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Les textes publiés dans la série des rapports de recherche Les Cahiers
du GERAD n’engagent que la responsabilité de leurs auteurs. Les
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les exigences légales associées à ces droits. Ainsi, les utilisateurs:
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Abstract: The integral column generation algorithm (ICG) was recently introduced to solve set par-
titioning problems involving a very large number of variables. This primal algorithm generates a
sequence of integer solutions with decreasing costs, leading to an optimal or near-optimal solution.
ICG combines the well-known column generation algorithm and a primal algorithm called the integral
simplex using decomposition algorithm (ISUD). In this paper, we develop a generalized version of ICG,
denoted I2CG, that can solve efficiently large-scale set partitioning problems with side constraints. This
new algorithm can handle the side constraints in the reduced problem of ISUD, in its complementary
problem or in both components. Computational experiments on instances of the airline crew pairing
problem involving up to 1761 constraints show that the latter strategy is the most efficient one and
that I2CG significantly outperforms two popular column generation heuristics, namely, a restricted
master heuristic and a diving heuristic. For the largest tested instance, I2CG can produce in less than
one hour of computational time more than 500 integer solutions leading to an optimal or near-optimal
solution.

Keywords: Discrete optimization, integral column generation, integral simplex using decomposition,
aircrew scheduling
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1 Introduction

The set partitioning problem (SPP) is one of the fundamental models used, in particular, for vehicle

routing and crew scheduling. In a generic way, these problems can be stated as finding a least-cost set

of paths in a suitable network such that they cover a set of tasks exactly once each. A task can be a

customer to visit or a flight to cover, whereas a path represents a vehicle route or a bus driver/aircrew

schedule. For large-scale problem instances, these paths are generated by a column generation (CG)

technique because it is impossible to enumerate all of them a priori. Side constraints such as vehicle

or pilot availability are often added to the SPP, yielding the SPP with side constraints (SPPSC) that

we consider in this paper.

Let T = {1, . . . ,m} be the set of tasks (associated with the set partitioning constraints), H the

set of side constraint indices, and N = {1, . . . , n} the set of paths (columns). For each column j ∈ N,

define a binary variable xj that is equal to 1 if column j with cost cj is part of the solution and 0

otherwise. Furthermore, for each column j ∈ N and task i ∈ T, let aij be a binary parameter equal to 1

if column j covers task i and 0 otherwise. These coefficients aij define the set partitioning constraint

matrix A = (Aj)j∈N = (aij)i∈T,j∈N. For each j ∈ N, we assume that column Aj covers at least one

task, i.e., there exists i ∈ T such that aij = 1. Finally, the coefficient qhj , j ∈ N, h ∈ H, denotes the

contribution of variable xj to the side constraint h, whose right-hand side is bh.

Given this notation, the SPPSC can be written as the following integer program:

(P) min
x

∑
j∈N

cjxj (1)

s.t.:
∑
j∈N

aijxj = 1, ∀ i ∈ T (2)

∑
j∈N

qhjxj ≤ bh, ∀ h ∈ H (3)

xj ∈ {0, 1}, ∀ j ∈ N. (4)

The objective function (1) aims at minimizing the total cost of the selected columns. The set parti-

tioning constraints (2) ensure that each task is covered exactly once. The problem side constraints

are expressed by (3). Note that we will focus only on less-than-or-equal-to side constraints but the

proposed theory and methodology remain valid for equalities and greater-than-or-equal-to inequali-
ties. Finally, binary requirements on the variables are imposed through (4). The SPP model is given

by (1), (2), and (4).

In the rest of this paper, we denote by FSPPSC , FSPPSCLR and conv(FSPPSC) the feasible domains

of the SPPSC model P and its linear relaxation, and the convex hull of FSPPSC , respectively. Similarly,

we write FSPP , FSPPLR and conv(FSPP) for the SPP, i.e., model P without the side constraints (3).

Because it includes the side constraints (3), model P does not possess an interesting property

of the SPP model, called quasi-integrality. This property implies that, from any integer extreme

point of FSPPLR , there exists a so-called integer path along the edges of FSPPLR that visits only

integer extreme points with decreasing costs and leads to an optimal solution. Consequently, the

side constraints (3) add an extra difficulty to the SPP, which is already known for its high degeneracy.

This difficulty mainly hinders the primal solution algorithms which aim at finding a sequence of integer

solutions with decreasing costs that ends with an optimal or a quasi-optimal solution. Indeed, these

algorithms can get stuck in a local minimum when the side constraints cut all integer paths between

the current solution and all optimal ones.

The goal of this paper is to develop a new primal algorithm that can efficiently solve the SPPSC

and must, therefore, overcome high degeneracy and the loss of the quasi-integrality property. To

achieve this objective, we add artificial edges to FSPPSCLR to create new integer paths that can be

traversed to reach optimal solutions. Furthermore, we generalize the integral CG algorithm (ICG)
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of Tahir et al. [17] that was designed for the SPP and combines CG and the integral simplex using

decomposition algorithm (ISUD [21]), a recent primal algorithm which exploits degeneracy instead

of suffering from it. Because ISUD decomposes the problem into a reduced problem (RP) and a

complementary problem (CP), we study different variants of this improved ICG algorithm, denoted

I2CG, where the side constraints are handled in the RP, the CP or in both subproblems. These I2CG

variants are tested on real-world instances of the airline crew pairing problem (CPP) involving up

to 1761 constraints and benchmarked against two popular CG heuristics. Our computational results

show that, when compared to these two heuristics, I2CG can compute better-quality solutions in less

than 35% of the computational time on average.

This paper is organized as follows. In Section 2, we review the literature on the most commonly

used dual and primal algorithms for solving the SPP or the SPPSC before summarizing our main

contributions. In Section 3, we study, via an example, the effect of the side constraints on FSPPLR
and introduce a new quasi-integrality property that is exploited by the proposed algorithm. Then, in

Section 4, we describe two approaches to handle the side constraints and present theoretical results to

support the second one. Next, I2CG and its variants are detailed in Section 5. Finally, computational

results on CPP instances are reported in Section 6 before drawing conclusions in Section 7.

2 Literature review and contributions

The SPP and the SPPSC can be tackled with several solution algorithms. Letchford and Lodi [12]

have divided these algorithms into three classes: dual integral, dual fractional, and primal algorithms.

Dual integral algorithms maintain integrality and dual feasibility throughout the solution process and

strive to reach primal feasibility. Because this class contains a single algorithm, that of Gomory [9],

we focus on the other two classes below.

2.1 Dual fractional algorithms

Dual fractional algorithms relax the binary requirements but maintain at each iteration primal and dual

feasibility. Cutting plane algorithms as well as branch-and-bound and branch-and-cut algorithms fall

in this class. For solving SPPs or SPPSCs involving a very large number of variables, branch-and-price

(BP, Barnhart et al. [3], Desaulniers et al. [5]) is one of the best-known dual fractional algorithms. BP

is a branch-and-bound algorithm where the linear relaxation at each node of the search tree is solved by

CG. CG is an iterative method that solves a linear program by decomposing it into a restricted master

problem (RMP) and a pricing subproblem (PS). For the SPPSC, the RMP is the linear relaxation

of (1)–(3) restricted to a subset of its variables, whereas the PS can be, for example, a shortest path

problem with resource constraints. At each iteration of CG, the RMP is first solved by a linear

programming solver to provide a primal and a dual solution π =
(
(πt)t∈T, (πh)h∈H

)
∈ R|T| × R|H|− .

Then, the PS is solved by a specialized algorithm, e.g., a labeling algorithm, to find variables xj that

are not in the RMP and that have a negative reduced cost cj = cj −
∑
i∈T πiaij −

∑
h∈H πhqhj . These

variables (columns) are added to the RMP which is re-optimized to start a new iteration. When no

variables are generated, CG stops and the current RMP solution is optimal for the relaxed SPPSC.

To improve the effectiveness of branch-and-price algorithms, several research works have been con-

ducted to reduce the impact of factors influencing the convergence of the standard CG (see [20]).

With the same purpose, El Hallaoui et al. [8, 7] introduced the dynamic constraint aggregation algo-

rithm (DCA) and the multi-phase DCA (MPDCA). These two algorithms reduce the impact of the

degeneracy in the RMP and the number of fractional variables in the linear relaxation solutions by

lowering the number of set partitioning constraints in the RMP. Bouarab et al. [4] generalized this

work by combining CG and the improved primal simplex algorithm (IPS, [6]), which is effective against

degeneracy for general linear programs.
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2.2 Primal algorithms

Unlike dual algorithms, primal algorithms maintain the feasibility of all constraints (2)–(3), including

the binary requirements. They stop when optimality is reached. In other words, these algorithms

search for a decreasing sequence of integer solutions leading to an optimal solution. For the SPP, the

existence of this sequence has been proven by Balas and Padberg [1, 2]. This result is based on the

quasi-integrality property proved by Trubin [19] which indicates that the edges of conv(FSPP) are

also edges of FSPPLR . This property will be discussed in detail in Section 3. Several authors have

studied the SPP to develop new algorithms that search for such a sequence of integer solutions. The

algorithms proposed by Rönnberg and Larsson [13, 14] and Thompson [18] explore, by enumeration,

the adjacent degenerate bases associated with an extreme point. Their objective is to find a basis

inducing a non-degenerate pivot that improves the solution. These highly combinatorial algorithms

are not effective for large-scale SPP instances, mainly due to severe degeneracy.

In the same perspective, Zaghrouti et al. [21] proposed a new primal algorithm, called ISUD. The

latter decomposes the SPP into a RP and a CP. The RP is defined as the SPP restricted to subsets of

its variables and constraints (including integrality). It searches for an improved solution in the vector

subspace generated by the columns of the current integer solution support. In the complementary

subspace, the CP looks for descent directions qualified as integer.

Definition 1 A descent direction d ∈ R|N| is said to be minimal with respect to a solution x0 if and only

if (i) pivoting on all the variables xj, j ∈ {j ∈ N|dj > 0}, allows to reach an extreme point adjacent

to x0; (ii) pivots on any strict subset of these variables are degenerate. In addition, d is said to be

integer if it leads to an integer solution (i.e., x0 + d is integer); otherwise, it is said to be fractional.

Like other primal algorithms, ISUD starts with an integer solution x0. Denote by S = supp(x0) =

{j ∈ N | x0j 6= 0}, the column index set of the solution support. By breach of terminology, we say

that S is the solution x0 and that columns Aj , j ∈ S, are in solution x0 or in S. The other columns Aj ,

j ∈ N \ S, are either compatible or incompatible according to the following compatibility definition

(Elhallaoui et al. [6]).

Definition 2 A subset U of N is said to be compatible with S, or simply compatible, if there exist

two vectors v ∈ R|U|+ and λ ∈ R|S| such that
∑
j∈U vjAj =

∑
l∈S λlAl. The combination of columns,

possibly a singleton,
∑
j∈U vjAj is also qualified as compatible.

Let CS be the index set of the individually compatible columns (including those in S) and IS the index

set of the incompatible columns. Note that IS ∩CS = ∅. The compatible columns are considered in

the RP, whose mathematical formulation is as follows:

(RP1) min
x

∑
j∈CS

cjxj (5)

s.t.:
∑
j∈CS

aijxj = 1, ∀ i ∈ T′ (6)

xj ∈ {0, 1}, ∀ j ∈ CS (7)

where T′ ⊆ T is the index set of a maximal subset of linearly independent rows of matrix A when

restricted to the columns in CS (e.g., subset of the first rows covered by each column Aj , j ∈ S). RP1

can easily be solved using a commercial mixed-integer programming solver (e.g., Cplex). Note that the

columns Aj , j ∈ S, forms a non-degenerate basis of the constraint matrix of RP1 and, if there exists a

variable xj , j ∈ CS \ S, with a negative reduced cost with respect to the corresponding dual solution,

then pivoting this variable into the basis yields an improved solution. In this case, the sets S and CS
are updated and this process is repeated as long as RP1 finds an improved solution. Otherwise, the

CP is solved to find a minimal descent direction d ∈ R|N|. Algebraically, d is integer if the combination

of incompatible columns Aj , j ∈ U , is compatible with S and composed of disjoint columns according

to the following definition.
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Definition 3 Let U ⊂ N be a subset of column indices. The columns Aj, j ∈ U , are said to be disjoint

if and only if A>j1Aj2 = 0, ∀j1, j2 ∈ U , j1 6= j2.

Let vj , j ∈ IS , be the variables defining the weights of the incompatible columns in a linear

combination
∑
j∈IS vjAj . Let λl, l ∈ S, be the variables defining the weights of the columns in a

linear combination
∑
l∈S λlAl. Let FS = {(j1, j2) ∈ IS × IS |A>j1Aj2 6= 0, j1 6= j2} be the set of all

pairs of non-disjoint incompatible column indices. The CP, denoted CP1 to indicate its first version,

is formulated as follows:

(CP1) zCP1 = min
v,λ

∑
j∈IS

cjvj −
∑
l∈S

clλl (8)

s.t.:
∑
j∈IS

aijvj −
∑
l∈S

ailλl = 0, ∀ i ∈ T (9)

∑
j∈IS

αjvj +
∑
l∈S

βlλl = 1 (10)

vj ≥ 0, ∀j ∈ IS (11)

vj1vj2 = 0, ∀(j1, j2) ∈ FS . (12)

The objective function (8) aims at minimizing the reduced cost of the chosen linear combination of

incompatible columns
∑
j∈IS vjAj . Constraints (9) ensure that this linear combination is compatible

with S. Involving the non-negative scalars αj , j ∈ IS , and βl, l ∈ S, the normalization constraint (10)

bounds the problem (otherwise, CP1 would be unbounded when an integer descent direction exists).

Constraints (12) ensure that the selected incompatible columns Aj are pairwise disjoint. If zCP1 < 0,

then an integer descent direction is found and the solution S is improved by replacing the columns Al,

l ∈ S, such that λl > 0 with the columns Aj , j ∈ IS , such that vj > 0 (i.e., d =
(
dj
)
j∈N with dj = 1

if j ∈ IS and vj > 0, dj = −1 if j ∈ S and λj > 0, and dj = 0 otherwise). It should be noted that in

practice, the constraints (12) are relaxed from CP1 to yield a linear program. As shown by Zaghrouti

et al. [21], this relaxed CP1 often finds integer descent directions. When this is not the case, branching

can be done to cut the fractional direction. In the following, we keep using CP1 to denote its relaxed

version.

Alternating between solving RP1 and CP1 allows ISUD to find a decreasing sequence of integer

solutions leading to an optimal solution. The computational experiments carried out by Zaghrouti et

al. [21] on 90 instances of the vehicle and crew scheduling problem (VCSP) and the CPP involving up

to 1600 constraints and 500,000 variables (generated a priori) have shown the effectiveness of ISUD.

However, ISUD has two major limitations. First, CP1 may find fractional descent directions.

Second, ISUD can only reach at each iteration the extreme points that are adjacent to the current

integer solution. To overcome the first limitation, Rosat et al. [15, 16] proposed to add cuts to CP1 to

exclude fractional directions. Finding these cuts is usually time-consuming and several of them may be

required to derive an integer direction. These authors also proved that the integrality of the directions

found by CP1 is influenced by the weights of the variables in the normalization constraint (10).

Alternatively, Zaghrouti et al. [23] developed a variant of ISUD, called ZOOM, that zooms in the

neighborhood of a fractional direction to look for an improved integer solution. To do so, it adds

a subset of incompatible columns to the RP which is then solved by a commercial mixed-integer

programming solver. If no better integer solution is found, the neighborhood is enlarged and the

RP is solved again. The process is repeated until finding a better solution. In the remainder of the

paper, we use the term zooming to refer to the search for an integer direction in the neighborhood of

a fractional one.

To overcome the second limitation of ISUD, Zaghrouti et al. [22] proposed a second variant of

ISUD, named I2SUD, where an artificial variable is added to the SPP. Let K be an SPP, x0 the current

integer solution of K and S = {j ∈ N | x0j 6= 0}. Let K′ be the new SPP created from K by adding the
artificial variable xn+1, such that x′ =

[
x xn+1

]
, c′ =

[
c cS

]
, A′ =

[
A e

]
and N′ = N ∪ {n+ 1}.
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The cost cS of variable xn+1 is equal to the cost of the current solution (cS =
∑
l∈S cl). The e column,

whose components are equal to 1, is the result of aggregating the columns in S. So, the current

solution x0 can also be represented by the following artificial solution: xn+1 = 1 and xj = 0, ∀j ∈ N.

In this case, the relaxed CP model of K′ is as follows:

(CP2) zCP2 = min
v,λ

∑
j∈N\S

cjvj +
∑
l∈S

clvl − cSλ (13)

s.t.:
∑

j∈N\S

aijvj +
∑
l∈S

ailvl − λ = 0, ∀ i ∈ T (14)

∑
j∈N\S

αjvj +
∑
l∈S

βlvl = 1 (15)

v ≥ 0, λ ≥ 0. (16)

If zCP2 < 0, then a (possibly fractional) descent direction is found. As for CP1, the positive-valued

variables vj , j ∈ N \ S, identify the columns entering in the improved solution. On the other hand,

the zero-valued variables vl, l ∈ S, correspond to the leaving variables. Because the directions found

by CP2 are minimal with respect to the artificial solution, all extreme points in the convex hull of the

feasible domain of K′ are adjacent to this solution (see Proposition 3.2 in [22]). Consequently, CP2

can find an integer descent direction leading directly to an optimal solution of K. The computational

results reported in [22] show that I2SUD outperforms ISUD and often finds an optimal solution by

solving a single CP2.

The three algorithms ISUD, ZOOM and I2SUD described above were tested on SPP instances

where the columns are all generated a priori. This is generally not possible for very large-scale problem

instances. For this reason, Tahir et al. [17] proposed a new primal algorithm, called integral column

generation (ICG), for the SPP. It is based on a three-level decomposition: RP, CP and the CG PS.

At each ICG iteration, the RMP is solved using ISUD to find a sequence of integer solutions. Then,

a dual solution, said to correspond to the current integer solution, is used in the PS to generate new

variables with a negative reduced cost. The authors showed that, if optimality is not yet reached,

then at least one entering variable identified by an integer direction has a negative reduced cost with

respect to any such dual solution. Computational results on CPP and VCSP instances show that ICG

outperforms two CG heuristics commonly used in practice.

2.3 Main contributions

This paper is a continuation of the research work on the development of primal algorithms to efficiently

solve the SPP as we introduce a new algorithm to efficiently solve the SPPSC. Below, we summarize

its most important contributions.

• We introduce a new property of the SPP, called pseudo-quasi-integrality. Then, we show with

an example that the side constraints in the SPPSC invalidate the quasi-integrality and pseudo-

quasi-integrality properties of the SPP. Finally, we prove that it is possible to restore the pseudo-

quasi-integrality property by increasing the size of the problem.

• We formulate new RP and CP which consider the side constraints.

• We present theoretical results that characterize the integer descent directions found by the

new CP.

• Based on these theoretical results, we introduce the new primal algorithm I2CG for solving the

SPPSC.

• We test and compare two I2CG versions on CPP instances involving up to 1740 flights.
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3 Side constraints and quasi-integrality properties

In this section, we first show through an example that the SPPSC is not quasi-integral. Then, we

introduce a new property (pseudo-quasi-integrality) of the SPP and discuss if it applies to the SPPSC.

Let us begin by defining the quasi-integrality property.

Definition 4 A model Q is said to be quasi-integral if any edge of the convex hull of its integer solutions

is an edge of the linear relaxation polyhedron of Q.

As mentioned earlier, quasi-integrality implies the existence of an integer path between any pair of

integer extreme points of this polyhedron. Unfortunately, the side constraints in the SPPSC can

invalidate this property as shown by the following example.

(P1) min
x

12x1 + 12x2 + 12x3 + 10x4 + 10x5 + 10x6 + 2x7 + 2x8 + 2x9

x1 + x4 + x7 + x8 = 1
x1 + x5 + x7 + x9 = 1

x2 + x5 + x7 + x8 = 1
x2 + x5 + x8 + x9 = 1

x3 + x6 = 1
x3 + x6 = 1
x3 + x4 + x5 ≤ 5

2
x1 + x2 + x6 ≤ 2

x∈{0, 1}9

For this example, we present some solutions of interest in Table 1, where x0 is an initial integer solution

and x4 is the unique optimal solution. Observe that these two solutions are the only feasible ones and

that we do not list all the extreme points of FSPPSCLR . In Table 1, there are: the two feasible

integer solutions x0 and x4, one fractional solution x1 that is an extreme point of FSPPSCLR , and

two infeasible integer solutions x2 and x3 that would be feasible for the corresponding SPP, as shown

in Figure 1. In this figure, the green and red nodes indicate integer and fractional extreme points of

FSPPSCLR , respectively. The grey nodes correspond to solutions x2 and x3 that are cut off by the

side constraints in SPPSC. Note that two extreme points of FSPPSCLR , corresponding to solutions xi

and xj , are adjacent if and only if there exists a minimal direction d such that xi = xj + d (see [6]).

Table 1: Some feasible and infeasible solutions of model P1

Solution Value

x0 = (1, 1, 1, 0, 0, 0, 0, 0, 0) 36

x1 =
(
0, 0, 1, 0, 0, 0, 1

2
, 1
2
, 1
2

)
15

x2 = (1, 1, 0, 0, 0, 1, 0, 0, 0) 34

x3 = (0, 0, 1, 1, 1, 0, 0, 0, 0) 32

x4 = (0, 0, 0, 1, 1, 1, 0, 0, 0) 30
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i. FSPPSCLR ii. conv(FSPPSC) iii. conv(FSPP)

Figure 1: FSPPSCLR , conv(FSPPSC) and conv(FSPP ) of model P1.

Figures 1.i and 1.ii show that the edge
(
x0, x4

)
of conv(FSPPSC) is not an edge of FSPPSCLR . We

can, thus, conclude that the SPPSC is not quasi-integral because of the side constraints. In addition,

there is no integer path between x0 and x4 in FSPPSCLR . This means that, from x0, all the minimal

descent directions that can be found by CP1 are fractional (or infeasible because it does not consider

the side constraints). Therefore, ISUD can get stuck in the local minimum x0 and never reach the

optimal solution x4.

This limitation can be overcome with the ZOOM algorithm, which can reach integer extreme

points that are not necessarily adjacent to the current integer solution. However, before finding such a

solution, ZOOM may need to increase the neighborhood several times, solving a relatively small binary

linear program each time.

Quasi-integrality is a strong property that is not necessary in practice as primal algorithms only

need to ensure the existence of an integer path between any pair of integer extreme points or, more

precisely, between any initial integer solution and any optimal one. As we will show later, these paths

can exist even if the problem is not quasi-integral. Let us present this requirement as the following

property of a model.

Definition 5 A model is said to be pseudo-quasi-integral when there is at least one integer path between

any pair of integer extreme points of its linear relaxation polyhedron.

As shown by the above example, the SPPSC does not possess the pseudo-quasi-integrality property.

However, this property can be obtained by adding artificial edges to FSPPSCLR . Indeed, inspired by
I2SUD, an artificial variable xn+1 can be added to model P, yielding a new model denoted P′. The

cost assigned to variable xn+1 corresponds to the value of the current solution S (i.e., cS =
∑
l∈S cl).

The constraint coefficients of variable xn+1 are equal to the right-hand sides of the constraints (2)–(3),

i.e., ai,n+1 = 1, ∀i ∈ T, and qh,n+1 = bh, ∀h ∈ H. By construction, x′
0

= (0, 0, . . . , 0, 1) is an integer

solution of P′. As shown in Section 4, this so-called aggregated solution is adjacent to all other integer

extreme points of the linear relaxation polyhedron of model P′. Therefore, it ensues the following

proposition.

Proposition 1 Model P′ is pseudo-quasi-integral.

Proof. Let x′1 and x′2 be any arbitrary pair of integer extreme points of the linear relaxation polyhe-

dron of model P′. Given that x′
0

is adjacent to both x′1 and x′2, x′2 can be reached from x′1 through

the integer path x′1 − x′0 − x′2. Therefore, model P′ is pseudo-quasi-integral.

Proposition 1 shows that, even if the side constraints in the SPPSC break the quasi-integrality and

pseudo-quasi-integrality properties of the SPP, one can restore the pseudo-quasi-integrality by adding

the artificial variable xn+1. This variable also creates a shortcut, in the polyhedron, between the

current solution and the optimal one.



8 G–2019–85 Les Cahiers du GERAD

4 Handling side constraints in ISUD

To solve the SPPSC, we develop an ICG algorithm, to be described in Section 5, where the RMP is

solved by a new version of ISUD that can consider the side constraints. Here, we present how ISUD

can be modified to handle the side constraints either in the RP or in the CP, or in both problems.

4.1 Handling side constraints in the RP

As mentioned earlier, the RP is formulated as a binary linear program. Therefore, the side constraints

can easily be incorporated into its formulation to yield the following RP formulation:

(RP2) min
x

∑
j∈CS

cjxj (17)

s.t.:
∑
j∈CS

aijxj = 1, ∀ i ∈ T′ (18)

∑
j∈CS

qhjxj ≤ bh, ∀ h ∈ H (19)

xj ∈ {0, 1}, ∀ j ∈ CS . (20)

Unlike RP1, the current integer solution S does not completely fill the basis when there are side

constraints in RP2. Therefore, pivoting into the basis a first negative reduced cost variable does

not ensure finding a better integer solution because of possible degeneracy. Nevertheless, compared

to the original model P, RP2 considers only a subset of its variables (the compatible ones) and a

subset of its partitioning constraints (2), resulting in bases of reduced dimension. Consequently, the

linear relaxations are easier to solve and the linear relaxation solutions contain less fractional-valued

variables, resulting in a potentially much smaller branch-and-bound search tree to explore.

4.2 Handling side constraints in the CP

As discussed in Section 3, CP1 cannot handle the side constraints and, therefore, needs to be redefined.

To do so, we consider model P′ and the current integer solution S expressed in its aggregated form

xn+1 = 1, xj = 0, ∀j ∈ N, which we also denote S ′ = {n+ 1}. The corresponding CP, denoted CP3,

is formulated as follows:

(CP3) zCP3 = min
v,λ

∑
j∈N\S

cjvj +
∑
l∈S

clvl − cSλ (21)

s.t.:
∑

j∈N\S

aijvj +
∑
l∈S

ailvl − λ = 0, ∀ i ∈ T (22)

∑
j∈N\S

qhjvj +
∑
l∈S

qhlvl − λbh ≤ 0, ∀ h ∈ H (23)

∑
j∈N\S

αjvj +
∑
l∈S

βlvl = 1 (24)

v ≥ 0, λ ≥ 0, (25)

where variable λ is associated with variable xn+1 and always takes a positive value in any feasible

solution. A solution (v, λ) to CP3 defines a descent direction (v,−λ) if zCP3 < 0. In this case, we can

deduce from this direction the following descent direction d = (dj)j∈N for the original problem P:

dj =

{
vj−λ
λ if j ∈ S
vj
λ if j ∈ N \ S ∀j ∈ N. (26)

One can easily verify that c>d < 0 and that x0+d satisfies constraints (2) and (3) of P. This direction d

can, however, be integer or fractional according to Definition 1.

The following proposition characterizes the integrality of direction d in two different ways.
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Proposition 2 The following three statements are equivalent:

1. Descent direction d is integer;

2. vj ∈ {0, λ}, ∀j ∈ N;

3. For all pairs of indices j1, j2 ∈ N such that j1 6= j2 and vj1vj2 > 0, their columns Aj1 and Aj2
(excluding the side constraint coefficients) are disjoint.

Proof. First, let us show that Statement 1 is true if and only if Statement 2 is true. (⇒) If d is integer,

then, for j ∈ S, dj =
vj−λ
λ must be in {0,−1} because xj = 1 and, for j ∈ N \ S, dj =

vj
λ must be in

{0, 1} because xj = 0. In both cases, we deduce that vj ∈ {0, λ}. (⇐) If vj ∈ {0, λ}, ∀j ∈ N, then it

is easy to verify that dj ∈ {0,−1} if j ∈ S and dj ∈ {0, 1} if j ∈ N \ S. Therefore, x0 + d is integer

and, thus, d is integer.

Second, let us show that Statement 2 is true if and only if Statement 3 is true. (⇒) If vj ∈ {0, λ},
∀j ∈ N, then A>j1Aj2 = 0 for every pair of indices j1, j2 ∈ N such that j1 6= j2 and vj1vj2 > 0.

Otherwise, for one of these pairs j1, j2 ∈ N, there would exist a task i ∈ T such that aij1 = aij2 = 1 and

the constraint (22) associated with task i would be violated (
∑
j∈N aijvj ≥ aij1vj1 +aij2vj2 = 2λ 6= λ).

(⇐) Consider an index j∗ ∈ N such that vj∗ > 0 and a task i ∈ T such that aij∗ = 1. If A>j1Aj2 = 0

for every pair of indices j1, j2 ∈ N such that j1 6= j2 and vj1vj2 > 0, then there is no other index

j′ 6= j∗ such that vj′ > 0 and aij′ = 1. Consequently, from the constraint (22) associated with task i,

we deduce that
∑
j∈N aijvj = vj∗ = λ.

If direction d is integer, then the corresponding descent direction (v,−λ) suggests to replace the

current aggregated solution S ′ of problem P′ by the solution S ′′ = {j ∈ N | vj > 0}, i.e., the columns

in S ′′ must be pivoted in the solution while column of index n+ 1 must be pivoted out of it. The next

proposition indicates that this direction is minimal.

Proposition 3 Any descent direction (v,−λ) found by CP3 which induces an integer direction d is

minimal with respect to the aggregated solution S ′ of problem P′.

Proof. If d is integer, then A>j1Aj2 = 0 for every index pair j1, j2 ∈ N such that j1 6= j2 and vj1vj2 > 0.

Consequently, the column of index n+1 which has a coefficient of -1 for all set partitioning constraints

cannot be pivoted out of the solution unless all columns in {j ∈ N | vj > 0} are pivoted in the

solution.

The following theorem states that all improved solutions to P′ are adjacent to the current aggregated

solution x′0 in the convex hull of the feasible domain of P′, which is denoted conv(FP′).

Theorem 1 Let x′∗ be a solution to P′ whose cost is less than the cost of x′0. Then, x′∗ and x′0 are

adjacent extreme points in conv(FP′).

Proof. Let x∗ and x0 be the solutions corresponding to x′∗ and x′0 in problem P. Denote by d = x∗−x0
the integer descent direction that allows to move from x0 to x∗. This direction d can be obtained from

the following solution (v, λ) to CP3 (built using Proposition 2):

vj =

 λ if dj > 0 and j ∈ N \ S,
λ if dj = 0 and j ∈ S,
0 otherwise

(27)

λ = (
∑

j∈N\S | dj>0

αj +
∑

j∈S | dj=0

βj)
−1. (28)

According to Proposition 3, this solution yields a descent direction (v,−λ) that is minimal. Therefore,

x′∗ is an extreme point of conv(FP′) that is adjacent to x′0.
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Note that this theorem can easily be extended to any solution x′∗ of P′ which does not have a cost

less than that of x′0.

In contrast to CP2, CP3 considers the side constraints of the original problem P. Given that CP2

finds a direction to explore FSPPLR and not FSPPSCLR , this direction might lead to an extreme point

of FSPPLR that is cut off by a side constraint of P (see Figure 1.i). The next proposition shows that

this is not the case with CP3 when it returns an integer direction.

Proposition 4 Let x be an integer extreme point of FSPPLR that is cut off by a side constraint (3),

say, the one indexed by ĥ ∈ H. Then, no feasible solution (v, λ) to CP3 can yield the integer direction

d = x− x0 according to definition (26).

Proof. Assume that there exists such a solution (v, λ). Because d is integer, we can deduce from (26)

and Proposition 2 that xj =
vj
λ , ∀j ∈ N. If x violates side constraint (3) for index ĥ, then∑

j∈N

qĥjxj > bĥ

⇔
∑

j∈N\S

qĥj
vj
λ

+
∑
l∈S

qĥl
vl
λ
> bĥ

⇔
∑

j∈N\S

qĥjvj +
∑
l∈S

qĥlvl > λbĥ.

This contradicts the feasibility of (v, λ) as it would violate the constraint (23) for index ĥ ∈ H.

Therefore, there exists no such solution (v, λ).

Consequently, when the solution to CP3 induces an integer descent direction d, the ensuing solution

x0 +d is always feasible for problem P. Unfortunately, CP3 can also find solutions yielding a fractional

direction d. In this case, we propose to search for an integer descent direction d, called a subdirection

of d, as follows. Let S+
d = {j ∈ N | dj > 0} and S−d = {j ∈ N | dj < 0} be the indices of the columns

that should enter and exit the current solution S according to direction d, respectively.

Definition 6 A direction dI is said to be a subdirection of direction d if

dIj = 0, ∀j ∈ N \ (S+
d ∪ S

−
d ), dIj ≥ 0, ∀j ∈ S+

d , dIj ≤ 0, ∀j ∈ S−d .

Given that the sets S+
d and S−d are typically small, we solve a mixed-integer program (MIP) to

find an integer descent subdirection dI of direction d. This MIP aims at replacing some columns in

the current solution by others, ensuring that the resulting solution is feasible. For each h ∈ H, let

ŝh = bh−
∑
j∈S qhj be the slack left in the side constraint h by the current solution S. Furthermore, let

y+j , j ∈ S+
d , and y−j , j ∈ S−d , be binary variables associated with the columns in S+

d and S−d . Variable

y+j (resp., y−j ) takes value 1 if the column indexed by j enters (resp., leaves) the current solution. The

proposed MIP is:

zSD = min
y+,y−

∑
j∈S+

d

cjy
+
j −

∑
j∈S−d

cjy
−
j (29)

s.t.:
∑
j∈S+

d

aijy
+
j −

∑
j∈S−d

aijy
−
j = 0, ∀ i ∈ T (30)

∑
j∈S+

d

qhjy
+
j −

∑
j∈S−d

qhjy
−
j ≤ ŝh, ∀ h ∈ H (31)

y+j ∈ {0, 1}, ∀j ∈ S+
d , y−j ∈ {0, 1}, ∀j ∈ S−d . (32)

Objective function (29) aims at minimizing the cost of replacing the selected columns in S−d by those
selected in S+

d . Constraints (30) impose that the entering columns cover exactly the same tasks as the
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exiting columns. Finally, constraints (31) ensure that no side constraints are violated by this change.

Note that the number of constraints can be reduced by considering only those for which there exists

at least one column in S+
d ∪ S

−
d with a non-zero coefficient in this constraint.

An integer descent subdirection is found if zSD < 0. This subdirection is given by

dIj =


y+j if j ∈ S+

d

−y−j if j ∈ S−d
0 otherwise.

4.3 Possible RP-CP combinations

In this subsection, we discuss possible RP-CP combinations that can be used in ISUD to solve the

SPPSC.

• RP2-CP2: This combination consists of handling the side constraints only in the RP. Since this

problem involves subsets of constraints and columns, it can be easily solved using a commercial

solver. However, the CP may find descent directions that do not point to a feasible region of

conv(FSPPSC), i.e., that points to a region where side constraints are violated. Therefore, to find

an improved integer solution, it is often necessary to define a large neighborhood when zooming

around these directions and the RP may, thus, consume more computational time.

• RP1-CP3: In this combination, the side constraints are only handled in the CP, ensuring that

the descent directions found lead to a feasible region. However, if the directions found are frac-

tional, the zooming procedure cannot be used since the RP does not consider the side constraints

and, therefore, the solution process may terminate before reaching an optimal solution.

• RP2-CP3: With this combination, the advantages of handling the side constraints both in the

RP and in the CP are exploited. In addition, the zooming procedure can be used in the RP to

search for integer solutions in the neighborhood of any fractional direction found by the CP.

Given that the second combination offers no recourse when fractional directions are found, it is

not considered in the following. We only compare the first and third combinations (i.e., RP2-CP2 and

RP2-CP3) which rely on the zooming procedure to search for integer directions around fractional ones.

5 Improved integral column generation (I2CG)

In this section, we describe the proposed I2CG algorithm, an improved version of ICG [17], that can

handle the side constraints of the SPPSC. Like ICG, it is based on a three-level decomposition. The

first two levels correspond to the CG RMP which is decomposed into a RP and a CP. The third level

consists of the CG PS which is, in our case, a shortest path problem with resource constraints that is

solved by a labeling algorithm.

A pseudo-code for I2CG is presented in Algorithm 1. It starts with an initial set of columns Ñ

(possibly artificial ones), an integer solution x0 (also denoted S0) of cost z0, and a corresponding dual

solution π0. Then, it tries to improve this initial solution by CG. At each CG iteration, the PS is

solved in Step 3 and the RMP is solved by ISUD in Steps 7–16 and, if needed, by invoking the zooming

procedure in Steps 17–28. Finally, Steps 29–32 count the number of successive CG iterations where

the progress made in the objective value is deemed insufficient. This counter is used in the algorithm

stopping criterion tested in Step 33. Note that, in this pseudo-code, we use RP2(σ) to specify that

RP2 is built with respect to solution σ (= S or S ′), and CPversion(L) to identify the CP of version

CPversion (= CP2 or CP3) defined by replacing set N with set L. Below, we discuss the main parts

of this pseudo-code in separate subsections.
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Algorithm 1: I2CG

input : initial columns Ñ, solution x0 (S0), dual solution π0, and cost z0

output : best integer solution found x∗

parameter : CPversion, maxZoom, kZoom, minImprPerc, maxSuccFail, KCP = {k1, . . . , kη}
1 r ← 0; nbSuccFail← 0; x∗ ← x0; S ← S0;
2 do

Column generation

3 J← solve PS(πr); r ← r + 1;
4 if J 6= ∅ then
5 Ñ← Ñ ∪ J;

RP-CP loop

6 k ← k1;
7 do
8 zr ← solve RP2(S);
9 do

10 (d, πr)← solve CPversion(Ñk
S);

11 if d is integer or contains an integer subdirection then
12 update x∗ and S;
13 break;

14 k ← nextPhase(k,KCP );

15 while k 6= 0;

16 while d is integer or contains an integer subdirection;

Zooming

17 if d is fractional then
18 S′ ← S; d1 ← d;
19 for ` = 1 to maxZoom do
20 S′ ← S′ ∪ supp(d`);
21 zr ← solve RP2(S′);
22 if improved integer solution found then
23 update x∗ and S;
24 break;

25 if ` < maxZoom then

26 d`+1 ← solve CPversion(ÑkZoom
S′ );

27 if d`+1 = d` then
28 break;

Control

29 if
(zr−1−zr)
zr−1 < minImprPerc then

30 nbSuccFail← nbSuccFail + 1;

31 else
32 nbSuccFail← 0;

33 while J 6= ∅ and nbSuccFail < maxSuccFail;

5.1 Solving the pricing subproblem

In Step 3, the PS (which may be separated in multiple PSs) is solved by, e.g., a labeling algorithm

to find a set J of negative reduced cost columns, where the reduced cost of column j is computed

as c̄j = cj −
∑
t∈T πtatj −

∑
h∈H πhqhj . If J is empty, the algorithm stops. Otherwise, the columns

in J are added to the current RMP column pool Ñ in Step 5. Note that a multi-phase strategy that

initially restricts the PS solution space and gradually enlarges it when no “good” negative reduced

columns can be found is also applied when solving the PS. Details about this strategy are provided at

the end of Section 5.2.

For both versions of the CP, the dual solution πr =
(
(πrt )t∈T, (π

r
h)h∈H

)
used in the PS at iteration r

is either provided by the initial dual solution π0 (when r = 0) or by optimal dual values obtained in the
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last solution of RP2 in Step 8 or the CP in Step 10. More precisely, if CP2 is used in I2CG, then the

duals πrt , ∀t ∈ T, and πrh, ∀h ∈ H, are set equal to those of constraints (14) and (19), respectively. This

choice of dual solution is based on empirical results and offers no guarantee of algorithmic convergence.

On the other hand, when I2CG relies on CP3, both sets of dual values are provided by CP3, namely,

from constraints (22) and (23). In this case, the following proposition can be proven.

Proposition 5 Let S be an integer solution with cost cS =
∑
j∈Scj. Let S∗ be an improved solution

(
∑
j∈S∗cj < cS). At least one variable xj, j ∈ S∗, has a negative reduced cost with respect to the dual

solution π ∈ R|T|+|H| provided by (22) and (23).

Proof. After solving CP3, the reduced cost of λ is always equal to 0, which implies

cS =
∑
i∈T

πi +
∑
h∈H

bhπh. (33)

Furthermore, given that πh ≤ 0 and
∑
j∈S∗

qhj ≤ bh for all h ∈ H, the following relation holds:

∑
h∈H

∑
j∈S∗

qhjπh ≥
∑
h∈H

bhπh. (34)

Now, let us assume that all variables xj , j ∈ S∗, have a non-negative reduced cost, i.e.,

c̄j = cj −
∑
t∈T

πtatj −
∑
h∈H

πhqhj ≥ 0, ∀j ∈ S∗. (35)

These inequalities yield∑
j∈S∗

(cj −
∑
i∈T

aijπi −
∑
h∈H

qhjπh) ≥ 0 ⇒
∑
j∈S∗

cj ≥
∑
i∈T

πi +
∑
j∈S∗

∑
h∈H

qhjπh

⇒
∑
j∈S∗

cj ≥
∑
i∈T

πi +
∑
h∈H

bhπh (from (34))

⇒
∑
j∈S∗

cj ≥ cS (from (33)).

This contradicts the hypothesis that S∗ is an improved solution. Therefore, the above assumption is

false and at least one variable xj , j ∈ S∗, has a negative reduced cost.

The following corollary, which provides an optimality certificate, directly ensues from this proposi-

tion.

Corollary 1 If zCP3 = 0 and no negative reduced cost columns are generated when solving the PS using

the dual solution π ∈ R|T|+|H| provided by (22) and (23), then the current solution S is optimal for P.

If zCP < 0 and S is not optimal (i.e., there exists an improved solution S∗), then there is no

guarantee that the PS can generate a negative reduced cost column. Indeed, even if Proposition 5

stipulates that there exists at least one variable xj , j ∈ S∗, that has a negative reduced cost, all negative

reduced cost variables may belong to the set Ñ of already generated columns. In this case, nonnegative

reduced cost columns have to be generated by the PS and added to Ñ to find the corresponding descent

direction. Identifying these columns does not seem feasible. Alternatively, to ensure the exactness

of the algorithm, one can restrict CP3 by including the disjonctive constraints (12) and generating

negative reduced cost columns when branching to satisfy them. Given that we do not necessarily

look for optimal solutions in our computational experiments, this option has not been implemented.

Furthermore, our computational results show that this situation is not frequent, at least not before

being very close to optimality.
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5.2 RP-CP loop

In the RP-CP loop (Steps 7–16), ISUD is applied to solve the RMP with the goal of finding the best

integer solution given the available set of columns Ñ. This loop stops, however, when no integer

direction or subdirection is found by the CP. Note that the CP version used is passed to the algorithm

as a parameter (CPversion). In the remainder of this paper, we denote by I2CG2 and I2CG3 the

I2CG algorithm based on CPversion = CP2 and CPversion = CP3, respectively.

Theoretically, in a given CG iteration r, an optimal solution to the RMP can be found by solving a

single CP3 because this solution is adjacent to the aggregated solution (see Theorem 1). However, in

practice, several iterations in the RP-CP loop may be necessary to reach this solution because of the

objective function of CP3, which minimizes an “average” reduced cost. Indeed, one can observe that

the cost of a solution (v, λ) to CP3 yielding an integer descent direction d is equal to λc>d, where d

and λ are defined by (27)–(28). In particular, if the weights αj and βl in (24) are all equal to 1, then

λ = 1/n+(v), where n+(v) is equal to the number of vj variables with a positive value, i.e., the number

of columns in the solution x0 + d. In this case, the cost of (v, λ) is equal to the average reduced cost

per column in this solution.

For the SPP, Zaghrouti et al. [22] have shown that there exists weights α∗j and β∗l such that the

direction induced by the corresponding solution of CP2 leads to an optimal solution of the problem.

Such result can be generalized to CP3 and the SPPSC RMP. Unfortunately, there is no method to

identify such weights a priori.

For our tests, we used the following weights: αj = δj , j ∈ N \CS , αj = 2, j ∈ CS \ S, and βl = 1,

l ∈ S, where δj is the degree of incompatibility of column Aj . This incompatibility degree can be

mathematically defined as the ”distance” between column Aj and the vector subspace generated by

the columns in S (omitting the side constraint coefficients); a formal definition is given below. Using

these weights, CP3 aims at minimizing the average reduced cost per degree of incompatibility in the

columns of the resulting solution x0 +d. In fact, empirical results show that improved integer solutions

are often composed of columns with a small degree of incompatibility. Thus, this objective function

favors finding them.

The degree of incompatibility of a column Aj , j ∈ N, is defined according to the current solution S
and a so-called compatibility matrix M .

Definition 7 A matrix M is a compatibility matrix if and only if ||MAj ||1 = 0 for every compatible

column Aj, j ∈ CS .

Definition 8 The incompatibility degree of a column Aj, j ∈ N, is δj = ||MAj ||1.

Note that δj = 0 for all compatible columns Aj , j ∈ CS .

In our algorithm, we use the compatibility matrix M2 of Bouarab et al. [4] which is designed for

vehicle routing and crew scheduling applications. With this matrix, the degree of incompatibility

of a column Aj indicates the number of times that the task subsets of the current solution S must

be divided to ensure that Aj becomes compatible. For example, if two columns in S cover the task

subsets {1, 2, 3, 4} and {5, 6}, then δj = 2 for an incompatible column Aj covering the task subset {4, 5}
because, to make Aj compatible, both subsets {1, 2, 3, 4} and {5, 6} must be divided to yield the

subsets {1, 2, 3}, {4}, {5}, and {6}.

To accelerate Algorithm 1 and further favor the identification of improved integer solutions made

up of columns with a small degree of incompatibility, a multi-phase strategy similar to those developed

by El Hallaoui et al. [8] for the DCA algorithm and adapted by Zaghrouti et al. [21] for the ISUD

algorithm is implemented in Steps 9–15. Let KCP = {k1, k2, . . . , kη} be an ordered set of phases, where

ki, i = 1, 2, . . . , η, is a maximum degree of incompatibility, ki ≥ 1 and ki < ki+1 for all i = 1, 2, . . . , η−1.

For example, KCP may be equal to {1, 2, 3, 5, 8}. In a phase k ∈ KCP , the CP solved in Step 10 is

restricted to a subset Ñk
S of the generated columns, namely, those with an incompatibility degree less
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than k with respect to solution S. Therefore, every subset Ñk, k ∈ KCP , contains all compatible

columns and subset Ñkη = Ñ if kη is sufficiently large.

Each CG iteration starts in phase k = k1. Then, after solving the RP in Step 8, the search for

a descent direction starts in the current phase k. If the computed direction d in Step 10 is integer

or contains an integer subdirection, then the best found solution is updated. Otherwise, in Step 14,

function nextPhase identifies the next phase to explore in set KCP if k < kη and returns k = 0

otherwise. In the former case, the CP is solved again. In the latter, the algorithm continues with the

zooming procedure.

As mentioned in the previous section, we also implemented a multi-phase strategy for the PS that

is independent from the one described above, using a set of phases KPS . The objective of this strategy

is to generate, at the beginning of the algorithm, columns that are slightly incompatible with the

current best integer solution. In phase k ∈ KPS , the PS (a shortest path problem with resource

constraints) involves an additional resource constraint that limits the incompatibility degree of the

generated columns to be less than or equal to k (see El Hallaoui et al. [7] for further details). The

algorithm starts in the first phase in KPS . It moves to the next phase either when no column is

generated in Step 3 (in which case, the PS is immediately solved again) or when a failure is identified

in Step 29.

5.3 Zooming

When the last direction d found by the CP in Step 10 is fractional, the zooming procedure (Steps 18–28)

is called to look for an improved solution in the neighborhood of this direction. The first neighborhood

is created by adding the column indices j such that dj > 0 to the index set S to form an augmented

index set S ′ (Step 20). Then, RP2 defined with the variables compatible with S ′ is solved in Step 21

with the hope of finding an improved integer solution. If this is the case, the best solution found is

updated and the zooming procedure stops. Otherwise, the neighborhood is enlarged by solving the

CP (Step 26) to find a new descent direction and increase set S ′, before solving again the RP. In total,

at most maxZoom neighborhoods are explored before halting the zooming procedure. To keep the

size of the CP relatively small and favor finding improved solutions composed of columns with a small

degree of incompatibility, the CP is defined for the set ÑkZoom
S′ of columns, i.e., those having a degree

of incompatibility with respect to S ′ less than or equal to the value of parameter kZoom. Note that,

because set S ′ increases at each iteration, the size of ÑkZoom
S′ increases at each iteration and the degree

of incompatibility of its columns with respect to the current solution S can be larger than kZoom.

Nevertheless, the direction d`+1 found at iteration ` may be the same as d`, the one obtained in the

previous iteration. In this case (Step 27), set S ′ cannot increase and the zooming procedure stops.

5.4 Control and stopping condition

Once the current CG iteration is completed, i.e., after solving the PS and the RMP through the RD-CP

loop and, possibly, the zooming procedure, the improvement in the cost of the best solution found in

this iteration is evaluated in Step 29 of Algorithm 1. If this improvement in percentage does not exceed

the value of parameter minImprPerc, then this CG iteration is deemed a failure and the number of

successive iterations with a failure is increased by 1 (Step 30). Otherwise, it is qualified as a success

and the number of successive iterations with a failure is reset to 0 in Step 32.

The main while loop stops in Step 33 when the PS cannot generate negative reduced cost columns

or when a failure occurs in maxSuccFail successive iterations.

6 Computational results

In this section, we present the results of the computational tests that we performed on real-life instances

of the CPP with up to 1740 flights. Each instance (derived from the datasets of Kasirzadeh et al. [11])
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concerns a single aircraft type with a horizon of one week and three bases. To each instance, we added

21 (7 days times 3 bases) side constraints to limit the number of pilots available per base and day. For

each constraint h ∈ H and pairing j ∈ N, coefficient qhj is equal to 1 if j and h are associated with

the same base and j covers a flight during the day associated with h. Furthermore, the right-hand side

bh of constraint h ∈ H corresponds to the number of pilots available in the base associated with h.

For our tests, set N is initialized with artificial columns, namely, one for each task i ∈ T with no

contribution to the side constraints and a large cost M . These columns form the initial solution S0
which has a cost z0 = M |T|. The dual solution π0 is thus given by π0

i = M , ∀i ∈ T, and π0 = 0,

∀h ∈ H.

In our experiments, we tested both versions of I2CG (I2CG2 and I2CG3), a diving heuristic (DH),

and a restricted master heuristic (RMH) (see Joncour et al. [10]). DH is a BP heuristic which explores

a single branch of the search tree in a depth-first fashion without any backtracking. After solving each

linear relaxation by CG, it fixes the pairing variable with the highest fractional value to 1 until finding

an integer solution. RMH starts by solving the linear relaxation of the SPPSC by CG and converts

the last RMP into a MIP which is then solved by a commercial solver. It should be noted that DH

and RMH do not guarantee to find an integer solution. In fact, as no backtracking is allowed in DH,

the algorithm may end up with an infeasible RMP after fixing a certain number of variables to 1. For

RMH, the subset of columns generated for solving the linear relaxation of the problem may simply

not contain a feasible integer solution. For both I2CG2 and I2CG3, the following parameter values

were used: minImprPerc = 0.0025, maxSuccFail = 9, kZoom = 5, KCP = {1, 2, 3, 4, 5, 6, 7} and

KPS = {1, 2, 3, 4, 5, 6, 7, 8, 9}. Furthermore, we set maxZoom = 4 for I2CG2 and maxZoom = 2 for

I2CG3. All these values were determined based on preliminary test results.

All our tests were run on a Linux machine equipped with an Intel i7 processor clocked at 3.4 GHz. In

all algorithms, the SPs were solved using dynamic programming implemented using the Boost library

(version 1.54). All linear RMPs and MIPs were solved by CPLEX (version 12.6).

This section is divided in three parts. First, we compare the performance of the algorithms I2CG2,

I2CG3, DH, and RMH. Second, we present detailed results to provide insights on the performance of

I2CG3, compared to DH and RMH. Finally, we study the impact of the side constraint right-hand side

values on the computational times of all algorithms.

6.1 Performance tests

In Table 2, we report computational results that allow to compare the performance of the algorithms

I2CG2, I2CG3, DH, and RMH. Each instance is identified by an Id (Id) and the number of tasks

it involves (Tasks). Then, for each algorithm, we read from left to right: the total computational

time in seconds (Time), the optimality gap in percentage between the cost of the best solution found

and the linear relaxation optimal value (Gap), the number of column generation iterations (Itr.), the

total number of integer solutions found (IntS), the percentage of saturated side constraints in the

best solution found (Sc.), and the total number of generated columns (Cols). For DH, the number

of integer solutions is not indicated, as it is always equal to 1. It should be noted that the linear

relaxation optimal values were only computed to report the optimality gaps, so the time required to

calculate them is not included in the total time of the I2CG algorithms. In the last row of the table,

we report the average of each table column. For each instance, the least computational time and the

least gap among all algorithms are highlighted in bold.

From these results, we observe that I2CG2 finds integer solutions with a slightly higher average

optimality gap than those obtained with I2CG3. This is not surprising because I2CG2 does not handle

the side constraints in CP2 and the descent directions found by CP2 can lead to infeasible regions.

So, to increase the probability of finding integer solutions in the neighborhood of these directions via

the zooming procedure, I2CG2 must search in larger neighborhoods than I2CG3. This justifies: i)

setting maxZoom = 4 for I2CG2 instead of maxZoom = 2 for I2CG3; ii) larger computational times

for I2CG2 except for one instance.
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Table 2: Results of I2CG2, I2CG3, DH and RMH.

Instance I2CG2 I2CG3 DH RMH

Id Tasks Time Gap Itr.IntS Sc. Cols Time Gap Itr.IntS Sc. Cols Time Gap Itr.Sc. Cols TimeGap Itr.IntS Sc. Cols

727 239 9 0.36 23 73 33 23413 80.35 20 66 42 19848 90.35 59 33 9474 5 0.42 21 5 33 8674
09 348 13 0.18 14 56 9 24408 130.16 19 56 9 28438 5 0.36 26 9 10695 4 0.20 17 5 9 10645
94 424 44 0.21 19 93 66 50823 360.19 18 101 61 57028 38 0.45 71 66 19615 15 0.26 23 5 71 18184
95 1255 24110.17 24 455 42457784 16690.17 23 489 42419540 8052 0.22 903 52171415 7640 1.19 53 30 52103250
757 1290 9150.01 17 324 4326725 8550.01 17 402 4337999 3479 0.03 756 14105320 1163 0.16 75 8 19 62791
319 1293 1482 0.17 20 488 42277853 15420.11 23 462 47283315 4514 0.241170 42133403 7406 2.14 89 19 76 77687
320 1740 2034 0.06 24 438 38456921 18740.05 17 565 33369921 8126 0.081317 38151183 1144 0.15 103 13 42 91577

Avg. 987 0.17 20 275 33231132 8570.15 20 306 34216584 3460 0.24 614 36 85872 2482 0.64 54 12 43 53258

We can also observe that I2CG3 generally finds better solutions faster than other methods. Indeed,

the solution found by I2CG3 has an optimality gap that can be 3 times smaller than the gap of the

solution found by DH. In addition, I2CG3 reduces the DH time by a factor of 3 for instance 319 and

of 4 for instances 95, 757 and 320. On average, I2CG3 is 4 times faster than DH, 2.8 times faster

than RMH, and improves the optimality gap by a factor of 1.6 for DH and of 4 for RMH. We also

notice that, on average, I2CG3 generates 2.5 times more columns than DH. This can be explained by

the extra resource that computes the incompatibility degree in the I2CG3 SPs (see Section 5.2) which

reduces label dominance and also by the absence of dominance at the network sink nodes. This choice

of generating a large number of columns was justified in Tahir et al. [17], where the authors showed

the interest of this strategy for ICG that is, at the opposite, not beneficial for DH. In fact, the large

number of generated columns can be efficiently managed by I2CG in the RMP using the multi-phase

strategy (see Section 5.2). This speed up can also be explained by the number of iterations required

by I2CG3 (20 on average), which is negligible compared to that of DH (614 on average).

Another remarkable characteristic of the I2CG3 algorithm is the large number of integer solutions

found throughout the solution process. Indeed, I2CG3 finds 33 integer solutions per iteration for

the largest instance 320 and 15 integer solutions per iteration on average over all instances. This

corresponds to an improved solution at every 3 seconds on average. This characteristic of I2CG3 is

highly desirable in the industry where the solution can sometimes be stopped prematurely because of

a deadline for producing the crew schedules.

Figure 2 illustrates the evolution of the cost of the current solution as a function of the compu-

tational time for instance 320 (a similar behavior is observed for the other instances). It includes an

enlargement of the function between times 1000 and 8100 seconds. Each blue spot indicates an integer

solution found by I2CG3. The red diamond and the green star represent the unique solution found

by DH and the best one computed by RMH. This figure shows the fast improvement of the current

solution at the beginning of the I2CG3 solution process. Like other column generation methods, a

tailing off occurs, i.e., the current cost slowly improves in the second half of this process. We also

note that, for I2CG3, integer solutions are found regularly, which means that I2CG3 is not prone to

degeneracy.

In Tables 3 and 4, we detail the I2CG3, DH and RMH results reported in Table 2. The objective

is to analyse the behavior of different components of the three algorithms. In these tables, we give for

each algorithm the time consumed by each algorithm component in seconds (Time), the number of

times that the PSs were solved (Itr.), i.e., the number of CG iterations, and the average number of

generated columns per iteration (Av.GCol). For I2CG3, we also report the number of integer solutions

found by RP2 (IntS), the average number of constraints in RP2 (Av.Cst.), the average number of

non-zero coefficients (Av.Nz.) in the RP2 constraint matrix, the number of solved RP2s (No.), the

number of integer directions found by CP3 (IntD), the number of integer subdirections (IntSD), and

the average number of columns in CP3 (Av.Cols.). For RMH, we also provide the number of non-zero

coefficients in the MIP (Nz.). Averages of these results are given in the last row of each table. Recall

that I2CG3 can find an integer solution by solving either RP2 or CP3.
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Figure 2: Cost of the current solution in function of the computational time – Instance 320.

6.2 Some insights

Table 3: Detailed results of I2CG3.

I2CG3

Instance RP2 CP3 PS

Id Tasks Time IntS Av.Cst. Av.Nz. No. Time intD intSD Av.Col. No. Time Itr. Av.GCol.

727 239 1 25 115 2997 90 3 24 17 1389 223 2 20 992
09 348 1 9 179 3967 88 7 17 30 2696 244 3 19 1497
94 424 6 28 206 6146 111 18 33 42 5190 235 7 18 3168
95 1255 335 112 546 18096 302 983 43 334 29344 456 270 23 18241
757 1290 8 46 689 10472 206 691 3 353 33096 310 129 17 19882
319 1293 423 130 539 13497 258 941 9 323 25998 399 127 23 12318
320 1740 292 203 806 15222 256 1337 21 341 37580 359 178 17 21760

Avg. 152 79 440 10056 187 568 21 205 19327 318 102 19 11123

Table 4: Detailed results of DH and RMH.

DH RMH

Instance RMP PS RMP MIP PS

Id Tasks Time Time Itr. Av.GCol. Time Time Nz. Time Itr. Av.GCol.

727 239 2 7 59 160 1 1 81336 2 21 413
09 348 1 4 26 411 1 1 102728 2 17 626
94 424 5 32 71 276 2 3 180240 8 23 790
95 1255 430 7605 903 189 60 7003 1112762 576 53 1948
757 1290 299 3169 756 139 74 771 533957 318 75 837
319 1293 468 4024 1170 114 97 7001 748058 307 89 872
320 1740 706 7401 1317 114 194 366 842719 583 103 889

Avg. 273 3177 614 200 61 2163 514542 256 54 910

From Table 3, we observe that CP3 consumes on average more than 70% of the total computational

time of I2CG3, with an average of 2 seconds per CP3 solved. It finds more than 70% of the integer

solutions identified by the algorithm. This is not surprising as the descent directions found by CP3 can

reach any improved integer solution of the SPPSC according to Theorem 1. Integer solutions obtained

from CP3 are derived from an integer descent direction in 10% of the times and from an integer descent

subdirection in 90% of the times. We also observe that RP2 requires less than 1 second per resolution.

This can be explained by its average number of constraints that does not exceed one-half of the number
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of constraints in the original problem. Finally, note that CP3 contains an average number of columns

that is not very large, which makes it relatively easy to solve at each iteration.

From Table 4, we make the following observations. In DH and RMH, the average time consumed

by the PS per CG iteration is less than that used in I2CG3 for the largest instances. This is mainly

due to the incompatibility resource added in the PS of I2CG3. Nevertheless, the PS in DH takes, on

average, more than 91% of the total time, while it requires only 13% of it in I2GC3. This difference is

mainly explained by the number of calls to the PS and the fact that the RMP is a linear program in DH

while it is an integer program solved by ISUD in I2GC3. For RMH, we see that the MIP consumes on

average more than 80% of the total time. The average size of the solved MIPs is very large compared

to the average size of the RPs solved in I2GC3 (see Table 2). Finally, observe that the average number

of columns generated per iteration in DH is much less than in RMH. This is explained by the large

number of columns generated in the first CG iterations and that RMH stops generating columns after

solving the linear relaxation.

To conclude this section, we briefly discuss the convergence of the minimum reduced cost in the

I2CG3 algorithm. For instance 320, Figure 3 depicts the minimum reduced cost computed at each

CG iteration (by solving the PSs) for I2CG3 (left) and DH (right). These results show that the dual

variables used to generate columns in I2CG3 are more stable than those used by DH. In fact, every time

that variables are fixed in DH, some of the dual variables are highly perturbed, yielding the generation

of columns that may have little chance to be part of the final integer solution. Such behavior is not

observed for I2CG3, which may explain its rapid convergence.

Figure 3: Minimum reduced cost at each CG iteration for I2CG3 and DH – Instance 320.

6.3 Sensitivity of I2CG3 to right-hand side values

To analyze the sensitivity of the I2CG3 algorithm to the tightness level of the side constraints and

validate that it still outperforms the other algorithms for various levels, we conducted another series of

experiments with additional instances derived from the instances used for our main tests. For each of

them, we created four other instances: one with larger supplementary constraint right-hand side values

(i.e., with less tight constraints) and three with increasingly smaller values. The tightness levels are

numbered from 1 (loosest) to 5 (tightest), with level 2 corresponding to the original level. The average

results of these experiments are reported in Table 5, where column Level indicates the tightness level

of the instance and the other columns have the same meaning as in Table 2. Note that, for level 2, we

report the same average results as in Table 2. Instance-by-instance results can be found in Appendix A.

Table 5: Sensitivity analysis average results.

I2CG2 I2CG3 DH RMH

Level Time Gap Itr. IntS Sc. Cols Time Gap Itr. IntS Sc. Cols Time Gap Itr. Sc. Cols Time Gap Itr. IntS Sc. Cols

1 969 0.14 20 274 15 215534 737 0.12 19 294 17 215109 3605 0.23 651 15 83596 2374 0.39 54 13 21 50950
2 987 0.17 20 275 33 231132 857 0.15 20 306 34 216584 3460 0.25 615 36 85872 2482 0.65 54 12 43 53258
3 1112 0.35 24 275 55 243027 933 0.23 21 308 55 228903 3824 0.58 713 59 92079 3490 1.21 55 26 61 54303
4 986 0.49 27 290 64 291053 1011 0.32 22 308 67 233928 4087 0.51 827 74 99218 4339 0.88 56 12 68 55486
5 1052 0.82 27 303 77 292632 1233 0.41 24 310 77 258582 4388 0.77 893 78 104021 4389 1.02 59 13 79 57122
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These results show that I2CG3 always finds the best solution in, generally, less computational time

than the other algorithms for all tightness levels. The tightness of the side constraints has an impact

on the optimality gap for most instances. Indeed, when many of those constraints are active (see

their average percentage in column Sc.), they cut several interesting regions close to the best integer

solutions and create many fractional extreme points. However, we can easily see that the effect of tight

side constraints differs from one method to another. RMH is the mostly affected algorithm because it

cannot find a feasible solution for some instances (two instances at level 4 and one instance at level 5).

Notice also that the average computational times increase slightly with the tightness level, especially

for the last three algorithms. As a conclusion, we can say that I2CG3 remains the best algorithm and

that it is more stable against variations of the supplementary constraint right-hand side values.

7 Conclusion

In this paper, we introduced two new versions of the ICG algorithm, called I2CG2 and I2CG3, which can

solve the SPPSC. Because the side constraints in the SPPSC can break the quasi-integrality property

of the SPP, the primal algorithms (e.g., ISUD), which pass only from one integer extreme point to

an adjacent one, can get stuck in a local minimum. To overcome this limitation, we have added an

artificial extreme point which is adjacent to all other extreme points of the feasible region convex hull

in a higher dimensional space. Starting from this artificial extreme point, it becomes possible to find

an integer direction leading to any integer extreme point of this polyhedron. The difference between

algorithms I2CG2 and I2CG3 is that the latter takes into account the side constraints when searching

for a descent direction while the former does not.

The proposed primal algorithms generate a sequence of integer solutions with decreasing costs until

an optimal or near-optimal solution is reached. Computational experiments on CPP instances involving

up to 1740 set partitioning constraints and 21 side constraints showed that I2CG3 slightly outperforms

I2CG2 and clearly perform better than two popular CG heuristics. For all tested instances, I2CG3

finds a large number of integer solutions and reaches a near-optimal solution in less computational

time than the other algorithms, on average.

As an extension of this work, we intend to test the proposed algorithm on other types of problems

with a variety of side constraints (≤, = and ≥) involving variable coefficients that may not be binary.

Appendix A: Detailed sensitivity results

Table 6 reports the sensitivity results for each tested instance and each of the four algorithms I2CG2,

I2CG3, DH, and RMH. The meaning of the columns is the same as for Table 5. For each instance, the

best gap and the least computational time are highlighted in bold. Dash (-) entries indicate that the

algorithm was unable to find a feasible solution.
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