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Abstract: The vehicle routing problem with time windows (VRPTW) consists of finding least-cost vehicle
routes to satisfy the demands of customers that can be visited within specific time windows. We introduce
two enhancements for the exact solution of the VRPTW by branch-price-and-cut (BPC). First, we develop
a sharper form of the limited-memory subset-row inequalities by representing the memory as an arc subset
rather than a node subset. Second, from the elementary inequalities of Balas (1977), we derive a family of
inequalities that dominate them. These enhancements are embedded into an exact BPC algorithm that in-
cludes state-of-the-art features such as bi-directional labeling, decremental state-space relaxation, completion
bounds, variable fixing, and route enumeration. Computational results show that these enhancements are
particularly effective for the most difficult instances and that our BPC algorithm can solve all 56 Solomon
instances with 100 customers and 51 of the 60 Gehring and Homberger instances with 200 customers.

Key Words: Vehicle routing, time windows, branch-price-and-cut, elementary inequalities, limited-memory
subset-row inequalities.
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1 Introduction

The capacitated vehicle routing problem (CVRP) is one of the most studied problems in operations research.

Given a set of customers, each with a demand expressed by, e.g., a volume, and a fleet of identical vehicles

associated with a single depot, the CVRP consists of finding feasible vehicle routes such that each customer

is visited exactly once and the total routing cost (typically proportional to the total traveled distance) is

minimized. A route is deemed feasible if the sum of the demands of the visited customers does not exceed

the vehicle capacity. The vehicle routing problem with time windows (VRPTW) is a generalization of the

CVRP in which the vehicle routes must also satisfy hard time window constraints at the visited customers.

It can be formally defined as follows.

Let V = {0, 1, . . . , n+1} be a set of nodes, where nodes 0 and n+1 are two copies of the depot and V + =

V \{0, n+1} is the set of customers. With each node i ∈ V + are associated a demand di > 0, a time window

[ei, li], 0 ≤ ei ≤ li, and a service time si > 0. We also associate time windows [e0, l0] = [en+1, ln+1] = [0, H]

with the depot nodes, where H > 0 represents the planning horizon length. Furthermore, to simplify notation,

we introduce d0 = dn+1 = s0 = sn+1 = 0. To service these customers, an unlimited fleet of identical vehicles

of capacity Q is available. For each pair of nodes (i, j) ∈ V × V , denote by cij and tij the traveling cost and

traveling time from i to j, respectively, with cij , tij ≥ 0. Let A = {(i, j) : i ∈ V \{n+1}, j ∈ V \{0}, di+dj ≤
Q, ei + si + tij ≤ lj} be the set of feasible arcs. A route r = (i0 = 0, i1, . . . , ik, ik+1 = n + 1) visiting k ≥ 1

customers i1, i2, . . . , ik ∈ V + is said to be feasible if i) it satisfies vehicle capacity, i.e.,
∑k
h=1 dih ≤ Q, ii) the

earliest start of service time Th at every visited customer node ih, 1 ≤ h ≤ k, falls within the corresponding

time window, i.e., eih ≤ Th ≤ lih , and iii) the route end time Tk+1 does not exceed H. The earliest start of

service time Th is defined recursively as T0 = 0, Th = max{eih , Th−1 + sih−1
+ tih−1,ih} for h > 0, and the

route end time is given by Tk+1 = Tk + sik + tik,n+1. Note that a vehicle can arrive at a customer i before

the opening ei of its time window and wait, but it is illegal to arrive after its closing li. The cost of route r

is given by c0i1 +
∑k−1
h=1 cih,ih+1

+ cik,n+1. The VRPTW consists of constructing feasible vehicle routes such

that each customer is visited exactly once and the total cost is minimized.

1.1 Literature review

The VRPTW has many applications in the distribution (or collection) of goods to customers. It has been

widely studied since the 1970s. Indeed, numerous heuristics and exact solution algorithms have been devel-

oped as surveyed in Desaulniers et al. (2014). Here we briefly review the literature on exact algorithms which

is the focus of this paper.

Since the beginning of the 1990s, most successful algorithms for the VRPTW have been based on column

generation. This technique decomposes the problem into a restricted master problem that selects the best

routes from a subset of routes and a pricing subproblem that generates new routes to add dynamically to the

restricted master problem. In principle, the generated routes should be elementary and, thus, the resulting

pricing subproblem corresponds to an elementary shortest path problem with resource constraints (ESPPRC)

(see Irnich and Desaulniers 2005) that is known to be strongly NP-hard (Dror 1994). In their seminal

paper, Desrochers et al. (1992) introduced the first branch-and-price algorithm (i.e., a column generation

algorithm embedded in a branch-and-bound framework) where the pricing subproblem is a pseudo-polynomial

relaxation of the ESPPRC that allows the generation of non-elementary routes. Allowing cycles in the pricing

subproblem reduces its complexity but also weakens the computed lower bounds in the branch-and-bound

search tree.

To improve the lower bounds, two research avenues have been explored. The first avenue consists of adding

valid inequalities dynamically to strengthen the linear relaxations encountered in the search tree, yielding

a branch-price-and-cut (BPC) algorithm. Kohl et al. (1999) proposed the first family of valid inequalities

specific to the VRPTW. These inequalities are called 2-path cuts (2PCs) and impose a lower bound of 2 on

the flow entering any subset of customer nodes that cannot be serviced by a single vehicle because of the

time windows. Another family of valid inequalities that showed to be very efficient for the VRPTW is called

the subset-row cuts (SRCs). These inequalities were introduced by Jepsen et al. (2008) and correspond

to Chvátal-Gomory inequalities of rank 1. They allow to close completely the integrality gap of several
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instances that were very difficult to solve prior to their introduction. However, these cuts can make the

pricing subproblem much more difficult to solve and may even stall the solution process when too many of

these cuts are added to the master problem. To alleviate this difficulty, Pecin et al. (2014) developed a weaker

version of these inequalities for the CVRP that are called the limited-memory SRCs. One contribution of

this paper is to test these inequalities in the VRPTW context and to propose a memory that is defined by a

subset of arcs rather than a subset of nodes.

The second line of research aims at strengthening the pricing subproblem. Feillet et al. (2004) developed a

labeling algorithm that can handle the ESPPRC when the feasible routes do not contain too many customers.

Their experiments clearly show that much better lower bounds can be achieved with an ESPPRC pricing

subproblem. Later, Desaulniers et al. (2008) suggested using intensively heuristics to generate routes, avoiding

as much as possible the usage of an exact labeling algorithm for solving the ESPPRC. Despite these efforts,

solving the ESPPRC exactly remains a bottleneck for the difficult VRPTW instances. A new relaxation

for the pricing subproblem was thus developed by Baldacci et al. (2011) for the CVRP and adapted to the

VRPTW by Baldacci et al. (2012). It allows the generation of routes with cycles, called ng-routes, but certain

cycles are forbidden according to predefined node neighborhoods. The size of these neighborhoods is used to

determine a tradeoff between better lower bounds and the difficulty of solving the subproblem. When the

neighborhoods are large enough, only elementary routes are generated but the subproblem is hard to solve.

At the opposite, small neighborhoods yield an easy-to-solve subproblem but weak lower bounds. In practice,

medium-sized neighborhoods are sufficient to obtain high-quality bounds without spending too much time

solving the pricing subproblem.

The algorithm proposed by Baldacci et al. (2012) is not a BPC algorithm. It can be seen as a three-step

method. In the first step, a lower bound is computed using a dual ascent method based on column and cut

generation. Given this lower bound, the corresponding dual solution and an upper bound (obtained, e.g.,

from a heuristic solution), a dynamic programming procedure enumerates a subset of the feasible routes,

namely, all routes whose reduced cost with respect to the given dual solution is less than or equal to the gap

between the upper and the lower bound. It can be proven that this subset contains the routes of all optimal

solutions. Finally, in the third step, the VRPTW is formulated as an integer program where a binary variable

is associated with each route in this subset. This program is then solved using a commercial mixed integer

programming (MIP) solver to yield an optimal solution. The performance of this three-step algorithm highly

depends on the quality of the lower bound computed in the first step and that of the upper bound. Indeed,

if the gap between these bounds is too large, the route enumeration procedure applied in the second step

might fail due to the very large number of routes to enumerate.

In a conference presentation, Ropke (2012) proposed a BPC algorithm that relies on a strong branching

strategy, ng-routes and a variety of valid inequalities that do not include SRCs. He was the first to solve the

56 benchmark instances of Solomon (1987) with 100 customers each.

Several other algorithms have been proposed for the VRPTW, including branch-and-cut and Lagrangean

relaxation algorithms. For a review of these algorithms, we invite the interested readers to consult the surveys

of Cordeau et al. (2002) and Desaulniers et al. (2014).

So far, the computational experiments performed for testing the proposed exact algorithms for the

VRPTW have concentrated on the Solomon benchmark instances. To test heuristics on larger instances,

Gehring and Homberger (2001) introduced instances involving 200 to 1000 customers each. To our knowl-

edge, only Kallehauge et al. (2006) have published test results obtained on these instances by an exact

algorithm. Their Lagrangean-relaxation-based BPC algorithm was able to solve to optimality 7 instances

involving 200 customers, 1 instance with 400 customers, and 1 instance with 1000 customers.

1.2 Contributions

The contributions of this paper are as follows. First, we propose a state-of-the-art exact BPC algorithm that

incorporates various features from the most effective solution algorithms recently developed for the CVRP

and the VRPTW. Putting these algorithmic components together and configuring them to obtain the most

efficient algorithm is a complex task. Second, we revisit the limited-memory SRCs (more generally, rank-1
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Chvátal-Gomory cuts) by defining the memory according to an arc subset instead of a node subset. This

redefinition allows to reduce the negative impact on the computational time that the dual values of these cuts

incur on the labeling algorithm used to solve the column generation pricing subproblem for the hard-to-solve

instances. Third, we derive from the elementary inequalities of Balas (1977) a new family of inequalities

that dominate them. Note that these two enhancements are also applicable to other problems that can be

formulated as set-partitioning problems and solved by BPC where the pricing subproblem corresponds to

an elementary shortest path problem. Finally, through extensive computational experiments, we show the

efficiency of the proposed algorithm on the hardest-to-solve Solomon instances with 100 customers and on

the Gehring and Homberger instances with 200 customers.

This paper is structured as followed. Section 2 provides a mathematical formulation for the VRPTW.

Section 3 presents the rank-1 inequalities and introduces the arc-based memory. Section 4 discusses the

variant of the elementary inequalities that we use and how we separate them. Next, the proposed BPC

algorithm is described in Section 5. Computational results are reported in Section 6. Finally, conclusions are

drawn in Section 7.

2 Mathematical formulation

Let Ω be the set of all feasible routes. Denote by cr the cost of route r ∈ Ω and by ari the number of visits to

customer i ∈ V + in route r. Furthermore, let λr be a binary variable indicating whether route r is selected

or not in the solution.

The Set Partitioning Formulation of the VRPTW is given by:

(SPF) min
∑
r∈Ω

crλr (1)

subject to:
∑
r∈Ω

ariλr = 1, ∀i ∈ V +, (2)

λr ∈ {0, 1}, ∀r ∈ Ω. (3)

The objective function (1) minimizes the overall cost of the selected routes. Constraints (2) guarantee that

each customer is serviced by exactly one route. Finally, constraints (3) force the variables to be binary. The

SPF has an exponential number of variables and, in practice, its linear relaxation cannot be solved directly

by a linear programming solver. To overcome this difficulty, column generation is usually applied to handle

the large number of variables.

Column generation (see, e.g., Barnhart et al. 1998, Lübbecke and Desrosiers 2005) is an iterative method

that can be used to solve the linear relaxation of model (1)–(3) which is then called the master problem.

At each iteration, it solves the master problem restricted to a small subset of the variables and a pricing

subproblem that aims at finding negative reduced cost columns to add to the restricted master problem. The

algorithm stops when no such column exists.

For the VRPTW, the subproblem consists of finding a route r ∈ Ω with a negative reduced cost

c̄r = cr −
∑
i∈V + ariπi, where πi, i ∈ V +, are the dual variables associated with constraints (2). It can

be formulated as an ESPPRC defined on network G = (V,A) and involving two resources, namely, time and

load, to impose route feasibility with respect to time windows and vehicle capacity. For each arc (i, j) ∈ A,

let c̄ij = cij − πi (with π0 = 0) and define a binary variable xij that is equal to 1 if arc (i, j) is used in the

route and 0 otherwise. For each node i ∈ V , define a variable Ti that specifies the service start time at node

i if i ∈ V +, the start time from the depot if i = 0 and the arrival time at the depot if i = n + 1. With this

notation, the pricing subproblem can be formulated as follows:

min
∑

(i,j)∈A

c̄ijxij (4)

subject to:
∑

(0,j)∈A

x0j =
∑

(i,n+1)∈A

xi,n+1 = 1, (5)
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∑
(i,j)∈A

xij −
∑

(j,i)∈A

xji = 0, ∀i ∈ V + (6)

∑
(i,j)∈A

dixij ≤ Q, (7)

xij(Ti + si + tij) ≤ Tj , ∀(i, j) ∈ A (8)

ei ≤ Ti ≤ li, ∀i ∈ V, (9)

xij ∈ {0, 1}, ∀(i, j) ∈ A. (10)

The objective function (4) seeks at minimizing the sum of the reduced costs of the selected arcs. Con-

straints (5) and (6) define the structure of a path from source node 0 to sink node n + 1. Vehicle capacity

is imposed by constraint (7) whereas time window constraints are enforced through constraints (8) and (9).

Assuming that there exist no cycles of zero duration, the uniqueness of the variable Ti for each node i ∈ V
ensures that any solution to (4)– (10) corresponds to a feasible elementary route.

The elementary requirements stem from constraints (2) of the SPF that impose a single visit to each

customer and induce a strongly NP-hard pricing subproblem. However, as mentioned in the introduction,

path relaxations allowing multiple visits to the same customer in a route r are often used to yield a more

tractable pricing subproblem. In this paper, we use the ng-route relaxation introduced by Baldacci et al.

(2011, 2012) and we enlarge the set Ω to include all feasible ng-routes. For each customer i ∈ V +, let

Ni ⊆ V + be the neighborhood of i that is defined as the NG closest customers to i. An ng-route can only

revisit a customer i (forming a cycle) if it passes first by another customer j such that i /∈ Nj . The resulting

pricing subproblem is a shortest ng-path problem with resource constraints (ng-SPPRC) and is solved by a

labeling algorithm as discussed in Section 5.1.

To derive integer solutions, column generation is embedded into a branch-and-cut framework to yield a

BPC algorithm. We consider the following Rounded Capacity Cuts (RCCs) and 2PCs. For every subset of

customers S ⊆ V +, the RCCs (Laporte and Nobert 1983) impose a lower bound r(S) =
⌈∑

i∈S di/Q
⌉

on the

number of vehicles required to service the customers in S. Denoting by δ−(S) = {(i, j) ∈ A | i 6∈ S, j ∈ S}
the subset of arcs entering S and by brij the number of times that arc (i, j) ∈ A is traversed in route r ∈ Ω,

these cuts can be expressed as ∑
r∈Ω

( ∑
(i,j)∈δ−(S)

brij
)
λr ≥ r(S), ∀S ⊆ V +. (11)

Next, let U be the set of minimal subsets of V + with the property that a single vehicle cannot serve all the

customers in it due to the time windows. For every subset of customers S ∈ U , the 2PCs (Kohl et al. 1999)

indicate that at least two vehicles are required to service the customers in S. These cuts can be written as:∑
r∈Ω

( ∑
(i,j)∈δ−(S)

brij
)
λr ≥ 2, ∀S ∈ U . (12)

Given that, for a route r ∈ Ω and a subset S of customers,
∑

(i,j)∈δ−(S) b
r
ij can be expressed in terms of

the pricing subproblem arc-flow variables (i.e.,
∑

(i,j)∈δ−(S) b
r
ij =

∑
(i,j)∈δ−(S) xij), the RCCs and the 2PCs

are classified as robust cuts according to the classification proposed in Poggi de Aragão and Uchoa (2003).

This means that they do not change the pricing subproblem complexity because their dual variables only

affect the arc costs in the subproblem. Denoting by αS , S ⊆ V +, and βS , S ∈ U , the duals associated with

the RCCs (11) and the 2PCs (12), respectively, the subproblem arc costs become:

c̄ij = cij − πi −
∑

S⊆V +:
(i,j)∈δ−(S)

αS −
∑
S∈U :

(i,j)∈δ−(S)

βS , ∀(i, j) ∈ A. (13)

In the next two sections, we present two families of non-robust cuts whose corresponding dual variables

cannot be incorporated in the subproblem arc costs.
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3 Rank-1 inequalities with an arc-memory

Jepsen et al. (2008) introduced a family of valid inequalities (the SRCs) defined over the SPF. Given a

customer subset S ⊆ V + and a multiplier p = 1/k for some positive integer k (1 < k < |S|), the following

SRC ∑
r∈Ω

⌊
p
∑
i∈S

ari

⌋
λr ≤ bp|S|c (14)

is valid since it can be obtained by a Chvátal-Gomory rounding of the corresponding rows (2). Petersen et al.

(2008) experimented with more general rank-1 cuts, where the row corresponding to each customer i ∈ S has

its own multiplier pi (0 < pi < 1):

∑
r∈Ω

⌊∑
i∈S

pia
r
i

⌋
λr ≤

⌊∑
i∈S

pi

⌋
. (15)

Recently, Pecin et al. (2015) performed a study of the set-partitioning polyhedron and determined that the

optimal multiplier vectors for rank-1 cuts with up to 5 rows are the following.

• For |S| = 3, (1/2, 1/2, 1/2), which means that the SRCs with k = 2 are already the best possible rank-1

cuts for this case.

• For |S| = 4, (2/3, 1/3, 1/3, 1/3) and its permutations.

• For |S| = 5, (1/3, 1/3, 1/3, 1/3, 1/3), (2/4, 2/4, 1/4, 1/4, 1/4), (3/4, 1/4, 1/4, 1/4, 1/4),

(3/5, 2/5, 2/5, 1/5, 1/5), (1/2, 1/2, 1/2, 1/2, 1/2), (2/3, 2/3, 1/3, 1/3, 1/3), (3/4, 3/4, 2/4, 2/4, 1/4)

and its permutations.

When non-elementary routes can be generated, one can also define SRCs (14) with |S| = 1. In particular,

to forbid routes with cycles, one can apply SRCs (14) with |S| = 1 and p = 1/2.

Computational experiments by a number of authors made clear that SRCs (more general rank-1 cuts

were only used by Petersen et al. 2008) have a big potential for reducing the integrality gaps of the SPF.

However, the cuts defined directly over the SPF variables are non-robust, each added cut changing the

pricing subproblem and making it harder to solve (see Desaulniers et al. 2011). Essentially, the labels in the

labeling algorithm used to solve the subproblem should have an additional dimension for each active cut. In

consequence, only a limited number of SRCs can be effectively used and the full potential gap reductions

cannot always be obtained.

Contrary to the general guideline found in most integer programming textbooks (e.g. Wolsey and

Nemhauser 1988) that favors the use of the strongest valid inequalities available, Pecin et al. (2014) pro-

posed a weaker version of the SRCs, called limited-memory SRCs, that reduces their impact on the pricing

subproblem. Even if a larger number of them may be required to reach the lower bound obtained with the

standard SRCs, they can yield a substantial reduction of the overall computational time.

The limited-memory mechanism proposed by Pecin et al. (2014) associates with each rank-1 cut indexed

by k a customer subset S(k) ⊆ V +, a multiplier vector (pki )i∈S(k) and a memory node set M(k) with

S(k) ⊆ M(k) ⊆ V +. The idea (somehow inspired by the ng-route relaxation) is that, when a route r ∈ Ω

leaves the memory set M(k), it may “forget” previous visits to nodes in S(k), yielding a coefficient for λr in

the cut k that may be smaller than the original b
∑
i∈S p

k
i a
r
i c coefficient. The memory set M(k) is defined

during the cut separation procedure as a minimal set preserving the coefficients of the route variables λr that

have a positive value in the current linear relaxation solution. Those limited-memory rank-1 cuts, while still

non-robust, can be much better handled by the labeling algorithm used for solving the pricing subproblem

because an additional dimension is needed only for the labels corresponding to a partial path ending in M(k).

This may be very advantageous computationally if |M(k)| << n, as usually happens.

For the VRPTW instances with wide time windows and loose vehicle capacity that allow long feasible

routes (with up to 60 customers), our preliminary tests showed that the size of some memory node sets is

too large and yields an intractable pricing subproblem after the addition of a few limited-memory rank-1
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Algorithm 1 Computing the coefficient γ(S, p,AM, r) of λr in a limited-arc-memory rank-1 cut

1: γ ← 0, state← 0
2: for every arc (i, j) in route r (in order) do
3: if (i, j) /∈ AM then
4: state← 0
5: if j ∈ S then
6: state← state+ pj
7: if state ≥ 1 then
8: γ ← γ + 1, state← state− 1

9: return γ

cuts. To overcome this difficulty, we propose here a sharper definition of the limited memory concept. Given

S ⊆ V +, a multiplier vector p of dimension |S|, and a memory arc set AM ⊆ A, the limited-arc-memory

rank-1 cut is defined as: ∑
r∈Ω

γ(S, p,AM, r)λr ≤
⌊∑
i∈S

pi

⌋
, (16)

where the coefficient γ(S, p,AM, r) of the route variable λr, r ∈ Ω, is computed as described in Algorithm 1.

This algorithm can be explained as follows. Whenever a route r visits a node j ∈ S, the multiplier pj is

added to the state variable. When state ≥ 1, state is decremented and γ is incremented. If AM = A,

the procedure returns a value of γ equal to b
∑
i∈S pia

r
i c and the limited-memory cut would be equivalent

to the original cut. On the other hand, if AM ⊂ A, it may happen that r uses an arc (i, j) 6∈ AM when

state > 0, causing state to be reset to zero and “forgetting” some previous visits to nodes in S. In this case,

the returned coefficient may be less than the original coefficient.

The limited node-memory scheme in Pecin et al. (2014) can be viewed as a particular case of the arc-

memory where an AM set is composed of all arcs (i, j) ∈ A such that j belongs to the corresponding node

set M . The advantage of the more general scheme is to allow the cut to have the same coefficients on

the relevant route variables (those with positive values) considering less arcs in AM and impacting less the

pricing subproblem labeling algorithm. As will be discussed in Section 6, computational experiments show

that some hard-to-solve instances are much better handled using limited-arc-memory rank-1 cuts. However,

not so hard-to-solve instances can be better treated with limited-node-memory cuts.

As for the limited-node-memory cuts, the limited-arc-memory rank-1 cuts are separated by complete

enumeration for |S| ≤ 3 and restricted enumeration for |S| ∈ {4, 5}. In the latter case, the procedure

explores only the subsets of customers S such that the distance between any pair of customers in S does not

exceed a predefined maximum distance. For each subset S and multiplier vector p listed above, we check if

a violated cut can be found with a full memory. If so, an arc-memory AM of minimal size such that the

cut violation remains the same is identified. When there already exists a cut defined for the same subset S

and vector p but for a different arc-memory AM ′, this cut is simply enhanced by enlarging its memory to

AM ′ ∪AM . Otherwise, a new cut is added for S, p and AM . Note that we also considered not merging the

arc-memory sets, that is, creating a new cut for each arc-memory. However, preliminary tests showed that it

is better to merge the arc-memories.

4 Elementary inequalities

In this section we propose an extension of the elementary cuts introduced by Balas (1977) for the set-

partitioning problem and we describe a heuristic separation algorithm based on local search.

4.1 Definition

The elementary cuts of Balas (1977) are defined as follows. Given a route r ∈ Ω, let V +(r) be the set of

customers visited by route r. Given a customer subset C ⊂ V + and a customer i ∈ V + \ C, let Ω⊥(i, C) =
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{r ∈ Ω | ari > 0, arj = 0,∀j ∈ C} be the subset of routes that visit i but no customers in C. Given a route

r ∈ Ω and a customer i ∈ V + \ V +(r), the following elementary inequality is valid for the SPF:

λr ≤
∑

q∈Ω⊥(i,V +(r))

λq. (17)

This inequality can be interpreted as follows: If route r is used, then the route visiting customer i cannot

visit any customer in V +(r), as at least one customer in V +(r) would be visited twice.

The elementary inequalities have received little attention since Sherali and Adams (1990) showed that they

can be implied by reformulating the set-partitioning problem using the reformulation-linearization technique.

This reformulation involves a quadratic number of variables in terms of the size of Ω. For the VRPTW,

this would be equivalent to considering variables λrq representing the use of two different vehicle routes in a

single column. Pricing on these variables could, however, rapidly become prohibitive for difficult instances

that already pose a computational challenge for solving the single-route pricing subproblem.

Here we describe a new family of inequalities that dominate the elementary inequalities of the form (17).

Because they pursue the same purpose, we also call them elementary inequalities. Given a customer set

C ⊂ V + and a customer i ∈ V + \ C, we define an elementary inequality as being a rank-1 Chvátal-Gomory

cut with multipliers pCi = (|C| − 1)/|C| and pCj = 1/|C|, ∀j ∈ C:

∑
r∈Ω

pCi ari +
∑
j∈C

pCj a
r
j

λr ≤ 1. (18)

The following proposition establishes the dominance of inequality (18) over inequality (17) in the case of

elementary routes.

Proposition 1 For a given route r ∈ Ω and a customer i ∈ V + \ V +(r) let ν(i, r) = λr −∑
q∈Ω⊥(i,V +(r)) λq be the violation of an elementary cut (17). Similarly, let C = V +(r) and let µ(i, r) =∑
q∈Ω

⌊
pCi a

q
i +

∑
j∈C p

C
j a

q
j

⌋
λq − 1 be the violation of the corresponding elementary cut (18). If Ω contains

only elementary routes, then µ(i, r) ≥ ν(i, r) and this inequality might be strict.

Proof. Let Ω(i) ⊆ Ω be the subset of feasible routes that visit customer i and let Ω(i, V +(r)) = Ω(i) \
Ω⊥(i, V +(r)) be the subset of routes visiting i and at least one customer in C. If Ω contains only elementary

routes, then
∑
q∈Ω(i) λq =

∑
q∈Ω⊥(i,V +(r)) λq +

∑
q∈Ω(i,V +(r)) λq = 1 and ν(i, r) can be rewritten as: ν(i, r) =

λr +
∑
q∈Ω(i,V +(r)) λq − 1. Because bpCi a

q
i +

∑
j∈C p

C
j a

q
jc ≥ 1 for all q ∈ Ω(i, V +(r)) ∪ {r}, it follows that

µ(i, r) ≥ ν(i, r).

The dominance might be strict because there might exist a route q /∈ Ω(i, V +(r)) ∪ {r} with a strictly

positive coefficient in inequality (18). This might be the case, for instance, of a route visiting all customers

in V +(r) and just another customer in V + \ (V +(r) ∪ {i}).

Note that the elementary cuts correspond to rank-1 cuts of the form (15). Indeed, with each elementary

cut indexed by k and defined for a customer i and a customer subset C, we can associate a customer set

S(k) = C ∪ {i}, and a vector of multipliers (pkj )j∈S(k) (with pki = pCi and pkj = pCj , ∀j ∈ C). They

can also be combined with a node-memory M(k) or an arc-memory AM(k) to reduce their impact on

the computational time required for solving the pricing subproblem. If a limited arc-memory is used, the

coefficient γ(S(k), pk, AM(k), r) = bpCi ari +
∑
j∈C p

C
j a

r
jc of a route variable λr, r ∈ Ω, can be computed

using Algorithm 1. We observe that the elementary cuts with |C| = 2, 3, 4 correspond to the rank-1 cuts of

the form (15) with |S| = 3, 4, 5 and p = (1/2, 1/2, 1/2), (2/3, 1/3, 1/3, 1/3), (3/4, 1/4, 1/4, 1/4, 1/4) (and their

permutations), respectively. In the rest of the paper (except in Section 4.2), we consider the elementary cuts

as part of the rank-1 cuts.
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4.2 Separation

In vehicle routing applications, rank-1 Chvátal-Gomory cuts have not often been used and have been separated

using constrained explicit enumeration; for instance, Jepsen et al. (2008) enumerate all subsets of three

customers to find violated SRCs associated with three-customer subsets. Preliminary tests showed that such

enumeration becomes prohibitively time-consuming for larger subsets of rows. In consequence, we developed

a new search strategy especially tailored for separating the elementary inequalities of the form (18). Our

algorithm does not rely on explicit enumeration, but rather on local search. Its outline is as follows.

For a given customer i ∈ V +, let Ω(i) be again the set of all routes visiting i. Furthermore, let Ω⊥(i) be

the set of routes that do not visit i. For each route r ∈ Ω⊥(i), define C(r, i) = V +(r)
⋂(⋃

q∈Ω(i) V
+(q)

)
as

the subset of customers visited in r and by at least one route visiting i. Finally, let W (i) =
⋃
q∈Ω(i) V

+(q) be

the set of all customers that are visited by at least one route visiting customer i. The following local search

procedure is executed for each possible pair of customer i ∈ V + and route r ∈ Ω⊥(i). For each execution, it

starts with an initial customer subset C = C(r, i) and applies a series of moves in the hope of finding subsets

S yielding violated inequalities.

At each iteration of this procedure, three possible neighborhoods are explored:

1. The ADD neighborhood selects a customer j ∈W (i) \ (C ∪ {i}) and adds it to C;

2. The REMOVE neighborhood selects a customer j ∈ C and removes it from C;

3. The SWAP neighborhood selects two customers j ∈ C and k ∈ W (i) \ (C ∪ {i}), adds k to C and

removes j from it.

For each possible move in each neighborhood, the procedure evaluates the violation improvement (the

violation being computed as µ(i, C) =
∑
r∈Ω

⌊
pCi a

r
i +

∑
j∈C p

C
j − arj

⌋
λr−1) and applies the move producing

the largest improvement. The search is stopped when no improvement is possible. We found that this

strategy performs much better than a simpler first-improvement criterion or a best-improvement criterion

on the first neighborhood that strictly improves the violation upon the incumbent. Indeed, this procedure

with a complete exploration of the neighborhoods in each iteration requires a computational time that is

still some orders of magnitude inferior to the time required for the execution of the exact pricing and is

capable of finding several violated cuts that would not be found using a simpler strategy. Finally, based on

preliminary test results, we chose to limit the cardinality of C to a maximum size (7 for our tests) throughout

the procedure.

Our algorithm stores all violated cuts found along each execution of the local search. The number of cuts

found may be large. To reduce this number, we proceed in three sequential additional steps. First, the cuts

are sorted according to their violation. Second, we check whether any two cuts are equivalent, in which case

we arbitrarily discard one. Two cuts are said to be equivalent with respect to the current fractional solution

if the coefficients in the two cuts of every route associated with a basic variable are the same. Finally, if there

are more than κ cuts left, we keep the κ cuts with the largest violations, where κ is a predefined parameter.

After performing a series of preliminary tests to calibrate this parameter, we have chosen to set κ = 150.

5 A branch-price-and-cut algorithm for the VRPTW

This section describes the components of the full BPC algorithm that we implemented. Note that the hybrid

genetic algorithm of Vidal et al. (2013) is run first to provide a feasible solution and an upper bound on the

optimal value. This upper bound is used as discussed in Sections 5.2 and 5.4.

5.1 Solving the pricing subproblem

The pricing subproblem can be solved exactly using the following forward labeling algorithm. In this

algorithm, a partial or complete path P = (0, . . . , i), i ∈ V + ∪ {n + 1}, is represented by a label

L(P ) = (c̄(P ), n(P ) = i, t(P ), q(P ),Π(P ), E(P )) that stores, respectively, its reduced cost, node, earliest
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start of service time at i, accumulated load (including demand di), set of nodes forbidden as immediate

extensions due to ng-route restrictions, and vector of states associated with the limited-memory rank-1 cuts

with non-zero dual values in the current restricted master problem solution (hereafter called the active non-

robust cuts). The algorithm starts with the single unprocessed label (0, 0, 0, 0, ∅,0) representing the null

path, an empty vehicle at time zero at the depot. An unprocessed label should be processed by extending it

to all its feasible successors. More formally, a label L(P ) with n(P ) = i is extended along every arc (i, j) ∈ A
such that j /∈ Π(P ), t(P ) + si + tij ≤ lj and q(P ) + dj ≤ Q, generating a new label

L(P ′) = (c̄(P ′), j,max{t(P ) + si + tij , ej}, q(P ) + dj , (Π(P ) ∩Nj) ∪ {j}, E(P ′)),

where:

• E(P ′) is the vector of variable states updated from E(P ) after the visit to j according to Algorithm 1.

This means that, for the active non-robust cut k, E(P ′)[k] first receives the value E(P )[k], then it is

reset to zero if (i, j) /∈ AM(k), is increased by pkj if j ∈ S(k) and is decremented by 1 if it becomes

larger than or equal to 1;

• c̄(P ′) = c̄(P ) + c̄ij −
∑
k∈DEC σk, where c̄ij is the arc reduced cost (13), DEC is the subset of the

active non-robust cuts whose states were decremented by one when calculating E(P ′), and σk is the

dual variable associated with cut k. As those dual variables are negative, this last term can be viewed

as a penalization on the route.

When all labels are processed, the routes with minimum reduced cost are found among the labels P rep-

resenting paths ending in n + 1. To retrieve the complete paths, the labels also include a pointer to their

unique predecessor.

To avoid enumerating all feasible routes, a dominance rule is applied to identify dominated labels that can

be discarded. A label L(P1) is said to dominate a label L(P2) if every feasible completion of P2 is also feasible

for P1 and yields a route whose reduced cost is not greater than that of the route obtained by applying the

same completion to P1. The following five conditions, together, are sufficient to ensure such a domination:

(i) n(P1) = n(P2), (ii) t(P1) ≤ t(P2), (iii) q(P1) ≤ q(P2), (iv) Π(P1) ⊆ Π(P2), and

(v) c̄(P1)−
∑
k∈K:

E(P1)[k]>E(P2)[k]

σk ≤ c̄(P2),

where K is the set of the indices of the active non-robust cuts. The second term in the left-hand side of (v)

is a bound on the extra penalizations that a completion of P1 can incur over the same completion of P2, if

it revisits sets S(k) for cuts k ∈ K in which E(P1)[k] > E(P2)[k]. Dominance can only occur if the reduced

cost of c̄(P1) is sufficiently less than c̄(P1) to compensate the potential extra penalizations. The traditional

SRCs or rank-1 cuts have a large potential for disrupting the label dominance by making condition (v) much

less likely to be satisfied. The limited-memory mechanism mitigates that difficulty. As the state of given cut

k is reset to zero whenever a route passes by an arc not in AM(k), its dual variable σk is involved in fewer

label comparisons.

Being the most critical part of the BPC algorithm, the labeling algorithm is enhanced with the following

acceleration techniques.

• Bidirectional Search. The labeling algorithm can be implemented backwardly, starting from node

n + 1 and extending partial paths backwards until reaching node 0. That implementation in itself

is not computationally more efficient. However, Righini and Salani (2006) realized that bidirectional

search yield significant gains. The idea is to execute the forward algorithm for generating only labels

with a time component that does not exceed half of the time horizon H and the backward algorithm

for generating labels with a time larger than half of H. The routes with negative reduced costs are

obtained by performing an additional concatenating step.

• Completion Bounds. In the pricing context, one is only interested in routes with negative reduced cost.

Given a partial path P = (0, . . . , i), let CB(P ) be a completion bound on P , i.e., a lower bound on the
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reduced cost of all complete routes that can be obtained as extensions of P . If CB(P ) ≥ 0, then label

L(P ) can be eliminated. As proposed in Contardo and Martinelli (2014), good completion bounds for

the forward algorithm can be obtained by running the backward algorithm considering only a fraction

of the non-robust cuts and underestimating the effect of the remaining non-robust cuts. Conversely,

completion bounds for the backward algorithm are obtained by running the forward algorithm with a

similar relaxation.

• Decremental State Space Relaxation (DSSR). As suggested by Martinelli et al. (2014), we apply

DSSR on the neighborhoods Ni, i ∈ V +. This means that we start by running the labeling algorithm

with empty neighborhoods, then we increase them (up to their maximum size NG) to forbid the

detected cycles and we run the labeling algorithm again, and so on, until negative reduced cost feasible

ng-routes are found or it is not possible to remove further cycles without exceeding the NG limit. For

most nodes i ∈ V +, the final Ni set has a cardinality significantly less than NG, yielding performance

gains. As suggested in Desaulniers et al. (2008), the convergence of DSSR is accelerated by initializing

it with the final neighborhoods obtained at the previous column generation iteration in the same node

of the search tree. The first iteration of a node inherits the sets Ni, i ∈ V +, from the last iteration of

its father node. The neighborhoods are reset to empty only once during the whole algorithm, namely,

just before separating non-robust cuts for the first time at the root node. In this case, the last pricing

subproblem is solved a second time starting with empty neighborhoods.

• Heuristic Labeling. Even with those enhancements, a single call to the exact pricing algorithm can

still be very time-consuming for the most challenging instances. Therefore, it is also essential to rely

on fast and effective heuristic pricing routines. In our algorithm, we use three different heuristics for

each linear relaxation to solve. In order, each heuristic is applied for a certain number of iterations

until it fails to generate negative reduced cost routes. The exact labeling algorithm is then called to

complete the linear relaxation solution process. The three heuristics correspond to heuristic versions of

the above described labeling algorithm. The first keeps only the least-cost label for each pair of time

and load values at each node. Proposed by Desaulniers et al. (2008), the second and third heuristics

rely on a network containing a subset of the arcs in A, ensuring that a minimum number of arcs (7 in

the second heuristic and 12 in the third) exit and enter each customer node.

5.2 Fixing by reduced costs

After solving a linear relaxation, the BPC algorithm uses the procedure of Irnich et al. (2010) to fix the flow

on some arcs to 0 (i.e., the arcs are removed) according to the reduced costs of the routes traversing them.

This procedure requires complete runs of both the forward and backward labeling algorithm. To test if an

arc (i, j) ∈ A can be removed, all pairs of labels, one from the forward algorithm associated with a path

ending in i and another from the backward algorithm associated with a path starting in j, such that their

concatenation using (i, j) leads to a feasible route must be considered. If the reduced cost of each of these

routes is larger than or equal to the gap between the current upper and lower bounds, then (i, j) cannot

appear in any route of an improving solution and can thus be discarded.

5.3 Cutting

After solving each linear relaxation, the BPC algorithm searches for violated robust RCCs (11), separated

by the heuristic procedure of Lysgaard (2003). When no violated RCCs are found, violated rank-1 cuts of

the forms (16) and (17) are sought using the separation procedure described in Sections 3 and 4.2. Note that

2PCs (12) were considered in preliminary tests, which showed that they were not useful. As explained next,

classical clique cuts may also be separated using the routines of Santos et al. (2014) after a successful route

enumeration.

5.4 Enumerating routes and branching

Given an upper bound derived from a feasible solution, Baldacci et al. (2011, 2012) use a route enumeration

approach to close the integrality gap after solving the root node by column and cut generation. The key
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observation is that a route r ∈ Ω can only be part of a solution that improves the best known upper bound

if: (i) it is elementary, and (ii) its reduced cost with respect to the computed linear relaxation solution is less

than the gap. The enumeration of those elementary routes can be performed by a label setting algorithm,

similar to the one described above, producing a route subset Ω̂ ⊆ Ω. A general MIP solver is then used to

solve the SPF restricted to Ω̂, using the upper bound as a cutoff. If the restricted model is infeasible, it proves

that the solution providing the upper bound is optimal. Otherwise, the optimal solution of the restricted

model is optimal for the complete problem. If the gap is small enough to produce a set Ω̂ of reasonable

cardinality this may work very well, i.e., the route enumeration approach solves the instance in much less

time than traditional branching would take. However, large gaps lead to values of |Ω̂| that cause the MIP

solver to take too much time (|Ω̂| > 100, 000 is often unpractical).

Contardo and Martinelli (2014) proposed a strategy to profit from route enumeration, even with larger

gaps. Routes are enumerated and stored in a pool if |Ω̂| is less than a few millions. The linear relaxation of

the resulting MIP is solved by column generation where, instead of using a labeling algorithm, the columns

are priced by inspection of the pool. Then, given that non-robust cuts have little impact on the pricing

complexity, arbitrary cuts for the SPF (including rank-1 cuts without memory limits and clique cuts) are

separated aggressively. These cuts usually increase substantially the lower bound, allowing reductions in the

pool size by fixing route variables by reduced costs. When the set of the remaining routes becomes small

enough, the restricted model is solved by a MIP solver. The proposed BPC algorithm uses this enumeration

strategy, allowing pools with up to 30,000,000 routes.

For difficult instances, there might be too many routes to enumerate, even to store them in a pool. If

this is the case, enumeration is aborted and the BPC algorithm proceeds to branching on the flow entering a

subset of customers as in Lysgaard et al. (2004). Because deeper nodes in the search tree yield smaller gaps,

enumeration is attempted at every node. The overall effect of this hybrid strategy (first used by Pessoa et al.

2009) may be a substantially reduced-sized search tree.

6 Computational experiments

This section provides computational results obtained by the proposed BPC algorithm on the VRPTW in-

stances of Solomon (1987) and of Gehring and Homberger (2001). There are 56 100-customer Solomon

benchmark instances, which are divided into 6 classes: C1, RC1, R1, C2, RC2, and R2. The locations of

the customers are clustered in the C1 and C2 classes, random in R1 and R2, and mixed in RC1 and RC2.

In the C1, RC1, and R1 classes, the time windows are relatively narrow, naturally favoring the appearance

of short, near-elementary routes even if the route relaxation used in the pricing subproblem is theoretically

poor. On the other hand, in the C2, RC2, and R2 classes, the time windows are relatively wide and the

vehicle capacity is not much constraining, allowing the generation of long routes (with up to 60 customers in

some cases) that may contain many cycles unless a strong route relaxation is used to forbid them explicitly.

Designed similarly, the 60 Gehring and Homberger instances with 200 customers are also divided into the

same 6 classes (C1, RC1, R1, C2, RC2, and R2). Each class contains 10 instances. The Solomon instances

are denoted as ccnn, where cc represents the class and nn the instance number in this class, whereas the

Gehring and Homberger instances are denoted cc-snn where s = 2 indicates that there are 200 customers.

The BPC algorithm settings are as follows. For all Solomon instances except R208 and all C1, RC1, and

R1 Gehring and Homberger instances, we have set NG = 10, which means that the neighborhood of each

customer used to define the feasible ng-routes is composed of its 10 nearest customers. For the other instances

where allowing more cycles can be very harmful for the lower bound, we used NG = 20. Furthermore, for

all instances except the C1, RC1, and R1 Gehring and Homberger instances, we observed that the capacity

constraint is not really binding. Therefore, to ease the solution of the pricing subproblem, it did not include

this constraint which was rather enforced through the RCCs whenever needed. The choice of the memory

type for the rank-1 cuts is discussed below.

The BPC algorithm was coded in C++ and solves the linear and integer programs using IBM CPLEX

Optimizer 12.6. All experiments were conducted on an Intel Xeon ES-2637 3.5GHz with 128GB RAM,

running Linux Oracle Server 6.7.
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In Section 6.1, we present a comparison between the arc- and the node-memory scheme for the rank-1

cuts. In Section 6.2, we provide computational results showing the usefulness of the elementary cuts. Finally,

in Sections 6.3 and 6.4, we report summary results of our experimentations on the Solomon and the Gehring

and Homberger instances.

6.1 Comparison between arc- and node-memory rank-1 cuts

We performed computational tests to compare the usage of a limited arc-memory for rank-1 cuts with that

of a node-memory. The comparison bears only on the results obtained at the root node of the search tree for

a selected subset of hard-to-solve instances and considers the following elements: 1) how long does it take to

reach similar lower bounds with each memory scheme or, alternatively, which lower bound can be obtained

within similar times with each memory scheme (depending on the instance, one of these two alternatives may

be more convenient for the comparison); 2) the number of rounds of separation of rank-1 cuts and the total

number of active cuts the different memory schemes require to reach their respective lower bounds; and 3)

the time at the root node for the last exact pricing in both cases. This last information is very important,

since the exact pricing is the most critical part of our BPC algorithm and must be kept tractable along the

whole execution of the algorithm.

The results are given in Table 1 that provides for each instance the following statistics: UB, the computed

upper bound; RLB, the root-node lower bound after adding robust cuts only; RPT the time (in seconds)

for the last exact pricing before starting the separation of rank-1 cuts; RI, the number of column generation

iterations (except those with the fast first pricing heuristic) to reach RLB; RTT, the total time to reach

RLB; LB, the root-node lower bound reached after separating rank-1 cuts; C, the final number of active

rank-1 cuts; S, the number of rounds of separation of rank-1 cuts; PT, the time of the last exact pricing

performed; I, the total number of column generation iterations (except those with the fast pricing heuristic)

to reach LB; PAT, the average pricing time over those iterations after the separation of rank-1 cuts starts;

and TT, the total time to reach LB. Note that before the separation of rank-1 cuts start, all information

provided are the same for both memory schemes. Obviously, when it starts, the runs diverge one from the

other (column labels ending with 1 refer to arc-memory and with 2 to node-memory).

For each of the six tested instances, we first solved its root node using a node-memory and stopped the

solution process when no more cuts could be generated (instance RC2-2-8) or when the first exact pricing took

more than 1000s. In the latter case, we report in Table 1 the results obtained before adding the last round

of non-robust cuts. Second, we solved the instance using an arc-memory. The solution process stopped when

reaching a comparable lower bound for the first three instances and when reaching a similar computational

time for the last three instances.

Table 1: Comparison between arc- and node-memory schemes for rank-1 cuts.

Ins UB RLB RPT RI RTT LB1 C1 S1 PT1 I1 PAT1 TT1 LB2 C2 S2 PT2 I2 PAT2 TT2

R208 701.1 691.1 7 70 1622 697.5 139 10 70 226 25.1 9621 697.3 100 7 796 189 254.0 63864
C2-2-3 1763.5 1737.1 8 228 2506 1747.0 131 13 24 809 11.8 12849 1747.1 90 8 536 1176 36.9 74973

RC2-2-8 2151.2 2138.4 16 262 11152 2150.3 95 19 99 2458 28.2 83057 2150.3 44 4 82 1274 119.1 147585

C2-2-4 1695.0 1652.3 63 460 66541 1664.7 207 17 367 802 107.6 128684 1656.6 39 2 364 578 204.0 135024
RC2-2-9 2086.7 2053.6 15 463 22721 2069.6 97 16 213 6219 34.7 275225 2065.6 47 3 295 1555 199.9 270216
RC2-210 1989.3 1946.0 129 274 58572 1966.5 109 20 284 2218 115.7 335007 1962.0 53 4 486 1186 257.7 347495

These results clearly show that the labeling algorithm can better handle the duals of the rank-1 cuts when

using an arc-memory instead of a node-memory. Indeed, the average time for solving the pricing subproblem

once these cuts have been added (columns PAT) is much less with an arc-memory than with a node-memory

despite that there are a much larger number of active rank-1 cuts with the arc-memory (columns C). Observe

also that the last exact pricing times are much less with the arc-memory, showing that the BPC algorithm

is in a better position to complete the solution process in less computational time. In consequence, even if

a larger number of rank-1 cuts with a limited-arc-memory are needed to reach the same lower bound or to
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exceed it, the gains in time realized while solving the pricing subproblem largely compensate the additional

number of cut separation calls and column generation iterations.

For the R208 Solomon instance, we were able to obtain a lower bound of 698.1 after adding additional

arc-memory rank-1 cuts. This bound was reached in a total of 13828s and the last exact pricing required

a still acceptable time of 125s. Therefore, these cuts were decisive to solve this instance in 64105s. Indeed,

using a node-memory, it takes several days to solve, as suggested by the results given in Table 1. For instance

C2-2-3, a lower bound of 1752.1 was obtained in 30283s with a final exact pricing time of 163s after the

addition of more arc-memory rank-1 cuts. Nevertheless, we cannot close this instance within four days of

computation.

The results presented in this section show that using an arc-memory for the rank-1 cuts can be very useful

for the instances that are very hard to solve. For the easier instances, it is not necessarily the case as using

a node-memory may be more efficient. In the following, we choose to use an arc-memory for all instances to

be consistent across our experiments.

6.2 Usefulness of the elementary cuts

We ran tests to assess the usefulness of the elementary cuts of the form (18). These tests were performed

on a selected subset of 8 instances, namely, the hardest 200-customer instances of classes R1 and RC1 that

exhibit the largest integrality gaps among the solved instances with 200 customers. The linear relaxation at

the root node of each instance was solved twice. In the first run, we considered all non-robust cuts, including

the elementary cuts that were separated using the local search procedure proposed in Section 4.2. In the

second run, no elementary cuts except the rank-1 cuts of the form (2) with |S| = 3 (previously used in the

literature) were separated. This means that all rank-1 cuts (2) with |S| = 4 and those with |S| = 5 and

multiplier vectors corresponding to elementary cuts were not considered.

The results of these tests are reported in Table 2. The labels common to this table and Table 1 have the

same meaning. Labels ending with 1 refer to the run including elementary cuts and with 2 to the second run.

The section dedicated to the results of the run with elementary cuts includes the following four additional

columns. Label EC indicates the number of elementary cuts active in the last column generation iteration,

whereas label ES shows the average size of the set S = C ∪ {i} in these elementary cuts. Label pLB1 gives

the lower bound reached within the time pTT1. This time is less than the time given in column TT2.

From the results in columns pLB1, pTT1, LB2, and TT2, we observe that, for all these instances,

the elementary cuts allow to reach a similar or slightly better lower bound in less computational time. The

columns LB1 and TT1 indicate that allowing more time can further improve the lower bound except for

instance RC1-210. For all instances except RC1-210, the total number of non-robust cuts required to reach

the final lower bound is larger with elementary cuts. Nevertheless, the times of the last exact pricing (columns

PT) are very similar with or without elementary cuts. These results show that the elementary cuts, which

represent between 3 to 19% of the active non-robust cuts, have a positive impact on the solution process for

these difficult instances. Finally, column ES indicates that a large proportion of the active elementary cuts

correspond to rank-1 cuts defined over sets S with |S| ≥ 6.

Table 2: Improved results obtained using elementary cuts.

Ins UB RLB RPT RTT pLB1 pTT1 LB1 C1 EC ES PT1 TT1 LB2 C2 PT2 TT2

R1-2-3 3373.9 3320.5 0.9 179 3350.4 1660 3351.3 430 84 6.4 9.3 2307 3348.4 371 9.0 1674
R1-2-4 3047.6 3000.0 1.4 274 3031.6 1728 3032.5 486 85 6.7 8.7 2135 3030.1 414 9.0 1784

RC1-2-2 3221.6 3176.7 0.5 141 3203.3 596 3204.2 394 66 6.4 2.7 825 3202.3 337 2.0 607
RC1-2-3 3001.4 2949.5 1.1 282 2979.2 1717 2981.3 492 84 6.4 11.1 2560 2979.3 476 7.5 1774
RC1-2-7 3177.8 3112.3 0.6 179 3151.2 4872 3151.6 552 69 6.4 38.6 5439 3150.4 480 34.2 4976
RC1-2-8 3060.0 3017.4 0.8 226 3043.9 1322 3044.9 426 28 6.9 9.7 1716 3043.9 391 6.2 1355
RC1-2-9 3074.8 3000.8 0.9 253 3035.4 5324 3037.2 545 49 6.4 39.5 11300 3035.4 521 37.4 8508
RC1-210 2990.5 2932.5 1.1 261 2964.1 3747 2964.1 477 18 6.6 15.1 3747 2963.8 487 15.4 4144



14 G–2016–13 Les Cahiers du GERAD

6.3 Summary results on the 100-customer Solomon instances

Table 3 summarizes the performance of the new BPC algorithm on the Solomon instances, by comparing

it against state-of-the-art algorithms. Column NI specifies the number of instances in each class. Columns

Opt and Time indicate the number of instances solved to optimality and the average computational time

in seconds (on the specified machine), computed only over the solved instances. Labels JPSP08, DLH08,

BMR11, and Rop12 refer to the algorithms of Jepsen et al. (2008), Desaulniers et al. (2008), Baldacci et al.

(2011) and Ropke (2012), respectively. Label PCDU15 refers to the algorithm proposed in this paper.

These results indicate that the proposed BPC algorithm was able to solve the 56 Solomon instances to

optimality in an average computational time of 1375s. All instances, except R208, were closed without any

branching. Clearly, our algorithm outperforms the state-of-the-art algorithms in general. However, some

C2 instances turned out to be difficult for our method, considering the average time reported by Baldacci

et al. (2011) for this class. For example, for C204, the hardest instance in this set, our algorithm spent 1648s

against 182s for their algorithm. Even if all C2 instances were closed without separating any rank-1 cut, we

noticed that the use of NG = 10 is not a good strategy for the instances C203 and C204 as the exact pricing

needs to be performed several times due to the slow convergence of column generation. In fact, a much less

constrained ng-route definition with NG = 2 allows us to reduce the average time for the C2 instances to

133s. This suggests that a straightforward pricing based on q-route without 2-cycle elimination (i.e., only

capacity constraint is considered) would be enough to handle this class efficiently. On the other hand, our

BPC algorithm solved hard instances much faster than the previous algorithms, as detailed in Table 5 in

Appendix A. In particular, we solved instance R208 in 64105s, which is more than four times faster than the

283835s reported by Ropke (2012) (the only algorithm that previously solved this instance).

Table 3: Comparison of recent algorithms on the 100-customer Solomon instances.

Class NI
JPSP08 DLH08 BMR11 Rop12 PCDU15

Opt Time Opt Time Opt Time Opt Time Opt Time

C1 9 9 468 9 18 9 25 9 15 9 15
RC1 8 8 11004 8 2150 8 276 8 2907 8 52
R1 12 12 27412 12 2327 12 251 12 2040 12 31
C2 8 7 2795 8 2093 8 40 8 209 8 328
RC2 8 5 3204 6 15394 8 3767 8 2205 8 337
R2 11 4 35292 8 63068 10 28680 11 30592 11 6432

Total 56 45 51 55 56 56
Average 13288 12920 5867 7209 1375

Processor Opteron 2.6GHz Pentium 4 3GHz X7350 2.93GHz i7-2620M 2.7GHz X-ES2637 3.5GHz

6.4 Summary results on the 200-customer Gehring and Homberger instances

The main motivation behind this article is to assess the scalability of a BPC algorithm for solving larger

VRPTW instances than the Solomon instances, which have now become all very tractable. We concentrated

our tests on the Gehring and Homberger instances with 200 customers. Furthermore, to reduce the impact of

the rank-1 cuts, a maximum of 410 rank-1 cuts are generated in each round of separation: at most 200 cuts

with |S|=1; at most 150 with |S| = 3; at most 30 with |S|=5; and at most 30 additional elementary cuts.

Table 4 gives average results for the 200-customer instances (detailed results can be found in Appendix B).

For each class, label Opt indicates the total number of instances solved (out of 10 instances). Labels RGP,

GP and T report, respectively, the average gap between the upper bound and the lower bound at the root

node after adding only robust cuts, the average final root-node gap and the average time (in seconds) to

solve the root node. These three statistics are computed over all instances (the All-root columns) and also

over the solved instances (the Solved columns). For the solved instances, we also report under labels B and

TT the average number of nodes in the search tree (including the root node) and the average total time (in

seconds), respectively. Finally, labels Max and Min specify the maximum and minimum gap at the root

node for the unsolved instances.
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Table 4: Summary results on the 200-customer Gehring and Homberger instances.

Class Opt
All-root Solved Unsolved

RGP GP T RGP GP T B TT Max Min

C1 10 0.10 0.04 88 0.10 0.04 88 1.60 133 - -
RC1 8 1.68 0.57 4674 1.56 0.45 3889 46.00 38940 1.27 0.82
R1 10 1.24 0.25 1451 1.24 0.25 1451 25.20 12854 - -
C2 8 0.83 0.24 20552 0.54 0.00 4096 1.00 4096 1.75 0.64
RC2 7 1.29 0.24 123251 0.77 0.05 26362 1.57 27375 1.13 0.28
R2 8 0.86 0.08 59503 0.79 0.00 13397 1.25 13645 0.59 0.18

Total 51
Average 1.00 0.24 34920 0.82 0.13 7274 13.03 15195

As the table shows, out of 30 instances in the classes C1, RC1, and R1, the BPC algorithm could solve to

optimality a total of 28 instances. Although the gap at the root node for the hardest RC1 and R1 instances

are typically high, route enumeration usually succeeds for nodes with a gap of 0.40% or less. Recall that after

route enumeration, the solution of a node and its children is substantially accelerated because of three main

reasons: 1) only elementary routes in a pool are considered; 2) stronger cuts (full-memory rank-1 cuts and

clique cuts) are separated; and 3) variable fixing is performed over the enumerated routes instead of arcs.

Among the instances solved in these three classes, only R1-2-3 could not be solved within the time limit

using node-memory rank-1 cuts. The BPC algorithm failed to solve it because the variable fixing procedure

that requires a complete forward labeling and a complete backward labeling stalled throughout the search

tree. For example, at the root node, it took 2042s with 296 active limited-node-memory rank-1 cuts. When

using limited-arc-memory rank-1 cuts, it required only 174s with 371 active cuts. Therefore, the arc-memory

was crucial to solve this hard instance in an acceptable time. For the other 27 solved instances, the node-

memory cuts yielded better results in general than the arc-memory cuts. Indeed, with the former cuts, the

total computational time for these 27 instances is 239157 seconds while it is 348024 seconds when applying

arc-memory cuts instead.

For classes C2, R2 and RC2, 23 of the 30 instances were solved to optimality. For the closed instances,

the gap after adding non-robust cuts at the root node was typically very small, and the size of the resulting

search tree was never larger than 3 nodes. It seems clear that the instances allowing very long routes (those in

the C2, RC2, and R2 classes) typically exhibit small gaps if enough rank-1 cuts are separated. Nevertheless,

these instances are, in general, difficult to solve because the labeling algorithms used for pricing the routes,
for fixing variables and for enumerating routes are less effective when routes can be very long and many

dual variables from non-robust cuts must be handled. In consequence, the limited-arc-memory rank-1 cuts

that have a reduced negative impact on the computational time of the labeling algorithms constitutes an

improvement for solving these instances more efficiently.

7 Concluding remarks

In this paper, we proposed two enhancements for the exact solution of the VRPTW by BPC. The first is a

new form of the limited-memory rank-1 inequalities that reduce their negative impact on the pricing subprob-

lem. The second is a new family of inequalities that dominate known inequalities. Through computational

experiments, we showed that these two enhancements can be particularly effective for solving the most diffi-

cult instances. Overall the proposed BPC algorithm produced the best known results for the 100-customer

Solomon instances (closing all 56 instances) and for the 200-customer Gehring and Homberger instances

(closing 51 of the 60 instances). Future research will concentrate on improving the pricing mechanism and

also on identifying new valid inequalities that are efficient and do not impact much the solution of the pricing

subproblem.
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Appendix

A Detailed results on the hardest Solomon instances

Table 5 shows the detailed results on the 14 hardest Solomon instances. In this table, column Ins gives the

name of the instance. The next five columns describe the instance characteristics: Q, the vehicle capacity;

d, the average customer demand; H, the time horizon; t̄w, the average customer time window width; and

s, the average customer service time. The next two columns, UB and Ksol, present the cost of the best

known solution and the number of vehicles used in this solution, respectively. The next five columns provide

results about the root-node solution process: RLB, the lower bound obtained using only robust cuts; LB,

the lower bound improved by the addition of non-robust rank-1 and elementary cuts; C, the number of

active rank-1 and elementary cuts (i.e., those with non-zero dual variables) in the root-node solution; ELB,

the improved root-node lower bound obtained if enumeration succeeds (from this point, only elementary

routes are considered, full-memory rank-1 and elementary cuts as well as clique cuts are separated); and

T, the total time (in seconds) for the root node. The next three columns concern the complete solution

process: B, the total number of nodes in the branch-and-bound search tree (including the root node); TT

the total computational time (in seconds); and OPT, the optimal value. Finally, column BMR11 report

the computational time obtained by Baldacci et al. (2011). Note that the number of vehicles used in the

optimal solutions are the same as those provided in column Ksol.

Table 5: Detailed results on the hardest Solomon instances.

Ins Q d H t̄w s UB Ksol RLB LB C ELB T B TT OPT BMR11

C203 700 18.1 3390 1715.8 90.0 588.7 3 588.7 588.7 0 - 365 1 365 588.7 32
C204 700 18.1 3390 2493.6 90.0 588.1 3 588.1 588.1 0 - 1648 1 1648 588.1 182

RC204 1000 17.2 960 718.1 10.0 783.5 4 776.5 780.9 56 783.4 1167 1 1167 783.5 1052
RC207 1000 17.2 960 350.5 10.0 962.9 6 941.6 957.3 111 962.9 347 1 347 962.9 26903
RC208 1000 17.2 960 472.9 10.0 776.1 4 763.6 774.3 93 776.1 599 1 599 776.1 1193
R202 1000 14.6 1000 329.8 10.0 1029.6 8 1016.5 1026.5 40 1029.3 316 1 316 1029.6 3406
R203 1000 14.6 1000 542.7 10.0 870.8 6 859.7 869.0 40 870.8 565 1 565 870.8 2139
R204 1000 14.6 1000 752.3 10.0 731.3 5 720.2 729.7 89 731.1 1495 1 1495 731.3 216367
R206 1000 14.6 1000 423.4 10.0 875.9 5 860.0 873.9 105 875.7 546 1 546 875.9 6675
R207 1000 14.6 1000 604.0 10.0 794.0 4 780.5 791.9 79 794.0 728 1 728 794.0 1401
R208 1000 14.6 1000 784.3 10.0 701.0 4 691.1 698.1 150 - 13828 5 64105 701.0 -
R209 1000 14.6 1000 350.5 10.0 854.8 5 837.2 851.7 141 854.3 599 1 599 854.8 4496
R210 1000 14.6 1000 384.3 10.0 900.5 6 881.3 897.1 157 900.5 729 1 729 900.5 39711
R211 1000 14.6 1000 472.9 10.0 746.7 4 731.1 745.9 216 746.7 1320 1 1320 746.7 10993

B Detailed results on 200-customer Gehring and Homberger instances

Tables 6 to 11 report detailed results for all 60 Gehring and Homberger instances with 200 customers,

grouped by class. The labels in these tables are the same as in Table 5. An underlined value in column OPT

indicates that it differs from the upper bound given in column UB. A time limit of four days was allowed

before aborting the execution of the algorithm. For the instances that could not be solved within this time

frame, only the root-node results are presented. Note that, for instance RC2-2-4, we used NG = 10 because,

with NG = 20, the solution process stalled before adding non-robust cuts.
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Table 6: Detailed results on 200-customer Gehring and Homberger instances of class C1.

Ins Q d H t̄w s UB Ksol RLB LB C ELB T B TT OPT

C1-2-1 200 17.6 1351 61.4 90.0 2698.6 20 2698.6 2698.6 0 - 20 1 20 2698.6
C1-2-2 200 17.6 1351 348.3 90.0 2694.3 20 2694.3 2694.3 0 - 44 1 44 2694.3
C1-2-3 200 17.6 1351 634.1 90.0 2675.8 20 2659.7 2663.8 55 - 179 7 626 2675.8
C1-2-4 200 17.6 1351 920.1 90.0 2625.6 19 2619.7 2625.4 118 2625.6 340 1 340 2625.6
C1-2-5 200 17.6 1351 120.3 90.0 2694.9 20 2694.9 2694.9 0 - 24 1 24 2694.9
C1-2-6 200 17.6 1351 158.8 90.0 2694.9 20 2694.9 2694.9 0 - 26 1 26 2694.9
C1-2-7 200 17.6 1351 181.0 90.0 2694.9 20 2694.9 2694.9 0 - 22 1 22 2694.9
C1-2-8 200 17.6 1351 240.3 90.0 2684.0 20 2684.0 2684.0 0 - 28 1 28 2684.0
C1-2-9 200 17.6 1351 361.0 90.0 2639.6 19 2639.4 2639.6 1 - 84 1 84 2639.6
C1-210 200 17.6 1351 480.7 90.0 2624.7 19 2619.7 2619.7 0 2624.7 113 1 113 2624.7

Table 7: Detailed results on the 200-customer Gehring and Homberger instances of class RC1.

Ins Q d H t̄w s UB Ksol RLB LB C ELB T B TT OPT

RC1-2-1 200 17.8 634 31.0 10.0 3516.9 20 3459.6 3499.1 368 3500.7 690 25 2530 3516.9
RC1-2-2 200 17.8 634 166.1 10.0 3221.6 19 3176.7 3204.4 387 3208.4 2487 71 11427 3221.6
RC1-2-3 200 17.8 634 301.7 10.0 3001.4 18 2949.5 2980.7 488 - 2536 59 65745 3001.4
RC1-2-4 200 17.8 634 437.1 10.0 2845.2 18 2809.1 2832.8 417 - 6031 5 23001 2845.2
RC1-2-5 200 17.8 634 65.7 10.0 3325.6 19 3271.4 3310.0 462 3314.6 5925 15 8584 3325.6
RC1-2-6 200 17.8 634 61.0 10.0 3300.7 19 3254.5 3289.0 408 3295.8 1144 3 1606 3300.7
RC1-2-7 200 17.8 634 92.4 10.0 3177.8 19 3112.3 3150.0 471 - 5345 179 188414 3177.8
RC1-2-8 200 17.8 634 120.2 10.0 3060.0 18 3017.4 3044.8 419 3051.5 6953 11 10215 3060.0
RC1-2-9 200 17.8 634 121.0 10.0 3074.8 18 3000.7 3035.7 500 - 7633 - - -
RC1-210 200 17.8 634 151.0 10.0 2990.5 18 2932.6 2966.0 585 - 7994 - - -

Table 8: Detailed results on the 200-customer Gehring and Homberger instances of class R1.

Ins Q d H t̄w s UB Ksol RLB LB C ELB T B TT OPT

R1-2-1 200 17.6 634 11.0 10.0 4667.2 23 4655.0 4665.3 18 4665.3 59 1 59 4667.2
R1-2-2 200 17.6 634 151.2 10.0 3919.9 20 3907.2 3919.9 135 - 162 1 162 3919.9
R1-2-3 200 17.6 634 291.0 10.0 3373.9 18 3320.5 3352.2 466 - 2807 157 93367 3373.9
R1-2-4 200 17.6 634 432.0 10.0 3047.6 18 3000.0 3032.0 448 - 2007 33 18026 3047.6
R1-2-5 200 17.6 634 31.0 10.0 4053.2 20 4006.8 4043.9 248 4044.6 207 3 445 4053.2
R1-2-6 200 17.6 634 166.2 10.0 3559.2 19 3492.4 3543.0 446 3547.9 4138 21 7201 3559.1
R1-2-7 200 17.6 634 301.0 10.0 3141.9 18 3099.2 3136.9 371 3139.6 1002 1 1002 3141.9
R1-2-8 200 17.6 634 437.0 10.0 2938.4 18 2901.7 2929.7 384 2934.3 1817 5 2499 2938.4
R1-2-9 200 17.6 634 61.1 10.0 3734.7 19 3676.9 3724.8 364 3727.9 484 5 771 3734.7
R1-210 200 17.6 634 125.5 10.0 3293.1 18 3243.9 3276.9 409 3281.0 1827 25 5010 3293.1

Table 9: Detailed results on the Gehring and Homberger instances of class C2.

Ins Q d H t̄w s UB Ksol RLB LB C ELB T B TT OPT

C2-2-1 700 18.9 3598 161.0 90.0 1922.1 7 1915.0 1922.1 147 - 860 1 860 1922.1
C2-2-2 700 18.9 3598 986.0 90.0 1851.4 7 1839.4 1851.4 116 - 5377 1 5377 1851.4
C2-2-3 700 18.9 3598 1811.6 90.0 1763.4 7 1737.1 1752.1 194 - 30283 - - -
C2-2-4 700 18.9 3598 2635.3 90.0 1695.0 7 1652.3 1665.4 218 - 142466 - - -
C2-2-5 700 18.9 3598 321.0 90.0 1869.6 7 1860.7 1869.6 99 - 1428 1 1428 1869.6
C2-2-6 700 18.9 3598 507.3 90.0 1844.8 7 1840.7 1844.8 113 - 2043 1 2043 1844.8
C2-2-7 700 18.9 3598 631.5 90.0 1842.2 6 1835.6 1842.2 39 - 2673 1 2673 1842.2
C2-2-8 700 18.9 3598 641.0 90.0 1813.7 6 1808.2 1813.7 79 - 2542 1 2542 1813.7
C2-2-9 700 18.9 3598 852.6 90.0 1815.0 7 1801.2 1815.0 206 - 7284 1 7284 1815.0
C2-210 700 18.9 3598 881.0 90.0 1791.2 7 1770.3 1791.2 198 - 10560 1 10560 1791.2
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Table 10: Detailed results on the 200-customer Gehring and Homberger instances of class RC2.

Ins Q d H t̄w s UB Ksol RLB LB C ELB T B TT OPT

RC2-2-1 1000 17.8 2535 121.0 10.0 2797.4 9 2789.1 2797.4 15 - 2149 1 2149 2797.4
RC2-2-2 1000 17.8 2535 709.4 10.0 2481.6 9 2458.9 2478.0 110 - 12101 3 17423 2481.6
RC2-2-3 1000 17.8 2535 1297.3 10.0 2227.7 8 2199.5 2227.7 280 - 48725 1 48725 2227.7
RC2-2-4 1000 17.8 2535 1885.6 10.0 1854.8 7 1785.5 1849.6 212 - 345490 - - -
RC2-2-5 1000 17.8 2535 280.1 10.0 2493.5 8 2478.9 2491.4 78 - 5117 1 5117 2491.4
RC2-2-6 1000 17.8 2535 241.0 10.0 2496.3 9 2472.4 2495.1 120 - 5584 1 5584 2495.1
RC2-2-7 1000 17.8 2535 370.8 10.0 2287.7 7 2270.6 2286.4 119 - 27734 3 29505 2287.7
RC2-2-8 1000 17.8 2535 486.4 10.0 2151.2 6 2138.4 2150.3 95 2151.2 83101 1 83101 2151.2
RC2-2-9 1000 17.8 2535 481.0 10.0 2086.6 6 2053.6 2072.0 121 - 344990 - - -
RC2-210 1000 17.8 2535 601.0 10.0 1989.2 5 1946.0 1966.7 110 - 357497 - - -

Table 11: Detailed results on the 200-customer Gehring and Homberger instances of class R2.

Ins Q d H t̄w s UB Ksol RLB LB C ELB T B TT OPT

R2-2-1 1000 17.6 2535 122.2 10.0 3468.0 13 3462.5 3468.0 31 - 2083 1 2083 3468.0
R2-2-2 1000 17.6 2535 709.7 10.0 3008.2 11 3000.6 3008.2 30 - 4065 1 4065 3008.2
R2-2-3 1000 17.6 2535 1297.3 10.0 2537.5 9 2515.5 2537.5 188 - 21011 1 21011 2537.5
R2-2-4 1000 17.6 2535 1884.1 10.0 1928.5 5 1917.9 1925.0 112 - 141826 - - -
R2-2-5 1000 17.6 2535 241.0 10.0 3061.1 8 3029.0 3061.1 205 - 6316 1 6316 3061.1
R2-2-6 1000 17.6 2535 800.2 10.0 2675.4 8 2645.6 2675.0 144 2675.1 14672 1 14672 2675.4
R2-2-7 1000 17.6 2535 1358.3 10.0 2304.7 7 2277.7 2304.7 233 - 44174 1 44174 2304.7
R2-2-8 1000 17.6 2535 1915.0 10.0 1842.4 4 1810.7 1831.6 134 - 346022 - - -
R2-2-9 1000 17.6 2535 374.1 10.0 2843.3 9 2820.6 2843.3 117 - 5031 1 5031 2843.3
R2-210 1000 17.6 2535 477.5 10.0 2549.4 8 2526.5 2546.3 194 - 9678 3 11659 2549.4
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