was able to find the optimal solution for all

the instances used in Burkard and Çela [15] improving the performance of the simulated annealing,

however, requiring large CPU times.

2.4. Quadratic Semi-Assignment Problem

In the QSAP, we are given a possible distinct number of facilities and sites, where N = {1, . . . , n}

is the set of facilities and M = {1, . . . ,m} is the set of sites. Semi-assignment constraints state that

only facilities should be assigned to sites, but sites can stay unassigned. Also, there is no constraint

on the number of facilities assigned to each site. A location cost matrix C = (cik), where each value

represents the cost of assigning facility i to site k, is usually considered. The quadratic 0-1 formulation

of the QSAP is given as:

min
∑
i∈N

∑
k∈M

cikxik +
∑
i∈N

∑
j∈N

∑
k∈M

∑
l∈M

fijdklxikxjl, (15)

subject to

∑
k∈M

xik = 1, i ∈ N , (16)

xik ∈ {0, 1}, i ∈ N , k ∈M. (17)

The QSAP NP-hardness is proven in Sahni and Gonzalez [79]. Malucelli [57] and Malucelli and

Pretolani [58] provide lower bounds for the QSAP and present certain polynomial solvable cases.

Milis and Magirou [64] propose a Lagrangean relaxation algorithm for this problem and show that
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even for a QSAP of small size, it is hard to find optimal solutions. Reformulation techniques are also

a known approach used to solve this problem. Saito et al. [80] study the polytope that arises from a

MILP reformulation of the problem. The reformulation-linearization technique (RLT), presented in

Billionnet and Elloumi [9], linearizes the QSAP. They show that the best reduction of the QSAP is

obtained by solving a continuous relaxation of their RLT. Schüle et al. [81] provide RLT formulations

with different levels for the QSAP and analyze their tightness. The level-1 RLT model from Schüle

et al. [81] is presented next.

Consider linearization variables zijkl and a set N ′ = {j ∈ N : j > i}. The level-1 RLT model is as

follows:

min
∑
i∈N

∑
k∈M

cikxik +
∑

i∈N\{N}

∑
j∈N ′

∑
k∈M

∑
l∈M

(fij + fji)dklzikjl, (18)

subject to (16), (17), and to

∑
l∈M

zikjl = xik, ∀i ∈ N \ {N},∀k ∈M,∀j ∈ N ′, (19)

∑
k∈M

zikjl = xjl, ∀i ∈ N \ {N},∀j ∈ N ′,∀l ∈M, (20)

0 ≤ zikjl ≤ 1, ∀i ∈ N \ {N},∀k ∈M,∀j ∈ N ′, ∀l ∈M. (21)

The QSAP has many applications in scheduling, clustering, and partitioning problems [43, 56, 84].

Some task-assignment problems can be formulated as QSAPs [10]. Also, the hub location [80] and

the metric labeling [47] problems are special cases of the QSAP. Although heuristic methods for these

particular problems can be adapted to solve the QSAP, we could not find any published work on it.

2.5. Generalized Quadratic Assignment Problem

The GQAP is the capacitated version of the QSAP. The arrays ri, indicating the size of a facility i,

and Cj , indicating the capacity of a site j, are given. The formulation of the GQAP, as presented in

Lee and Ma [53], considers objective function (15) subject to (16), (17) and to capacity constraints

given as:

∑
i∈N

rixik ≤ Ck, k ∈M. (22)
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Once again, only small instances could be solved to optimality in the GQAP. Lee and Ma [53] present

three linearization approaches and a branch-and-bound algorithm. Hahn et al. [42] describe a level-1

RLT with a dual ascent procedure in a branch-and-bound scheme to prove optimality for instances

adapted from another problem. Pessoa et al. [74] find new lower bounds for the same instances using

Lagrangean relaxations of the RLT formulation from Hahn et al. [42].

Heuristic approaches are also presented for the GQAP. Cordeau et al. [22] present a memetic heuristic

that combines genetic algorithms and tabu search, which solves Lee’s instances faster and introducing

larger instances. Mateus et al. [60] propose several GRASP with path-relinking heuristics using differ-

ent construction, local search, and path-relinking procedures. Later, McKendall and Li [62] propose a

simple tabu search heuristic to solve Cordeau’s instances, and compare its performance with the other

heuristics.

3. Multi-start iterated tabu search

We now present our multi-start iterated tabu search (MS-ITS) metaheuristic. Following the success-

ful diversification-intensification approach for QAPs, we integrate a diversification phase where the

solution is modified until a new local optimum is found using local searches, then it is improved in an

intensification phase using a tabu search adapted from the QAP for its variants. Multiple start points

are created using a constructive heuristic based on the random assignment of facilities to sites, which

are improved simultaneously, thus maximizing the potential benefits of the use of parallel computing.

3.1. Solution representation

A solution x for any of the five problems considered can be encoded as a vector x = {p(i)}, ∀i ∈ N ,

where p(i) represents the site where facility i is installed. The five QAP variants considered here are

split into two sets. The permutation problems are those in which x is represented by a permutation of

the sites indices. The QAP, QBAP and BiQAP belong to this set. Meanwhile, the non-permutation

problems are those that a site index can appear multiple times in x. This set contains the QSAP and

GQAP.

3.2. Constructive heuristics

Three different heuristics are implemented to create initial solutions. On the permutation problems,

we simply generate a random permutation of the sites, assigning each one to a facility. On the QSAP,
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every facility is assigned to a random site, until all facilities are located. To generate a feasible solution

for the GQAP, additional steps are required to respect capacity constraints. The steps performed are

as follows:

1. Generate a queue of unassigned facilities in a random order;

2. Assign the first facility in the queue to a randomly drawn site. If there is enough capacity

available, the facility stays assigned to the site and is removed from the queue. Otherwise, draw

another site, different than the ones already selected. Repeat this until the facility is successfully

assigned to a site or all sites are checked;

3. If the facility cannot fit in any site, remove a random facility already assigned from its site and

place it in the end of the queue. Then, recheck if the current facility fits in this site. Repeat this

step until the current facility can be assigned to a site;

4. Repeat steps 2 and 3 until the queue of unassigned facilities is empty.

This procedure is always capable of generating a feasible solution, if it exists. In the first two, a

feasible solution is generated in time O(n) for an instance with n facilities. However, for the GQAP

heuristic, if the feasible solution space is too restricted, such as in the case when capacity constraints

are tight, the process of removing assigned facilities to give space to unassigned ones can take extra

time to generate a solution for the problem. We present next local search heuristics to improve feasible

solutions, which are embedded within the proposed MS-ITS metaheuristic.

3.3. Local searches

Local search heuristic is a technique used to improve a solution by searching in the neighborhood of

its solution space. In the proposed MS-ITS, we implement two of the most common procedures used

in local searches for the QAP and its variants. The first one is well suited for all problems studied

here and is based on swapping the positions of two facilities. The second one is applicable only to the

non-permutation problems (QSAP and GQAP), and consists of the movement of facilities between

sites.

3.3.1. Pairwise exchange local search

Local search 1 (LS1) performs the pairwise exchange procedure [35, 83]. If solution x = {p(i)}, ∀i ∈ N ,

is a starting point for LS1, the neighbor x′ = {q(i)}, ∀i ∈ N , obtained by the swap of facilities of
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indices r and s is:

q(i) = p(i), ∀i ∈ N \ {r, s},

q(r) = p(s),

q(s) = p(r).

The neighborhood of LS1 (N1(x)) contains the solutions generated by all swaps between r and s

such that r < s. The objective of LS1 is to find the best improving solution x∗ contained in the

neighborhood of x, i.e., x∗ = {min f(x′)|f(x′) < f(x),∀x ∈ N1(x)}, also known as steepest descent.

In our heuristic, an exhaustive search is performed, meaning that every time a solution is improved

a new local search is performed starting from this new solution. The local search stops when no

improved solution can be found in a solution neighborhood.

In the permutation problems, all swaps will result in a feasible and distinct solution, meaning that

a neighborhood contains exactly
n(n− 1)

2
solutions. In the QSAP, when two different facilities are

located in the same site, their swap does not change the current solution. So, LS1 neighborhood size

in this problem is bounded by
n(n− 1)

2
; the actual size depends on the number of distinct sites where

facilities are located. For example, in the case that all facilities are assigned to the same site, then

N1(x) = {∅}. In the GQAP, the neighborhood size can be even smaller. Beyond distinct locations

between swapped facilities, we should also consider if the swap results in a feasible solution. In a

swap between any pair of facilities i and j with capacities ri ≥ rj the neighbor generated is feasible if

ri − rj ≤ Cp(j) −
∑

k|p(k)=p(j) rk, i.e., if there is enough capacity left in the site to accommodate the

extra space of the new facility it is receiving.

In each iteration of LS1, we are interested in calculating the difference ∆(x, r, s) = f(x′)−f(x), where

x′ ∈ N1(x) is obtained by swapping facilities r and s in the current solution x. The simplest way to

calculate ∆(x, r, s) is by calculating separately f(x) and f(x′), then performing the subtraction. For

the QAP, this would take O(n2) because the calculation of f(x) for any feasible solution x takes O(n2)

time. However, when using the pairwise exchange local search for the QAP, one particular effect is

that the cost of a neighbor solution can be computed in O(n) operations, instead of O(n2), as follows
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[7, 87]:

∆(x, r, s) =(frr − fss)(dp(s)p(s) − dp(r)p(r)) + (frs − fsr)(dp(s)p(r) − dp(r)p(s))+∑
i∈N\{r,s}

((fis − fir)(dp(i)p(s) − dp(i)p(r)) + (fsi − fri)(dp(s)p(i) − dp(r)p(i))).
(23)

Taillard [87] proposed to use memory to store the values ∆(x, r, s) so that if x′ is the solution obtained

after swapping the sites of facilities r and s in the solution x, then computing ∆(x′, u, v) is even

faster if pairs {r, s} and {u, v} are mutually exclusive, i.e., {r, s} ∪ {u, v} = {∅}. Thus, ∆(x′, u, v) is

calculated in O(1) as:

∆(x′, u, v) =(fsu − fsv + frv − fru)(dq(s)q(u) − dq(s)q(v) + dq(r)q(v) − dq(r)q(u))+

(fus − fvs + fvr − fur)(dq(u)q(s) − dq(v)q(s) + dq(v)q(r) − dq(u)q(r))+

∆(x, u, v).

(24)

Equations (23) and (24) can be reduced even further if the flow matrix F and/or the distance matrix

D are symmetric. For example, when both matrices F and D are symmetric and have a null diagonal,

(23) is reduced to:

∆(x, r, s) =
∑

i∈N\{r,s}

2(fri − fsi)(dp(r)p(i) − dp(s)p(i)). (25)

Finally, (24) is reduced in the symmetric case to:

∆(x′, u, v) =2(fsu − fsv + frv − fru)(dq(s)q(u) − dq(s)q(v) + dq(r)q(v) − dq(r)q(u)) + ∆(x, u, v). (26)

The same reductions are applicable to the BiQAP, as shown in Burkard and Çela [15]. The main

difference is that the BiQAP objective function is reduced from O(n4) to O(n3) time by calculating

the difference between a solution and its neighbor, and to O(n2) by storing the values ∆(x, r, s) to

calculate neighbor objective functions after the first iteration. We refer the reader to Burkard and

Çela [15] to see the full detailed reduced equations for the BiQAP.
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3.3.2. Drop/add local search

Local search 2 (LS2) performs drop and add procedures to generate neighbor solutions for the non-

permutation problems. This represents the exchange of the location of a facility. The neighborhood

N2(x) of a solution x explored by LS2 contains all solutions where facility i ∈ N is moved from its

current site p(i) to another site k ∈M \ {p(i)}.

In the QSAP, every facility movement will result in a feasible and distinct solution. Since each facility

can be moved to m−1 different sites, LS2 neighborhood of a QSAP solution contains exactly n(m−1)

solutions. In the GQAP, it is necessary to verify capacity restrictions to ensure the procedure results

in a feasible solution.

3.4. Tabu search

The tabu search (TS) is undoubtedly the most popular and successful metaheuristic to solve the

QAP. It consists in allowing solutions to move to the least degrading solution when no improving

neighbor exists. In order to avoid cycling, the return to the previous solution is forbidden. A data

structure called tabu list is maintained indicating all forbidden moves. This list contains elements

defining forbidden moves. In the QAP, a forbidden move can be defined by the pairs of facilities

recently swapped [83] or by prohibiting moves where both facilities would be assigned to sites they

had occupied in recent iterations [87]. In our tabu list, we simply save all solutions previously visited

during the current call of the search, thus eliminating parameters such as the tabu list size and the

number of iterations to keep a solution as tabu, as used in other works. Note that this might increase

the complexity order to verify if a solution is in the tabu list, but it prevents the same solution being

visited more than once during a single search. The only parameter to be set is the stopping criterion,

chosen as the maximum number of iterations I performed by the TS without improvement in the best

solution. The improving mechanism used is the pairwise exchange local search (LS1). Therefore, we

can summarize the steps of our TS as:

1. Search for the best solution that is not in the tabu list using LS1 and change the current solution

to it;

2. Add the new current solution to the tabu list;

3. If the current solution is the best one found so far, restart the iterations counter;

4. Repeat steps 1–3 until the iterations counter reaches I.
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The steps described are for a single start point run. Tabu searches for QAPs can also be run in parallel.

A concurrent and independent search starting from different initial solutions is proposed by Taillard

[87]. In his approach, no information is exchanged during the search of the parallel TS algorithm

and the best solution is determined at the end of the execution. An alternative to the independent

search strategy is the cooperative multi-thread heuristic where the exchanging of information between

solutions run in parallel is allowed [46, 88]. Recent parallel TS for the QAP, either independent or

cooperative, are found in Aksan et al. [3], Czapiński [24], and Tosun [90].

The MS-ITS proposed in this study consists of the parallel execution of independent TS in multiple

start points. The pseudocode of the MS-ITS is presented in Algorithm 1. For each of the P parallel

start points, we are interested in three solutions: the current solution (x), the previous local minimum

(x′), and the best solution found so far (x∗). The first step of MS-ITS consists in creating a feasible

solution for each start point using the constructive heuristics (line 5). Then, the initial solution is

improved using the tabu search represented in the algorithm as TS(x), where x is the initial solution

for the search (lines 6–8). In this first iteration, all three solutions are equal, i.e., x = x′ = x∗ (line 9).

The perturbation phase comes next. A diversification operator is adapted from Talbi and Bachelet

[88] where a controlled number of random swaps of facilities is performed in the current solution to

define the starting point of the next search. For this reason, a Swaps(x, s) operator is defined (line

13). It modifies the solution x by performing s distinct swaps of facility locations. The new solution

is improved using the local searches LS1 and LS2, respectively and whenever applicable, represented

in the pseudocode as LS(x), to reach a local minimum (line 14). If the current local minimum x is

different than the previous local minimum x′ found in the previous iteration, then the tabu search

TS(x) is applied to improve x (line 16). Otherwise, we increase the number of random swaps performed

to move the current solution further away from the previous local minimum (line 18), repeating the

perturbation process. The best solution found in the thread x∗ is updated whenever an improved

solution is found (lines 20–22). In our MS-ITS, we consider up to three stopping criteria, depending

on the resources available to find the solution (line 10). The first is the maximum number of iterations,

i.e., the number of times the perturbation process is repeated. The second is the maximum running

time. Finally, we observed in preliminary experiments that when multiple solutions converge from

different start points to a similar local optimum, there is a very high chance that this solution is the

global optimum. Thus, we defined a third stopping criteria stating that if at least 50% of the solutions

in X ∗ are equal to the best solution found so far, then the search stops and the algorithm returns

the best solution in X ∗. This last criterion is best suited to use when P is high enough so that more
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solutions need to converge to avoid a false positive.

Algorithm 1 Multi-start iterative tabu search (MS-ITS)

1: Number of parallel start points: P ;
2: Set of best solutions: X ∗ = {x∗p|p = {1, . . . , P}};
3: Set of current local optimum solutions: X ′ = {x′p|p = {1, . . . , P}};
4: Set of modified solutions: X = {xp|p = {1, . . . , P}};
5: Create X ∗ using the constructive heuristics;
6: for all parallel p ∈ P do
7: x∗p ← TS(x∗p); // Perform TS on each parallel solution

8: end for
9: X ′ ← X ∗ and X ← X ∗;

10: while stopping criteria are not satisfied do
11: sp = 1,∀p = {1, . . . , P} // Reset number of random swaps

12: for all parallel p ∈ P do
13: xp ← Swaps(x′p, sp); // Perturb solution using sp random swaps of facilities

14: xp ← LS(xp); // Search for local minimum

15: if f(xp) 6= f(x′p) then
16: x′p ← TS(x′p); // Perform TS to each solution

17: else
18: sp ← sp + 1; // Number of swaps is increased

19: end if
20: if f(x′p) < f(x∗p) then
21: x∗p ← x′p; // Update best solution

22: end if
23: end for
24: end while
25: return best solution in X ∗.

4. Computational experiments

This section provides the results obtained from extensive computational experiments performed to

setup our MS-ITS and to compare its performance with state-of-the-art methods to solve the QAP and

its variants. We used computers equipped with an Intel Gold 6148 Skylake CPU with a 2.4 GHz clock,

8 GB of RAM and 40 threads. The MS-ITS was implemented in C++, while the exact models were

solved using CPLEX 12.5. The parallelism was implemented using OpenMP. We note that the MS-

ITS is not a memory-intensive algorithm, but we set the memory limit for CPLEX. All instances and

results are available from https://www.leandro-coelho.com/quadratic-assignment-problems/.

4.1. Test instances

The QAP is solved using three sets of classical instances from the QAPLIB benchmark library. They

are the Taia (unstructured, randomly generated), Taib (real-life-like instances) and Sko (instances

with grid-based distances) sets. Each instance is labeled using the name of the set and the number

of facilities contained in it. Together, the three sets consist of 31 problem instances with up to 100
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facilities and sites. Although the library provides more instances, the others are easily solvable by

many existing methods, thus they are not considered here. We did not find any instance set specifically

designed for the QBAP. Thus, we used the same QAP sets for this problem. For the BiQAP, the

original instances used in Mavridou et al. [61] are reported to be lost after contact with one of the

authors. Thus, we generated 12 new instances using a random uniform distribution between 1 and 9 to

determine each distance between sites and each flow between facilities considering both as symmetric

matrices. The new instances have similar sizes as those from Mavridou et al. [61], i.e., 10 to 36 sites and

facilities. The GQAP is solved using a set of 21 instances taken from Cordeau et al. [22], with up to 50

facilities and 20 sites. These instances are labeled with a code consisting of three parts: the number

of facilities, the number of sites, and the tightness of the capacity constraints. Other smaller instances

for this problem are found in Mateus et al. [60], but they are easily solved using the existing methods,

thus they also are not considered here. For the QSAP, we consider two sets of instances. Set 1 is an

adaptation from the 21 instances of Cordeau et al. [22] for the GQAP with no facility capacities. In

these instances, distances between a facility to itself is zero. Since sites in the QSAP are uncapacitated,

this would result in a solution with all facilities located in a single site, which gives a solution equal

to zero. To prevent this, we set djj for j ∈ M to be equal to 50% of the average graph distance. Set

2 has 20 instances generated as follows. Points in a Euclidean space of size 100 × 100 are generated

where 70% of them represent facilities and the remaining represent sites. Instances are generated

for p = {50, 75, 100, 125, 150} points. The flow matrix F is generated uniformly from {q, . . . , 100},

where q = {1, 10, 25, 50}. The distance matrix D is the Euclidean distance matrix. Distances djj for

j ∈ M are set in the same way as for the set 1. The assignment costs cij are set to δikdik, where

δik is randomly generated using a uniform distribution from {q, . . . , 100} for q = {1, 10, 25, 50}. The

instances are identified by the number of points p and class q.

4.2. Parameter setting

Two rounds of experiments were performed to tune our MS-ITS. We first set the parameters P

(number of multi-start solutions) and I (number of tabu search iterations) using a selected number

of instances. Three instances for each of the five problems were selected to perform the experiments

using the criteria of picking those instances that are neither too easy nor too hard to solve in a short

run according to observations during preliminary experiments. These are: tai40a, tai50a, and sko56

for the QAP; tai10a, tai12a, and tai15a for the QBAP; |N | = {18, 20, 22} for the BiQAP; 35-15-95,

40-09-95, and 50-10-95 for the GQAP; and 100-C1, 125-C10, and 125-C25 for the QSAP. Then, we
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analyze our metaheuristic speedup when using the parallelism by presenting a scalability analysis to

determine the number of threads to use in the search.

4.2.1. Setting the number of multi-start solutions and tabu search iterations

We performed a grid search to determine which combination of the parameters P and I leads to a

faster convergence of the best solution found by our MS-ITS. We increased P from 40 to 1,000 and I

from 0 to 500, resulting in 16 combinations of parameters values. Tests were replicated 20 times for

each instance with each of the combinations tested. Only the time limit was considered as a stopping

criterion, being 10 seconds for the GQAP, one minute for the QAP, QBAP, and QSAP, and five

minutes for the BiQAP. The results are presented in Table 1. The gaps are computed as the average

relative distance between the average solution of the 20 replications and the best solution found.

Table 1: Parameter setting of MS-ITS

Problem Time P
I = 0 I = 50 I = 200 I = 500

Gap (%) Gap (%) Gap (%) Gap (%)

QAP 1 min

40 0.47 0.17 0.12 0.14
100 0.45 0.16 0.15 0.13
400 0.43 0.14 0.12 0.15
1000 0.42 0.14 0.12 0.13

QBAP 1 min

40 3.32 4.61 6.21 7.59
100 3.15 4.96 5.96 7.29
400 2.62 4.31 5.86 6.84
1000 2.43 4.33 6.04 7.08

BiQAP 5 min

40 0.16 0.09 0.09 0.08
100 0.15 0.08 0.07 0.08
400 0.15 0.07 0.07 0.08
1000 0.15 0.08 0.07 0.06

QSAP 1 min

40 0.04 0.01 0.01 0.02
100 0.06 0.01 0.02 0.01
400 0.07 0.00 0.00 0.00
1000 0.04 0.00 0.00 0.00

GQAP 10 sec

40 0.16 0.00 0.07 0.16
100 0.13 0.01 0.14 0.47
400 0.06 0.03 0.48 0.79
1000 0.05 0.18 0.70 0.81

The results show that solution quality highly depends on the parameters chosen for the algorithm. The

best observed value for I is different for different problems, being 200 for QAP, 0 for QBAP, meaning

that the tabu search should not be used at all during the search, between 200 and 500 for BiQAP,

and 50 for GQAP. Interestingly, for QSAP any I > 0 resulted in similar solutions. The number of
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tabu search iterations is related to the time spent on the tabu search. In a time-constrained run, for

a fixed P , longer tabu searches mean that the algorithm will spend more time searching around the

region of the initial solution, while in shorter tabu searches, more calls of the perturbation phase are

made during the run, which allows a broader exploration of different regions of the solution space.

Nonetheless, by increasing P the effect is the opposite. More start points mean a higher diversification

in the search since our perturbation phase moves solutions to a limited distance, while the random

solutions generated in the beginning of the algorithm are potentially more diverse. The results show

that, in a short run, convergence is faster for higher values of P in the QBAP and QSAP. The opposite

was observed for the GQAP, while for the QAP and BiQAP results are quite similar for any P .

For the remaining experiments, we chose the following parameter values based on these results:

• QAP: P = 40 and I = 200;

• BiQAP: P = 1000 and I = 500;

• GQAP: P = 40 and I = 50;

• QSAP: P = 400 and I = 50;

• QBAP: P = 1000 and I = 0.

4.2.2. Setting the number of threads

The parallelism in our MS-ITS is used to speed up the search by allowing multiple solutions to

improve in parallel. We run a scalability analysis to verify the performance of the parallel algorithm

by computing the speedup efficiency of the parallelism. The speedup obtained when running with

T threads is calculated as ST = r1/rT , where rT is the run time for the algorithm with T threads.

Ideally, a parallel algorithm would speed up the search the same number of times as the number of

parallel threads used. In practice, ST is upper bounded by T due to the time lost with the parallel

overheads and the tasks performed outside of the parallelized code. A measure of efficiency in the

scalability analysis is thus calculated as ET = ST /T , where ET is the percentage of speedup obtained

by the run with T threads compared to the ideal case.

To perform equivalent runs, we used the maximum number of cycles as the sole stopping criterion

represented by the number of iterations performed by MS-ITS (lines 10–24 in Algorithm 1). The

number of cycles was set so that run time using 40 threads are approximately those in column Time

in Table 1. We run for T = {1, 2, 4, 8, 16, 32, 40} threads, where the maximum value is the number
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of cores supported by the CPU used. Figure 1a presents the speedup obtained in each problem, and

Figure 1b shows the efficiency of the parallelism.

(a) Speedup (b) Efficiency

Figure 1: Scalability analysis for the parallelism in the MS-ITS

The results demonstrate that in all problems, even considering their different parameter settings and

instance sizes, speedup increases when the number of threads increases up to 40 threads. This is an

indication that the performance could be further improved by using a larger number of threads with a

computer with more cores available. Since the tabu search is the most time-consuming task performed

in the MS-ITS, note that speedup is higher in the BiQAP where the number of iterations in the TS

is the highest among all problems, while it is lower in the QBAP since TS is not applied at all. The

speedup is also high in the QSAP probably due to the large instances used in this experiment. It is

also interesting to observe the rise in efficiency when increasing the number of threads from 32 to 40 in

some problems. A possible explanation lies on the management done by the OpenMP when assigning

tasks to threads. Taking the QAP as an example, as we consider 40 parallel solutions, it is more

efficient to assign each one to each thread in a run with 40 threads, where the run time will be the

longest time to perform all operations in one of the threads, than to assign to only 32 threads, where

the eight remaining solutions will have to wait until threads are available to be processed, which can

potentially double the time taken to run a cycle in the MS-ITS. Since the observed speedup is the

best with 40 threads, we used this as the number of threads for the next experiments.

4.3. Comparison of MS-ITS against state-of-the-art methods

We present next the performance of our MS-ITS for all instance sets described in Section 4.1. In all

but the GQAP, as stopping criteria, we used a time limit of one hour or a convergence criteria of 50%

of the parallel solutions being equal to the best solution found so far. The maximum number of cycles
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is unlimited. MS-ITS is executed 10 times for each instance. All state-of-the-art methods used as

comparison are already introduced in Section 2.

4.3.1. Comparison for the QAP

The MS-ITS is compared to the ITS by Misevičius [68], the memetic algorithm (BMA) by Benlic and

Hao [8], the parallel hybrid algorithm (PHA) by Tosun [90], and the parallel BLS (BLS-OpenMP)

by Aksan et al. [3]. Table 2 shows the results obtained by our heuristic compared to these four

state-of-the-art heuristics. Results are reported as the average gap to the best known solution (BKS),

calculated as the average of gap(x) =
f(x)− f(x∗)

f(x)
where f(x) is the solution obtained by the heuristic

and f(x∗) is the BKS. Overall, except for the ITS, all heuristics, including our MS-ITS, present very

similar performance. MS-ITS slightly outperforms the other heuristics by finding solutions on average

at 0.03% from BKS. In 22 of the 31 instances, our method was capable of finding the BKS in all 10 runs.

Other heuristics performed better in this metric, like the BLS-OpenMP and the PHA. However, they

seem to have difficulties in finding good solutions for larger Taia instances. The similar performance

between all methods is expected since they all rely on a similar procedure to improve solutions, which

is based on the pairwise exchange local search. The differences observed are due to the way that

the diversification phase is designed in each of the methods. Since all heuristics were run in different

computation environments, the running times cannot be directly compared and are shown only for

illustrative purposes.

4.3.2. Comparsion for the QBAP

The QBAP is solved by our MS-ITS and by CPLEX using the MILP model presented in Section 2.2.

The results are shown in Table 3. We show the best solution found by our heuristic and the average

solution for the 10 runs. CPLEX is run with a time limit of one hour using all 40 threads. Therefore,

each solution shown in the table found by the solver is the optimal solution for the problem when

the time is under 60 minutes, or the best upper bound found when the run stopped. Note that run

times can be larger than 60 minutes due to the time spent to build the model before CPLEX starts,

which can be considerably high because when the model is linearized using the standard linearization

technique, the number of variables and constraints increases significantly with the problem size. No

lower bound is found by CPLEX for the non-solved instances, except for tai20a, for which a lower

bound of 92 is given. In most of the larger instances, n.s. is displayed in the table meaning that no

solution is found within the time limit. MS-ITS finds the BKS in 27/31 instances. We note that in
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Table 2: Comparison of MS-ITS with state-of-the-art heuristics for the QAP

Instance BKS
ITS [68] BMA [8] PHA [90] BLS-OpenMP [3] MS-ITS

Gap (%) Time (min) Gap (%) Time (min) Gap (%) Time (min) Gap (%) Time (min) Gap (%) Time (min)

tai20a 703,482 0.00 0.0 0.00 0.0 0.00 0.4 0.00 0.1 0.00 0.0
tai25a 1,167,256 0.00 0.1 0.00 0.0 0.00 0.5 0.00 0.1 0.00 0.0
tai30a 1,818,146 0.00 0.2 0.00 0.0 0.00 1.0 0.00 0.2 0.00 0.1
tai35a 2,422,002 0.00 0.5 0.00 0.0 0.00 1.3 0.00 0.3 0.00 0.4
tai40a 3,139,370 0.22 1.3 0.06 8.1 0.00 10.6 0.00 32.2 0.04 30.5
tai50a 4,938,796 0.41 5.5 0.13 42.0 0.00 12.7 0.00 68.2 0.04 60.0
tai60a 7,205,962 0.45 12.5 0.14 67.5 0.00 19.6 0.00 107.9 0.21 60.0
tai80a 13,499,184 0.36 60.0 0.43 65.8 0.64 40.0 0.50 235.9 0.37 60.0
tai100a 21,052,466 0.30 200.0 0.40 44.1 0.54 71.9 0.62 448.5 0.31 60.0
tai20b 122,455,319 0.00 0.0 0.00 0.0 0.00 0.4 0.00 0.1 0.00 0.0
tai25b 344,355,646 0.00 0.0 0.00 0.0 0.00 0.6 0.00 0.0 0.00 0.0
tai30b 637,117,113 0.01 0.0 0.00 0.0 0.00 0.8 0.00 0.2 0.00 0.2
tai35b 283,315,445 0.02 0.1 0.00 0.0 0.00 1.1 0.00 0.3 0.00 0.2
tai40b 637,250,948 0.01 0.2 0.00 0.0 0.00 1.6 0.00 0.3 0.00 0.1
tai50b 458,821,517 0.02 0.5 0.00 1.2 0.00 5.8 0.00 0.7 0.00 0.9
tai60b 608,215,054 0.04 1.1 0.00 5.2 0.00 9.5 0.00 18.6 0.00 7.6
tai80b 818,415,043 0.23 3.0 0.00 31.3 0.00 27.7 0.00 218.1 0.00 60.0
tai100b 1,185,996,137 0.14 6.7 0.00 13.6 0.00 42.5 0.00 160.8 0.00 60.0
sko42 15,812 0.00 0.2 0.00 0.0 0.00 1.6 0.00 0.4 0.00 0.1
sko49 23,386 0.01 0.3 0.00 0.0 0.00 4.0 0.00 0.6 0.00 9.2
sko56 34,458 0.02 0.7 0.00 0.0 0.00 16.2 0.00 0.8 0.00 9.7
sko64 48,498 0.01 1.5 0.00 0.0 0.00 23.1 0.00 1.2 0.00 3.1
sko72 66,256 0.06 3.0 0.00 3.5 0.00 33.6 0.00 1.8 0.00 60.0
sko81 90,998 0.06 6.0 0.00 4.3 0.00 39.9 0.00 2.4 0.01 60.0
sko90 115,534 0.07 12.0 0.00 15.3 0.00 40.5 0.00 3.2 0.00 60.0

sko100a 152,002 0.09 30.0 0.00 22.3 0.00 41.7 0.00 29.8 0.01 60.0
sko100b 153,890 0.06 30.0 0.00 6.5 0.00 42.3 0.00 8.5 0.00 60.0
sko100c 147,862 0.06 30.0 0.00 12.0 0.00 42.2 0.00 4.3 0.00 60.0
sko100d 149,576 0.09 30.0 0.01 20.9 0.00 41.9 0.00 12.9 0.02 60.0
sko100e 149,150 0.07 30.0 0.00 11.9 0.00 42.5 0.00 4.3 0.00 60.0
sko100f 149,036 0.08 30.0 0.00 23.0 0.00 42.0 0.00 17.1 0.01 60.0

Average 0.09 16.0 0.04 12.9 0.04 21.3 0.04 44.5 0.03 31.0

very small instances (tai10a, tai12a, tai12b, tai15b, and tai20b), MS-ITS finds the optimal solution in

all 10 runs. In mid-size ones (tai15a to tai25a), the heuristic cannot find the optimal solution, being

outperformed by the exact method, which is reversed when instances are larger.

4.3.3. Comparsion for the BiQAP

We compare our MS-ITS for the Biquadratic QAP to the GRASP by Mavridou et al. [61], which

was kindly provided by the authors so that both methods could be run in the same computation

environment. In our experiments, both algorithms were run 10 times. GRASP parameters were set as

in the original paper. We limited it to a maximum of 100 iterations per run. The results using both

methods are presented in Table 4. All BKS are found only by the MS-ITS. The gaps reported are from

the average solution of the 10 runs to the BKS. For the MS-ITS, we show two different gaps. The first

is from the solution found after the algorithm stopped using its regular stopping criteria (convergence

and time), while the second is the gap at the moment that MS-ITS spent the same time as the GRASP

for a fair comparison between both methods. The results show that MS-ITS outperforms GRASP by

finding solutions at 0.06% from BKS compared to 0.39% for the GRASP. We also notice that by
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Table 3: Comparison of MS-ITS with the MILP model for the QBAP

Instance
MILP MS-ITS

Solution Time (min) Best sol. Avg. sol. Time (min)

tai10a 4,256 0.1 4,256 4,256 12.5
tai12a 4,756 0.2 4,756 4,756 60.0
tai15a 4,757 0.9 4,980 5,081.2 60.0
tai17a 4,704 18.5 5,084 5,279.1 60.0
tai20a 5,236 64.3 5,828 5,940.7 60.0
tai25a 5,940 60.3 6,370 6,511.9 60.0
tai30a 7,134 60.7 7,055 7,127.3 60.0
tai35a 8,613 61.3 7,332 7,508.7 60.0
tai40a 9,360 63.5 7,663 7,737.7 60.0
tai50a 9,604 80.9 8,118 8,169.8 60.0
tai60a n.s. 8,342 8,417.9 60.0
tai80a n.s. 8,811 8,823.9 60.0
tai100a n.s. 8,930 9,000.1 60.0
tai12b 4,371,380 0.4 4,371,380 4,371,380 1.4
tai15b 22,204,329 5.3 22,204,329 22,204,329 0.0
tai20b 17,132,916 61.7 17,132,916 17,132,916 1.7
tai25b 36,151,400 60.3 17,878,110 18,176,040.1 60.0
tai30b 62,752,438 60.4 26,597,690 26,989,418.2 60.0
tai35b 16,153,962 61.2 8,328,912 8,851,863.2 60.0
tai40b 24,261,283 64.0 14,617,192 16,283,570.1 60.0
tai50b n.s. 7,758,079 8,002,736.1 60.0
tai60b n.s. 7,759,900 8,021,782.9 60.0
tai80b n.s. 5,885,460 6,147,192.4 60.0
tai100b n.s. 7,336,101 7,559,628.3 60.0
sko42 90 65.5 60 60 1.2
sko49 n.s. 70 70 1.1
sko56 n.s. 80 84 11.5
sko64 n.s. 90 93 3.2
sko72 n.s. 100 100 4.5
sko81 n.s. 110 112 7.5
sko90 n.s. 120 120 11.7

sko100a n.s. 120 129 14.8
sko100b n.s. 130 131 33.1
sko100c n.s. 120 129 10.3
sko100d n.s. 120 130 14.8
sko100e n.s. 130 134 16.2
sko100f n.s. 120 129 12.3

letting the algorithm run longer the average gap is reduced to 0.02%, which indicates that solutions

keep improving by our heuristic. In fact, only instances with up to 14 facilities are stopped by the

convergence criteria – with one exception run for |N | = 16 – and instances with up to 18 facilities

have the BKS found in all 10 runs. This shows how difficult it is to solve the BiQAP for the conditions

considered in the set of instances tested.

4.3.4. Comparison for the QSAP

We conducted tests on the two sets of instances for the QSAP solving them using our MS-ITS heuristic

and CPLEX with the level-1 RLT model as presented in Section 2.4. Time limit was set to one hour

for both methods. The results are presented in Tables 5 and 6. For set 1, which contains smaller

instances, the exact method proved the optimal solution for 19 out of 21 instances. The MS-ITS not
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Table 4: Comparison of MS-ITS with GRASP by Mavridou et al. [61] for the BiQAP

Instance BKS
GRASP [61] MS-ITS

Gap (%) Time (min) Gap (%) Time (min)1 Gap (%) Time (min)2

|N | = 10 239,980 0.15 0.0 0.00 0.0 0.00 0.0
|N | = 12 478,278 0.63 0.0 0.00 0.0 0.00 0.3
|N | = 14 915,566 0.46 0.1 0.00 0.1 0.00 2.4
|N | = 16 1,572,146 0.58 0.1 0.05 0.1 0.00 59.5
|N | = 18 2,523,592 0.53 0.3 0.06 0.3 0.00 60.0
|N | = 20 3,846,588 0.61 0.5 0.17 0.6 0.04 60.0
|N | = 22 5,684,042 0.51 1.0 0.14 1.0 0.01 60.0
|N | = 24 8,084,696 0.42 1.6 0.16 1.8 0.06 60.0
|N | = 26 11,150,786 0.34 2.7 0.07 2.9 0.03 60.1
|N | = 28 15,093,624 0.32 4.2 0.07 4.7 0.03 60.1
|N | = 30 19,837,908 0.28 6.3 0.06 7.0 0.03 60.1
|N | = 32 25,773,108 0.25 9.6 0.05 10.1 0.03 60.2
|N | = 34 32,893,030 0.18 14.2 0.02 15.8 0.01 60.3
|N | = 36 41,318,986 0.18 19.6 0.04 21.3 0.03 60.4

Average 0.39 4.3 0.06 4.7 0.02 47.4
1 Stopping criteria is the running time from GRASP
2 Regular stopping criteria (50% of solutions converged or one-hour time limit)

only finds all BKS, including the two instances without proven optimality, but it also presents a very

high consistency by finding the BKS in all runs for all instances. All that in an average time of less

than one minute, compared to nine minutes for the level-1 RLT model. The set 2 is harder to solve due

to the larger number of facilities and sites. None of the 20 instances has the optimality proven by the

exact method, although in three occasions the BKS are equally found in both methods. For instances

with up to |N | = 100, the MS-ITS always stops when reaching the convergence stopping criteria.

In larger instances, although the heuristic has not converged, in most of them the same solution is

found in all 10 runs. The exceptions are the two largest instances of this set, 150-C25 and 150-C50.

Nevertheless, MS-ITS outperforms the exact approach by finding better solutions in average for all

instances.

4.3.5. Comparison for the GQAP

We compare next the proposed MS-ITS with other heuristics available in the literature for the QSAP.

They are the memetic heuristic (Memetic) by Cordeau et al. [22], the GRASP (GRASP-PR) by Mateus

et al. [60], and the tabu search (TS) by McKendall and Li [62]. Following the procedure used in the

two latter papers, we added a new stopping criterion so that the MS-ITS stops the search right after

finding the BKS reported in the other works. Table 7 shows the results obtained for each instance

tested. The times for the other heuristics are those reported in their works. We highlight that the TS

by McKendall and Li [62] was stopped in the instance 30-20-95 in a different solution, 0.27% far from

the BKS. For this same instance, our MS-ITS found the BKS in 6 out of 10 runs within an one-hour
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Table 5: Comparison of MS-ITS and level-1 RLT for the set 1 of QSAP instances

Instance
Level-1 RLT MS-ITS

Sol. Time (min) Best sol. Avg. sol. Time (min)

20-15-35 1,599,473 0.7 1,599,473 1,599,473 0.0
20-15-55 1,427,052 0.3 1,427,052 1,427,052 0.0
20-15-75 1,648,679 0.5 1,648,679 1,648,679 0.1
30-06-95 5,486,902 0.2 5,486,902 5,486,902 0.0
30-07-75 4,834,397 0.1 4,834,397 4,834,397 1.3
30-08-55 4,484,813 0.3 4,484,813 4,484,813 0.0
30-10-65 3,649,165 0.4 3,649,165 3,649,165 0.0
30-20-35 3,351,755 17.8 3,351,755 3,351,755 0.1
30-20-55 3,247,260 12.0 3,247,260 3,247,260 0.1
30-20-75 3,301,384 60.3 3,301,384 3,301,384 0.1
30-20-95 2,941,907 5.5 2,941,907 2,941,907 0.0
35-15-35 4,533,539 5.2 4,533,539 4,533,539 0.4
35-15-55 4,220,924 3.7 4,220,924 4,220,924 0.1
35-15-75 5,620,789 60.3 5,620,789 5,620,789 0.1
35-15-95 4,555,240 8.0 4,555,240 4,555,240 0.1
40-07-75 8,347,601 0.8 8,347,601 8,347,601 0.1
40-09-95 7,107,977 1.9 7,107,977 7,107,977 0.1
40-10-65 7,509,269 2.5 7,509,269 7,509,269 0.1
50-10-65 11,795,583 5.0 11,795,583 11,795,583 12.8
50-10-75 10,107,391 2.3 10,107,391 10,107,391 0.4
50-10-95 11,882,812 8.1 11,882,812 11,882,812 1.6

Average 5,316,852.9 9.3 5,316,852.9 5,316,852.9 0.8

Table 6: Comparison of MS-ITS and level-1 RLT for the set 2 of QSAP instances

Instance
Level-1 RLT MS-ITS

Sol. Time (min) Best sol. Avg. sol. Time (min)

50-C1 1,022,084 60.9 1,022,084 1,022,084 2.4
50-C10 1,124,895 60.7 1,123,607 1,123,607 2.1
50-C25 1,292,223 60.8 1,292,223 1,292,223 1.6
50-C50 1,573,474 60.5 1,573,474 1,573,474 2.6
75-C1 2,030,066 61.9 1,993,829 1,993,829 0.3
75-C10 2,254,452 61.2 2,195,019 2,195,019 0.4
75-C25 2,575,083 61.3 2,530,699 2,530,699 0.5
75-C50 3,118,480 61.4 3,089,736 3,089,736 0.7
100-C1 6,539,252 60.1 3,490,341 3,490,341 12.3
100-C10 7,122,728 60.1 3,836,299 3,836,299 11.9
100-C25 8,094,043 60.1 4,412,117 4,412,117 6.7
100-C50 9,712,705 60.1 5,370,205 5,370,205 3.5
125-C1 10,279,741 60.9 4,881,972 4,881,972 60.1
125-C10 11,194,743 60.9 5,375,051 5,375,051 60.1
125-C25 12,719,555 60.8 6,196,362 6,196,362 60.1
125-C50 15,260,785 60.9 7,564,714 7,564,714 60.1
150-C1 14,631,247 63.1 6,930,942 6,930,942 60.2
150-C10 15,934,010 63.3 7,625,357 7,625,357 60.2
150-C25 18,104,789 63.3 8,782,100 8,782,105.9 60.1
150-C50 21,721,652 63.2 10,707,271 10,707,313.5 60.2

Average 8,315,300.3 61.3 4,499,670.1 4,499,672.5 26.3

limit. However, the time reported is for the 10 runs. The average solution gap for this instance is

0.11% from BKS. The difficulty to solve this instance comes from the tight capacity available in the

sites, which makes the search for feasible solutions longer using our constructive heuristic. Although

a direct comparison of running time between the different heuristics is not possible since they were

run in different environments, we can see how effective the proposed MS-ITS is. Excluding the hard
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30-20-95 instance, the average time for our heuristic to find the BKS is less than one second.

Table 7: Comparison of MS-ITS with state-of-the-art heuristics for the GQAP

Instance BKS
Memetic [22] GRASP-PR [60] TS [62] MS-ITS

Time (s) Time (s) Time (s) Time (s)

20-15-35 1,471,896 96.0 7.1 0.1 0.1
20-15-55 1,723,638 102.0 2.9 0.1 0.0
20-15-75 1,953,188 102.0 2.0 251.0 0.1
30-06-95 5,160,920 114.0 2.6 0.1 0.3
30-07-75 4,383,923 156.0 7.8 0.1 0.1
30-08-55 3,501,695 96.0 1.6 0.1 0.1
30-10-65 3,620,959 210.0 121.9 4.1 0.5
30-20-35 3,379,359 564.0 79.0 1970.2 0.3
30-20-55 3,593,105 462.0 25.2 1474.0 0.2
30-20-75 4,050,938 522.0 41.4 0.7 0.2
30-20-95 5,710,645 5232.0 543019.0 10.01 972.42

35-15-35 4,456,670 456.0 306.1 1605.7 0.6
35-15-55 4,639,128 384.0 21.1 0.2 0.4
35-15-75 6,301,723 396.0 68.2 0.5 0.3
35-15-95 6,670,264 864.0 1454.0 1.0 2.8
40-07-75 7,405,793 180.0 59.4 0.6 0.3
40-09-95 7,667,719 1140.0 417.0 4.6 3.5
40-10-65 7,265,559 240.0 17.9 0.2 0.4
50-10-65 10,513,029 504.0 24.6 1.4 0.5
50-10-75 11,217,503 606.0 1352.4 3.3 1.1
50-10-95 12,845,598 1254.0 89.4 26.0 1.5

Average3 422.4 205.1 267.2 0.7
1 Avg. time to find the solution 5,726,530 (gap of 0.27% from BKS)
2 BKS is found in 6 out of 10 runs. The average gap is 0.11%
3 Excluding the instance 30-20-95

5. Conclusions

In this paper, we presented a simple yet effective multi-start iterated tabu search (MS-ITS) algo-

rithm, adapted to solve the Quadratic Assignment Problem (QAP) and four of its variants, i.e., the

Quadratic Bottleneck Assignment Problem (QBAP), the Biquadratic Assignment Problem (BiQAP),

the Quadratic Semi-Assignment Problem (QSAP), and the Generalized Quadratic Assignment Prob-

lem (GQAP). Although these variants have many practical applications, some of their literature is

outdated compared to the advances recently achieved for the QAP.

The MS-ITS was developed following the successful diversification-intensification approach for QAPs,

where solutions are modified using a controlled number of random swaps, then being improved by one

or two local searches, depending on the problem, and by a tabu search whenever new local optima

are found. The algorithm was set for each individual problem through computational experiments

using sets of benchmark instances found in literature, among other instances created here. The results

of the experiments show that the MS-ITS is competitive against other heuristics for the QAP and

significantly outperforms the state-of-the-art methods for the other four problems.
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[68] A. Misevičius. An implementation of the iterated tabu search algorithm for the quadratic assign-

ment problem. OR Spectrum, 34(3):665–690, 2012.

[69] D. Munera, D. Diaz, and S. Abreu. Hybridization as cooperative parallelism for the quadratic

assignment problem. In International Workshop on Hybrid Metaheuristics, pages 47–61. Springer,

2016.

[70] A. Nyberg and T. Westerlund. A new exact discrete linear reformulation of the quadratic assign-

ment problem. European Journal of Operational Research, 220(2):314–319, 2012.

31

A Parallel Iterated Tabu  Search Applied to Several Quadratic Assignment Problems

CIRRELT-2019-58



[71] C. A. S. Oliveira, P. M. Pardalos, and M. G. C. Resende. GRASP with path-relinking for

the quadratic assignment problem. In International Workshop on Experimental and Efficient

Algorithms, pages 356–368. Springer, 2004.

[72] T. Ostrowski and V. T. Ruoppila. Genetic annealing search for index assignment in vector

quantization. Pattern Recognition Letters, 18(4):311–318, 1997.

[73] P. Pardalos, F. Rendl, and H. Wolkowicz. The quadratic assignment problem: A survey and

recent developments. In P. M. Pardalos and H. Wolkowicz, editors, Quadratic Assignment and

Related Problems, DIMACS Series in Discrete Mathematics and Theoretical Computer Science,

volume 16, pages 1–42. American Mathematical Society, 1994.

[74] A. A. Pessoa, P. M. Hahn, M. Guignard, and Y.-R. Zhu. Algorithms for the generalized quadratic

assignment problem combining lagrangean decomposition and the reformulation-linearization

technique. European Journal of Operational Research, 206(1):54–63, 2010.

[75] A. T. Phillips and J. B. Rosen. A quadratic assignment formulation of the molecular conformation

problem. Journal of Global Optimization, 4(2):229–241, 1994.

[76] W. P. Pierskalla. Letter to the editor–the multidimensional assignment problem. Operations

Research, 16(2):422–431, 1968.

[77] M. A. Pollatschek, H. Gershoni, and Y. T. Radday. Optimization of typewriter keyboard by

computer-simulation. Angewandte Informatik, (10):438–439, 1976.

[78] A. P. Punnen and Y. Wang. The bipartite quadratic assignment problem and extensions. European

Journal of Operational Research, 250(3):715–725, 2016.

[79] S. Sahni and T. Gonzalez. P-complete approximation problems. Journal of the Association for

Computing Machinery, 23(3):555–565, 1976.

[80] H. Saito, T. Fujie, T. Matsui, and S. Matuura. A study of the quadratic semi-assignment polytope.

Discrete Optimization, 6(1):37–50, 2009.
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