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3000, chemin de la Côte-Sainte-Catherine
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tivité à but lucratif ou pour un gain commercial;

• Peuvent distribuer gratuitement l’URL identifiant la publication.
Si vous pensez que ce document enfreint le droit d’auteur, contactez-
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Abstract: Vehicle routing problems (VRPs) are among the most studied problems in operations research.
Nowadays, the leading exact algorithms for solving many classes of VRPs are branch-price-and-cut algorithms.
In this survey paper, we highlight the main methodological and modeling contributions made over the years
on branch-and-price(-and-cut) algorithms for VRPs, whether they are generic or specific to a VRP variant.
We focus on problems related to the classical VRP, i.e., problems in which customers must be served by
several capacitated trucks, and which are not combinations of a VRP and another optimization problem.
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1 Introduction

The vehicle routing problem (VRP) is one of the most studied problems in operations research. It was

introduced by Dantzig and Ramser (1959) to solve a practical problem of delivering gasoline from a bulk

terminal to service stations. Its basic version, the capacitated VRP (CVRP), consists of finding feasible

routes to visit a set of customers in such a way that each customer is visited exactly once to completely

satisfy its demand. A route is said to be feasible if it starts and ends at a given depot and if the sum of

the demands of the visited customers does not exceed vehicle capacity. The most common objective for this

problem is the minimization of the traveling costs, which is often assumed to be proportional to the total

traveled distance.

Over the years, several extensions to the CVRP have been proposed. Most of them are inspired by real-life

applications and consider different attributes, namely: start of service time windows at the customers, pickup

and delivery requests, split deliveries, multiple depots, heterogeneous fleet, etc. For a detailed classification

of the VRP variants, see Eksioglu, Volkan, and Reisman (2009), Irnich, Toth, and Vigo (2014) and Braekers,

Ramaekers, and Nieuwenhuyse (2016).

VRPs have been tackled by (meta)heuristics and exact algorithms. Despite the important role played

by heuristics when dealing with real-life problems, we do not review them in this survey. Most of the exact

algorithms in the VRP literature rely on branch-and-bound (BB) to explore implicitly the solution space.

Because the performance of the BB algorithms depends on the quality of the bounds obtained throughout the

tree, it is common practice to employ some techniques to improve the quality of these bounds. BB algorithms

can be combined with the generation of cutting planes, forming the so-called branch-and-cut (BC) algorithms,

or with column generation (CG), resulting in branch-and-price (BP) algorithms. When both techniques are

exploited simultaneously, this leads to branch-price-and-cut (BPC) algorithms.

During many years, BC algorithms were deemed the best algorithms to address VRPs (Laporte, Nobert,

and Desrochers 1985, Lysgaard, Letchford, and Eglese 2004). However, since the seminal work of Desrosiers,

Soumis, and Desrochers (1984), a lot of effort has been put into the development of efficient BP and BPC

algorithms, which made them, nowadays, the leading algorithms for solving many classes of VRPs. BP

algorithms are BB algorithms in which the linear relaxations are solved by means of CG. CG is an iterative

procedure that can tackle linear programs containing a huge number of variables (see Barnhart et al. 1998,

Desaulniers, Desrosiers, and Solomon 2005, Lübbecke and Desrosiers 2005). In the context of VRPs, it relies

on a subproblem (called the pricing problem) to generate routes dynamically and on a master problem (MP)

to select the best ones.

BPC can be seen as a generic framework to solve VRPs. In this respect, several works have proposed

generic algorithmic enhancements that are applicable to most VRPs. On the other hand, tailored BPC

algorithms, including specific tools/procedures to handle the particularities of a VRP variant, have also been

devised. In this context, Feillet (2010) illustrates the importance of methodological studies on CG-based

algorithms by pointing out some reasons that can make these algorithms hard to understand and reproduce,

namely: 1) the inherent complexity associated with the methodology and the large literature in this field; 2)

the variety of perspectives from which these algorithms can be explored; and 3) the lack of comprehensive

descriptions of these algorithms.

To the best of our knowledge, there is no work in the literature discussing specificities of the BP/BPC

algorithms designed for different classes of VRPs. The only paper providing a related analysis is that of

Baldacci, Mingozzi, and Roberti (2012). Nevertheless, they limit their analysis to the CVRP and the VRP

with time windows (VRPTW). The present paper is broader in the sense that it provides a survey of the

methodological developments proposed for BP/BPC algorithms applied to a wide variety of VRPs. Even

if several transportation problems can be modeled/addressed as routing problems, we limit our discussion

to problems related to the CVRP, i.e., problems in which customers/requests must be served by several

capacitated trucks, and that are not combinations of a VRP and another optimization problem. Therefore,

problems such as vehicle scheduling, inventory routing, ship routing, location-routing, etc., are out of scope.
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Our goal for this survey is to highlight the main methodological and modeling contributions made over the

years on BP/BPC algorithms for VRPs, whether they are generic or specific to a VRP variant. Consequently,

we do not provide an exhaustive review of all papers presenting a BP/BPC algorithm for a VRP. Given the

large number of VRP variants covered and papers cited, we have also chosen to present and discuss no

computational results.

This paper is structured as follows. The remainder of this section defines the VRPTW that will serve

as our main VRP example and provides a mathematical formulation for it. Section 2 presents the main

components of a basic BPC algorithm. Generic tools for improving the performance of BPC algorithms are

discussed in Section 3. Contributions specific to VRP variants are reviewed in Section 4. Finally, in Section 5,

we draw some conclusions.

1.1 Problem description

For the sake of simplicity, when presenting the main concepts and ingredients of BPC algorithms, the VRPTW

is used as an example. The choice of this problem comes from the fact that, while it is a relatively simple

problem, solving it by BPC is still quite challenging. In fact, many state-of-the-art techniques incorporated

into BPC algorithms have been proposed for the VRPTW.

The VRPTW can be formally defined as follows. Let G = (V,A) be a complete and directed graph, where

V = V ′∪{0, n+1} is the set of vertices and A the set of arcs. V ′ is the set of n customers. Vertices 0 and n+1

represent the depot at the start and the end of a route, respectively. Each customer i ∈ V ′ is associated with

a demand qi > 0, a service time si > 0 and a time window [ei, li], with 0 ≤ ei ≤ li, which specifies the earliest

and the latest time at which service can start at customer i. We consider q0 = s0 = e0 = qn+1 = sn+1 =

en+1 = 0 and l0 = ln+1 = T , where T represents the horizon length. The traveling cost and the traveling

time associated with each arc (i, j) ∈ A are denoted by cij and tij , respectively. Besides, an unlimited fleet of

homogeneous vehicles with capacity Q is available at the depot. The VRPTW consists of designing feasible

routes such that each customer i ∈ V ′ is visited exactly once by a route and the sum of the costs of the

routes is minimized. A feasible route corresponds to an elementary path r = (i0 = 0, i1, . . . , ik−1, ik = n+ 1)

in G such that the vehicle capacity is not exceeded, i.e.,
∑k
j=0 qij ≤ Q, and the time windows at the visited

vertices are met. The latter conditions can be verified by computing recursively the start of service time tij
at every visited vertex ij , j ∈ {0, 1, . . . , k}, as follows

ti0 = ei0

tij+1 = max{eij+1 , tij + sj + tij−1,ij}, ∀j ∈ {0, 1, . . . , k − 1},

where the maximum function is used to model the possibility that a vehicle arrives before the opening of

a time window and wait until its opening to start service. The time windows are met if tij ∈ [eij , lij ],

∀j ∈ {0, 1, . . . , k}. Given these feasibility conditions, some arcs in A can be discarded to yield arc set

A = {(i, j) ∈ V × V | qi + qj ≤ Q, ei + si + tij ≤ lj} \ {(0, n+ 1), (n+ 1, 0)}. Finally, the cost cr of route r is

given by cr =
∑k−1
j=0 cij ,ij+1

.

The VRPTW can be formulated in terms of binary arc-flow variables xij to indicate whether a vehicle

travels or not along a given arc (i, j) ∈ A (for more details, see Desaulniers, Madsen, and Ropke 2014).

Arc-flow formulations have the advantage of containing a polynomial number of variables, but they provide,

in general, weak linear relaxations. An alternative way of modeling the VRPTW is by means of a set

partitioning formulation (Balinski and Quandt 1964), which we present in the next section. Arc-flow and set

partitioning formulations are often referred to as compact and extended formulations, respectively.

As discussed previously, the VRPTW is defined over the directed graph G. Nevertheless, other VRP

variants such as the CVRP can be formulated using an undirected graph. For the sake of clarity, we will

assume a directed graph G throughout this paper unless otherwise specified.
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1.2 Set partitioning formulation

Let Ω be the set of all feasible routes, i.e., elementary routes that satisfy vehicle capacity and time windows.

A binary parameter ari specifies whether or not customer i ∈ V ′ is visited on a route r ∈ Ω. For each route

r ∈ Ω, define a binary variable λr which is equal to 1 if r is selected in the solution and 0 otherwise.

The VRPTW can be formulated as the following set partitioning model:

min
∑
r∈Ω

crλr (1)

s.t.
∑
r∈Ω

ariλr = 1, ∀i ∈ V ′ (2)

λr ∈ {0, 1}, ∀r ∈ Ω. (3)

The objective function (1) aims at minimizing the total routing cost. Constraints (2) ensure that each

customer is visited exactly once. Finally, constraints (3) define the domain of the variables.

A big advantage of formulating the VRPTW as (1)–(3) is that some of the constraints (e.g., the time

windows) do not need to be explicitly expressed in the formulation: they are rather implicit from the definition

of set Ω. Consequently, set partitioning formulations typically provide better lower bounds than those

obtained with compact formulations. Nevertheless, they admit a huge number of variables, which makes it

impossible to handle them all at once. Fortunately, BPC is a suitable technique to overcome this drawback.

2 Components of a basic BPC algorithm

In this section, we present the components of a basic BPC algorithm. For further details on BPC algorithms,

the reader is referred to Barnhart et al. (1998), Desaulniers, Desrosiers, and Solomon (2005), Lübbecke and

Desrosiers (2005), and Feillet (2010), where important insights about the development of BPC algorithms

are highlighted.

As stated in the introduction, a BPC algorithm is a BB algorithm where the lower bounds are computed

by CG and the cutting planes are added to strengthen the linear relaxations encountered in the search tree.

In this context, such a linear relaxation is called a MP which is solved by CG. CG is an iterative algorithm

that solves at each iteration a restricted MP (RMP) and a pricing problem. The RMP is a linear program

defined as the MP restricted to a subset of its route variables. The pricing problem can be an arbitrary

optimization problem which is solved either to find new variables to add to the current RMP or to prove

that the current RMP solution can be extended (by setting all non-generated variables to zero) to yield an

optimal solution to the MP.

Below, we discuss the MP, the pricing problem, cutting planes, and branching decisions when BPC is

used to solve model (1)–(3) of the VRPTW.

2.1 The master problem

At the root node of the BB search tree, the MP is given by:

min
∑
r∈Ω

crλr (4)

s.t.
∑
r∈Ω

ariλr = 1, ∀i ∈ V ′ (5)

λr ≥ 0, ∀r ∈ Ω′. (6)

In model (4)–(6), the variables λr, r ∈ Ω, are implicitly upper bounded by one through constraints (5). Note

that cuts can be added to this MP (see Section 2.3) and that, at other nodes of the search tree, branching

decisions can modify it (see Section 2.4).
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An optimal solution to (4)–(6) provides a lower bound at the root node of the search tree. When applying

CG to solve the MP, a RMP, obtained by replacing Ω with a relatively small subset Ω′ ⊆ Ω in (4)–(6),

is solved at each iteration. The solution process yields an optimal primal solution for this RMP and a

complementary dual solution (πi)i∈V ′ , where πi is the dual variable associated with constraint (5) indexed

by i ∈ V ′. Extending this primal solution to the MP (i.e., by setting λr = 0 for all r ∈ Ω \ Ω′) results in an

optimal MP solution if the reduced cost c̄r = cr −
∑
i∈V ′ a

r
iπi of λr is nonnegative for every route r ∈ Ω \Ω′.

The role of the pricing problem (see Section 2.2) is to find routes with a negative reduced cost or to prove

that none exist. When negative reduced cost routes are identified, they are added to subset Ω′ before starting

a new iteration. Otherwise, the CG process stops with an optimal solution to the MP.

In their BPC algorithms, many authors have employed branching rules and cutting planes defined from

arc flows (xij)(i,j)∈A. These arc flows can be easily computed from a solution to the MP using the following

expression

xij =
∑
r∈Ω

brijλr, (7)

where brij is a binary parameter indicating whether or not arc (i, j) ∈ A is traversed by route r ∈ Ω.

2.2 The pricing problem

The pricing problem consists of finding a feasible route r ∈ Ω with a negative reduced cost c̄r. This problem

can be modeled as an elementary shortest path problem with resource constraints (ESPPRC) on graph G.

Resources are quantities (e.g. time, load, etc.) that are used to assess the feasibility of a route or to compute

the cost of a route. Their values vary along a path according to so-called resource extension functions (REFs),

which are defined for each resource and each arc in G. In addition, at each vertex of G, resource windows

restrict the values that can be taken by the resources. Efficient dynamic programming algorithms for solving

the pricing problem might be designed when the REFs present the following two properties: 1) they only

depend on the resource consumptions and on the values associated with the arc and its tail vertex, allowing

the computation of resource values at each vertex; and 2) they are non-decreasing with respect to the resource

values, ensuring the possible application of a dominance rule to reduce route enumeration (Desaulniers et al.

1998, Irnich and Desaulniers 2005, Irnich 2008). Irnich (2008) shows how REFs can be used to model complex

route costs and constraints arising in VRPs and how they allow some algorithmic procedures to be employed,

namely: path representations, efficient cost computations, and constant time feasibility checking performed

while building/concatenating paths. More general REFs are presented in Section 4, where problems with

many attributes are discussed.

When solving the ESPPRC, a modified cost c̄ij = cij − πi is associated with each arc (i, j) in G, with

π0 = 0. This ensures that the cost of a path in G corresponds to the reduced cost of the corresponding

route r ∈ Ω:

c̄r = cr −
∑
i∈V ′

ariπi =
∑

(i,j)∈A

cijb
r
ij −

∑
i∈V ′

ariπi =
∑

(i,j)∈A

c̄ijb
r
ij . (8)

Unlike the classical shortest path problem (Ahuja, Magnanti, and Orlin 1993), which is polynomially

solvable, solving the ESPPRC is not an easy task. Because the arc costs c̄ij may be negative, there might

exist negative cost cycles. Dror (1994) showed that the ESPPRC is NP-hard in the strong sense. For this

reason, when developing BPC algorithms, some authors have replaced the ESPPRC by the shortest path

problem with resource constraints (SPPRC) as the pricing problem (see Irnich and Desaulniers 2005). The

SPPRC is a relaxation of the ESPPRC that allows the generation of paths with cycles (i.e., routes with

multiple visits to the same customer). In this case, the set Ω of feasible routes is enlarged to include these

routes and the meaning of parameter ari (resp. brij) changes to represent the number of times customer i ∈ V ′
is visited (resp. arc (i, j) ∈ A is traversed) by a route r ∈ Ω. On the one hand, the SPPRC is easier to solve
than the ESPPRC as it can be solved by a pseudo-polynomial algorithm as shown by Desrochers, Desrosiers,

and Solomon (1992) who devised the first BP algorithm for a VRP. On the other hand, solving a SPPRC
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as the pricing problem may significantly reduce the quality of the lower bounds provided by the MP. We

discuss in Section 3 other relaxations that have been proposed in the literature, seeking a better compromise

between bound quality and total computational time.

2.3 Cutting planes

Despite the fact that extended formulations can provide better lower bounds than those obtained with com-

pact formulations, these bounds might still be too weak to yield an efficient algorithm. Thus, when designing

BP algorithms for tackling complex VRPs, it is common practice to reinforce the MP with valid inequalities.

As discussed in Section 2.1, any feasible solution to an extended model can be converted into a solution to

a corresponding compact model. Thus, by applying (7) to a cutting plane of the form
∑

(i,j)∈A βijxij ≤ β0,

one can rewrite this inequality in terms of the route variables as follows:∑
r∈Ω

∑
(i,j)∈A

βijb
r
ijλr ≤ β0, (9)

and use it to strengthen the MP.

According to the classification of Poggi de Aragão and Uchoa (2003), cuts of the form (9) are called

robust cuts because they do not increase the complexity of the pricing problem. Indeed, because they can be

expressed in terms of the arc-flow variables, their dual values can be directly incorporated into the modified

cost c̄ij of each arc (i, j) ∈ A as follows. Let ρ be the dual variable associated with (9). The reduced cost c̄r
of a variable λr, r ∈ Ω, becomes:

c̄r = cr −
∑
i∈V ′

ariπi − ρ
∑

(i,j)∈A

βijb
r
ij =

∑
(i,j)∈A

(cij − πj − ρβij)brij =
∑

(i,j)∈A

c̄ijb
r
ij , (10)

by setting c̄ij = cij − πj − ρβij for all arcs (i, j) ∈ A. Note that several robust cuts, each with a dual value,

can be handled simultaneously. Note also that not all cuts defined in terms of the arc-flow variables are

useful in a BPC algorithm because many families of cuts are implied by the definition of the routes.

Valid inequalities can also be defined directly in terms of the route variables. Let
∑
r∈Ω βrλr ≤ β0 be

such a generic cut and σ < 0 the dual variable associated with it. Then, the reduced cost of a route r ∈ Ω

rewrites as follows:

c̄r =
∑

(i,j)∈A

c̄ijb
r
ij − βrσ. (11)

Since the variable coefficients βr, r ∈ Ω, are not necessarily defined as linear functions of the arc flows,

the dual value σ may not be directly transferred to the modified arc costs. Such cuts are, thus, said to

be non-robust and handling their dual values increases the complexity of the pricing problem as additional

unrestricted resources are required in the ESPPRC (see Desaulniers, Desrosiers, and Spoorendonk 2011). It

is important to note that, regardless of this increased complexity, non-robust cuts have a great potential for

reducing the integrality gaps.

In Sections 3 and 4, we discuss various families of cuts that were incorporated in BPC algorithms for

solving VRPs. For more details about cutting planes in BPC algorithms, see the general framework introduced

by Desaulniers, Desrosiers, and Spoorendonk (2011).

2.4 Branching decisions

To derive integer solutions, branching is the ultimate operation to perform in a BPC algorithm. In this

section, we give an overview of branching decisions in BPC algorithms for VRPs. Details on the most

common ones are discussed in Section 3.3.

If we consider model (1)–(3), it seems natural to branch on the route variables, that is, to choose a variable

λr ∈ Ω such that λr ∈ (0, 1) in the current MP solution and to impose λr = 0 on one branch and λr = 1 on
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the other. Imposing the latter decision is straightforward. On the other hand, imposing λr = 0 is not easy

and often ineffective. Indeed, one must also prevent route r to be re-generated by the pricing problem which

becomes a more complex ESPPRC, namely, a ESPPRC with forbidden paths (Villeneuve and Desaulniers

2005). Furthermore, fixing a unique route variable to zero does not restrict much the solution space and

typically yields an unbalanced search tree.

To alleviate this drawback, more aggressive branching decisions can be devised by considering the arc-

flow variables of the compact formulation, instead of the route variables of the extended formulation. These

branching decisions are defined through relation (7), and have the advantage of involving many route variables

simultaneously beside being robust. Examples of branching decisions performed with respect to the arc-flow

variables are: branching directly on the flow on an arc, branching on the number of vehicles leaving the

depot, and branching on the flow into/out of a set of vertices (see Section 3.3).

3 Generic tools

In this section, we present ideas applicable to different variants of VRPs. The topics discussed are classified

as follows: pricing, cutting, branching, using upper bounds, and stabilizing dual values.

3.1 Pricing

For most VRPs, the pricing problem is an ESPPRC or a relaxation of it that is typically solved by a labeling

algorithm. We start by presenting basic labeling algorithms before discussing various ESPPRC relaxations

and speed up tools.

3.1.1 Basic labeling algorithms

For clarity reasons, let us start by describing a labeling algorithm for the SPPRC pricing problem arising for

the VRPTW. In this algorithm, labels represent partial paths in G which all begin at the origin depot, i.e.,

vertex 0. Starting from vertex 0, labels are extended through the network, passing by some of the customers,

until the destination depot (vertex n+ 1) is reached. In its basic version, a label L representing a path p is a

tuple L = (v, c̄, q, t), where v ∈ V is the last vertex in p; c̄ the reduced cost of p; q the cumulated load along

p; and t the earliest time at which service can start at vertex v if p is used to reach v. A label L also stores

its predecessor label to allow to build complete paths once the algorithm is finished.

Let L0 = (0, 0, 0, 0) be the initial label at vertex 0 and denote by v(L), c̄(L), q(L), t(L) the components

of a label L associated with a path p(L) ending at vertex v(L) = i. If one performs a label extension along

an arc (i, j), a new label L′ is obtained by applying the following relations:

v(L′) = j (12)

c̄(L′) = c̄(L) + c̄ij (13)

q(L′) = q(L) + qj (14)

t(L′) = max{t(L) + tij , aj}. (15)

This new label represents path p(L′) = p(L) ⊕ (i, j), where we use ⊕ as a concatenation symbol. After

performing this extension, the feasibility of path p(L′) is verified by checking if the cumulated resources are

within the resource windows at vertex j. Path p(L′) is feasible if q(L′) ∈ [0, Q] and t(L′) ∈ [aj , bj ]. Otherwise,

it is infeasible and label L′ is discarded.

The efficiency of a labeling algorithm depends on its ability to eliminate non-useful paths. For this reason,

labels are compared through a dominance rule in order to identify and remove unnecessary labels. Let L be

a label and E (L) be the set of feasible path extensions of path p(L), i.e., a path w in G starting at vertex

v(L) belongs to E (L) if p(L)⊕w is a feasible path. A label L′ can be discarded if there exists a set of labels

L = {L1, L2, . . . , L|L|} such that, for all feasible extensions ω ∈ E (L′), there exists a label L ∈ L for which:

i) p(L)⊕ω is feasible and ii) the reduced cost of p(L)⊕ω is less than or equal to that of p(L′)⊕ω. These two

conditions specify that L′ is not required to describe the set of Pareto-optimal paths ending at any vertex
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v 6= v(L) and can, thus, be discarded. Note that conditions i) and ii) are too difficult to be assessed because

it would require an enumeration of all paths and extensions. Therefore, these two conditions are replaced

by the following sufficient conditions. Let L1 and L2 be two labels such that v(L1) = v(L2). L1 is said to

dominate L2 if:

c̄(L1) ≤ c̄(L2) (16)

q(L1) ≤ q(L2) (17)

t(L1) ≤ t(L2). (18)

This dominance rule is valid because the REFs defined by the right-hand side of (13)–(15) are non-decreasing

with respect to c̄(L), q(L) and t(L), respectively (see Desaulniers et al. 1998). As discussed in the next

sections, this dominance rule needs to be modified to accommodate specificities related to different pricing

problems.

Depending on the data structure used to store the labels and the order in which the labels are extended,

the above labeling algorithm can have a pseudo-polynomial time complexity (see, e.g., Desrochers and Soumis

1988, Irnich and Desaulniers 2005). This is an important advantage over the algorithms that can solve the

ESPPRC which is NP-hard in the strong sense (Dror 1994).

Despite the success achieved by BPC algorithms using a SPPRC pricing problem, elementarity constraints

may have a huge impact on the quality of the bounds generated by the MP (Feillet et al. 2004). For this

reason, authors have turned their attention to the development of efficient algorithms that can either solve

the ESPPRC or provide the so-called elementary bounds. One of the first attempts in this direction was

made by Beasley and Christofides (1989), who propose a dynamic programming algorithm that manages

elementarity through a customer resource vector (E) which stores the customers visited along a path. With

this new label definition, the dominance rule must also include:

E(L1) ⊆ E(L2) (19)

in addition to relations (16)–(18). Condition (19) stipulates that label L1 cannot dominate label L2 if p(L1)

contains a vertex j that has not been visited in p(L2), i.e., j ∈ E(L1) \ E(L2). In this case, there might

exist feasible extensions in E (L2) which include vertex j and decrease the reduced cost. Given that these

extensions are not in E (L1), L2 cannot be discarded. Improvements on this dominance rule are proposed by

Chabrier (2006).

Feillet et al. (2004) present another exact algorithm to solve the ESPPRC. They extend the idea of Beasley

and Christofides (1989) by introducing a new label definition that replaces set E with a set of unreachable

vertices U . A vertex j is added to U(L) if it is visited along path p(L) or if it becomes unreachable due to

resource limitations, i.e., q(L) + qj > Q or t(L) + tij > bj . Condition (19) then becomes:

U(L1) ⊆ U(L2). (20)

Through computational tests, Feillet et al. (2004) show that using elementary routes can yield much better

lower bounds at the root node of the search tree.

3.1.2 ESPPRC relaxations

Given the complexity of the ESPPRC, many authors have designed BPC algorithms that rely on relaxations of

the ESPPRC. In most cases, the elementarity requirements are totally or partially relaxed. Totally relaxing

them gives the SPPRC which allows any cycle to be part of a generated path. We discuss below several

stronger relaxations that differ by the families of cycles they forbid. Note that, although elementarity can

also be enforced via cuts (e.g., strong degree and k -cycle-elimination cuts), we focus here on strategies applied

to labeling algorithms. Cutting planes are discussed in Section 3.2. The reader is referred to Contardo,

Desaulniers, and Lessard (2015) for a complete analysis on different ways to reach the lower bound achieved
with only elementary routes.
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Christofides, Mingozzi, and Toth (1981a) introduce a technique, called k -cycle elimination, that has been

largely employed to avoid cycles. It consists of forbidding cycles of length k or less to be formed while solving

the SPPRC. This relaxation is known as the k -cyc-SPPRC. Solving it not only increases the lower bound

quality but can also accelerate the algorithm running time. For the sake of clarity, we present separately the

case k = 2. In fact, the 2-cyc-SPPRC has been largely applied in the literature, as well as combined with

state-of-the-art techniques.

2-cycle elimination: In the 2-cyc-SPPRC, cycles of the form i − j − i are forbidden. The use of 2-cycle

elimination is particularly interesting because it yields stronger bounds without changing the complexity of

the labeling algorithm. In fact, Christofides, Mingozzi, and Toth (1981a) show that to prevent cycles of length

two, it is sufficient to keep, for each possible resource state, at most two least-cost labels L1 and L2 whose

predecessor labels are associated with different vertices. Two examples on the use of 2-cycle elimination can

be found in: Desrochers, Desrosiers, and Solomon (1992), who introduce the first exact algorithm capable

of solving 100-customer VRPTW instances, and Fukasawa et al. (2006), who propose a BPC algorithm to

solve the CVRP and generated q-routes with the pricing problem. A q-route is a path that respects vehicle

capacity but may contain cycles.

k-cycle elimination: To the best of our knowledge, k -cycle elimination with k ≥ 3 has only been tested by

Irnich and Villeneuve (2006) and Fukasawa et al. (2006). Irnich and Villeneuve propose a new representation

of partial paths which is based on the notion of set form. The idea is to use a vector to represent all the

paths in which a given customer i ∈ V ′ is placed at the j th position in the path. In the case of the k -

cyc-SPPRC, one uses a vector of length k to store the k last vertices of a path. Then, a set H formed by

the union of all required set forms is defined to represent all k -cycle elimination constraints. For example,

for the 4-cyc-SPPRC, consider a label L such that the four last visited vertices are (a, b, c, v). Then, H(L)

contains the set forms: (v, ·, ·, ·), (·, v, ·, ·), (·, ·, v, ·), (·, ·, ·, v), (c, ·, ·, ·), (·, c, ·, ·), (·, ·, c, ·), (b, ·, ·, ·), (·, b, ·, ·),
(a, ·, ·, ·). Any extension of p(L) whose beginning matches one of these forms is forbidden as it would create

a cycle of length four or less. Given that the cardinality of H(L) is quadratic in k, this approach may rapidly

become prohibitive as k increases. Fukasawa et al. (2006) use this path representation to assess the impact

of eliminating cycles with length four or less in their BPC algorithm for the CVRP.

Partial elementarity: Desaulniers, Lessard, and Hadjar (2008) introduce another ESPPRC relaxation called

the partially ESPPRC. It can be seen as an ESPPRC that requires elementarity only for a subset Emax of

customers, whose maximal cardinality is determined a priori. Set Emax is built dynamically from scratch

by adding customers that are visited more than once in a route of a MP optimal solution. Each time that

a customer i is added to Emax, the labeling algorithm is adjusted to forbid multiple visits to customer i

and all columns visiting multiple times this customer are removed from the current RMP. The MP is then

re-optimized and other customers might be added to Emax. Note that, if the maximal cardinality of Emax is

less than n, there is no guarantee that elementary routes will be obtained at the end of the algorithm.

ng-path relaxation: Currently, state-of-the-art BPC algorithms use the ng-path relaxation in their pricing

procedures. The ng-path concept proposed by Baldacci, Mingozzi, and Roberti (2011) relies on the definition

of a neighborhood (also called ng-set) Ni for each customer i ∈ V ′. For a given integer parameter ∆ ≥ 0,

a neighborhood Ni ⊆ V ′ contains the ∆ closest customers to i and vertex i itself. Different criteria (e.g.,

distance, time) can be used to define the proximity of the customers. An ng-path is not necessarily elementary:

it can contain a cycle starting and ending at a vertex j if and only if there exists a vertex i in this cycle such

that j /∈ Ni. Hence, such a cycle is disallowed if and only if j ∈ Ni for every vertex i it contains. In a labeling

algorithm, the neighborhoods of the customers visited along a path p(L) = (0, i1, . . . , ik) represented by a

label L are used to form a set Π(L) ⊆ V ′ of customers to which L cannot be extended without violating the

ng-path cycling restrictions. Let V (L) = {i1, . . . , ik} be the customers visited in p(L). Then, Π(L) is given

by:

Π(L) = {iu ∈ V (L) : iu ∈
k⋂
s=u

Nis} (21)
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and is called the memory of p(L). Contrarily to sets E(L) and U(L), once a vertex j enters a set Π(L), it

may leave the memory when p(L) is extended, i.e., j can be forgotten and revisited.

The labeling algorithm for the ESPPRC described in Subsection 3.1.1 can be adapted to solve this new

relaxation denoted ng-SPPRC. In the label definition, set E is replaced by set Π. A label L is only extended

over an arc (i, j) if j /∈ Π(L). When a new label L′ is created, set Π(L′) is computed as follows:

Π(L′) = (Π(L) ∩Nj) ∪ {j}. (22)

In the dominance rule, condition (19) is replaced by:

Π(L1) ⊆ Π(L2). (23)

Note that set Π can be enriched by adding unreachable vertices with regard to vehicle capacity, time windows,

or other side constraints. Thus, if F is the set of all customers where an extension is not feasible, relation (23)

can also be replaced by:

F(L1) ⊆ F(L2). (24)

Because the cardinality of Π is less than or equal to ∆, condition (24) is less restrictive than (20) and,

consequently, more labels might be discarded than in the labeling algorithm for the ESPPRC.

When used as a pricing problem, the ng-SPPRC produces lower bounds that are between those derived

with the SPPRC and the ESPPRC: if ∆ = 0, then Ni = {i}, ∀i ∈ V ′, and the ng-SPPRC is the SPPRC;

if ∆ = |V ′| − 1, then Ni = V ′, ∀i ∈ V ′, and the ng-SPPRC is the ESPPRC. Note that, although unlikely,

cycles of length two can be formed when solving the ng-SPPRC except when Ni = V ′, ∀i ∈ V ′. According

to Contardo and Martinelli (2014), the advantage of solving the ng-SPPRC as an alternative to the k -cyc-

SPPRC can be attributed to the fact that in the former, cycles are measured in terms of distance, while in

the latter, they are measured according to the number of visited customers. Given that long cycles in terms

of distance have not much chance to appear in a MP optimal solution, the ng-SPPRC represents a powerful

relaxation.

An important parameter in the ng-SPPRC is ∆, the size of the neighborhoods, which is normally defined

a priori and interferes on the labeling algorithm complexity. On the one hand, the larger the value of ∆,

the closer to the ESPPRC the ng-SPPRC becomes. On the other hand, the algorithm complexity increases

exponentially with the value of ∆. Baldacci, Mingozzi, and Roberti (2011) show that ∆ = 8 represents a

good trade-off between lower bound quality and computing time for the VRPTW. More recently, Pecin et al.

(2017a) use ∆ ∈ {10, 20} for Solomon’s and Gehring and Homberger’s VRPTW datasets.

3.1.3 Speed up tools

Given that the pricing problem is solved many times in a BPC algorithm, accelerating the solution of the

pricing problem is a critical aspect for improving the performance of the algorithm (Lozano, Duque, and

Medaglia 2016). For this reason, the following techniques are proposed to accelerate its solution.

Decremental state-space relaxation: Christofides, Mingozzi, and Toth (1981b) intoroduce the concept of

state-space relaxation which consists of relaxing some constraints of a problem and devising an efficient

algorithm for solving the resulting relaxation to produce lower bounds. When applied to the pricing problem,

this approach tends to generate infeasible paths that may yield poor lower bounds. Seeking to improve the

bounds provided in this way, some authors observe that by dynamically increasing the set of customers subject

to elementarity restrictions, elementary routes might be obtained in reduced computational times. In this

context, Boland, Dethridge, and Dumitrescu (2006) and Righini and Salani (2008) propose independently

a technique called decremental state-space relaxation (DSSR) which includes a mechanism for re-inserting

dynamically constraints that were previously relaxed.

For the ESPPRC, a DSSR algorithm provides at each iteration a lower bound on its optimal value and

works as follows. Initially, a SPPRC is solved and, if the least-cost path is cycle-free, it is optimal for the
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ESPPRC. Otherwise, the customer(s) visited more than once in this path are added to a set Ê . In the next

iteration, one solves a more restricted SPPRC where elementary conditions are only imposed to the vertices

in Ê . This procedure continues until an elementary route is found or the optimal path has a non negative

(reduced) cost. Moreover, in the context of a CG algorithm, the procedure can be stopped if the labeling

algorithm produces several paths and at least one of them is elementary and has a negative cost. To improve

the performance of DSSR, Desaulniers, Lessard, and Hadjar (2008) initialize the set Ê at a CG iteration to

the final set of the previous iteration as they observed during their tests a large intersection between the sets

Ê generated in consecutive CG iterations.

Martinelli, Pecin, and Poggi (2014) combine the concept of ng-paths and DSSR. In their algorithm,

neighborhoods Ni, i ∈ V ′, are computed a priori, but are not directly used. Instead, subsets Ñi ⊆ Ni,
i ∈ V ′, are considered in the labeling algorithm. These subsets are initially empty and augmented when the

labeling algorithm returns an optimal path that contains a forbidden cycle with respect to the neighborhoods

Ni i ∈ V ′. Contardo and Martinelli (2014) reinforce the sets Ñi by enlarging them with the addition of

vertices forming cycles of length two, even if they were not in the original sets Ni. This approach ensures

that the bounds obtained are at least as strong as those of the ng-SPPRC with 2-cycle elimination. Contardo,

Desaulniers, and Lessard (2015) devise a similar approach where there are no initial sets Ni, i ∈ V ′, the sets

Ñi, i ∈ V ′, are initialized with a small number of closest customers and they are updated (up to a maximum

size per neighborhood) only once the MP is solved, using customers that are visited more than once in a

route that is part of the MP optimal solution.

3.1.4 Bidirectional labeling

Proposed by Righini and Salani (2006), bidirectional labeling consists of propagating labels in both directions

(from vertex 0 to its successors and from vertex n+1 to its predecessors) and then join forward and backward

labels to produce complete feasible routes. Basically, all the theory described thus far for a (forward) labeling

algorithm can be applied to a backward algorithm thanks to the results in Irnich (2008) showing that REFs

can be inverted. To avoid producing twice as many labels as in a monodirectional labeling algorithm, the

extension of a path in one direction is stopped when it is guaranteed that its remaining part can be generated

in the other direction. This can be done in two ways: by arc bounding or by resource bounding. Arc

bounding consists of computing an upper bound (in polynomial time) on the number of vertices that can

still be visited by the path without exceeding resource constraints. If this number is less than the number of

vertices already visited by the path, the extension is stopped. Resource bounding considers a critical resource,

whose consumption is monotone along a path, to stop the path extension. A path is only extended if the

accumulated amount of the critical resource does not exceed the half-way of its availability. For example, if

the load is chosen to be the critical resource, only labels whose load consumption is less than Q/2 can be

extended. Since the number of generated labels can grow exponentially with the number of arcs in the paths,

keeping the length of the paths short in both directions reduce the total number of labels and speed up the

labeling process, especially when the feasible paths can contain a large number of vertices.

Note that, with bidirectional labeling, the same path can sometimes be obtained multiple times by

concatenating more than one pair of forward and backward labels. To reduce as much as possible the

concatenation process and avoid generating the same path multiple times, several rules may be considered.

One example is given by Baldacci, Christofides, and Mingozzi (2008) who only allow the concatenation of

a pair of forward and backward labels if their critical resource consumptions differ by the smallest amount

possible along the resulting path.

A final aspect that is worth discussing is the potentially unbalanced numbers of labels generated by the

forward and backward algorithms, i.e., one direction generates much more labels than the other), even if the

half-way point is carefully chosen. This can be caused by asymmetric data coming from the VRP instances

or by the dual information obtained over the CG iterations. Trying to balance the workload between the

forward and backward algorithms, Tilk et al. (2017) propose a dynamic half-way point strategy that is

applied at each iteration. Let HF and HB be resource limits associated with the forward and the backward

algorithm, respectively. In a standard algorithm, HF = HB = Q/2 if load is the critical resource, and all

forward extensions are performed before the backward extensions. In a dynamic half-way point algorithm,
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the values of HF and HB are updated dynamically during the algorithm execution, always ensuring that

HF ≥ HB to guarantee optimality. Moreover, forward and backward labels are extended in an alternate way.

To determine which label to extend next, the algorithm chooses first the direction with the least number of

generated labels, number of processed labels, or number of unprocessed labels. It then chooses the label in

the selected direction according to a standard rule (e.g., least load) and extends it before updating HF or

HB based on the critical resource values in the newly created labels. A similar strategy is conceived by Pecin

et al. (2017b).

3.1.5 Completion bounds

Depending on the dominance rule used, some unpromising labels may be unnecessarily kept in a labeling

algorithm. It is, however, possible to reinforce a dominance rule with the use of completion bounds. Let L

be a label associated with path p(L). A completion bound for p(L) can be obtained by computing a lower

bound lb(L) on the reduced cost of all feasible extensions in E (L) that reach vertex n+1. If c̄(L)+ lb(L) ≥ 0,

then label L can be discarded without losing any negative reduced cost route. Completion bounds are

used in several papers, including Lübbecke (2005), Baldacci, Christofides, and Mingozzi (2008), Baldacci,

Mingozzi, and Roberti (2011), Contardo and Martinelli (2014), Martinelli, Pecin, and Poggi (2014), Pecin

et al. (2017b,a).

Computing the best completion bound for every generated label would make the labeling algorithm too

time consuming. Consequently, good approximations, such as the following ones, are rather used. Martinelli,

Pecin, and Poggi (2014) compute completion bounds inside a DSSR procedure. They use the labels computed

at the previous DSSR iteration to estimate completion bounds. When they solve symmetric CVRP instances,

completion bounds are extracted directly from a best reduced cost matrix (see Baldacci, Mingozzi, and

Roberti 2011). On the other hand, when solving asymmetric problems, they change the direction (forward or

backward) of the labeling algorithm from one iteration to the other in the DSSR algorithm. When non-robust

cuts are employed to strengthen the MP, completion bounds can be computed like in Contardo, Cordeau,

and Gendron (2014) and Contardo and Martinelli (2014). They only consider at most 20% of the largest dual

values associated with these cuts and to under- or overestimate the impact of the remaining ones, ensuring

the bound validity. Finally, Pecin et al. (2017b,a) extend the approach of Contardo and Martinelli (2014) to

apply completion bounds in bidirectional algorithms.

3.1.6 Heuristic pricing

Despite the fact that many speed up techniques have been proposed to accelerate exact dynamic programming

algorithms, they can still remain very time consuming. Because there is no need to solve the pricing problem

exactly, except to prove the optimality of the current solution in the last CG iteration, fast and effective

heuristics have been developed to find negative reduced cost variables. Their purpose is to reduce the number

of calls to the exact labeling algorithm, often yielding a substantial reduction of the total computational time.

In most cases, pricing heuristics are adaptations of exact labeling algorithms. They can be obtained by

either relaxing certain dominance rules or by heuristically reducing the size of the network. Some authors only

keep a few labels for each pair of time and load values at each node (Fukasawa et al. 2006, Martinelli, Pecin,

and Poggi 2014, Pecin et al. 2017b,a). This implies that several non-dominated labels may be discarded,

including those leading to optimal solutions. To generate q-routes, Fukasawa et al. (2006) scale down customer

demands and vehicle capacity by some factor ρ > 1, i.e., q′i = dqi/ρe, ∀i ∈ V ′, and Q′ = dQ/ρe.

Another way of eliminating labels is by employing aggressive dominance rules. For instance, Desaulniers,

Lessard, and Hadjar (2008) only consider a (possibly empty) restricted subset of customer resources when

applying dominance test (19). When performing graph reduction, several criteria may be used to remove arcs

from the network. If one decides to eliminate unpromising arcs based on their current reduced cost, it can be

done by only keeping the best incoming and outcoming arcs at each customer with respect to their reduced

costs (Fukasawa et al. 2006, Desaulniers, Lessard, and Hadjar 2008, Pecin et al. 2017b) or by reducing graph

density using the same ranking approach (Contardo and Martinelli 2014). Alternatively, Chabrier (2006)

remove from the network the arcs presenting a high resource consumption. Although heuristic labeling
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algorithms are largely employed, some BPC algorithms benefit from well-known heuristics. As an example,

Desaulniers, Lessard, and Hadjar (2008) and Archetti, Bouchard, and Desaulniers (2011) use tabu search to

generate routes with a negative reduced cost. Finally, note that, as suggested by Desaulniers, Lessard, and

Hadjar (2008), different pricing heuristics can be invoked at each CG iteration and throughout the whole CG

process depending on the current phase of the process (beginning, middle or end). To ensure optimality, an

exact algorithm must always be executed at least once, in the last CG iteration.

3.1.7 Miscellaneous approaches

We start this subsection by discussing a trick that can be used for the VRPTW. For some instances, vehicle

capacity may not be really restrictive. For this reason, it can be neglected in the pricing problem while

rounded capacity inequalities (see Subsection 3.2) may be added to the MP whenever necessary (Pecin et al.

2017a). This practice facilitates the solution of the pricing problem and can make the BPC algorithm more

efficient.

Instead of using a labeling algorithm for solving the pricing problem of the VRPTW, Rousseau, Gendreau,

and Pesant (2004) devise a constraint programming algorithm which allows to generate elementary routes.

This algorithm includes arc elimination constraints, a dynamic programming search strategy, and a lower

bounding procedure based on an assignment problem.

Feillet, Gendreau, and Rousseau (2008) incorporate concepts from constraint programming such as limited

discrepancy search (LDS), label loading and meta extensions to dynamic programming algorithms as an

attempt to quickly generate paths with negative reduced cost. LDS is a tree search method that employs

a heuristic criterion to define, for each vertex, which outgoing arcs are the most promising. Each other

arc yields a discrepancy and an upper bound on the number of discrepancies that a path can contain is

imposed to limit the search. This upper bound is initialized to a small value and increased as needed. Label

loading and meta extensions, in turn, use information from the current RMP solution to accelerate the route

generation process. A metavertex is created for each vertex of each route in this solution and loaded with a

label representing the end of the corresponding route. During the labeling process, these new labels can be

added to partial paths to generate complete routes or can be used to compute completion bounds.

Contrarily to other authors who try to accelerate labeling algorithms, Lozano, Duque, and Medaglia (2016)

develop a pulse algorithm to solve the ESPPRC by extending the work of Lozano and Medaglia (2013). In

a pulse algorithm, paths connecting two vertices in a graph are found by propagating pulses through the

network. It can be seen as a graph exploration procedure that follows a depth-first search strategy, where

pruning is used to discard unpromising paths. Three pruning strategies are developed: infeasibility pruning,

that checks for a violation of the structural constraints (vehicle capacity, time windows, elementarity); bound

pruning, that uses primal solutions and lower bounds to discard sub-optimal solutions; and rollback pruning,

that compares two pulses differing only by the last vertex visited. The pulse algorithm differs from a labeling

algorithm in many aspects, namely: a dominance rule is not required because it does not need to handle long

lists of labels; many pruning strategies in addition to pruning by infeasibility can be devised; and bidirectional

search cannot be applied due its recursive nature. Finally, because recursive pulses explore one vertex at

a time until it reaches the destination vertex, the algorithm can perform searches over different vertices

in parallel.

Very recently, Desaulniers, Pecin, and Contardo (2017) introduce a new paradigm for the pricing problem,

called selective pricing. Selective pricing stems from the observation that, when an ESPPRC relaxation is

used as a pricing problem, the CG algorithm can be stopped when there is a proof that no elementary routes

with a negative reduced cost exist, even if there are still some non-elementary routes with a negative reduced

cost. Consequently, the labeling algorithm can be selective and discards cautiously non-elementary routes

even if they are not dominated. As an example, the authors implement selective pricing by modifying a

labeling algorithm used to solve the ng-SPPRC. Note that this strategy has the potential to yield better

lower bounds.

Finally, Boschetti, Maniezzo, and Strappaveccia (2017) observe that, because labeling algorithms work in

a stage-wise way, ESPPRC relaxations can be solved more efficiently in a GPU environment. Therefore, they
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investigate the impact of using parallelization procedures to achieve time reduction for route relaxations such

as q-routes and ng-routes. In particular, they develop parallel label extension procedures and a strategy to

efficiently manage the sets Π(L) of vertices that cannot be reached by extending the corresponding label L

without violating the ng-restrictions.

3.2 Cutting

This section describes cutting strategies used in BPC algorithms for VRPs. Here, we limit our discussion to

the CVRP and the VRPTW. Valid inequalities for other VRPs are discussed in Section 4. For the sake of

clarity, we present robust and non-robust cuts separately.

3.2.1 Robust cuts

Robust cuts, as defined by Fukasawa et al. (2006), have the advantage of not changing the structure of the

pricing problem. For VRPs, these cuts are often defined directly in terms of the arc-flow variables. They

are effective at closing the integrality gap for some easy instances, but are not sufficient for harder ones.

Note that many cuts used in BC frameworks are already implied by the structure of the routes considered

in the MP. For example, Letchford and Salazar-González (2006) prove for the CVRP that all generalized

large multistar cuts are implied by model (1)–(3), even if the set of routes contains q-routes. This aspect is

illustrated by comparing the families of cuts used in the successful algorithms of Fukasawa et al. (2006) and

Pecin et al. (2017b) for the CVRP. After solving the root node relaxation, Fukasawa et al. (2006)’s algorithm

chooses between a BC and a BPC algorithm to solve the problem. The BC algorithm considers many valid

inequalities used by Lysgaard, Letchford, and Eglese (2004), namely: Rounded capacity, framed capacity,

strengthened comb, multistar, and extended hypotour cuts. In the BPC algorithm, only rounded capacity

cuts contribute effectively to improving the lower bound obtained at the root node. On its side, the BPC

algorithm of Pecin et al. (2017b) only applies rounded capacity and strengthened comb cuts.

Robust cuts can also be defined via capacity-indexed (CI) variables (see their definition below). Because

these variables can be expressed by means of q-routes, the dual variables associated with cuts defined in

terms of CI variables can be directly incorporated into the reduced cost of q-routes when solving a pricing

problem allowing these routes.

k-path cuts, subtour elimination constraints, and rounded capacity cuts: Cutting planes belonging to the

family of k -path cuts (kPCs) are applied in many algorithms to solve VRPs. The kPCs assume that, given a

subset S ⊆ V ′ of customers, one can estimate a lower bound k(S) on the number of vehicles required to serve

all customers in S. In this case, at least k(S) paths must enter set S in any feasible solution. The following

inequality is valid for the CVRP and the VRPTW:

X(S) =
∑

(i,j)∈δ−(S)

xij ≥ k(S), (25)

where δ−(S) = {(i, j) ∈ A | i ∈ V \ S, j ∈ S} ⊂ A is the subset of arcs entering S and X(S) is the total flow

entering S. Note that, because a route may enter S more than once, the left-hand side of (25) expressed in

terms of the routing variables provides an upper bound on the number of vehicles used to serve the demand

of set S. A strengthened version of these cuts is introduced by Baldacci, Christofides, and Mingozzi (2008)

and discussed in Subsection 3.2.2.

How k(S) is computed varies depending on the problem at hand. For the CVRP, k(S) corresponds to the

solution of a bin packing problem (BPP), where the bins have capacity Q and the weights of the items are

given by the demands of the customers in S. Because the BPP is NP-hard, the right-hand side of (25) can

be replaced by k(S) = dd(S)/Qe with d(S) =
∑
i∈S qi, yielding the subtour elimination constraints (Dantzig,

Fulkerson, and Johnson 1954, Laporte, Nobert, and Desrochers 1985) if k(S) = 1 and the rounded capacity

cuts (RCCs) (Laporte, Nobert, and Desrochers 1985, Naddef and Rinaldi 2002) if k(S) ≥ 2.

For the VRPTW, computing k(S) is not an easy task because it requires solving a VRPTW restricted

to subset S. Kohl et al. (1999), however, show that determining only if k(S) > 1 can be manageable as

this corresponds to solving a traveling salesman problem (TSP) with time windows (TSPTW), which can
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be done in pseudo-polynomial time using dynamic programming. If the TSPTW is infeasible for a subset S

such that X(S) < 2, one obtains a so-called 2-path cut (2PC). In Kohl et al. (1999), the 2PCs are separated

by enumeration. Desaulniers, Lessard, and Hadjar (2008) propose a generalization of the kPCs that may

assign different coefficients to the arc-flow variables in (25) depending on the customers that can be visited

by a path entering subset S through the corresponding arc.

Cuts defined with capacity-indexed variables: Another way of deriving robust cuts for VRPs is by using

CI variables. These variables are introduced by Pessoa, Poggi de Aragão, and Uchoa (2008) and successfully

employed by Pessoa, Poggi de Aragão, and Uchoa (2009) to derive robust cuts for their BPC algorithms.

CI variables can be defined over a multigraph GQ = (V,AQ), where AQ is a set containing arcs (i, j)κ,

∀ (i, j) ∈ A, κ = 0, . . . , Q − di and (0, i)Q, ∀i ∈ V ′. With each arc (i, j)κ is associated a binary variable yκij
that indicates if a vehicle traverses (i, j) with a residual capacity κ or equivalently with a load Q − κ. The

CI variables can be easily written in terms of route variables when they are generated by a pricing problem

involving a load resource (e.g., q-route variables). Let brκij be a binary coefficient that indicates if arc (i, j) is

traversed by route r carrying a load Q− κ. Then, one can write:

yκij =
∑
r∈Ω

brκij λr, ∀(i, j)κ ∈ AQ. (26)

In a formulation defined in terms of the CI variables, a generic constraint indexed by s has the form∑
(i,j)κ∈AQ β

κs
ij y

κ
ij ≥ βs. By applying (26), we obtain the following constraint for the set partitioning

model (1)–(3):

∑
r∈Ω

 ∑
(i,j)κ∈AQ

βκsij b
rκ
ij

λr ≥ βs. (27)

The dual variable associated with this constraint can be easily handled in a labeling algorithm if condition (17)

is replaced by q(L1) = q(L2). Note that this new condition does not change the theoretical complexity of the

labeling algorithm (see, e.g., Pecin et al. 2017b, for details).

Let us present a family of cuts defined over CI variables introduced by Pessoa, Poggi de Aragão, and

Uchoa (2008). Given a set S ⊆ V ′ of customers, denote by δ−Q(S) the subset of arcs in AQ, with any capacity

index, entering S. The associated RCC can be written:∑
(i,j)κ∈δ−Q(S)

yκij ≥ dd(S)/Qe = k(S). (28)

Let κ∗ = d(S)−Q(k(S)−1)−1 be the largest load that a vehicle can deliver to the customers in S such that

the remaining demand d(S)− q∗ still requires at least k(S) vehicles to be delivered. If less than k(S) vehicles

with a residual capacity κ > κ∗ enters set S, then at least one other vehicle must enter S. This statement

yields the following strengthened RCC defined in terms of the CI variables:

k(S)+1
k(S)

∑
(i,j)κ∈δ−Q(S) :κ>κ∗

yκij +
∑

(i,j)κ∈δ−Q(S) :κ≤κ∗
yκij ≥ k(S) + 1. (29)

This inequality dominates (28) and can be further strengthened by including arcs exiting S (see Pessoa, Poggi

de Aragão, and Uchoa 2009).

Other families of cuts defined in terms of CI variables are the homogeneous extended capacity cuts and

the triangle clique cuts. See Pessoa, Poggi de Aragão, and Uchoa (2008, 2009) for details.

3.2.2 Non-robust cuts

As mentioned in Section 2.3, handling the dual value of a non-robust cut in the pricing problem increases its
complexity. In this section, we discuss some families of non-robust cuts developed in the context of VRPs

and how their dual values can be handled in the labeling algorithms.
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Subset row cuts: The subset-row cuts (SRCs) proposed by Jepsen et al. (2008) are Chvátal-Gomory cuts

of rank 1derived from a subset of constraints (2). Given an index subset C ⊆ V ′ of these rows, a SRC is

defined as:

∑
r∈Ω

⌊
γ
∑
i∈C

ari

⌋
λr ≤ bγ|C|c, (30)

where γ = 1/k, with k ∈ {1, . . . , |C|}. A given route variable λr has a non-zero coefficient in (30) if∑
i∈C a

r
i ≥ k, i.e., if route r visits more than k customers in C. Some recent research works (Pecin 2014,

Pecin et al. 2017b,c,a) investigate the impact of using other values of k ∈ ]0, |C|[. Moreover, Petersen,

Pisinger, and Spoorendonk (2008) and Pecin et al. (2017c) consider more general rank-1 Chvátal-Gomory

cuts by allowing a specific multiplier γi for each customer i ∈ C. In the following, we focus on the case with

identical multipliers unless otherwise specified.

By varying the cardinality of C and the value of γ, different families of SRCs can be derived. However,

most BPC algorithms consider SRCs obtained with |C| ≤ 5. Larger sets C would be harder to separate and

thus be only marginally useful. According to Pecin et al. (2017b), the interesting SRCs are:

• 3-SRCs: |C| = 3 and γ = 1/2. These are the most popular SRCs which are employed in Jepsen et al.

(2008), Desaulniers, Lessard, and Hadjar (2008), Baldacci, Mingozzi, and Roberti (2011), Contardo

and Martinelli (2014) and Pecin et al. (2017b);

• 4-SRCs: |C| = and γ = 2/3. Used by Pecin et al. (2017b);

• 5,2-SRCs: |C| = 5 and γ = 1/2. Used by Pecin et al. (2017b);

• 5,1-SRCs: |C| = 5 and γ = 1/3. Used by Pecin et al. (2017b);

• 1-SRCs: |C| = 1 and γ = 1/2. These inequalities, also called strong degree cuts, are applied by

Contardo and Martinelli (2014) and Pecin et al. (2017b). We discuss them later in this section.

From (11) and (30), the reduced cost of a route r in which one SRC s has been added to the MP is

c̄r =
∑

(i,j)∈A c̄ijb
r
ij − σsνrs , where νrs = bγ

∑
i∈Cs a

r
i c, Cs is the set of vertices (customers) defining SRC s,

and σs ≤ 0 is the associated dual variable. The last term of this reduced cost can be seen as paying a penalty

σs for every k visits to the customers in set Cs. To handle such a penalty, the following modifications to the

basic labeling algorithms described in Section 3.1.1 are proposed by Jepsen et al. (2008).

Let Θ be the set of all SRCs s in the MP such that σs < 0. For every s ∈ Θ, a new resource νs(L) is

added to the definition of a label L to count the number of times (mod k) that a customer in Cs has been
visited in the associated path. Consequently, when extending a label L along an arc (i, j) ∈ A to create a

new label L′, νs(L
′) is set equal to νs(L) if j 6∈ Cs and to νs(L) + 1 (mod k) otherwise. In the latter case, if

νs(L
′) = 0, then σs is subtracted from c̄(L′).

The dominance rule also needs to be modified. As mentioned in Desaulniers, Desrosiers, and Spoorendonk

(2011), one way to do so is to add conditions

νs(L1) ≤ νs(L2), ∀s ∈ Θ, (31)

when checking if a label L1 dominates a label L2. Indeed, if νs(L1) > νs(L2) for a given SRC s, then it might

be possible that, for a feasible extension of L1 and L2, the dual value σs is subtracted from the reduced cost

when extending L1 but not when extending L2. Jepsen et al. (2008) develop a stronger dominance rule which

replaces conditions (16) and (31) by:

c̄(L1)−
∑
s∈Θ1,2

σs ≤ c̄(L2), (32)

where Θ1,2 ⊆ Θ is the subset of SRCs for which νs(L1) > νs(L2).

Because Jepsen et al. (2008) showed that separating the SRCs is NP-hard, SRCs are separated by full or

restricted enumeration depending on the maximum cardinality of the sets C.
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Finally, note that Baldacci, Mingozzi, and Roberti (2011) implement a weak version of the 3-SRCs (weak-

SRCs). For a given set C, a weak-SRC only contains variables for which the associated route traverses at

least one arc (i, j) ∈ A such that i, j ∈ C. The weak-SRCs have the advantage of being robust.

Limited-memory SRCs: One way to reduce the impact of the SRCs on the labeling algorithms would be to

re-define the cuts such that, for a larger number of labels L and SRCs s, νs(L) = 0. Pecin et al. (2017b) exploit

this observation to introduce a weaker version of the SRCs called the limited-memory SRCs (lm-SRCs). A

lm-SRC is defined by a set C, a multiplier γ and a memory set M (C ⊆M ⊆ V ′). It writes as:∑
r∈Ω

α(C,M, γ, r)λr ≤ bγ|C|c, (33)

where each coefficient α is computed as a function of (C,M, γ, r) and satisfies α(C,M, γ, r) ≤ bγ
∑
i∈C a

r
i c.

On the one hand, if M = V ′, the lm-SRC is identical to the corresponding SRC. On the other hand, if

M ⊂ V ′, the lm-SRC s defined by (Cs,Ms, γ) may be weaker but its dual value σs can be handled more

easily in the pricing problem. In this case, the value of α(CS ,Ms, γ, r) is determined by applying along route r

a modified version of the labeling algorithm that handles the SRCs’ dual values described above. Every time

that a vertex j ∈ Cs is visited and νs(L
′) = 0, the value of α increases by one and σs is subtracted from the

reduced cost. However, every time that a vertex j 6∈Ms is visited, the resource value νs(L
′) is reset to 0, i.e.,

the previous visits to customers in Cs are forgotten. In this case, the value of α has less chances to increase

than in the full-memory case and, thus, α(Cs,Ms, γ, r) ≤ bγ
∑
i∈Cs a

r
i c.

Observe that the smaller the sets M are, the faster the labeling algorithm and the weaker the cuts will

be. Given a regular SRC associated with a set C and a multiplier γ that is violated by the current solution

of the MP, Pecin et al. (2017b) convert this SRC into a lm-SRC by finding the smallest possible set M that

yields the same violation. The procedure to compute M initially sets M equal to C. Then it adds to M every

vertex i ∈ V ′ \M such that i is visited between two customers in C in a route r for which bγ
∑
i∈C a

r
i c > 0

and λr > 0 in the MP solution.

Despite the success achieved by lm-SRCs in the solution of the CVRP, they still present scalability issues

for solving large-scale instances with loose structural constraints. In such instances, long feasible routes are

generated, leading to large memory sets and intractable pricing problems. To address this issue, Pecin et al.

(2017a) introduce new lm-SRCs where their memory is defined in terms of arcs instead of vertices. This

gives rise to two families of lm-SRCs, namely, limited-vertex-memory SRCs (lvm-SRCs) and limited-arc-

memory SRCs (lam-SRCs). A lam-SRC is expressed as in (33) except that the vertex memory M is replaced

by an arc memory AM . A coefficient α(C,AM, γ, r) in a lam-SRC is computed similarly to a coefficient
α(C,M, γ, r) in a lvm-SRC: previous visits to customers in C are forgotten when an arc (i, j) 6∈ AM is

traversed. Consequently, when comparing a lvm-SRC defined for a triplet (C,M, γ) and a lam-SRC defined

for a triplet (C,AM, γ) with AM ⊂ {(i, j) ∈ A | i, j ∈M}, the latter should have less impact on the labeling

algorithm but be weaker. Note that a lvm-SRC defined for a customer set C, a vertex memory M and a

multiplier γ can be seen as a special case of the lam-SRC with the same C and γ, and the arc memory

AM = {(i, j) ∈ A | i, j ∈M}.

Like for the lvm-SRCs, Pecin et al. (2017a) define the arc memory AM of a lam-SRC such that it is of

minimal size and preserves the level of violation of the corresponding SRC. Set AM is composed of the arcs

traversed between two visits to customers in C in a route r for which bγ
∑
i∈C a

r
i c > 0 and λr > 0 in the MP

solution. During the separation of the lam-SRC cuts, it may happen that a violated cut is found for the same

set C and multiplier γ of a previously generated cut but with different arc memories AM and AM ′. These

two memories can be merged for defining a unique cut with arc memory AM ∪AM ′. A similar strategy can

be applied for the lvm-SRCs.

Elementary cuts: Balas (1977) introduces the elementary cuts as logical implications of the set partitioning

constraints (2). These cuts ensure that, if a route r ∈ Ω is chosen in a solution and does not visit a customer

i ∈ V ′, then no route visiting i as well as at least one customer visited by r can be choosen. Pecin et al.

(2017a) propose a new family of valid inequalities that dominate those of Balas (1977). When the set of

routes contains only elementary ones, this dominance is strict. Given a customer subset C ⊂ V ′, a customer
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i ∈ V ′ \ C, and multipliers γCi = (|C| − 1)/|C| and γCj = 1/|C|, ∀j ∈ C, these new rank-1 Chvátal-Gomory

inequalities, also called elementary cuts in Pecin et al. (2017a), are given by:

∑
r∈Ω

γCi ari +
∑
j∈C

γCj a
r
j

λr ≤ 1. (34)

Another advantage of these rank-1 Chvátal-Gomory cuts over those proposed by Balas (1977) is that all

the theory developed for the other families of rank-1 Chvátal-Gomory inequalities can be re-applied, namely,

the label definition, the dominance rule, and the limited memory mechanisms. Furthermore, the elementary

cuts with |C| ∈ {2, 3, 4} correspond to general rank-1 Chvátal-Gomory cuts (Petersen, Pisinger, and Spooren-

donk 2008) with |C| ∈ {3, 4, 5} and respective vector γ of multipliers (1/2, 1/2, 1/2), (2/3, 1/3, 1/3, 1/3) and

(3/4, 1/4, 1/4, 1/4, 1/4) (and their permutations). The latter are among the optimal multipliers identified

by Pecin et al. (2017c). Contrarily to the other rank-1 Chvátal-Gomory cuts presented so far, a heuristic

procedure based on local search is developed by Pecin et al. (2017a) for separating the elementary cuts.

Strengthened capacity cuts: Baldacci, Christofides, and Mingozzi (2008) introduce the strengthened capac-

ity cuts (SCCs) as a strengthened version of the RCCs. If one applies relation (7) to inequality (25), a robust

inequality of the form
∑
r∈Ω ρ

r
Sλr ≥ k(S) is obtained, where ρrS =

∑
(i,j)∈δ−(S) b

r
ij is the number of times

that route r ∈ Ω enters set S. Note that, even if Ω contains only elementary routes, ρrS may be greater than

1 because a route may enter and leave S more than once. Baldacci, Hadjiconstantinou, and Mingozzi (2004)

redefine ρrS as a binary parameter indicating whether route r visits at least one customer in S. With this

new definition, a SCC can be expressed as: ∑
r∈Ω

ρrSλr ≥ k(S). (35)

When compared to RCCs (25), SCCs are stronger because they are not negatively affected by routes en-

tering set S more than once. They are, however, non-robust cuts which require one additional binary resource

in the label definition for each cut to indicate whether a route has already entered into the corresponding set

S. When a route visits a customer in S for the first time, the dual value of the associated cut is subtracted

from the reduced cost. The dominance rule must take these additional resources into account in a similar

fashion as the resources for the SRCs.

To generate violated SCCs, Baldacci, Christofides, and Mingozzi (2008) call the heuristic CVRPSEP

separation routines (Lysgaard 2003) to identify violated RCCs that are converted into SCCs. Poggi and

Uchoa (2014) observe that, if there exists a set S′ such that S′ ⊂ S and k(S′) = k(S), the SCC defined over

S′ dominates the one defined for S and, thus, only the cut associated with the former set needs to be added

to the MP. This aspect is important in an attempt to limit the number of non-robust cuts added to the MP.

Clique cuts: The clique inequalities are well-known valid inequalities for the set partitioning problem (Balas

and Padberg 1976) which induce facets. They are defined over an undirected conflict graph G′ = (Ω, E′), in

which an edge between two vertices r1, r2 ∈ Ω exists if r1 and r2 visit both a customer i ∈ V ′, i.e., ar1i ≥ 1

and ar2i ≥ 1. A clique Ω̂ in G′ is a set of vertices that are conflicting pairwise and, thus, the corresponding

routes are not allowed to appear simultaneously in a feasible solution to the problem. Therefore, a clique Ω̂

yields the following valid inequality: ∑
r∈Ω̂

λr ≤ 1. (36)

Spoorendonk and Desaulniers (2010) explore the application of clique cuts in a BPC algorithm for the

VRPTW. They devise a modified labeling algorithm that handles the dual values of the clique cuts. This

new labeling algorithm relies on an approximate clique representation that employs a minimal set χmin(Ω̂) of

conflicting rows. It requires adding for each clique cut defined for a set Ω̂ ⊆ Ω, |χmin(Ω̂)|+1 binary resources

to the definition of a label to detect when a route contributes to this cut. The dominance rule also needs to

be modified. A greedy heuristic is used to separate the cuts.
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k-cycle elimination cuts and strong degree cuts: If set Ω contains non-elementary routes, some valid

inequalities may be used to impose elementarity. Indeed, Contardo and Martinelli (2014) present the k -cycle

elimination cuts (k -CECs) that aim at preventing routes containing cycles of length k ≥ 2 to be part of a

MP solution. Given a route r ∈ Ω and a vertex j ∈ V ′, let αkrj be a parameter indicating the number of

times that route r visits vertex j either for the first time or after at least k vertices since the last visit to j.

A k -CEC associated with vertex j isß expressed as:∑
r∈Ω

αkrj λr ≥ 1. (37)

The k -CECs ensure that no route r ∈ Ω visiting a vertex j ∈ V ′ more than once and such that αkrj < arj
will be in the solution of the MP. To deal with the dual values of the generated k -CECs in the labeling

algorithm, a new resource is added to the label definition for each generated k -CEC. For a cut associated

with vertex j, this resource takes value k until reaching j for the first time. It is reset to 0 at every visit

to j. Then, it counts the number of vertices different from j that are visited consecutively. The dual value

associated with this cut is subtracted from the reduced cost every time that vertex j is visited and the value

of this resource is greater than or equal to k. As explained in Contardo and Martinelli (2014), the dominance

rule must be modified. These cuts are separated by inspection.

If one considers k = ∞, we obtain the strongest k -CECs, called strong degree cuts (SDCs), which are

introduced by Contardo, Cordeau, and Gendron (2014) for the capacitated location-routing problem (CLRP).

Let αrj be a binary parameter equal to 1 if route r ∈ Ω visits vertex j ∈ V ′ at least once and 0 otherwise.

The SDC for a vertex j is: ∑
r∈Ω

αrjλr ≥ 1. (38)

For this case, the additional resource for a SDC associated with a customer j simply indicates whether or

not vertex j has already been visited. The associated dual value is subtracted from the reduced cost only at

the first visit to customer j.

Contardo, Cordeau, and Gendron (2014) show that, even when non-elementary routes can be generated by

the pricing problem, adding SDCs yields a lower bound equal to the lower bound obtained when considering

only elementary routes. Contardo, Desaulniers, and Lessard (2015) further show empirically that combining

SDCs and ng-routes is a very effective strategy to reach this bound.

3.3 Branching

Here, we present the most commonly used branching strategies in BPC algorithms for VRPs.

3.3.1 Branching on arcs/edges

Desrosiers, Soumis, and Desrochers (1984) introduce branching on arc-flow variables xij , (i, j) ∈ A, for

the VRPTW. It is probably the most popular strategy due to its simplicity, ease of implementation, and

robustness. In BPC algorithms, setting xij = 0 can be imposed by removing all variables λr, r ∈ Ω, with

brij > 0 that are present in the current RMP, and arc (i, j) from arc set A to avoid generating such route

variables. Any other decision made on an arc-flow variable xij can be re-written using relation (7) in terms of

the route variables λr, r ∈ Ω, and added to the MP. Then, the associated dual variable can be incorporated

in the modified cost of the arc (i, j) when solving the pricing problem.

When arc (i, j) is associated with a set partitioning constraint (2), i.e., i ∈ V ′ or j ∈ V ′, the addition of

a new constraint to the MP can be avoided. Indeed, in this case, xij is binary and the associated branching

decisions are xij = 0 and xij = 1. The former decision is treated as mentioned above. The latter decision

means that arc (i, j) must be in the solution. To enforce this, we remove from the current RMP, all route

variables associated with a route traversing an arc (i, k), with k 6= j, if i ∈ V ′, and an arc (k, j), with k 6= i,

if j ∈ V ′. All these arcs must be removed from arc set A to ensure that vertex j will always be visited

immediately after vertex i in any route generated by the pricing problem.
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When the problem is defined over an undirected graph like the CVRP, branching on edge-flow variables

can be applied. Indeed, most of the theory described above can be employed. However, given that, for such

a problem, the pricing problem is often better defined as a ESPPRC on a directed graph, the flow x′ij on an

edge {i, j} is computed as x′ij = xij + xji, where xij and xji are the flows on the arcs (i, j) and (j, i) in this

directed graph. In this case, setting x′ij = 0 can be imposed as above. However, imposing x′ij = 1 requires

adding a constraint in the MP.

3.3.2 Branching on the number of vehicles

When the number of vehicles used in a solution to the MP is fractional, one can branch on this number

which can be expressed as
∑
j∈V ′ x0j , i.e., the total flow on the arcs leaving the origin depot. Note that this

quantity is also equal to the sum of all the route variables when there is a single depot. Such a branching

decision is implemented through the addition of a constraint in the MP. In the pricing problem, its dual value

needs to be considered in the modified cost of all the arcs leaving the depot.

This branching strategy has often a significant impact on the size of the search tree. Given that there

can exist fractional solutions in which the number of vehicles used is integer, it is not sufficient to explore to

whole search tree and must be combined with another branching strategy. In fact, Desrochers, Desrosiers,

and Solomon (1992) branch in priority on the number of vehicles used and to branch on the arc-flow variables

when this number is integer.

3.3.3 Branching on cutsets

Even if branching on arcs/edges has been largely used in BPC algorithms for VRPs, it has the disadvantage

of inducing only local changes to the current fractional solution. For this reason, when implementing a

BC algorithm to solve the CVRP, Augerat et al. (1998) branch on cutsets as an attempt to obtain larger

perturbations. Let us define this branching strategy in terms of the edge-flow variables xe, e ∈ E, where E

is the edge set. Let S ⊆ V ′ be a subset of customers, called a cutset. The total flow entering S is given by∑
e∈δ(S) xe, where δ(S) denotes the set of edges containing exactly one extremity in S. Assuming that at

least one route enters S, we can write
∑
e∈δ(S) xe = 2κ(S) + φ(S), where κ(S) is a non-negative integer and

0 ≤ φ(S) < 2. In an integer solution, φ(S) = 0. Consequently, if φ(S) > 0, then one can branch on cutset S

by imposing
∑
e∈δ(S) xe ≤ 2κ(S) on one branch and

∑
e∈δ(S) xe ≥ 2κ(S) + 2 on the other. These decisions

can be imposed as constraints in the MP. Note that most works focus on sets S with κ(S) = 1. Note also

that, in their BPC algorithm, Pecin et al. (2017b) apply equivalent branching decisions by considering only

the arcs entering into a cutset in a directed graph.

The challenge with this branching strategy is the exponential number of cutsets that can be used to

define the branching decisions. In this regard, several simple heuristics are designed by Augerat et al. (1998),

Naddef and Rinaldi (2002), Lysgaard, Letchford, and Eglese (2004), Fukasawa et al. (2006) and Pecin et al.

(2017b) to select the cutsets to branch on. In general, these heuristics seek to yield balanced search trees

and a higher impact on the generated lower bounds.

3.3.4 Branching on resource windows

Assuming that travel and service times are integer, Gélinas et al. (1995) branch on time windows but a similar

branching scheme can be devised for other resources such as load. In a fractional solution to the MP, there

might exist several routes visiting the same customer i ∈ V ′ but with different start of service times. Under

certain conditions, splitting the time window [ei, li] of customer i in two disjoint time windows [ei, t] and

[t+ 1, li], with t ∈ [ei, li − 1], can make some of these routes infeasible for window [ei, t] and others infeasible

for [t+1, li]. Branching on time windows consists of finding a customer for which splitting its time window in

two sub-windows would eliminate the current fractional solution in both branches, and of determining how

it should be split. These two intertwined choices must be carefully made to devise an efficient branching

strategy. Once customer i and time t are identified, the branching decisions are applied as follows. In the

branch associated with [ei, t], we replace time window [ei, li] by [ei, t] in the pricing problem and eliminate
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from the current RMP all routes in which customer i is visited outside [ei, t]. In the other branch, we proceed

similarly but with the new time window [t+ 1, li].

Dell’Amico, Righini, and Salani (2006) devise a similar branching technique on resources that are used to

handle the vehicle capacity in a VRP with simultaneous pickups and deliveries (see Section 4.10.5). Finally,

Christiansen and Lysgaard (2007) branch on the expected cumulative demand in the context of the VRP

with stochastic demands (Section 4.9.1).

3.3.5 Strong branching

Some recent successful BPC algorithms rely on strong branching (Fukasawa et al. 2006, Pecin et al. 2017a,b).

The idea behind strong branching is to quickly evaluate the impact of a set of branching candidates (arcs,

time windows, subset of customers, etc.) on the lower bounds that would be obtained in each child node

and to select the best one according to some criterion. For example, when applying arc branching at a given

node, a subset of arcs AC ⊂ A that are candidates for branching is determined and, for each arc a in AC , the

corresponding branching decisions are successively applied to compute the lower bounds lb−a and lb+a that

would be achieved in both child nodes if this arc was selected for branching. Then, after computing all these

lower bounds, one can choose the best candidate as an arc a∗ ∈ arg maxa∈AC min{lb−a , lb+a } and add to the

search tree only the child nodes associated with the decisions for arc a∗.

Strong branching can reduce significantly the number of nodes to explore in the search tree but often at

the expense of increasing the time to select the branching candidate at each node. Consequently, it is common

practice to limit the size of the set of candidates to evaluate and to compute approximate lower bounds in

the strong branching selection process. Similar to the strong branching scheme of Lysgaard, Letchford, and

Eglese (2004) involving branching decisions on cutsets, Fukasawa et al. (2006) select, at each node of the

search tree requiring branching, between 5 and 10 candidate cutsets S according to a criterion based on the

flow entering S. Then, the lower bounds for each candidate is evaluated heuristically by performing a few

CG iterations.

In Irnich (2010), the size of the candidate set is defined dynamically during the exploration of the search

tree and is proportional to the relative optimality gap. Therefore, it is more selective at the beginning of the

algorithm when no good solutions have been found and at the top of the search tree when the optimality gap

is still high, and evaluates less candidates when the gap gets smaller. The lower bounds for each candidate

are, however, computed by an exact CG algorithm.

For the CVRP, Pecin et al. (2017b) assess the impact of branching on cutsets by proposing an aggressive

hierarchical hybrid strong/pseudocost branching, that consists of three phases: i) candidate set construction,

ii) refinement, and iii) strong branching. In the first phase, a set of candidate cutsets is found. Half of them

are chosen based on their pseudocosts (average lower bound increases when the cutset was previously selected

for evaluation) and the other half are new cutsets. As in Irnich (2010), the size of the candidate set depends

on the relative optimality gap. During the refinement phase, lower bound values lb− and lb+ are heuristically

estimated for each candidate by only considering the variables in the current RMP. These quick evaluations

allow to select a smaller set of candidates which are then better evaluated in the last phase using a heuristic

CG algorithm.

3.4 Using upper bounds

In this section, we discuss two techniques that can be exploited in BPC algorithms for VRPs when good lower

and upper bounds are available. The first technique consists of fixing to zero the value of certain variables in

order to reduce the size of the model. The second is based on the enumeration of elementary routes to help

close the integrality gap at a node of the search tree. This latter technique can be seen as an alternative to

branching.
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3.4.1 Variable fixing by reduced cost

Variable fixing can be performed in different ways. Here, we concentrate on variable fixing by reduced cost

which requires a lower and an upper bound on the optimal value of the problem. The general idea behind

variable fixing is as follows (see, e.g., Nemhauser and Wolsey 1988). Let P := {min c>x : Ex = b, x ∈ Zn+}
be an integer linear program, and z̄ an upper bound on its optimal value, derived from a feasible solution.

Also, let D := {max π>b : πE ≤ c} be the dual problem associated with the linear relaxation of P and π a

feasible dual solution to D of cost z = π>b. The reduced cost c̄j of a generic variable xj with respect to π

is given by c̄j = cj − π>Ej , where Ej denotes the coefficient column of xj in matrix E. Variable xj can be

fixed to zero if c̄j > z̄ − z and can thus be removed from the problem.

In BPC algorithms, variable fixing is usually applied after solving the MP at each node of the search tree,

when an optimal dual solution π becomes available. However, it is not directly applied to route variables

λr, r ∈ Ω, because, as discussed in Section 2.4, it would require employing complex mechanisms to forbid

in the pricing problem the (re-)generation of the routes associated with the removed variables. For this

reason, variable fixing is rather applied to implicit arc variables (Hadjar, Marcotte, and Soumis 2006, Irnich

et al. 2010, Contardo and Martinelli 2014), yielding the simultaneous elimination of a large number of route

variables, namely, all those associated with a route traversing an arc to be removed. Besides, removing arcs

from the network makes the pricing problem easier to solve. However, there is an inconvenient to this practice:

the reduced costs of the arc-flow variables xij are not directly available in a CG algorithm. Some approaches

such as the addition of coupling constraints of the form (7) to the MP (Poggi de Aragão and Uchoa 2003,

Lübbecke and Desrosiers 2005) and the solution of the pricing problem directly as a linear problem (Walker

1969) have been proposed in the literature to overcome this difficulty. In the following, we highlight the

approaches of Irnich et al. (2010) and Contardo and Martinelli (2014), which are designed for VRPs.

Irnich et al. (2010) fix arc-flow variables to zero as follows. Let Ωij ⊂ Ω be the subset of feasible

routes traversing arc (i, j) ∈ A. The reduced cost c̄ij of arc-flow variable xij can then be computed as

c̄ij = minr∈Ωij c̄r − minr′∈Ω c̄r′ . Because minr′∈Ω c̄r′ ≤ 0 at any CG iteration, this result implies that, if

c̃ij = minr∈Ωij c̄r > z̄ − z, then arc (i, j) can be removed from G. Alternatively, if lbij is a lower bound on

c̃ij , then lbij > z̄−z is a sufficient condition to remove arc (i, j). Such a lower bound can be computed for all

arcs at once by solving the pricing problem using an exact monodirectional labeling algorithm (see Hadjar,

Marcotte, and Soumis 2006, Irnich et al. 2010). To compute c̃ij exactly and remove the maximum number

of arcs, Irnich et al. (2010) find feasible shortest paths from vertex 0 to all other vertices using an exact

forward labeling algorithm as well as feasible shortest paths for all vertices to vertex n + 1 using an exact

backward labeling algorithm. Given that two full labeling passes need to be performed, this process might

be time-consuming. Instead, relaxed shortest paths such as ng-paths can be computed, yielding only lower

bounds on the arc reduced costs and possibly less removed arcs depending on the quality of these bounds.

The state-of-the-art BPC algorithm of Pecin et al. (2017a) eliminates arc-flow variables in the same fashion.

Although Contardo and Martinelli (2014) developed a BPC algorithm for the multi-depot VRP under

capacity and route length constraints, their algorithm is also very effective at solving CVRP instances. It

proceeds in two phases and variable fixing is performed in each phase. First, the algorithm solves the linear

relaxation of an edge-flow formulation to quickly generate a lower bound on the optimal value of the problem.

This bound is then improved by generating cutting planes. When no more cuts are found, variable fixing is

performed on the edge-flow variables, i.e., edges are removed from the network. In the second phase, a BPC

algorithm is applied to solve the problem using the reduced network in the pricing problem. In this algorithm,

variable fixing is performed as in Irnich et al. (2010), except that the arc reduced costs are underestimated

because the duals of the non-robust cuts are not fully considered in the labeling process.

3.4.2 Route enumeration

Ideally, one would like to be able to enumerate all feasible routes and solve directly model (1)–(3) using

a mixed integer programming solver. This is unpractical given that the number of feasible routes grows

exponentially with the size of the instance. However, given an upper bound z̄ on the optimal value obtained

from a feasible solution s∗ and a dual solution π providing a lower bound z like in variable fixing, enumerating
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the subset Ω′′ of all the routes r ∈ Ω such that c̄r < z̄ − z and solving model (1)–(3) restricted to the routes

in Ω′′ is sufficient to either prove that s∗ is optimal or find an optimal solution with a cost less than z̄. This

approach, called route enumeration, is presented by Baldacci, Christofides, and Mingozzi (2008) and Baldacci,

Mingozzi, and Roberti (2011), who propose exact algorithms for solving the CVRP and the VRPTW. These

algorithms are not BPC algorithms, as no branching is performed. In both algorithms, an additive bounding

procedure which relies, among others, on CG and cutting planes is used to compute a high-quality lower

bound. Route enumeration is then performed using a labeling algorithm similar to the ones applied for

solving the pricing problem. Finally, if all routes can be enumerated, the MIP restricted to the subset of

enumerated routes is solved by a commercial MIP solver, thus benefitting from all cutting-edge tools offered

by this solver. These algorithms are very efficient when the gap z̄ − z is small. Otherwise, they might fail to

enumerate all required routes and simply abort during the enumeration process due to a lack of memory.

To overcome this drawback, it is possible to employ a hybrid strategy which combines route enumeration

and branching (Pessoa, Poggi de Aragão, and Uchoa 2008, Contardo and Martinelli 2014, Pecin et al. 2017a,b).

In the BPC algorithm of Pessoa, Poggi de Aragão, and Uchoa (2008), route enumeration is performed at each

node of the BB search tree. Every time that the MP is solved, possibly after adding cuts, route enumeration

is attempted. If the number of generated labels or the number of generated routes exceeds a predefined

threshold at a node, enumeration is stopped and branching is performed. Otherwise, the model associated

with this node and restricted to the set of enumerated routes is solved using a MIP solver, and no branching

is necessary. Because the optimality gap tends to decrease with the depth in the tree, route enumeration can

eventually work, reducing the size of the tree and the total computational time.

Contardo and Martinelli (2014) perform route enumeration in a more aggressive way. Indeed, they allow

to generate a large number of routes (e.g., up to 5 millions) that cannot be handled directly by a MIP solver.

Once the MP is solved at a node of the search tree, the algorithm proceeds to route enumeration. If too

many labels or too many routes are generated, the process is aborted. If the number of enumerated routes

is small enough, the resulting model is solved by a MIP solver. Otherwise, the routes are stored in a pool

and the algorithm continues by adding cuts and fixing variables. At this point, when cuts are added, the

MP is re-optimized by CG but the pricing problem is solved by inspecting the pool of routes. This allows

to separate more non-robust cuts without impacting dramatically the complexity of the pricing algorithm.

Pecin et al. (2017b,a) implement route enumeration as in Contardo and Martinelli (2014). They, however,

resort to branching when route enumeration is not possible.

3.5 Stabilizing dual variable values

CG algorithms are well known to suffer from convergence issues, which are mainly due to the degenerate

nature of the MP and to the instability of the dual variable values from one iteration to the next (Vanderbeck

2000, Lübbecke and Desrosiers 2005). On the one hand, degenerate MPs often yield multiple optimal dual

solutions and makes it difficult to prove the optimality of the primal solution. Moreover, the algorithm may

perform many iterations without any or almost any improvement of the objective function value (tailing-off

effect). On the other hand, dual variable instability causes the algorithm to generate columns unlikely to be

in an optimal solution, even if some good columns have already been generated.

Simple modifications to the MP may help the convergence of a CG algorithm. For instance, by avoiding

redundant constraints in the MP or removing non-active constraints, the degree of degeneracy may be reduced.

In addition, if one formulates the VRP as a set-covering problem instead of a set-partitioning problem, i.e.,

replacing equalities (5) in the MP by inequalities, the dual solution space is cut in half (the corresponding

dual variables become non-negative) and the dual variables are typically more stable (Rousseau, Gendreau,

and Feillet 2007, Feillet 2010).

Dual variable stabilization strategies have also been developed to overcome these convergence issues. In

general, stabilization techniques seek to: i) limit the distance traveled by the variables in the dual space, either

by restricting the dual space or penalizing long displacements of the dual points (see, e.g. Marsten, Hogan,

and Blankenship 1975, Ben Amor, Desrosiers, and Frangioni 2009); ii) avoid the generation of extreme dual

solutions (Rousseau, Gendreau, and Feillet 2007); or iii) alleviate the impact of bad dual values (Pessoa et al.
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2018). The first family of stabilization strategies either force the dual variables to remain within relatively

small intervals around the current dual values or allow to go outside these intervals at the expense of paying a

penalty. The intervals and penalties are adjusted dynamically throughout the CG algorithm. Such methods

can yield substantial speedups if good initial dual information is available. However, this is not the case, in

general, for VRPs.

Extreme dual solutions may be harmful to CG algorithms because they can lead to unrealistic route

reduced costs and the generation of routes that have little chance to be part of an optimal MP solution.

Thus, it may be preferable to use interior dual points to reduce the number of CG iterations. Naturally,

these points can be obtained directly by solving at each iteration the RMP using an interior point method.

Instead, Rousseau, Gendreau, and Feillet (2007) generate dual interior points by using convex combinations

of several dual extreme points. At a given iteration, these extreme points are computed by solving the RMP

several times after perturbing the right-hand side vector each time.

To reduce the impact of poor dual values and avoid large dual variable oscillations, Pessoa et al. (2018)

devise a dual price smoothing technique, which considers a transformed dual vector π̃ = απ̂+ (1−α)π when

solving the pricing problem. In this expression, parameter α ∈ (0, 1] indicates the level of smoothing, and

vectors π and π̂ are, respectively, the current dual vector and a vector containing dual information from

previous iterations. Vector π̂ can be the best dual vector obtained so far (Wentges 1997) or a weighted

sum of dual vectors computed in previous iterations (Neame 1999). This stabilization technique proceeds by

solving at each CG iteration the pricing problem defined with the vector π̃ of dual values. Three outcomes

may happen: the labeling algorithm finds 1) routes that have a negative reduced cost with respect to both π̃

and π; 2) routes that have a negative reduced cost with respect to π but not with respect to π̃; 3) no routes

with a negative reduced cost with respect to π. In the first two cases, the computed routes can be added to

the current RMP. In the second case, the value of α is decreased as the algorithm converges towards optimal

dual values. Finally, in the third case, the value of α is also decreased and the pricing problem is solved again

with the updated vector π̃.

As mentioned in Rousseau, Gendreau, and Feillet (2007) and Pessoa et al. (2018), the use of a stabilization

technique tends to increase the difficulty of solving the pricing problem, especially in the first CG iterations.

Indeed, when no stabilization is used, the dual values are often badly distributed among the customers,

yielding non-attractive customers that are rapidly disregarded during the search for negative reduced cost

routes. In practice, this aspect is not a major issue because the quality of the generated routes outweighs

this disadvantage.

4 Contributions to specific VRPs

In this section, we describe contributions that are specific to some VRP variants. Given the large number

of contributions, we have chosen to summarize the general ideas of these specific contributions and to avoid

mentioning every feature of each algorithm.

This section is divided according to the following problem features: heterogeneous fleet and multiple

depots (Section 4.1), profits (Section 4.2), soft time windows (Section 4.3), multiple trips (Section 4.4), split

services (Section 4.5), time dependency (Section 4.6), cumulative costs (Section 4.7), environmental aspects

(Section 4.8), uncertainty (Section 4.9), and pickups and deliveries (Section 4.10).

4.1 Heterogeneous fleet and multiple depots

One of the most direct variants of the CVRP is the heterogeneous fleet VRP (HFVRP) in which vehicles

of different types are available. Let K be the set of vehicle types. These types may differ by their capacity,

fixed cost and traveling costs. The HFVRP consists of determining the fleet of vehicles to use and designing

feasible routes for them so as to service a set of customers at minimum total cost. This cost is given by the

sum of the vehicle fixed costs and the variable traveling costs.

Given the differences between the vehicle types, a basic BP algorithm for the HFVRP requires one pricing

problem for each type k ∈ K, increasing the complexity of the pricing step. Choi and Tcha (2007) develop
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the first CG-based algorithm for this problem which relies on the following procedure to reduce the number

of pricing problems. Let z∗ be the cost of a feasible solution obtained, e.g., by a heuristic. For each vehicle

type k ∈ K, compute a lower bound zk on the optimal value of the problem when forcing the utilization of at

least one vehicle of type k. If zk > z∗, then no vehicle of type k can be used in an optimal solution and the

corresponding pricing problem can be discarded. To compute rapidly a lower bound zk, the authors solve a

small-sized integer program that aims at minimizing the total fixed cost incurred by a fleet that has sufficient

capacity to cover the total demand. This lower bound might be useful to discard some vehicle types only if

the fixed costs are very large compared to the traveling costs.

Pessoa, Poggi de Aragão, and Uchoa (2009) design a BPC algorithm for the HFVRP. When vehicle

types may incur different traveling costs, multiple pricing problems are necessary. Otherwise, the authors

show how to use a single pricing problem. They also introduce new families of robust cuts defined over CI

variables, namely, homogeneous extended capacity cuts and strengthened RCCs, and also applied robust

triangle clique cuts. Even if the HFVRP is usually defined over an undirected graph, the proposed algorithm

relies on directed graphs in the pricing problems which are needed to handle the cuts defined over the CI

variables. These networks introduce symmetry while solving the pricing problems because the same route

can be traversed in both directions at the same reduced cost unless the contributions to the cuts differ with

the direction. To break this symmetry, Pessoa, Poggi de Aragão, and Uchoa (2009) impose that the index of

the first customer visited along a route must be less than that of its last customer and adapt their labeling

algorithm to handle this requirement.

Pessoa, Sadykov, and Uchoa (2018) propose a new BPC algorithm for the HFVRP that combines the most

recent methodological advances for the CVRP and the VRPTW. By employing a new pseudo-polynomially

large extended formulation, stronger extended capacity cuts are devised. Furthermore, they exploit the struc-

ture of the HFVRP to propose the concept of vehicle-type-dependent memory for the SRCs (see Section 3.2.2).

This new idea yields a sharper definition of the concept of lm-SRCs by defining the coefficients of the route

variables in the cuts according to their associated vehicle type. Each cut has, thus, a different memory for

each vehicle type and this memory is smaller than the memory that would not depend on the vehicle type.

Consequently, the impact on the time required to solve each pricing problem is more limited. On the other

hand, these cuts are weaker and additional rounds of cut separation may be required to achieve the same

final lower bound. Finally, Pessoa, Sadykov, and Uchoa (2018) also exploit the structure of the HFVRP to

develop a progressive route enumeration scheme. Indeed, given that enumerating routes for small-capacitated

vehicles is easier, in general, than for large-capacitated vehicles, enumeration can be possible only for a subset

of the vehicle types. Thus, when enumeration is successful for a type, the enumerated routes are added to

the RMP or stored in a pool (see Section 3.4.2), the corresponding pricing problem is removed, and all the

generated cuts can be lifted with respect to these route variables.

The multi-depot VRP (MDVRP) is also a direct extension of the CVRP, where the available vehicles are

assigned to a set of depots. A route for a vehicle of a given depot must start and end at this depot. The

MDVRP can be seen as a special case of the HFVRP by associating each depot with a vehicle type.

Baldacci and Mingozzi (2009) design a general solution method for solving the HFVRP and several of its

special cases including the MDVRP. This method extends the framework introduced by Baldacci, Christofides,

and Mingozzi (2008) for the CVRP (see Section 3.4.2) to deal with different vehicle types. It also incorporates

mechanisms designed for the HFVRP, namely, a relaxation involving binary variables assigning customers

to vehicle types and rules to resize the vehicle fleet (i.e., to update lower and upper bounds on the number

of vehicles of each type). The first mechanism is especially effective when the fixed cost contribution to the

total cost is significant. The overall algorithm consists of solving three different relaxations and keep the best

lower bound obtained to perform route enumeration.

Bettinelli, Ceselli, and Righini (2011) tackle a multi-depot heterogeneous VRPTW with limited route

duration, where the duration of a route is computed as the difference between the return time to the depot

and the departure time from it. The latter is a decision variable, as some waiting time along the route may

be avoided by delaying the departure from the depot. To solve this problem, Bettinelli, Ceselli, and Righini

(2011) conceive a BPC algorithm with one pricing problem per vehicle type and depot. All pricing problems

are, however, solved at once using a single bidirectional labeling algorithm which handles two additional
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resources to impose a maximal route duration. This labeling algorithm relies on labels that contains, in

theory, duplicated components for each depot. Given that two paths associated with different depots and

covering the same customers in the same order only differ by their initial arcs, each label rather contains

components for a single depot and, for each depot, a pointer to the initial arc of the path if it were to start at

this depot. Since it is easy to retrieve the component values for each depot with these pointers, label storage

requires much less memory. To deal with the multiple vehicle types that only differ by the fixed cost and the

vehicle capacity, the labeling process is performed considering the largest vehicle capacity. Then, during the

joining phase of the bidirectional search algorithm, the feasibility rules are verified for each vehicle type and

the reduced cost is adjusted accordingly.

To solve the MDVRP with a route length constraint, Contardo and Martinelli (2014) devise a BPC

algorithm which includes variable fixing and route enumeration. In a post-processing phase, variable fixing is

first performed based on the solution of the linear relaxation of a two-index arc-flow formulation augmented

by cutting planes. Once the BPC algorithm is started, variable fixing is also carried out in the fashion of

Irnich et al. (2010). Contrarily to Bettinelli, Ceselli, and Righini (2011), Contardo and Martinelli (2014) solve

one pricing problem per depot. Their BPC algorithm comprises several families of robust and non-robust

cuts. In particular, they exploit the similarity between the MDVRP and the CLRP to adapt non-robust

CLRP cuts for the MDVRP, namely, the y-strong capacity cuts and the strong framed capacity cuts.

4.2 Profits (optional customers)

In some applications, it may not be possible to visit all the customers due to vehicle fleet limitations (e.g. a

limited number of vehicles with limited capacity is available) or to a short planning horizon. In this case, the

customers to serve are part of the decisions to make and some of them might not be serviced. To determine

which ones to serve, a profit is associated with each customer and profit maximization is sought. For this

class of routing problems, called VRPs with profits (VRPPs), only a few BP algorithms have been designed.

The team orienteering problem (TOP) is the simplest multi-vehicle variant of the VRPP. It consists of

designing routes for a homogeneous fleet of vehicles in such a way that the total profit collected is maximized

and the length (duration) of the routes does not exceed a given threshold. No routing costs are considered.

When solving the TOP by means of a CG algorithm, the MP is defined as the linear relaxation of a set-packing

model, with an additional constraint to limit the number of routes in the solution. The pricing problem is an

ESPPRC which has been solved by a labeling algorithm, except in Butt and Ryan (1999) where it is solved

by a procedure that enumerates subsets of customers and checks for each subset the existence of a feasible

route by solving a TSP.

Boussier, Feillet, and Gendreau (2007) present a generic BP algorithm for the TOP and the selective

VRPTW (SVRPTW). The SVRPTW is a generalized TOP where vehicle capacity and customer time win-

dows are considered. To derive integer solutions, Boussier, Feillet, and Gendreau (2007) apply two branching

strategies. They branch first on a customer i ∈ V ′ that is visited a fractional number of times. If this is

not possible, i.e., the flow through each customer vertex is integer, an alternative branching on an arc (i, j)

is performed. Two cases are considered. If one of the customers i or j has been constrained to be served,

two branches are created: one imposing arc (i, j) to be traversed, and the other forbidding it. Otherwise,

three branches are created: one forbidding the visit to i, and two enforcing the visit to i followed or not by j.

Keshtkaran et al. (2015) enhanced the algorithm of Boussier, Feillet, and Gendreau (2007) by incorporating

to the pricing algorithm several acceleration techniques discussed in Section 3 and by including SRCs to

reinforce the MP. These cuts are also valid for a set-packing formulation.

Archetti et al. (2009) introduce the capacitated TOP (CTOP), a variant of the TOP that involves a

vehicle capacity constraint. They also study the capacitated profitable tour problem (CPTP) which aims

at minimizing the difference between the total collected profits and the total traveling cost and considers a

vehicle capacity constraint but no maximum route duration constraint. To solve both the CTOP and the

CPTP, the authors adapt the BP algorithm of Boussier, Feillet, and Gendreau (2007). Archetti, Bianchessi,
and Speranza (2013b) enhance the BP algorithm of Archetti et al. (2009) by improving the pricing labeling

algorithm with some acceleration techniques and revising the branching strategies used. The new branching
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scheme involves branching on the number of vehicles used, on the flow through a customer, and on the flow

on an arc. In the latter case, imposing a flow of one on an arc is performed by adding a constraint in the MP.

This new algorithm employs a column-based restricted master heuristic to generate primal solutions through-

out the search tree. Finally, Archetti, Bianchessi, and Speranza (2013a) address the CTOP with incomplete

services, where a customer may be partially served. The problem is then formulated as a set-packing prob-

lem. The routes, possibly performing incomplete services, are generated by means of the labeling algorithm

described in Archetti, Bianchessi, and Speranza (2014), which exploits an expanded network that contains

vertices associated with every possible pair of customer and quantity that can be delivered to this customer.

Another problem belonging to the class of VRPPs is investigated by Bulhões et al. (2018), who introduce

the VRP with service level constraints (VRP-SL). This problem arises in situations where the total customer

demand exceeds the general capacity of supply. However, due to commercial agreements, a minimum service

level to the customers must be ensured as follows. The set of customers V ′ is partitioned into m disjoint

groups Vk (i.e., V ′ = ∪mk=1Vk and Vk ∩ Vk′ = ∅ for any k 6= k′) where a group may represent the deliveries

to a same company. Moreover, with each customer i ∈ V ′ are associated a demand qi, a profit ρi and a

service weight wi. This latter represents the importance of the customer in its group. The VRP-SL consists

of designing profitable routes that visit some of the customers in V ′ (to deliver their full demands) such that,

for each subset Vk, k = 1, . . . ,m, a minimum service level φk ∈ [0, 1] is reached. The service level of a group k

is computed as
∑
i∈V∗k

wi/
∑
i∈Vk wi, where V∗k ⊆ Vk denotes the subset of customers in V∗k that are serviced

in the solution. The objective function aims at minimizing the total cost and the lost profits incurred by

not servicing some of the customers. Bulhões et al. (2018) formulate the VRP-SL using a set partitioning

model that contains binary slack variables to identify which customers are not serviced and the service level

constraints. For solving the problem, they devise a rather straightforward BP algorithm.

Other VRPP variants are studied by Azi, Gendreau, and Potvin (2010), Archetti, Bianchessi, and Sper-

anza (2014), Archetti et al. (2014), Gutiérrez-Jarpa et al. (2010), and Parragh, Sousa, and Almada-Lobo

(2015). Given that the focus of these works is on the treatment of multiple trips, split services or pickups

and deliveries, they are reviewed in Sections 4.4, 4.5 and 4.10.

4.3 Soft time windows

Soft time windows, unlike traditional time windows that pose structural restrictions on the feasible solution

space, do not impact the feasibility of the routes. These restrictions are thus relaxed in the soft variant and

transferred as penalties in the objective function (Liberatore, Righini, and Salani 2011). More precisely, in

the VRP with soft time windows, a vehicle can serve a customer i ∈ V ′ without paying a penalty if the

service is performed within [ei, li], but it can also serve a customer before ei, or after li by paying a linear

penalty proportional to the anticipation or the delay.

From a computational viewpoint, soft time windows are harder to handle than the hard time windows

because the feasible solution space in the former is larger. Liberatore, Righini, and Salani (2011) present

the first exact BP algorithm that handles soft time windows in an efficient manner. In their algorithm, the

labeling algorithm considers in each label a piecewise linear reduced cost function c̄(t) of the start of service

time t. This function is equal to 0 at the source vertex and updated with each extension. When performing

an extension along an arc (i, j), the reduced cost function of the new label is obtained by summing up the

function from the previous label and the penalty function associated with the possible start of service times

at j. In order to reduce the number of feasible extensions, the authors introduce the notion of profitable time

windows, which are the reduced intervals of time in which a visit to a customer may be beneficial. Arrival

times out of this interval are deemed unpromising for the current pricing problem and discarded.

Bettinelli, Ceselli, and Righini (2014) adapt this algorithm to solve the multi-depot heterogeneous fleet

pickup and delivery problem with soft time windows. Abdallah and Jang (2014) consider a hybrid variant

of this problem in which penalties are accepted only in a limited zone around the hard time windows, out

of which arrivals are deemed infeasible. Thus, structural constraints are not completely lost. These authors

develop a tailored labeling algorithm that is shown to be efficient to limit the number of non-dominated labels.
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Taş et al. (2014) study the VRP with soft time windows and stochastic travel times. This work is reviewed

in Section 4.9.1.

4.4 Multiple trips

In some applications, vehicles may return to the depot in the middle of their route to be replenished before

performing additional deliveries. Such returns may be caused by a limited vehicle capacity compared to the

volume of the demands, by some duration constraints imposed by the drivers’ regulations or because the

products delivered/collected are perishable. This feature gives rise to a class of problems, called the multi-

trip VRPs (MTVRPs), where a trip is defined by a sequence of visits to customers between two visits to the

depot and a route contains one or several trips. These problems are worthy of investigation if the number of

vehicles is limited (or they incur fixed costs) and some constraints (such as a maximal route length or time

windows) restrict the feasibility of the trip sequences. Otherwise, there exists an optimal solution with only

single-trip routes and the problem becomes equivalent to the VRP.

Despite the practical importance of the MTVRP, no exact solution algorithms have been proposed for

this problem prior to the recent work of Mingozzi, Roberti, and Toth (2013). The MTVRP they consider is

a direct extension of the CVRP with a limited number of vehicles and a maximum driving time per route.

Their algorithm extends the one of Baldacci, Christofides, and Mingozzi (2008), as it relies on bounding

procedures to solve relaxations of two set-partitioning formulations and trip/route enumeration. In the first

set-partitioning formulation, denoted SPF1, the variables are associated with feasible trips; in the second,

denoted SPF2, they represent feasible routes. The proposed algorithm exploits the strengths of both formu-

lations. On the one hand, generating trips is easier than generating routes. On the other hand, the bounds

provided by SPF2 are better than those yielded by SPF1. The algorithm starts by computing a lower bound

from SPF1 by CG before performing trip enumeration and solving the resulting reduced model. If this ap-

proach does not succeed (e.g., when too many trips are enumerated), a lower bound from SPF2 is computed

by CG using only the trips enumerated in the first phase. Route enumeration is then performed to derive

a reduced SPF2 model that is solved by a MIP solver. Both set partitioning formulations are reinforced

with non-robust cuts. In particular, a strengthened version of the knapsack inequalities, called working time

inequalities, is introduced for SPF1.

Considering the delivery of perishable products, Azi, Gendreau, and Potvin (2010) tackle a MTVRP with

time windows and a limited trip duration (MTVRPTW-LD) in which customers’ service is optional. The

problem can also be seen as a VRPP variant. It is formulated as a set packing problem where the variables

are associated with feasible routes and the objective consists of minimizing the total profit collected from the

serviced customers minus the total traveling cost. To solve this problem, the authors propose a two-phase

method where a complete enumeration of all the feasible trips is carried out in the first phase and routes

obtained by concatenating feasible trips are generated by CG in the second phase. Complete trip enumeration

is achievable in the first phase because the number of customers in a trip is small due to the maximum trip

duration. This enumeration is performed using the algorithm of Azi, Gendreau, and Potvin (2007) for the

single-vehicle case and in which a dominance rule is applied to eliminate non-Pareto-optimal trips. Each trip

is associated with a (minimum) duration, a loading time that needs to be taken into account before starting

the trip, and a starting time window which preserves the trip duration. A BP algorithm is applied in the

second phase. The pricing problem is an ESPPRC defined over a directed graph where the vertices represent

the trips enumerated in the first phase.

Hernandez et al. (2014) address the MTVRPTW-LD with mandatory services to the customers. They

model the problem as a set-covering problem where the variables are associated with feasible trips and so-

called mutual exclusion constraints (MECs) ensure that the number of available vehicles is met at all times.

If the discretization of the planning horizon is too fine-grained, the number of MECs explodes and the model

becomes intractable. In the proposed BP algorithm, this issue is dealt with by solving first a relaxation

that considers a coarser discretization (thus, less MECs) and, if necessary, subsequent stronger relaxations

obtained by refining the discretization. The pricing problem consists of finding trips with negative reduced

costs or proving that none exist. This includes determining the exact schedule of each trip. To solve this

problem, Hernandez et al. (2014) devise a two-phase algorithm. In the first phase, trips without schedule
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are enumerated using a corrected version of the enumeration algorithm of Azi, Gendreau, and Potvin (2010).

Each trip is defined by a sequence of customers, a minimum duration, a loading time, and a starting time

window. In the second phase, a minimal reduced cost schedule is determined for each enumerated trip. Given

that imposing integrality requirements on the arc flow between two customers is not sufficient to derive an

optimal integer solution (a convex combination of schedules can be chosen for a given trip), the authors also

develop a specific branching scheme. Given a fractional solution, branching on the arc flow between two

customers is favored. If this is not possible (i.e., all arc flows are integer), then a special case of a VRPTW

is defined from this solution (each trip in the solution represents a customer) and solved by an ad hoc BP

algorithm to find a feasible solution to the MTVRPTW-LD if one exists. If so, the cost of this solution is

equal to the current RMP solution cost and the node can be pruned. Otherwise, multiple branching nodes

are created, each forbidding the usage of an arc in the current solution.

Contrarily to the previous works, Hernandez et al. (2016) study the MTVRP with time windows in

which no limitation on the trip duration is imposed. They present two different formulations and two BP

algorithms. In the first formulation, variables are associated with routes, whereas in the second, they are

associated with trips. Despite the similarity with previous methods, Hernandez et al. (2016) do not benefit

from trips with limited duration and, therefore, complete trip enumeration becomes impractical. Thus, the

authors develop tailored labeling algorithms to solve the pricing problem ensuing from each formulation. In

the BP algorithm for the first model, routes are generated by solving an ESPPRC with possible returns to the

depot. Mono-directional backward labeling is performed to handle the loading time before each trip which

depends on the total quantity to be delivered along the trip. In the BP algorithm for the second model which

includes MECs in the MP, trips are also generated by solving an ESPPRC but, in this case, the trip schedule

impacts its reduced cost because of the dual values of the MECs. To reduce the number of generated labels,

Hernandez et al. (2016) establish some theoretical results which allow to group together labels corresponding

to the same sequence of visited customers and keep a single representative label for each group. Here again,

backward labeling is used.

Finally, Muter, Cordeau, and Laporte (2014) consider a generalization of the MTVRP and the MDVRP

called the MDVRP with inter-depot routes (MDVRPI). In the MDVRPI, a route starts and ends at the same

depot, and can also stop at any intermediate depot to replenish. The routes can be seen again as sequences

of trips where the starting depot of a trip may differ from its ending depot. Route duration is limited but

not trip duration. Route duration is computed as the sum of the traveling times, customer service times and

fixed loading times required before starting the trips. The MDVRPI is modeled as a set covering problem

where the variables are associated with routes and two different BP algorithms are developed to solve it.

They differ by the algorithm used to solve the ESPPRC pricing problems, one for each depot. The first

algorithm is a labeling algorithm similar to that of Feillet et al. (2004), which is applied on a network that

contains additional vertices to represent intermediate visits at a depot. Because a vehicle can be replenished

along its route, a customer can be temporarily considered unreachable if this status is only due to vehicle

capacity. The second algorithm is a two-phase algorithm. In the first phase, all non-dominated trips are

enumerated like in the work of Azi, Gendreau, and Potvin (2010). Furthermore, among the trips that link

the same depot, only those with a negative reduced cost are kept. In the second phase, a labeling algorithm

is applied on a network where the vertices represent the depots and the arcs the enumerated trips.

4.5 Split services

In routing problems with split services (split deliveries or split pickups), customers are allowed to be visited

more than once in order to have their demand satisfied. The fact that each demand can be split among

several vehicles can yield substantial economic savings, operational flexibility, not to mention, the possibility

of customers with a demand larger than a vehicle capacity to be served (Archetti and Speranza 2012). Taking

this option into account, the split delivery VRP (SDVRP) and the split delivery VRPTW (SDVRPTW)

extend the CVRP and the VRPTW, respectively. The design of BP algorithms for these problems is not

straightforward because the amount to deliver at each customer visit is also a variable decision. In the

following, we start by discussing works on the SDVRPTW which is the first split delivery VRP variant to

be solved by means of a BP algorithm. Note that, unless otherwise specified, the service time at a customer

does not depend on the quantity delivered.
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Gendreau et al. (2006) propose the first BPC algorithm for the SDVRPTW and, assuming that travel

costs and times satisfy the triangle inequality, prove the following properties for the SDVRPTW (the first

two ensue from identical properties for the SDVRP): 1) two routes cannot have more than two customers in

common; 2) no arc can appear more than once in a solution; and 3) each route visits a customer at most once.

In the proposed BPC algorithm, the pricing problem only determines the vehicles routes, not the quantities

to deliver. These decisions are made at the MP level using additional quantity variables and constraints,

which depend on the routes generated. Therefore, the MP involves an exponential number of constraints

that are generated dynamically with the generated route variables. The authors develop sufficient conditions

on the optimality of a MP solution in this context. These conditions are used to define the objective function

of the pricing problem which is an ESPPRC that is solved by an adapted version of the labeling algorithm

of Feillet et al. (2004). To speed up the solution process, Gendreau et al. (2006) solve first a relaxed MP

which allows to generate columns more rapidly. Because customers may be visited more than once in the

SDVRPTW, a solution may be fractional even if the arc flows are integer. When this occurs, a sophisticated

branching rule on a subset of variables described in Feillet, Dejax, and Gendreau (2005) is applied. Two

other branching rules can be applied, namely, on the number of visits to a customer and on an arc flow.

Desaulniers (2010) design a BPC algorithm for the SDVRPTW where the quantities to be delivered to

the customers visited in a route (forming a so-called delivery pattern) are determined in the pricing problem,

which corresponds to an ESPPRC combined with the linear relaxation of a bounded knapsack problem (LP-

BKP). To solve this pricing problem, a tailored labeling algorithm is developed. It exploits the property of an

optimal basic solution to the LP-BKP: all variables are either at their lower or upper bound except possibly

one. In the SDVRPTW context, this property translates to: in a delivery pattern of a route yielding an

optimal solution to the pricing problem (called an extreme delivery pattern), all customers receive a full or a

zero delivery, except at most one customer that can receive a partial delivery. Because convex combinations

of extreme delivery patterns for the same route are allowed in the MP, all customers in a route receive a

positive quantity in an optimal solution and multiple partial deliveries are possible. In the labeling algorithm,

a label can be extended up to three times along an arc reaching a customer, namely, for a full delivery at

this customer, a zero delivery, or a partial delivery. Because the quantity delivered in a partial delivery is a

decision variable that is computed only once the route is completed, the reduced cost of a partial path is a

linear function of this quantity and the dominance rule is devised to handle such reduced cost components.

The MP is reinforced with adapted kPCs exploiting the structure of the SDVRPTW and with edge-flow cuts

which ensue from the application to a single edge of the first property stated by Gendreau et al. (2006). Four

branching strategies are applied, namely: on the total number of vehicles, on the number of times a customer

is visited, on an arc flow, and on the possibility of using or not two arcs consecutively. Decisions of this last

type are non robust in the sense that they require additional resources in the labeling algorithm. They are,

however, necessary to ensure an exhaustive exploration of the search tree.

Archetti, Bouchard, and Desaulniers (2011) improve the BPC algorithm of Desaulniers (2010). They

design a tabu search algorithm that combines the procedure of Desaulniers, Lessard, and Hadjar (2008) with

an LP-BKP solver to generate negative reduced cost columns. They also develop three efficient separation

heuristics for the kPCs. Finally, to further strengthen the MP lower bounds, they introduce three new classes

of non-robust valid inequalities for the SDVRPTW: strong k -path cuts (SkPCs), strong minimum number of

vehicles inequalities (SMVCs), and adapted SRCs. The SkPCs are a strengthened version of the kPCs which

are not weakened by paths entering a given subset of customers more than once. The SMVCs are based on

the idea that, if a customer does not receive a full delivery, it has to be visited at least twice. Finally, even if

the MP does not include set partitioning constraints, SRCs can be defined by observing that each customer

cannot receive more than one full delivery.

Salani and Vacca (2011) study an extension of the SDVRPTW, called the discrete SDVRPTW (DSD-

VRPTW), in which the demand of the customers is composed of a discrete set of items which can be delivered

separately. The items delivered by a vehicle to a customer form an order and the service time at a customer

depends on the delivered order. Because of this feature, several properties defined for the SDVRP(TW) are no

longer valid for the DSDVRPTW. For instance, two routes can have more than one split customer in common.

The authors formulate the DSDVRPTW as a set partitioning model where the set partitioning constraints
are associated with the items of each customer. The pricing problem is an ESPPRC defined on a network



30 G–2018–41 Les Cahiers du GERAD

identical to that used for the VRPTW except that the vertices are associated with feasible orders instead of

customers. This network structure permits to include the service time for each possible order on the arcs.

Luo et al. (2017) introduce an extension of the SDVRPTW called the SDVRPTW with linear weight-

related cost, in which the travel costs per unit distance are charged based on a linear function of the load

weight. To solve this problem, they devise a BPC algorithm that borrows ideas from Desaulniers (2010)

and Archetti, Bouchard, and Desaulniers (2011) and relies on an efficient labeling algorithm involving an

aggressive dominance rule. In this labeling algorithm, each label contains a reduced cost component, which

is also a function of the vehicle load but encodes information regarding the extreme delivery patterns for the

corresponding route. With this reduced cost function, each label is extended once along each arc contrarily

to the algorithm of Desaulniers (2010) that extends it up to three times. The proposed dominance rule allows

to dominate partially or fully a label by comparing it with a set of labels. In fact, all labels are stored in a

dominance graph that permits efficient label comparisons.

Archetti, Bianchessi, and Speranza (2011) present the first BPC algorithm for solving the SDVRP. The

approach is similar to the one proposed by Desaulniers (2010) since the pricing problem generates simulta-

neously the routes and their delivery patterns. The main difference is that the pricing problem is defined

over an expanded network, where each customer is represented by a set of vertices, one for each possible

quantity that can be delivered to it. With this network, the dual values of the customer demand constraints

can be easily incorporated into the arc costs and the labeling algorithm is much simpler than that of De-

saulniers (2010), especially a standard dominance rule can be used. On the other hand, the performance of

the algorithm heavily depends on the size of the customer demands.

Moreno, Poggi de Aragão, and Uchoa (2010) focus on improving the lower bounds for the SDVRP. They

design a robust CG algorithm that employs cutting planes defined in terms of CI variables. The algorithm

considers three families of valid inequalities: the homogeneous extended capacity cuts of Pessoa, Poggi de

Aragão, and Uchoa (2009), edge-flow cuts and split delivery cuts. The edge-flow cuts are the same as those

proposed independently in Desaulniers (2010). The split delivery cuts are Chvátal-Gomory cuts derived from

a single customer demand cut. The authors point out that, by formulating the SDVRP using CI variables,

the knapsack structure of the problem can be exploited, enabling stronger cuts to be devised.

Archetti, Bianchessi, and Speranza (2015) address the commodity constrained SDVRP (C-SDVRP) in

which a customer can be visited more than once if its demand is composed by multiple commodities that

must be treated separately. This situation occurs, for example, when different products require specific

temperatures (e.g., frozen, fresh and dry food), or when different commodities must be transported in sep-

arated compartments (e.g., food and hazardous products). Like in the DSDVRPTW, the C-SDVRP allows

multiple visits to a customer, but does not allow a specific commodity to be split. The authors model the

C-SDVRP as a CVRP where the set of customers is replaced by the set of all requested commodities for all

customers. They design a BPC algorithm where the MP ensures that all commodities are delivered and the

pricing problem is defined over an expanded network, where most vertices represent a commodity/customer

pair. In fact, for each customer, a subnetwork containing the related vertices is created to reduce symmetry.

Furthermore, at each column generation iteration, a preprocessing step is applied to each subnetwork to

deduce non-dominated subpaths with respect to vehicle capacity and the current dual values. Besides the

branching strategies proposed by Desaulniers (2010), a new strategy inspired by Ryan and Foster (1981)’s

rule is presented. It branches on whether or not two pairs of commodity/customer must be delivered in the

same route. Each such decision requires adding a new resource in the label definition.

Some authors study the impact of split services in VRPP variants. Archetti, Bianchessi, and Speranza

(2014) develop a BP algorithm to solve the split delivery CTOP (SDCTOP), where each customer can be

visited multiples times in order to have its demand completely fulfilled. This algorithm incorporates features

from the algorithms of Archetti et al. (2009) and Archetti, Bouchard, and Desaulniers (2011), in particular,

it uses the expanded network defined in Archetti, Bouchard, and Desaulniers (2011). Archetti et al. (2014)

investigate the SDCTOP with incomplete service, where a customer may be served only partially and can be

visited by more than one vehicle. This problem can be modeled as the SDCTOP except that the constraints

enforcing the complete service of the customers are replaced by constraints bounding the total quantity
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delivered to each customer by its demand. Therefore, the authors present an algorithm similar to the one

described in Archetti, Bianchessi, and Speranza (2014).

Parragh, Sousa, and Almada-Lobo (2015) address a pickup and delivery routing problem with split services

that is discussed in Section 4.10.

4.6 Time dependency

Classical VRP variants do not capture some important features related to real-life problems such as the

presence of congested routes at different times of a day. In the literature, road congestion has been represented

by the consideration of time-dependent travel times, i.e., by making the travel time on an arc depend on

the moment at which it is traversed. In this context arises the time-dependent VRPTW (TDVRPTW) in

which the planning horizon is divided into time zones (e.g., morning, afternoon, and night) and, for each time

zone, travel times are assumed to be constant on every arc, leading to a stepwise speed function over the

horizon. This speed function is then used to determine a travel time piecewise linear function that satisfies

the first-in-first-out (FIFO) principle (Ichoua, Gendreau, and Potvin 2003).

Dabia et al. (2013) propose the only BP algorithm to solve a variant of the TDVRPTW that minimizes

the total duration of the routes. Given that the cost of a route is its duration, the reduced cost of a route

cannot be computed as the sum of arc costs in the pricing problem. Therefore, in the labeling algorithm

developed by Dabia et al. (2013), a label associated with a customer vertex i ∈ V ′ stores a piecewise linear

function δi(t) to represent the time at which the service is completed (ready time) at i if the vehicle leaves

the depot at time t. This function is non-decreasing and allows to compute the route duration in function

of this departure time as δi(t) − t as well as the route reduced cost as δi(t) − t − cπ, where cπ is the sum

of the dual variables associated with each vertex visited along the route. The authors introduce a sharp

dominance rule that takes into account the possibility to use different departure times from the depot for

each compared label.

4.7 Cumulative costs

The real cost of a vehicle traversing an arc depends on many variables. Several of them are proportional to

the arc distance (or travel time). Some others like the elapsed time up to each customer and the vehicle load,

which impacts the fuel consumption rate, cannot be represented by the distance. In some cases, they are,

however, proportional to a flow on the arc, e.g., the remaining quantity to deliver and the number of customers

still to be visited, and the cost function can be defined as a product of this flow and the distance traveled.

This gives rise to a class of VRPs, called the cumulative VRPs (CumVRPs) (Kara, Kara, and Yetis 2008).

Lysgaard and Wøhlk (2014) design a BPC algorithm to solve a CumVRP in which the objective aims

at minimizing the sum of the arrival times at the customers. In fact, their algorithm is very similar to

the algorithm of Fukasawa et al. (2006) for the CVRP. However, to assess the cost of traversing an edge e,

one not only needs to know the traveling time te along e but also the number of customers remaining to

visit after e, because te contributes to the arrival time of all the remaining customers. Given that this

information is unavailable when building a route from the source vertex, Lysgaard and Wøhlk (2014) use a

backward labeling algorithm to solve the pricing problem. In this way, the customers remaining to service

after traversing an edge are those that have been visited in the current backward path and, thus, the reduced

cost of traversing an edge can easily be computed.

Another CumVRP variant where the cost of traversing an arc depends on the vehicle load is tackled by

Fukasawa, He, and Song (2016). This work is reviewed in the next section.

4.8 Environmental aspects

Recently, it has become critical to make transportation and logistics environmentally sustainable, and thus

VRPs that include environmental aspects have gained considerable attention in the literature. These VRP

variants often aim at minimizing greenhouse gas emissions/fuel consumption (Lin et al. 2014), or at managing

the use of electric vehicles (Pelletier, Jabali, and Laporte 2016). Green VRPs (GVRPs) denote VRP variants
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in which greenhouse gas emission or fuel consumption is considered either in the objective function or in the

operational constraints (Lin et al. 2014).

Fukasawa, He, and Song (2016) design a BPC algorithm to solve the energy minimization vehicle routing

problem (EMVRP). This problem belongs to the class of CumVRPs (Kara, Kara, and Yetis 2008) and

extends the CVRP by defining the arc cost as the product between the arc length and the current vehicle

weight when traversing the arc. The proposed algorithm is similar to that of Fukasawa et al. (2006). These

algorithms differ by the network used to generate q-routes. Because in the EMVRP, the cost of traversing an

arc depends on the carried load, Fukasawa, He, and Song (2016) use an expanded network GQ where each

arc appears Q+ 1 times in the network. In GQ, an arc (i, j, q) represents a traversal of the arc (i, j) with a

load of q units. The labeling algorithm is adapted to be executed on GQ.

The pollution routing problem (PRP, Bektaş and Laporte (2011)) is a GVRP variant in which one must

not only design vehicle routes but also determine at which speed each arc in each selected route should

be traveled. The problem aims at minimizing the vehicle consumption and the drivers’ wages that are

proportional to route duration. Both objectives are conflicting since higher speeds yield shorter routes but

larger fuel consumptions. To address a variant of the PRP which assumes constant speed along a route and

variable departure time from the depot, Dabia, Demir, and Van Woensel (2017) adapt the BP algorithm of

Dabia et al. (2013) (see Section 4.6). The modifications concern the labeling algorithm which also considers a

piecewise linear function to represent the ready time δi(t, v) at a customer i ∈ V ′, that does not only depend

on the departure time t from the depot, but also on the vehicle speed v along the route. Because computing

this function dynamically is not straightforward, the authors rather generate two functions, obtained by fixing

t = 0 and v = vmax (the maximum speed), that can be combined to provide all necessary information. The

labeling algorithm requires new resources to compute the fuel consumption and a tailored dominance rule.

In addition to the GVRPs discussed above, another VRP variant that has environmental motivations

is the electric VRP (EVRP), in which vehicles are powered by electricity and suffer from limited battery

autonomy constraints (Pelletier, Jabali, and Laporte 2016). When time windows are associated with the

customers, the EVRP with time windows (EVRPTW) arises. In the EVRPTW, one considers all features

of the VRPTW plus the following ones: additional vertices representing recharging stations, a recharging

time depending on the amount of energy recharged, a battery capacity for each vehicle and, for each arc, the

energy consumed by a vehicle traversing it.

Depending on the number of allowed visits to the recharging stations in each route —single (S) or multiple

(M)—, and the type of battery recharging policy —full (F) or partial (P)—, four VRP variants of the

EVRPTW may arise, namely, the EVRPTW-SF, the EVRPTW-MF, the EVRPTW-SP, and the EVRPTW-

MP. Desaulniers et al. (2016) study all these variants and propose different BPC algorithms that differ by

the labeling algorithm used to generate routes. Assuming that the energy consumed along each arc of a route

can be converted into a required recharging time, the battery capacity constraint is expressed in terms of the

time required to recharge the consumed energy. For the EVRPTW-SF and the EVRPTW-MF, the labeling

algorithms are similar (the former problem requires an additional resource to impose at most one recharge

per route). In the forward algorithms, a single resource is needed to cumulate the required recharging time

which also monitors the battery capacity. Given that the time required for a recharge at a station depends on

the energy consumed, this time is unknown in a backward labeling algorithm. Nevertheless, Desaulniers et al.

(2016) devise a bidirectional labeling algorithm where the backward algorithm relies on additional resources

to ensure that this time is well computed. When partial recharges are allowed in the EVRPTW-SP and

the EVRPTW-MP, the trade-off between the amount recharged and the time spent for recharging leads to

express the start of service time at a customer visited after a recharge as a linear function of the recharging

time. This relation is modeled using three resources and requires an ad hoc dominance rule. In this case, a

backward labeling algorithm symmetric to the forward one can be devised and used in a bidirectional search.

4.9 Uncertainty

All VRPs discussed so far assume that all required input data is known in advance. However, when solving

real-life problems, this is not always the case as several data may be subject to different sources of uncer-

tainty coming from expected variations and/or unexpected events. The demands, the service times, the
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traveling times, and the presence of the customers are commonly considered to be stochastic according to

Gendreau, Jabali, and Rei (2014). In the last two decades (see, e.g., Oyola, Arntzen, and Woodruff (2016)),

many researchers have turned their attention to the exact solution of stochastic VRPs (SVRPs) and robust

VRPs (RVRPs).

4.9.1 Stochastic VRPs

SVRPs are often considered as a priori optimization (or two-stage optimization) problems. In the first stage

when complete information is unknown, a priori decisions (e.g., planned routes) must be taken. Once the

uncertain information is revealed in the second stage, the planned routes may become infeasible in which

case they can be revised according to predefined recourse actions or they can simply be deemed failures.

In the literature, two main modeling approaches have been proposed for the SDVRPs: chance-constrained

programs (CCP) or stochastic programs with recourse (SPR) (Gendreau, Laporte, and Séguin 1996, Oyola,

Arntzen, and Woodruff 2016). In a CCP, a lower bound on the probability that a given plan will be feasible

once the stochastic information becomes known is imposed. This probability can be considered while solving

the pricing problem (Dinh, Fukasawa, and Luedtke 2017) or by adding chance constraints directly in the

MP (Gendreau, Jabali, and Rei 2014). In turn, in a SPR, the objective function consists of minimizing

the expected costs, namely, the travel costs of the planned routes plus the expected recourse costs ensuing

from the application of recourse actions when the routes become infeasible in the second stage. Note that

the recourse actions are not arbitrary as they must obey to the chosen recourse policy for the problem at

hand. Even if the SPRs are typically more difficult to solve than the CCPs, their objective function is more

meaningful (Gendreau, Laporte, and Séguin 1996) as it considers the cost of turning the infeasible planned

routes into feasible ones. On the other hand, the main advantage of the CCPs is that they allow to control di-

rectly the probability of failure which may be important in certain cases to maintain the image of the company.

The most studied SVRP variant is the VRP with stochastic demands (VRPSD) (Gendreau, Laporte,

and Séguin 1996), where the demand of each customer i ∈ V ′ is expressed by a random variable with an

expected value ξ(qi) and a variance ϑ(qi). Normally, the demands are assumed to be independent and to

follow an additive probability distribution such as the Normal or the Poisson distribution (Oyola, Arntzen,

and Woodruff 2016). For a route r = (0, i1, . . . , ik, n+1), one can thus define the cumulative expected demand

µh =
∑h
`=1 ξ(qi`) and the cumulated variance σ2

h =
∑h
`=1 ϑ(qi`) at any given customer ih, h ∈ {1, . . . , k}.

In the VRPSD, route r is said to be feasible if it is elementary and µh ≤ Q for all h ∈ {1, . . . , k}. This

latter condition prevents routes from systematically failing when their feasibility is assessed. By considering

a cumulative probability distribution with mean µh and variance σ2
h for customer ih, one can determine the

probability P (µh > Q) that a failure occurs at this customer. In this case, if the problem is modeled as an

SPR, a recourse action (e.g., returning to the depot before continuing the route) should be applied. The

objective of the VRPSD consists of minimizing the total expected cost of the routes, that can be decomposed

in two parts: the deterministic cost and the expected failure cost (EFC). This latter is given by the probability

that a route fails at a customer multiplied by the cost of returning to the depot before continuing the route

(or of another recourse action).

Christiansen and Lysgaard (2007) introduce the first BP algorithm for a SVRP, namely, the VRPSD.

The pricing problem is a shortest path problem with 2-cycle elimination defined on an expanded network

GS = (VS , AS). The vertex set VS is defined as VS = {(0, 0, 0)} ∪ {(µ, σ2, i) : i ∈ V ∪ {0}, µ = 1, . . . , Q, σ2 =

1, . . . , ϑmax}, where (0, 0, 0) is the source vertex and each vertex (µ, σ2, i) can only be reached by paths

representing a (partial) route ending at customer i (or at the depot if i = 0) and whose expected cumulative

demand and variance are µ and σ2, respectively. In this definition, ϑmax is the maximum total variance of

a feasible route, i.e., with a mean demand µ ≤ Q, which is pre-computed by solving a knapsack problem.

In arc set AS , there exists an arc between two vertices (µi, σ
2
i , i) and (µj , σ

2
j , j) only if µj = µi + ξ(qj) and

σ2
j = σ2

i + ϑ(qj) with ξ(qj) = ϑ(qj) = 0 if j = 0. This network structure allows to incorporate the EFCs

directly in the arc costs, giving a huge advantage over the approaches requiring dynamic calculations of the

EFCs. Note, however, that the construction of network GS requires a finite number of possible expected

cumulative demands and variances. For their computational tests, Christiansen and Lysgaard (2007) assume

that the demands are Poisson distributed, which implies µ = σ2. This allows to considerably reduce the size

of the network GS by eliminating all vertices (µ, σ2, i) for which µ 6= σ2. The authors propose a branching

strategy inspired by that of Gélinas et al. (1995) (see Section 3.3.4). Instead of branching on time windows,
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they branch on the expected cumulative demand at a customer i ∈ V ′ that is visited by two routes containing

the vertices (µ1, σ
2
1 , i) and (µ2, σ

2
2 , i), where µ1 < µ2. Choosing a value δ ∈ [µ1, µ2), one can impose that

expected cumulative demand µ at customer i is such that µ > δ in one branch and µ ≤ δ in the other.

Addressing the same VRPSD, Gauvin, Desaulniers, and Gendreau (2014) develop a BPC algorithm that

improves the algorithm of Christiansen and Lysgaard (2007) by adding several features (ng-routes, heuristic

pricing, bidirectional labeling, cuts) found in state-of-the-art algorithms for VRPs. Moreover, they introduce

a new dominance rule which allows the comparison of labels associated with two different vertices, as long as

these vertices represent the same customer i. Finally, to derive integer solutions, they branch on customer

sequences or cutsets (see Section 3.3.3).

Dinh, Fukasawa, and Luedtke (2017) study the chance-constrained VRPSD (CCVRPSD) and develop

a BPC algorithm for solving it which is derived from that of Fukasawa et al. (2006). They introduce the

concept of chance-constraint feasible route (CC route), which is a route for which the probability of satisfying

the capacity constraint is greater than or equal to a threshold 1−ε for a given ε ∈ (0, 1). Contrary to previous

methods used to solve the VRPSD, the algorithm of Dinh, Fukasawa, and Luedtke (2017) does not require

the customer demands to be independent, though it needs the quantiles of the random variable defined by the

sum of the demands in any subset of customers. Because the pricing problem remains strongly NP-hard, even

if the q-route relaxation is used, the application of the BPC algorithm of Fukasawa et al. (2006) to solve the

CCVRPSD is not straightforward. To circumvent this issue, the authors propose to relax the capacity chance

constraint in the pricing problem and to handle it through capacity constraints in the MP. To strengthen the

relaxed pricing problem, they add a knapsack constraint which ensures that all CC routes remain feasible.

Regarding the capacity inequalities added to the MP, Dinh, Fukasawa, and Luedtke (2017) discuss how strong

lower bounds on the number of vehicles required to serve a subset of customers can be computed cheaply

considering the quantiles of the probability distribution of the total demand for this customer subset.

Noorizadegan and Chen (2018) devise a BP algorithm for the CCVRPSD, assuming that every customer

demand follows a Poisson distribution. They, however, mention that, if verifying the satisfaction of the chance

capacity constraint for a route is possible, the algorithm can be adapted to other distributions for which the

sum of their random variables follows a known distribution. These requirements are necessary because the

pricing problem is solved by means of a labeling algorithm, in which the chance capacity constraint is verified

after every label extension. In the case of the Poisson distribution, a single additional resource specifying the

average demand along the route (which is equal to its variance) is required. Other resources may be required

for other distributions. Standard dominance rule is then applied.

Taş et al. (2014) address a VRP with soft time windows and stochastic travel times. In this problem,

the travel times follow Gamma probability distributions and the customers may be served outside their time

windows under the payment of a penalty. The objective consists of minimizing a weighted cost function of

the total transportation costs and the service costs. The transportation costs depend on the total distance

traveled, the number of vehicles used, and the total expected overtime of the drivers, whereas the service

costs are due to early and late arrivals at the customers. Waiting at customers is forbidden. The authors

developed a BP algorithm where the pricing problem is solved by a labeling algorithm derived from that of

Feillet et al. (2004) and in which routes cannot be deemed infeasible because of a time window violation. A

label includes an expected reduced cost component which is computed by adjusting the departure time from

the depot using a golden section search method. The dominance rule is standard except that it includes an

additional condition which compares the expected reduced cost of the routes if they were both starting from

the depot at the optimal departure time of the potentially dominated route.

Errico et al. (2016a,b) study the VRPTW with stochastic service times (VRPTW-ST) which is defined

like the VRPTW except that the customer service times are expressed by mutually independent probability

distributions. Both works address the problem of dispatching technicians to perform maintenance operations,

where vehicle capacity is not a concern. Nevertheless, the proposed BPC algorithms can easily be adapted

to handle vehicle capacity if required. The works of Errico et al. (2016a,b) differ in the way the VRPTW-ST

is modeled, namely, as a CCP in the former and as a SPR in the latter.
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In Errico et al. (2016a), the VRPTW-ST is formulated as a set partitioning model with an additional

constraint imposing a lower bound on the success probability of the whole route plan. Applying logarithm

properties and by taking advantage of the service times being mutually independent, the authors show how

this non-linear constraint can be linearized. Errico et al. (2016a) develop a BPC algorithm where the pricing

algorithm must handle the dual from this additional constraint considering a stochastic time component.

Indeed, the coefficient of a route variable λr in this constraint depends on its success probability. To determine

this probability as the route is being built in the labeling algorithm, the mass function of the earliest start of

service time at each vertex along the route must be computed. Consequently, the authors replace the usual

time component in a label associated with a vertex i ∈ V ′ by li − ei + 1 components, namely, one for each

integer time t in the time window [ei, li] which is denoted M̄i(t). These components define the cumulative

probability distribution of the earliest start of service time at i restricted to [ei, li]. They also allow to

decompose the reduced cost of a route into single arc contributions obtained from conditional probabilities.

In the labeling algorithm, the dominance rule combines the traditional dominance criteria with the concept

of stochastic dominance which compares the components M̄i(t) for each time t ∈ [ei, li].

When formulating the VRPTW-ST as a SPR, Errico et al. (2016b) propose two alternative recourse

policies. Both policies assume that the real service time at a customer is first evaluated just before starting

the service at a customer. If this evaluation indicates that the time window at the next customer will be

missed, then the service is skipped at the current customer in the first policy, denoted C, or at the next

customer in the second one, denoted N. In both policies, a penalty is paid for skipping the service at a

customer. To ensure a high-level service, a route is considered feasible if it requires at most one recourse

action and its success probability is larger than or equal to a given threshold. Each recourse policy induces

a different pricing problem, which is solved by a tailored labeling algorithm adapted from that devised in

Errico et al. (2016a). To handle policy C, two new resources are added to the label definition. Policy N is

more complex because skipping the service at the next customer iN due to a long service time at a customer

iC implies taking a shortcut in the route from iC to the customer iF (or depot) visited after iN , yielding a

smaller traveling cost. Given that this situation is observed at vertex iN in the labeling algorithm, vertex iF
is unknown at that time and the cost saving realized by cutting short from iC to iF cannot be evaluated at

vertex iN . Consequently, Errico et al. (2016b) replace the reduced cost component of a label by an incomplete

reduced cost component, and compute lower and upper bounds on the expected reduced cost of any extension

of the corresponding route that reaches the depot. In the dominance rule, these bounds are used to modify

the reduced cost criterion. The rest of the labeling algorithm is similar to the algorithm used for policy C.

4.9.2 Robust VRPs

Stochastic programming approaches require the knowledge of the probability distributions of the uncertain

data. These distributions are not always available and, when they are, they must respect certain assumptions

to yield tractable SVRPs. Robust optimization is an alternative approach that expresses the uncertainty of

the data by means of an uncertainty set Ψ. This set is generally parameterized by a perturbation vector

that indicates how the problem data diverge from their nominal values. It can be defined by taking into

account past observations or considering some existing knowledge about the probability distributions. Given

a set Ψ, a solution is said to be robust feasible if it satisfies all the realizations of the constraints defined over

the uncertainty set. The problem of finding the best robust feasible solution is called the robust counterpart

problem (Ben-Tal, Ghaoui, and Nemirovski 2009). It is shown by Bertsimas, Pachamanova, and Sim (2004)

that the robust counterpart problem of a linear problem is also a linear problem of polynomially-bounded size.

Very few BP algorithms exist for solving RVRPs. Lee, Lee, and Park (2012) consider the VRP with

customer deadlines and travel time/demand uncertainty, and develop a BP algorithm in which the robust

aspect is embedded in the pricing problem. Two uncertainty sets Ψt and Ψd associated with the travel times

and the demands, respectively, are defined as follows. For each arc (i, j) ∈ A, the travel time can take a

value in the interval [t̂ij , t̂ij + δij ], where t̂ij is the nominal travel time along this arc and δij is the maximum

deviation from this nominal value. Because it is unlikely that a vehicle will be delayed on every arc of a route,

the uncertainty set is limited by the maximum number of delayed segments Γt which ensures a certain degree

of robustness of the routes. Set Ψt is defined as: Ψt = {
(
t̃ij
)

(i,j)∈A | t̃ij = t̂ij + δijνij , 0 ≤ νij ≤ 1, ∀(i, j) ∈
A,
∑

(i,j)∈A νij ≤ Γt}. Set Ψd is defined similarly. To ensure that the generated routes are feasible for all



36 G–2018–41 Les Cahiers du GERAD

possible realizations of the travel times and demands in these uncertainty sets, the labeling algorithm relies

on Γt + Γd additional resources. The Γt resources store the sums of the k largest travel time deviations δij
associated with the arcs traversed in a route, for k = 1, . . . ,Γt. The other Γd resources play the same role

for the demands. With these resources, a standard dominance rule can be used.

Souyris et al. (2013) also suggest a robust approach to tackle a real-life problem of designing routes for

maintenance technicians where the customer service times are uncertain and a soft start of service time

deadline is imposed at each customer. Furthermore, it is assumed that the technicians have different initial

locations and do not have to return to a depot at the end of the day. Given that the routes are subject

to a maximum duration, some customers might not be serviced. The objective function is a weighted sum

of the traveling costs, penalties for delayed customer service, and penalties for unserviced customers. The

authors present two models. The first assumes that the customer service times are independent, resulting in

a VRP with soft time windows where all service times are replaced by their worst case. The second model

assumes that the service times of the customers visited by each technician are correlated, i.e., deviations will

not occur at all customers visited along a route. Assuming that the service time at a customer i ∈ V ′ belongs

to the interval [ŝi, ŝi + δi], the uncertainty set is given by Ψk = {
(
s̃i
)
i∈V ′ | s̃i = ŝ + νi, 0 ≤ νi ≤ δi, ∀i ∈

V ′,
∑
i∈V ′ νi ≤ Γk}, where Γk is an upper bound on the total service time deviation for technician k. To

solve this RVRP, Souyris et al. (2013) develop a BP algorithm. They formulate the resulting pricing problem

as a mixed integer linear program but solve it using constraint programming.

Dinh, Fukasawa, and Luedtke (2017) and Noorizadegan and Chen (2018) mention how their BP algorithms

discussed in Section 4.9.1 can be adapted to solve a distributionally robust extension of the CCVRPSD for

which the probability distributions are not known precisely, but they are assumed to belong to an ambiguity

set of possible distributions. Routes must be robust in the sense that they must satisfy the chance capacity

constraint for all probability distributions in this set.

4.10 Pickups and deliveries

Pickup and delivery problems (PDPs) consist of finding least-cost vehicle routes to satisfy a set of requests.

Each request is defined by a pickup location, a delivery location, and a volume of merchandise (or a number

of persons) to be transported from the pickup location to the delivery location. Several requests can be

transported simultaneously by a vehicle as long as the onboard load does not exceed vehicle capacity. A large

number of PDP variants have been studied in the literature and classified by Berbeglia et al. (2007). So far,

BP algorithms have been devised for one-to-one PDPs and one-to-many-to-one PDPs. In the former class,

each request corresponds to a specific commodity and, in general, the pickup and delivery locations differ

from the depot. In the latter class, commodities originating from the depot (e.g., filled beer bottles) must

be delivered to a set of customers, while other commodities destined to the depot (e.g., empty beer bottles)

must be picked up at a possibly different set of customers.

Given the large number of works on PDPs, we divide our review in the following five subsections: time

windows (Subsection 4.10.1), ride time constraints (Subsection 4.10.2), transfers (Subsection 4.10.3), loading

constraints (Subsection 4.10.4), and simultaneous pickups and deliveries (Subsection 4.10.5). The first four

subsections are devoted to one-to-one PDPs, whereas the last one concerns one-to-many-to-one PDPs.

4.10.1 Time windows

Most BP algorithms for PDPs have been developed for PDPs subject to time window constraints. Here,

we focus our attention on the one-to-one PDP with time windows (PDPTW), which can be defined on the

following network G = (V,A). Let n be the number of requests to satisfy. Let P = {1, . . . , n} be the set

of pickups and D = {n + 1, . . . , 2n} the set of deliveries such that i ∈ P and n + i ∈ D are associated

with the same request. Set V is then given by V = P ∪ D ∪ {0, 2n + 1}, where the vertices 0 and 2n + 1

denote the origin and the destination depot, respectively. Set A is formed by the feasible links connecting

the vertices in V . In particular, for i ∈ P , there is no arc (n+ i, i) given that the pickup of a request must be

performed before its delivery. Note that set P is often used to represent the set of requests. When designing

BP algorithms to solve the PDPTW, one of the most complicating aspects is the presence of pairing and
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precedence constraints. The pairing constraints specify that, if a vehicle performs the pickup of a request,

it must also perform its delivery. The precedence constraints impose that pickups be performed before the

corresponding deliveries. These constraints must be dealt with when constructing the routes in the pricing

problem. Note that the MP does not need to include a set partitioning constraint for each pickup and each

delivery, as one for each request suffices. This allows some flexibility when defining the modified arc costs.

Indeed, the dual cost for fulfilling a request can be associated with its pickup vertex i, its delivery vertex

n+ i, or be arbitrarily distributed among both of them (see Gschwind et al. 2018).

The first BP algorithm for the PDPTW is due to Dumas, Desrosiers, and Soumis (1991) who design a

labeling algorithm in which the label definition is extended by adding a set of visited vertices V (L) and a

set of open requests O(L), i.e., pickup vertices whose corresponding delivery vertices have not been visited

yet. Strong dominance rules can be obtained if one assumes that the arc modified cost matrix in the pricing

problem respects the delivery triangle inequality (DTI), i.e., a visit to a delivery vertex never lowers the

path reduced cost. To ensure that this condition is satisfied, the dual variables of the request covering

constraints are transferred to the arcs exiting a pickup vertex. When comparing two labels L1 and L2 for

dominance, the previous property allows to discard label L2 if the condition O(L1) ⊆ O(L2) holds (together

with the usual conditions), rather than O(L1) = O(L2). Dumas, Desrosiers, and Soumis (1991) also propose

preprocessing techniques to tighten the time windows and eliminate infeasible arcs, as well as unreachability

criteria that can be applied while solving the pricing problem. Finally, they devise a branching strategy based

on request ordering. Savelsbergh and Sol (1998) improve this BP algorithm by developing two heuristics

for generating feasible routes: one considering a reduced network and another based on construction and

improvement algorithms.

Ropke and Cordeau (2009) present the first BPC algorithm for the PDPTW that adds valid inequalities

to the algorithm of Dumas, Desrosiers, and Soumis (1991). This practice, however, yields a modified cost

matrix that no longer satisfies the DTI, which is required to apply the enhanced dominance rule. The authors

then propose a procedure to transform any arbitrary cost matrix into an equivalent matrix where the DTI

is ensured.

Baldacci, Bartolini, and Mingozzi (2011) extend the exact solution framework of Baldacci, Christofides,

and Mingozzi (2008) to deal with the PDPTW. They develop two new bounding procedures that exploit the

properties of the PDPTW.

The application of bidirectional search in the context of the PDPTW is not straightforward. The strong

dominance rules of Dumas, Desrosiers, and Soumis (1991) are not compatible with a backward labeling.

When the direction of the labeling changes from forward to backward, the cost matrix must respect the

pickup triangle inequality (PTI). Two techniques are suggested to overcome this issue. First, Bettinelli,

Ceselli, and Righini (2014) redistribute the weights over the arcs of the network, so that the two above

properties hold simultaneously. It requires solving a linear program for every label extension in the labeling

algorithm, which is computationally costly. Second, Gschwind et al. (2018) use two modified cost matrices

when employing bidirectional search: one for the forward labeling, that respects the DTI, and another for the

backward labeling, where the PTI holds. With these matrices, the bidirectional search is performed normally

except that, when merging the partial paths, the reduced cost of the complete route must be adjusted.

4.10.2 Ride time constraints

The dial-a-ride problem (DARP) is an important variant of the PDP in which the hard time windows are

replaced totally or partially by ride time constraints that prevent the commodities from staying too long

inside the vehicle (Cordeau and Laporte 2007). These constraints are also called dynamic time windows, in

contrast to the static time windows used in the PDPTW. Important applications of the DARP can be found

in the context of people transportation, or in the delivery of perishable products. Ropke (2005) propose a

simple way to adapt a BPC algorithm for the PDPTW to the DARP. It consists of adding infeasible path

elimination constraints (IPECs) to the MP to handle the ride time constraints.

Gschwind and Irnich (2015) develop a BPC algorithm for the DARP that handles the ride time constraints

in the pricing problem. They observe that although harder subproblems need to be solved, much better
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bounds can be achieved, resulting in a positive trade-off. The additional burden in the pricing problem arises

from the following two observations: 1) to ensure time window feasibility, every vertex should be visited as

early as possible; 2) to ensure ride time feasibility, every pickup vertex should be visited as late as possible.

These two observations are clearly in conflict with each other. To address this issue, the authors design

two labeling algorithms. In the first, the label definition is the same as for the PDPTW but a label L1 can

dominate another label L2 only if |O(L1)| ≤ 1. In the second labeling algorithm, each label keeps track of

the latest possible delivery time for each open request in function of the start of service time at the vertex

associated with the label. This allows to define a strong dominance rule that can be applied for any value of

|O(L1)|. Several valid inequalities devised for the PDPTW (Ropke, Cordeau, and Laporte 2007) and for the

DARP (Cordeau 2006) are used to reinforce the MP.

Gschwind (2015) introduce the synchronized PDP (SPDP), a generalization of the DARP in which a

delivery vertex must be visited within a time interval defined in terms of minimum and maximum ride times

associated with its corresponding pickup vertex. Because the pickup and the delivery vertices have to be

visited by the same vehicle, these additional constraints are also called intra-route synchronization constraints

(general synchronization aspects are discussed in Drexl 2012). Due to the complexity of the resulting pricing

problems when considering simultaneously minimum and maximum ride times, the author proposes four BPC

algorithm variants which consider different pricing problems obtained by relaxing none or some features: the

PPmax
min that handles all the route constraints of the SPDP; the PPmin that only addresses minimum ride

times; the PPmax that is similar to the one proposed by Gschwind and Irnich (2015) and consider only

maximum ride times; and the PPrelax that relaxes both ride time constraints. Contrarily to the PPmax, in

which maximum ride times may yield conflicting decisions with customer starting service times, minimum ride

times are in conformity with the decisions of visiting customers as early as possible in the PPmin. Thus, the

proposed labeling algorithm is similar to the one used to solve the pricing problem of the PDPTW. Regarding

the PPmax
min , the presence of both minimum and maximum ride time constraints complicates considerably the

pricing problem and a complex dominance rule is devised for the labeling algorithm. Except for the first BPC

algorithm in which all routing constraints are handled in the pricing problem, the other three algorithms use

IPECs in the MP to enforce the relaxed constraints as proposed by Ropke (2005).

Parragh, Sousa, and Almada-Lobo (2015) tackle the DARP with split requests and profits (DARPSRP) in

the context of people transportation. In the DARPSRP, a revenue is associated with each request i ∈ P which

might remain unserved. If served, all the associated people must be transported to their destination, though

they can be split into different vehicles. The objective aims at maximizing the total profit which is expressed

by the total revenues collected minus the traveling costs. Due to the presence of paired pickups and deliveries

in the DARPSRP, some of the known SDVRP solution properties (Gendreau et al. 2006, Desaulniers 2010)

are no longer valid and cannot be exploited. In particular, an optimal solution might necessarily contain

a route which visits more than once the same pickup vertex. In the BP algorithm of Parragh, Sousa, and

Almada-Lobo (2015), the pricing problem consists of generating routes with positive reduced cost, in which

all route feasibility constraints are respected, namely: vehicle capacity, customer time windows, maximum

ride time, precedence and pairing. The authors devise a labeling algorithm inspired by that of Ropke and

Cordeau (2009). A set of resources is defined to take into account the number of people associated with the

onboard requests. Besides, two additional resources are used to compute the minimum possible duration of

a route that would complete all open requests and, consequently, to check the feasibility of a label extension.

When performing an extension over an arc (i, j), two cases are analyzed: if j ∈ P (pickup vertex), as many

labels as different possible splits of the people remaining to pick up at j may be generated. If j ∈ D, only a

label associated with the number of people to be delivered is created. Moreover, unpromising extensions are

avoided by applying a tailored dominance rule along with completion bounds.

Finally, Qu and Bard (2015) study a variant of the PDPTW that arises in the context of people trans-

portation and considers a heterogeneous fleet, multiple shipment types and configurable vehicle capacities.

No ride time constraint are imposed but the objective function penalizes each minute of ride time and of

waiting before a pickup. In this problem, each pickup point (customer) is associated with a set of load

requirements, i.e., specific conditions for transporting the items. For example, such requirements may ask

for enough space for transporting a passenger and its wheelchair or walker. In turn, each vehicle type can

be set a priori in different configurations to accommodate different types of demand. For example, a given
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vehicle can transport three seating passengers or only two if they bring wheelchairs. The problem consists of

designing feasible routes such that the number of used vehicles, the total traveled distance and the customers

traveling times are minimized. The decisions also include selecting the configuration of each vehicle to be set

up before starting its route. There is a pricing problem for each vehicle type. Each problem is solved by a

labeling algorithm where a label includes the list of feasible vehicle configurations. To determine the list of

feasible configurations, a generalized assignment problem is solved.

4.10.3 Transfers

Classic PDPs are subject to pairing and precedence relations which impose that the pickup and the delivery of

a request be performed by the same vehicle. However, in some applications, some requests can be transferred

from one vehicle to another at predetermined locations called transfer points. This extension of the PDP is

called the PDP with transfers (PDPT) and is particularly challenging when the pickup and delivery points

have time windows. Indeed, in this case, the PDPT involves a new type of precedence constraint stipulating

that any transferred request must be delivered to its transfer point by a first vehicle before being picked up

by a second vehicle which will transport it to its final destination.

Masson et al. (2013) address a special case of the PDTP with time windows called the PDP with shuttle

routes (PDPS), where it is assumed that the requests have individual pickup points but they share a limited

number of delivery points. In the PDPS, pickup routes visit first pickup locations and end by a visit to a single

delivery point which may not be the final destination of the picked up requests, i.e., it may be a transfer

point for some of these requests. In this case, direct shuttle routes are used to transport the transferred

requests to their delivery point. The PDPS arises when, e.g., people need to be transported from their home

to schools or rehabilitation centers. Masson et al. (2013) design two different set partitioning formulations

with additional constraints for the PDPS. Both formulations involve binary variables associated with the

pickup routes. In the first, nonnegative integer variables indicate the number of shuttles required between

each pair of delivery points without specifying the transported requests. In the second which provides better

lower bounds, binary variables associated with shuttle routes and their transported requests are used. A BPC

algorithm is designed for each formulation. In both algorithms, there is one pricing problem for each possible

delivery (transfer) point. It is an ESPPRC that involves a resource indicating the latest time at which the

vehicle can arrive at the delivery vertex without violating the time windows of the picked up requests. In the

second algorithm, a pricing problem is also needed to generate the shuttle routes. This problem corresponds,

in general, to a binary knapsack problem. However, if a single person is associated with each request, it can

be solved more efficiently using a sorting algorithm for each pair of delivery points.

Motivated by situations in which part of the operations can be performed at a certain cost by the public

transit available, Ghilas, Cordeau, and Demir (2017) introduce a generalization of the PDPT called the

PDPTW with scheduled lines (PDPTW-SL). In this problem, each request can be served directly by a single

vehicle or indirectly using two vehicles and a scheduled public transit line. In the former case, the request

is picked up by a vehicle which brings it to a transfer point that is serviced by a scheduled line. This

request is then transported by the public transit to another transfer point. Finally, a second vehicle picks

up the request at this second transfer point to deliver it to its final destination. Such indirect trips may

be beneficial for transportation companies when pickup nodes are located far from the delivery nodes. To

solve the PDPTW-SL, Ghilas, Cordeau, and Demir (2017) present a BPC algorithm that relies on a set

partitioning MP with several sets of additional constraints that enforce the capacity of the scheduled lines

and proper synchronization between the vehicle routes and the scheduled lines transporting the transferred

requests. Furthermore, the authors develop a forward labeling algorithm for solving the ESPPRC pricing

problems, one for each vehicle type and depot. This labeling algorithm uses labels that store three sets of

requests: the open requests that have been picked up but not yet delivered, the completed requests, and the

requests that have been pickup up at a transfer point. Note that a picked up request may be delivered to its

final destination or to a transfer point. Finally, the authors devise a bidirectional search labeling algorithm

for these pricing problems.
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4.10.4 Loading constraints

In some contexts, the order in which the requests are collected or the shape (volume and/or size) of their

items may have operational implications that must be taken into account by the models and algorithms.

This feature is, in general, referred to as loading constraints. The following works concern loading constraints

induced by the order of the collected requests.

Cherkesly, Desaulniers, and Laporte (2015) address a PDPTW subject to a LIFO (last-in-first-out) loading

constraint, denoted PDPTWL, which arises when handling operations should be avoided, for instance, in the

transportation of heavy, dangerous or large items. This LIFO constraint assumes that, in a vehicle, the items

of the requests are stored in a single stack (e.g., from the front of the vehicle towards the access door at

the back). Consequently, when requests are picked up, they are put on top of the stack. Furthermore, a

delivery point can only be visited if its corresponding request is on top of the stack. The authors propose

three BPC algorithms that differ in the way the LIFO constraint is handled. In the first, the LIFO constraint

is imposed through LIFO-infeasible path cuts in the MP. In the second algorithm, this constraint is enforced

directly in the pricing problem which requires the development of a new labeling algorithm. In particular,

new label components indicating the position in the stack of each onboard request are considered and a

specialized dominance rule is devised. This second approach yields better lower bounds than the first one,

but the pricing problem is much harder to solve. Seeking a trade-off between these two algorithms, the

authors introduce a third algorithm that incorporates LIFO-infeasible path cuts in the MP whenever needed

and a labeling algorithm which partially imposes the LIFO policy. Indeed, given a positive integer κ, the

LIFO constraint must be respected by all onboard requests that have remained in the top κ positions in the

stack. Consequently, as soon as a request falls below the top κ positions, it is ejected from the stack and can

be delivered in any order with respect to the other requests that have also been ejected.

The last two algorithms of Cherkesly, Desaulniers, and Laporte (2015) mentioned above are adapted

by Cherkesly et al. (2016) to solve the PDPTW with multiple stacks. In this problem, each stack has a

limited capacity and the LIFO loading constraint applies to each individual stack. The presence of multiple

stacks is addressed in the labeling algorithms by means of components that indicate: the accumulated load

under each request in a given stack, the relative position between requests inside the same stack, and the

simultaneous presence of two requests in the same vehicle, but not in the same stack. Besides handling the

loading constraints correctly, the use of these label components favors the elimination of symmetry between

the identical stacks as a stack can be identified by its top request. When extending a label to a delivery

vertex, a single label is created. However, when it is extended to a pickup vertex, multiple labels can be

created, namely, one for each stack on which the request can be put. In the algorithm where the LIFO loading

constraints are partially imposed in the pricing problem, it is possible to generate a path that does not respect

these constraints with the proposed loading plan (assignments of the requests to the stacks). Nevertheless,

with a different loading plan, the path may be feasible. Therefore, once a path with an infeasible loading

plan is generated, the algorithm first checks if there exists a feasible loading plan for this path by solving a

shortest path problem with resource constraints. This allows to reduce the number of LIFO-infeasible path

cuts added to the MP. Finally, let us mention that these algorithms rely on valid inequalities including the

RCCs that were adapted by Côté et al. (2012) for the pickup and delivery TSP with multiple stacks.

It may be beneficial in some cases to allow the rehandling of the load at intermediate points of a route,

if this brings extra savings when compared with a strict LIFO policy. In this context, Veenstra et al.

(2017) introduce the PDPTW with handling operations as an extension of the PDPTWL. In their study,

rehandling operations are only allowed at delivery points. Two rehandling policies are analyzed: one that

only allows compulsory rehandling, i.e., only the requests on top of the delivered request must be rehandled;

and another that accepts compulsory and preventive rehandlings, meaning that all the requests in a vehicle

can be rehandled at once. No cost is incurred for rehandling but extra service time, which depends on the

number of items rehandled, must be accounted for each rehandling operation, yielding infeasible extensions

due to the time windows. Veenstra et al. (2017) propose a BPC algorithm for each handling policy. In both

cases, the labeling algorithm takes into account the relative position between any pair of requests like in

Cherkesly et al. (2016). However, two requests are considered to be at the same position if their most recent
rehandling operation was carried out at the same location.
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4.10.5 Simultaneous pickups and deliveries

The VRP with simultaneous pickups and deliveries (VRPSPD) is an extension of the CVRP, where each

customer requires a delivery, a pickup, or both. This problem belongs to the class of one-to-many-to-one

PDPs because all delivered items originate from the depot, whereas all picked up items must be transported

to the depot. It models real-life situations related to reverse logistics activities such as the distribution of

beverages and the collection of empty cans and bottles.

Angelelli and Mansini (2002) develop the first BP algorithm to tackle the VRSPD with time windows

(VRPTWSPD). They assume that each customer i ∈ V ′ is associated with a nonnegative delivery demand

qDi and a nonnegative pickup demand qPi . They notice that, if either qDi > qPi , ∀i ∈ V ′, or qPi > qDi , ∀i ∈ V ′,
then an optimal solution to the VRPTWSPD can be found by solving a VRPTW in which the demand

of every customer is given by its net demand. In the algorithm proposed for the general case, the pricing

problem is solved by a labeling algorithm which relies on two dependent resources to enforce vehicle capacity:

one stores the total demand collected in the route and another indicates the minimum capacity required

along the route, i.e., the maximum load carried simultaneously. These resources were previously stated in

Desaulniers et al. (1998).

Dell’Amico, Righini, and Salani (2006) design a BP algorithm to solve the VRPSPD, where the pricing

problem is also solved by a labeling algorithm. To manage vehicle capacity in this algorithm, they rely on

two resources that are different but equivalent to those used by Angelelli and Mansini (2002). Dell’Amico,

Righini, and Salani (2006) propose various strategies to accelerate the search for negative reduced cost routes.

In particular, they apply bidirectional search and limit the number of customers that can be visited in each

forward and backward route to dσ̄/2e, where σ̄ is an upper bound on the number of customers that can be

visited in a route. This upper bound is computed by solving two binary knapsack problems, namely, one

for the pickup demands and one for the delivery demands. Furthermore, they use a state-space relaxation

obtained by replacing in the label definition the customer resource vector E with a single component |E|
counting the number of customers visited. This relaxation allows the generation of routes with cycles. To

keep the RMP tractable, variables associated with routes having a reduced cost greater than a given threshold

are removed from the RMP when it reaches a maximum size. These columns are then stored in a pool for a

maximum number of iterations. While in the pool, these routes are priced directly and added to the RMP if

their reduced cost becomes negative. Finally, two new branching strategies are proposed: branching on cycles

and branching on resource windows. When a cycle occurs in a fractional solution, it can be eliminated by

creating multiple child nodes obtained by imposing/forbidding the use of some arcs in the cycle. The second

type of branching is only applied when a customer vertex is involved in two cycles of two different routes.

It is an adaptation of the branching proposed by Gélinas et al. (1995) and corresponds to branching on

the resource windows of the two resources handling the vehicle capacity constraint. Using a label definition

similar to the one considered in Dell’Amico, Righini, and Salani (2006), Righini and Salani (2008) show how

to apply bidirectional search for solving the pricing problem arising in the VRPSPD.

Subramanian et al. (2013) extend the BPC algorithm of Fukasawa et al. (2006) for the CVRP to the

VRPSPD. They introduce the concept of pd -routes. A pd -route starts and ends at the depot, and at any

visited customer, the sum of all collected items plus the sum of all items to be delivered does not exceed

vehicle capacity. In the BPC algorithm, the pricing problem consists of finding pq-routes with negative

reduced cost. To speed up the labeling algorithm, the authors use completion bounds that are computed by

finding the least-cost path from each customer to the depot, but only considering deliveries.

Finally, Gutiérrez-Jarpa et al. (2010) study the VRP with deliveries, selective pickups and time windows

(VRPDSPTW), where all deliveries are mandatory whereas pickups are optional and partial pickups are not

allowed. Performing a pickup at a customer yields a revenue. The authors propose a BP algorithm that

not only solves the VRPDSPTW, but also five other variants of the problem involving: single or combined

(pickup and delivery) demands, single or multiple visits; and backhauls. The MP includes set partitioning

constraints for the deliveries and set packing constraints for the pickups. The labeling algorithm handles

the vehicle capacity using the two resources proposed in Desaulniers et al. (1998). To address the variants

allowing combined demands and backhauls, changes in the underlying network are required: in particular,

one pickup and one delivery vertex is created for each customer with a combined demand. In the variants
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where the combined demands of a customer may be satisfied with multiple visits, the elementarity of the

routes is ensured by considering two resources for each customer, i.e., one per vertex.

5 Conclusion

The VRP was introduced in 1959 by Dantzig and Ramser (1959). Since then, a large number of VRPs have

been studied, leading to one of the most prolific research areas in operations research. VRPs are, in general,

NP-hard and large-sized practical instances are usually solved using heuristics. Nevertheless, the advances

achieved in the past decades on the exact BPC algorithms have led to the exact solutions of instances with

more than 300 customers for the CVRP and 200 customers for the VRPTW. In this paper, we surveyed the

methodological and modeling contributions made on the BP/BPC algorithms for VRPs since the 1990s. In

Section 3, we discussed in details the proposed generic tools that can be applied for most VRP variants. In

Section 4, we reviewed the main contributions that are specific to a VRP variant. We believe that this survey

paper will help the researchers to identify more easily the contributions made on BP/BPC algorithms for

vehicle routing so that they can further improve state-of-the-art algorithms and work on unexplored ideas

and topics. Given the large number of papers that have recently been published on this subject, we can only

expect that the literature will continue to grow in this domain, especially to address complex VRP variants

including, e.g., synchronization constraints or further uncertainty factors.
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Lübbecke ME, Desrosiers J, 2005 Selected topics in column generation. Operations Research 53(6):1007–1023.

Luo Z, Qin H, Zhu W, Lim A, 2017 Branch and price and cut for the split-delivery vehicle routing problem with time
windows and linear weight-related cost. Transportation Science 51(2):668–687.

Lysgaard J, 2003 CVRPSEP: A package of separation routines for the capacitated vehicle routing problem. Technical
report, Department of Management Science and Logistics, Aarhus School of Business.

Lysgaard J, Letchford AN, Eglese RW, 2004 A new branch-and-cut algorithm for the capacitated vehicle routing
problem. Mathematical Programming 100(2):423–445.

Lysgaard J, Wøhlk S, 2014 A branch-and-cut-and-price algorithm for the cumulative capacitated vehicle routing
problem. European Journal of Operational Research 236(3):800–810.

Marsten RE, Hogan WW, Blankenship JW, 1975 The boxstep method for large-scale optimization. Operations Re-
search 23(3):389–405.

Martinelli R, Pecin D, Poggi M, 2014 Efficient elementary and restricted non-elementary route pricing. European
Journal of Operational Research 239(1):102–111.
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