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McGill, Université du Québec à Montréal, ainsi que du Fonds de
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3000, chemin de la Côte-Sainte-Catherine
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H3C 3P8

tayeb.mhamedi@polymtl.ca

henrik.andersson@ntnu.no

marilene.cherkesly@gerad.ca

guy.desaulniers@gerad.ca

November 2020
Les Cahiers du GERAD
G–2020–63
Copyright c© 2020 GERAD, Mhamedi, Andersson, Cherkesly, Desaulniers
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Abstract: In this paper, we propose an exact branch-price-and-cut (BPC) algorithm for the two-
echelon vehicle routing problem with time windows. This problem arises in city logistics when high-
capacity and low-capacity vehicles are used to transport items from depots to satellites (first echelon),
and from satellites to customers (second echelon), respectively. The aim is to determine a set of
least-cost first- and second-echelon routes such that the load on the routes respect the capacity of the
vehicles, each second-echelon route is supplied by exactly one first-echelon route, and each customer
is visited by exactly one second-echelon route within its time window. We model the problem with a
route-based formulation where first-echelon routes are enumerated a priori, and second-echelon routes
are generated using column generation. The problem is solved using BPC. To generate second-echelon
routes, one pricing problem per satellite is solved using a labeling algorithm which keeps track of the
first-echelon route associated with each (partial) second-echelon route considered. Furthermore, to
speed up the solution process, we introduce effective deep dual-optimal inequalities and apply known
valid inequalities. We perform extensive computational experiments on benchmark instances and show
that our method outperforms a state-of-the-art algorithm. We also conduct sensitivity analyses on the
different components of our algorithm, and derive managerial insights related to the structure of the
first-echelon routes.

Acknowledgments: This work was supported by the Canadian Natural Sciences and Engineering
Research Council (NSERC) under Discovery Grants 2017–06106 and 2017–05683. We also thank
François Lessard for his valuable help.
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1 Introduction

City logistics and challenges related to transportation and distribution in urban areas have received

a huge interest lately. A common way to design a distribution chain is to divide it into echelons.

Freight transported from one city to another may, for example, be transported by a small vehicle

from the origin to a distribution center outside the city (the first echelon), then by a high-capacity

vehicle to another distribution center outside the city of the destination (the second echelon). Finally,

the freight is transported from this distribution center to the destination using a smaller vehicle (the

third echelon). With this setup, the fleet can be adapted to the characteristics of each echelon and

the overall performance can be improved. In particular, small vehicles producing low greenhouse gas

emissions may be operated in city centers to reduce pollution.

In this paper, we consider a two-echelon vehicle routing problem with time windows (2E-VRPTW)

representing the two last echelons of a distribution chain. Within this two-echelon distribution sys-

tem, customers are supplied from depots through intermediary storage facilities (satellites) positioned

at the outskirts of a city. First-echelon routes handle the transportation of freight from depots to

satellites while second-echelon routes, departing from satellites, ensure that goods are being delivered

to customers within their specified time windows. To facilitate freight transfer at the satellites, each

second-echelon route is supplied by exactly one first-echelon route. The 2E-VRPTW aims to find sets

of first- and second-echelon routes such that total routing costs are minimized and each customer is

visited during its allowed time window by exactly one second-echelon route.

Two-echelon routing problems have gained increased attention in the recent years as can be seen in

the reviews by Gonzalez-Feliu (2011), Cuda et al. (2015) and Guastaroba et al. (2016). Gonzalez-Feliu

(2011) performed a meta-narrative analysis to unify the main concepts, issues and methods within

two-echelon distribution systems. Cuda et al. (2015) focused on three classes of two-echelon problems;

the two-echelon vehicle routing problem, the two-echelon location routing problem, and the truck

and trailer routing problem, as well as a detailed description of the solution methods used. Finally,

Guastaroba et al. (2016) took a broader view and analyze the impact of intermediate facilities in freight

transportation. Guastaroba et al. (2016) advocated a global look at the problems and emphasized the

studies of more general service network design problems as well as international and intercontinental

settings with multiple consolidation centers along the same route. Cuda et al. (2015) pointed to richer

versions of the problem as open research areas, especially the introduction of time considerations and

satellite synchronization which we explore in this paper.

To the best of our knowledge, the two-echelon capacitated vehicle routing problem (2E-CVRP)

was first studied in Gonzalez-Feliu et al. (2008). Compared with the 2E-VRPTW, the 2E-VRP lacks

the time windows and does not require each second-echelon route to be served by exactly one first-

echelon route but imposes a restriction on the total number of second-echelon routes starting from each

satellite. Moreover, it includes, along with transportation costs, handling costs into the objective. The

authors proposed a commodity-flow formulation and a branch-and-cut algorithm that was able to solve

instances with up to 32 customers and two satellites to optimality. These results were later improved by

Perboli et al. (2011) where the formulation was strengthened by the addition of new valid inequalities.

Although instances with two satellites were solved to optimality, Jepsen et al. (2013) later showed that

the model proposed by Perboli et al. (2011) was not valid for instances with three satellites or more.

Jepsen et al. (2013) also proposed a new mathematical model that is a relaxation of the 2E-CVRP.

Constraints are relaxed and added dynamically together with valid inequalities in a branch-and-cut

algorithm. The algorithm was able to solve instances with up to 50 customers and 5 satellites to

optimality. Baldacci et al. (2013) formulated the problem using routes and described a bounding

procedure for deriving valid lower and upper bounds. The bounds allow for efficient generation of

all possible configurations of first-echelon routes that can be part of an optimal solution. By fixing a

configuration, the problem decomposes into a small number of multi-depot capacitated vehicle routing

problem with side constraints. The exact algorithm was able to solve instances with up to 100 customers

and 6 satellites. Computational results showed that the proposed method outperformed the algorithms
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proposed by Jepsen et al. (2013) and Perboli et al. (2011) in terms of quality of dual bounds, size and

number of instances solved, and computing time.

Branch-price-and-cut (BPC) algorithms have also been proposed for the 2E-CVRP. The first al-

gorithm was developed by Santos et al. (2015). First-echelon routes are enumerated a priori while

second-echelon routes are priced through resource constrained shortest path problems. Results similar

to those of Jepsen et al. (2013) were reported by the authors. Recently, Marques et al. (2020) proposed

an improved BPC algorithm for the 2E-CVRP. They introduced a new formulation that guarantees

satellite flow conservation through balancing constraints rather than defining product flows and out-

performed the results obtained by the exact method of Baldacci et al. (2013) as instances with up to

200 customers and 10 satellites were solved to optimality.

There are also several heuristics developed for the 2E-CVRP. Perboli et al. (2011) proposed a

matheuristic along their exact method, while Crainic et al. (2008, 2011) presented cluster-based heuris-

tics. Large neighborhood searches were developed by Hemmelmayr et al. (2012) and Breunig et al.

(2016), and most recently a route generation and recombination heuristic was devised by Amarouche

et al. (2018).

The 2E-VRPTW has not received much attention even though time windows are a common ex-

tension to many routing problems. In this problem, the customers have time windows which causes

a precedence relation between the first-echelon routes and the second-echelon routes at the satellites.

To our knowledge, the only study of this problem is by Dellaert et al. (2018). The authors proposed

two path-based formulations for the problem. The main difference between the formulations is the

level of aggregation. In their one-path formulation (2E-1P), tour-trees are used. A tour-tree consists

of a first-echelon route and one or several second-echelon routes starting from each of the satellites

visited by the first-echelon route and adhering to the time restriction at the satellites imposed by the

first-echelon route. The formulation is that of a pure set-partitioning problem, only stating that each

customer must be visited exactly once. The two-path formulation (2E-2P) uses separate first- and

second-echelon routes and links these through capacity constraints. The solution method for 2E-2P

first generates all non-dominated first-echelon routes, where dominance is performed only with regards

to the depot associated with the routes. Feasible first-echelon solutions are obtained by combining

a given number of these routes. Next, the method enumerates first-echelon solutions and sorts them

according to a lower bound obtained by solving a relaxation of the problem with the given first-echelon

solution fixed. Solving the problem with a fixed first-echelon solution is then repeated until the lower

bound of the first-echelon solution is worse than the objective value of the best found solution. The

computational study clearly showed the superiority of 2E-2P over 2E-1P. The algorithm based on

2E-2P succeeded in solving instances with up to 100 customers and 5 satellites to optimality.

In this paper, we propose a new BPC algorithm for the 2E-VRPTW based on the 2E-2P formulation

of Dellaert et al. (2018). The main contributions of the paper are:

– A new pricing problem modeling where the generation of second-echelon routes is combined with

determining the associated first-echelon route;

– A set of deep dual optimal inequalities to help stabilize the overall column generation process;

and

– A specialized branching strategy to handle the use of variables associated with copies of a first-

echelon route visiting a single satellite.

The remaining of the paper is organized as follows. Section 2 presents the mathematical formulation

of the problem. In Section 3, the BPC algorithm is outlined together with a stabilization scheme

based on dual inequalites and three families of valid inequalities taken from the literature. A thorough

computational study is presented in Section 4, ending with managerial insights. Finally, Section 5

concludes the paper.
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2 Mathematical formulation

The 2E-VRPTW can be formulated on a directed graph G = (N,A), where N is the set of nodes

and A the set of arcs. Node set N = ND ∪ NS ∪ NC is composed of disjoint sets of depots (ND),

satellites (NS), and customers (NC). Each customer i ∈ NC has a demand qi ≥ 0. The service

at a customer must be conducted during a time window [wi, wi], where wi and wi are the earliest

and latest times at which service can start, respectively. If a vehicle arrives before wi, then it must

wait until wi at no additional cost to start its service. Note that no demands, nor time windows are

defined for the depots and satellites, and vehicles leave at time zero from each depot. In addition,

each node is associated with a service time τu, u ∈ N , such that τd = 0,∀d ∈ ND, τs ≥ 0,∀s ∈ NS ,

and τi ≥ 0,∀i ∈ NC . The set of arcs is defined as A = A1 ∪ A2, where A1 and A2 describe the

sets of arcs for the first- and second-echelon vehicles, respectively. The arc set A1 = {(d, s) ∪ (s, d) :

d ∈ ND, s ∈ NS} ∪ {(s1, s2) : s1, s2 ∈ NS , s1 6= s2} contains an arc (in both directions) between

each pair of depot and satellite, and between each pair of satellites. In set A2, there is an arc (in

both directions) between each pair of satellite and customer, and each pair of customers, that is,

A2 = {(s, i) ∪ (i, s) : s ∈ NS , i ∈ NC} ∪ {(i1, i2) : i1, i2 ∈ NC , i1 6= i2}. Each arc (u, v) ∈ A is

associated with a transportation cost cuv and a travel time tuv which includes the service time at

node u.

A homogeneous fleet of first-echelon vehicles, as well as a homogeneous fleet of second-echelon

vehicles are available. Using a first-echelon vehicle or a second-echelon vehicle induces a fixed cost

f1 ≥ 0 or f2 ≥ 0, respectively. In addition, a capacity Q1 and Q2, with 0 < Q2 < Q1, is imposed on

first- and second-echelon vehicles, respectively. Note that second-echelon arcs (i1, i2) ∈ A2 between

pairs of customers i1, i2 ∈ NC are only generated if they can respect time windows and the capacity

constraint, i.e., if wi1 + ti1i2 ≤ wi2 and qi1 + qi2 ≤ Q2. A first-echelon route is said to be feasible if it

starts and ends at a given depot d ∈ ND, visits a non-empty subset of satellites s ∈ NS , and respects

the capacity of a first-echelon vehicle. A second-echelon route is said to be feasible if it starts and ends

at a given satellite s ∈ NS , visits a non-empty subset of customers i ∈ NC , and respects the capacity

of a second-echelon vehicle and the time windows of the visited customers.

The 2E-VRPTW aims to find a set of least-cost first- and second-echelon feasible routes such that

each customer is visited by exactly one second-echelon vehicle and the load of each second-echelon

route is supplied by exactly one first-echelon vehicle. In theory, multiple vehicles can be assigned to

the same first-echelon route. In practice, this seldom occurs for the routes visiting more than one

satellite. Therefore, we assume that multiple vehicles can only be assigned to first-echelon routes

visiting a single satellite. To support this assumption, we present in Section 4.3.3 computational

results that were obtained when this assumption is relaxed.

Let M denote the set of non-dominated feasible first-echelon routes (the dominance relation is

defined below). A first-echelon route m ∈ M is an ordered set of nodes (d, s1, s2, . . . , sk, d), starting

and ending at a given depot d ∈ ND and visiting a sequence of distinct satellites s1, s2, . . . , sk ∈ NS ,

sj 6= sj′ for j, j′ ∈ {1, . . . , k}, j 6= j′. Let cm be its total cost, comprising the fixed vehicle cost

f1 and the total transportation costs. Furthermore, let S(m) = {s1, s2, ..., sk} represent the set of

satellites visited in route m. Every first-echelon route m ∈ M starts at time zero and arrives at

satellite s ∈ S(m) at time tms . To be able to service customer i ∈ NC at the beginning of its time

window wi directly from a satellite s ∈ NS , the latest time at which service can begin at satellite s,

i.e., a first-echelon route can arrive at that satellite, is given by Lsi = wi − tsi. With this notation, we

say that a first-echelon route m1 dominates another first-echelon route m2 if

cm1
≤ cm2

, (1)

S(m1) = S(m2), (2)

@i ∈ NC such that tm2
s ≤ Lsi and tm1

s > Lsi , ∀s ∈ S(m1). (3)
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Condition (1) stipulates that the cost of route m1 must not exceed that of m2. Condition (2) imposes

that routes m1 and m2 visit the same subset of satellites (in no particular order). Condition (3) ensures

that arriving earlier at satellite s using route m2 does not allow to service a customer earlier than with

route m1 from the same satellite. Together, the latter two conditions ensure that every second-echelon

route that can be supplied by m2 can also be supplied by m1.

d1

d2

s1 s2

Legend:

depot node

satellite node

customer node

first-echelon arc

second-echelon arc

1
3

2

[ 120, 140]
[ 84, 102]

[ 72, 96]

24

30

16
16

38

28

12

20

17

24

10

18

Figure 1: Example of a dominated first-echelon route

An example of a dominated first-echelon route is presented in Figure 1, where quantities indicated on

arcs represent both their costs and travel times while time windows are given next to the customer

nodes. There are two first-echelon routes m1 = (d2, s2, s1, d2) (in red) and m2 = (d1, s1, s2, d1) (in

blue). In this example, m2 is dominated by m1. Indeed, conditions (2) and (1) are easily verified

as both first-echelon routes visit the same subset of satellites and cm1
= 74 ≤ cm2

= 78. Checking

whether condition (3) holds for satellite s2 is straightforward as using m1 instead of m2 allows for an

earlier arrival time at satellite s2, i.e. tm1
s2 = 28 ≤ tm2

s2 = 40. Condition (3) for s1 is also verified. In

fact, although m2 arrives at satellite s1 later than m1 (tm1
s1 = 44 > tm2

s1 = 24), it is not possible to

start service earlier at any of the customers because Ls11 = 108, Ls12 = 55 and Ls13 = 64.

Let us also introduce the concept of back-and-forth routes, that is, first-echelon routes visiting

exactly one satellite. The set M contains
⌈∑

i∈NC qi
Q1

⌉
copies for each non-dominated back-and-forth

route and one copy for each non-dominated first-echelon route visiting at least two satellites. For a

given satellite s ∈ NS , let M1
s denote its set of back-and-forth route copies. For notational purposes,

we assume that this set is ordered and we denote its last element by m̄1
s.

Let L be the set of feasible second-echelon routes, Lm ⊆ L the subset of feasible second-echelon

routes supplied by first-echelon route m ∈ M, and Lms ⊆ Lm the subset of feasible second-echelon

routes associated with satellite s ∈ S(m) that are supplied by m. These sets are linked by the relations

L =
⋃
m∈M Lm and Lm =

⋃
s∈S(m) Lms for all m ∈ M. A second-echelon route l ∈ L is an ordered

set of nodes (s, i1, i2, ..., ik, s), starting and ending at a given origin satellite s ∈ NS , and visiting a

sequence of customers i1, i2, ..., ik ∈ NC , ij 6= ij′ for j, j′ ∈ {1, . . . , k}, j 6= j′. Let cl be its total

cost, which is equal to the sum of the fixed vehicle cost f2 and the total transportation costs. For

each customer i ∈ NC , second-echelon route l is associated with a binary parameter ail equal to

1 if customer i is served by route l, and 0 otherwise. Denote by Ql =
∑
i∈NC ailqi the total load

transported in route l that must come from a single first-echelon route.

The 2E-VRPTW can then be modeled using the following route-based formulation. Let xm and

yml be binary variables equal to 1 if and only if first-echelon route m ∈ M and second-echelon route
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l ∈ Lm are used in the solution, respectively. The binary linear programming model is:

min
∑
m∈M

cmxm +
∑
m∈M

∑
l∈Lm

clyml (4)

s.t.
∑
m∈M

∑
l∈Lm

ailyml = 1, ∀i ∈ NC , (5)

∑
l∈Lm

Qlyml ≤ Q1xm, ∀m ∈M, (6)

xm ∈ {0, 1}, ∀m ∈M, (7)

yml ∈ {0, 1}, ∀m ∈M, l ∈ Lm. (8)

The objective function (4) minimizes the total cost. Constraints (5) ensure that each customer is served

by exactly one second-echelon vehicle. Constraints (6) synchronize the loads of first- and second-echelon

vehicles, i.e., the total load transported on all second-echelon routes supplied by a given first-echelon

vehicle must respect its capacity. Constraints (7) and (8) define the variable domains.

Model (4)–(8) is the same as the two-echelon, two-path formulation of Dellaert et al. (2018) except

that it considers multiple variable copies for the first-echelon back-and-forth routes. To clarify how the

assignment of multiple vehicles to the same first-echelon route is handled, Dellaert (2020) mentioned

in a private communication that they consider multiple binary variable copies for certain instances (in

category Cb; see Section 4.1) and integer variables for others (categories Ca, Cc, and Cd) for which they

can prove that it yields a valid model. In general, it is not easy to prove its validity and, consequently,

we have not opted to use such a model directly. Nevertheless, the alternative solution method described

in Section 3.5 exploits a model with integer first-echelon route variables.

Given that the set M considers multiple copies for each first-echelon route visiting exactly one

satellite, additional symmetry breaking constraints can be added to force the usage of the last route

copies in sets M1
s, that is,

xm ≤ xm+ , ∀s ∈ NS ,m ∈M1
s \ {m̄1

s}, (9)

where m+ indicates the route copy immediately after route m in M1
s.

In practice, the number of satellites is rather limited. Therefore, the number of first-echelon route

variables in formulation (4)–(9) is not very large and they can be enumerated a priori. On the other

hand, the number of second-echelon route variables is, typically, very large. To address this difficulty,

we propose in the next section a BPC algorithm that generates only second-echelon route variables as

needed.

3 Branch-price-and-cut algorithm

BPC is the leading exact solution methodology for many VRPs (Costa et al., 2019), especially when

applied to a set-partitioning (or set-covering) formulation involving a huge number of variables. A

BPC algorithm is a branch-and-bound algorithm in which column generation is used to compute lower

bounds by solving linear relaxations, hereafter called master problems (MPs), and additional cuts may

be added to strengthen these MPs. Column generation iterates between solving a restricted master

problem (RMP) and one or several pricing problems. For the 2E-VRPTW, the RMP corresponds to

the linear relaxation of formulation (4)–(9) defined over a subset of the second-echelon route variables

L′ ⊆ L. Solving it yields a pair of primal and dual solutions. Using this dual solution, the pricing

problems, which are cast as a variant of the elementary shortest path problems with resource constraints

(ESPPRC, see Section 3.1), search for negative reduced cost second-echelon route variables (columns)

to add to the RMP before starting a new iteration. If none can be found, column generation stops with

an optimal solution to the MP that provides a valid lower bound. To reduce the number of column



6 G–2020–63 Les Cahiers du GERAD

generation iterations, deep dual-optimal inequalities (Section 3.2) are added to the MP. Additional valid

inequalities (Section 3.3) may be generated to strengthen the lower bound before adding branching

decisions (Section 3.4) if required.

Dellaert et al. (2018) highlighted the complexity of solving the 2E-VRPTW with BPC, i.e., handling

dual variables of the load synchronization constraints in the pricing problem especially when having

separate pricing problems for first- and second-echelon routes. In this paper, we propose a BPC

algorithm where, like in Santos et al. (2015), all first-echelon routes are enumerated a priori because

their number is not very large, and where the pricing problems only generate second-echelon routes. To

further address the concerns raised by Dellaert et al. (2018), we solve one pricing problem per satellite

and determine its associated first-echelon route through an ad hoc labeling algorithm. In this section,

we explain in detail the different elements of our BPC algorithm and highlight an alternative model

and algorithm (Section 3.5) that did not provide any significant speed-up for the tested instances, but

could be useful for future work.

3.1 Pricing problems and labeling algorithm

The aim of the pricing problems is to find a negative reduced-cost feasible second-echelon route supplied

by exactly one first-echelon route, starting and ending at the same satellite, respecting the capacity

of the second-echelon vehicle and the visited customer’s time windows, or to prove that no such route

exists. The reduced cost c̄ml of variable yml associated with a second-echelon route l ∈ Lm supplied

by a first-echelon route m ∈M is computed as

c̄ml = cl −
∑
i∈NC

ail(σi + qiπm), (10)

where σi, i ∈ NC , and πm, m ∈ M, (with πm ≤ 0) are the dual variables associated with con-

straints (5) and (6), respectively. The pricing problems are solved using a dynamic programming

labeling algorithm. Given the expression of the reduced cost, this suggests that there should be one

pricing problem per pair of first-echelon route and satellite in the 2E-VRPTW. In what follows, we

propose one pricing problem per satellite which selects the associated first-echelon route, thus reducing

the number of pricing problems in our algorithm and yielding a more efficient one.

The pricing problem associated with satellite s ∈ NS , denoted PP s, can be modeled as a variant

of the ESPPRC (see Irnich and Desaulniers, 2005) and defined on a graph Gs = (Ns, As), where Ns
and As are its specific sets of nodes and arcs, respectively. The node set Ns = NC ∪ {s} ∪ {s′} is

comprised of the customer nodes, satellite s and a duplicate of satellite s denoted s′, which represents

the origin and destination copies of the satellite, respectively. The duplicate satellite s′ is associated

with a null demand, i.e., qs′ = 0. The arc set As = {(s, i) ∈ A2 : i ∈ NC} ∪ {(i1, i2) ∈ A2 : i1, i2 ∈
NC}∪{(i, s′) : i ∈ NC} contains arcs between the origin satellite s and customers, between customers,

and between customers and the destination satellite s′. Each arc (i, s′) ∈ As is associated with a

transportation cost cis′ = cis and a travel time tis′ = tis.

In the labeling algorithm, a label E is a vector of information that represents a partial path

R(E) = (s, i1, i2, ..., η(E)) starting from satellite s, supplied by a specific first-echelon route, and

ending at a given node η(E). The components of label E are:

η(E): the last visited node of the partial path;

c̄(E): the cumulated reduced cost of the partial path;

t(E): the earliest service start time at node η(E);

q(E): the total delivered quantity on the partial path;

U(E): the set of unreachable nodes with respect to elementarity conditions, capacity and time

window constraints;

m(E): the first-echelon route supplying the partial path.
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The labeling algorithm starts with multiple initial labels associated with node s, namely, exactly

one label Em is created for each first-echelon route m ∈M that visits satellite s, i.e., s ∈ S(m). Given

the definition of M, which has multiple copies of first-echelon routes visiting exactly one satellite,

there will be one label associated with each route in M1
s. The components of Em are given by

η(Em) = s,

c̄(Em) = 0,

t(Em) = tms ,

q(Em) = 0,

U(Em) = {i ∈ NC : tms + tsi ≥ wi},
m(Em) = m.

Note that the start of the service time at node s, the set of unreachable nodes, and the value of the

associated dual variable πm (needed to compute the reduced cost) depend on the first-echelon route

m associated with label Em.

These initial labels are propagated through network Gs using extension functions to create new

partial paths, eventually reaching destination node s′. For each extension of a label E along an arc

(η(E), j) ∈ As such that j 6∈ U(E), a new label E′ is created and the components of the new label are

computed as follows:

η(E′) = j, (11)

c̄(E′) = c̄(E) + cη(E),j − σj − qjπm(E), (12)

t(E′) = max{wj , t(E) + tη(E),j}, (13)

q(E′) = q(E) + qj , (14)

U(E′) = U(E) ∪ {j} ∪ {i ∈ NC : t(E′) + tji ≥ wi or q(E′) + qi ≥ Q2}, (15)

m(E′) = m(E), (16)

where ws′ = 0 and σs′ = 0.

To avoid enumerating all feasible paths, a dominance rule is applied to discard unpromising labels.

This rule specifies that a label E1 dominates a label E2 if

η(E1) = η(E2), (17)

c̄(E1) ≤ c̄(E2) + min{0, (Q2 − q(E2))(πm(E1) − πm(E2))}, (18)

t(E1) ≤ t(E2), (19)

q(E1) ≤ q(E2), (20)

U(E1) ⊆ U(E2). (21)

Condition (17) ensures that the labels represent partial paths ending at the same node. Condition (18)

allows the dominance of labels supplied by different first-echelon routes by imposing that the reduced

cost of the first path is at most the reduced cost of the second plus the minimum (negative) difference

between the dual contributions of constraints (6) that can occur in an extension of both labels. Condi-

tions (19) and (20) state that it is better to have a partial path for which neither the time, nor the total

quantity are greater. Condition (21) imposes that a label can dominate another one only if its set of

unreachable nodes is included in the set of unreachable nodes of the dominated label. Any dominated

path can be discarded unless two paths dominate each other (i.e., when all relations (17)–(21) are

satisfied at equality). In this case, one of the two labels must be kept.

Proposition 1 Conditions (17)–(21) constitute a valid dominance rule, i.e., at least one optimal path

can be found by the labeling algorithm.
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Proof. To prove this statement, we show that every feasible extension of R(E2) is also a feasible

extension of R(E1), and that the reduced cost of the path obtained by extending E1 is no greater than

that obtained by extending E2.

Let ω be a feasible extension of R(E2) and denote by R′1 = (R(E1), ω) and R′2 = (R(E2), ω) the

paths obtained by extending R(E1) and R(E2) with ω, respectively. Let E′1 and E′2 be the labels

representing these two paths, respectively. Because R′2 is feasible and the extension functions (19)

and (20) are non-decreasing, R′1 is also feasible with respect to the time windows and the vehicle

capacity. Furthermore, because ω is a feasible extension for R(E2) and condition (21) holds, R′1 is

elementary and, thus, feasible.

Next, let us show that c̄(E′1) ≤ c̄(E′2). For convenience, denote by c(ω) the total cost of the

arcs traversed along ω, σ(ω) the sum of the dual variables of constraints (5) associated with the

customers visited along ω (except at node η(E2)), and q(ω) the total demand of these customers.

The reduced cost of paths R′1 and R′2 are equal to c̄(E′1) = c̄(E1) + c(ω) − σ(ω) − q(ω)πm(E1) and

c̄(E′2) = c̄(E2) + c(ω)− σ(ω)− q(ω)πm(E2).

If πm(E1) ≥ πm(E2), condition (18) writes as c̄(E1) ≤ c̄(E2), which implies, together with πm(E1) ≥
πm(E2), that c̄(E′1) ≤ c̄(E′2). On the other hand, if πm(E1) < πm(E2), condition (18) is equivalent to

c̄(E1) ≤ c̄(E2) + (Q2 − q(E2))(πm(E1) − πm(E2)). Given that q(ω) ≤ Q2 − q(E2), we get that

c̄(E1) ≤ c̄(E2) + (Q2 − q(E2))(πm(E1) − πm(E2))

=⇒ c̄(E1) ≤ c̄(E2) + q(ω)(πm(E1) − πm(E2))

=⇒ c̄(E1)− q(ω)πm(E1) ≤ c̄(E2)− q(ω)πm(E2)

=⇒ c̄(E1) + c(ω)− σ(ω)− q(ω)πm(E1) ≤ c̄(E2) + c(ω)− σ(ω)− q(ω)πm(E2)

=⇒ c̄(E′1) ≤ c̄(E′2).

In the BPC literature for vehicle routing (Costa et al., 2019), several acceleration techniques have

been proposed to speed up the pricing problem solution process. Given the ESPPRC variant considered

and the fact that the routes generated in our tests do not contain a large number of customers, we only

apply decremental state-space relaxation and ng-route relaxation (with neighborhoods of size 15). For

details on these speedup strategies, consult Costa et al. (2019) and the references therein.

3.2 Stabilization by dual inequalities

Column generation may suffer from convergence issues stemming mainly from degeneracy of the MP

and the instability of its associated dual variables as their values may vary greatly from one column

generation iteration to the next before converging to an optimal dual solution (Lübbecke and Desrosiers,

2005). Several works in the literature have addressed the stabilization of dual variables. Stabilization

techniques can be classified into trust-region-based methods (Du Merle et al., 1999; Oukil et al., 2007),

smoothing methods (Pessoa et al., 2018), interior-point methods (Rousseau et al., 2007; Gondzio et al.,

2013), and dual-inequality-based methods (Ben Amor et al., 2006; Gschwind and Irnich, 2016; Yarkony

et al., 2020). In our work, we focus on the latter technique as prior knowledge on the set of optimal

dual solutions is used to derive problem-specific dual inequalities.

This section is divided in three parts. First, we introduce in Section 3.2.1 the proposed dual

inequalities that we call the transfer inequalities (TIs). Second, we specify the subset of TIs that

are generated in our BPC algorithm (Section 3.2.2). Finally, we discuss the feasibility of the integer

solutions when some TIs are binding (Section 3.2.3).
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3.2.1 Definition of the transfer inequalities

The dual inequalities developed in this section are linear inequalities involving only the dual variables

πm, m ∈ M, associated with constraints (6). Before formally introducing them, we provide the

following related definitions.

Consider the dual of a feasible and bounded linear program, where µ denotes the vector of its r dual

variables. Let D∗ be its set of optimal solutions. A dual inequality Λ>µ ≤ λ (with Λ ∈ Rr and λ ∈ R)

is a dual-optimal inequality if it is satisfied by all solutions in D∗, i.e., if D∗ ⊆ {µ ∈ Rr : Λ>µ ≤ λ}.
Let J be an index set. If a set of dual inequalities Λ>j µ ≤ λj , j ∈ J , is satisfied by at least one optimal

solution in D∗, i.e., if D∗ ∩ {µ ∈ Rr : Λ>j µ ≤ λj ,∀j ∈ J} 6= ∅, then these dual inequalities are said to

be deep dual-optimal inequalities (DDOIs). The dual inequalities that we introduce below form a set

of DDOIs.

The proposed DDOIs come from the following intuition. Recall that the dual value πm of the

constraint (6) associated with a first-echelon route m ∈M indicates the rate of change of the optimal

value when its right-hand side increases. Consider two distinct first-echelon routes m1,m2 ∈ M such

that m2 can supply at least all second-echelon routes that can be supplied by m1, i.e., Lm1
⊆ Lm2

which implies that S(m1) ⊆ S(m2). Allocating extra capacity to route m2, i.e., increasing the right-

hand side of its associated constraint (6), to supply additional second-echelon routes should be at least

as advantageous as allocating it to m1 because of its additional flexibility. Thus, we can suspect that

πm2 ≤ πm1 in at least one optimal dual solution. The next proposition introduces the DDOIs.

Proposition 2 Let K = {(m1,m2) ∈M×M : m1 6= m2, Lm1 ⊆ Lm2}. The dual inequalities

πm1 ≥ πm2 , ∀(m1,m2) ∈ K, (22)

called the TIs, form a set of DDOIs for the linear relaxation of (4)–(9).

Proof. The linear relaxation of (4)–(9), i.e., the MP, writes as:

min
x,y

∑
m∈M

cmxm +
∑
m∈M

∑
l∈Lm

clyml (23)

s.t.
∑
m∈M

∑
l∈Lm

ailyml = 1, ∀i ∈ NC , (24)

∑
l∈Lm

Qlyml −Q1xm ≤ 0, ∀m ∈M, (25)

xm − xm+ ≤ 0, ∀s ∈ NS ,m ∈M1
s \ {m̄1

s}, (26)

xm ≤ 1, ∀m ∈M (27)

xm ≥ 0, ∀m ∈M, (28)

yml ≥ 0, ∀m ∈M, l ∈ Lm, (29)

where the constraints yml ≤ 1, m ∈ M, l ∈ Lm, are not considered because they are redundant

with (24) and (29). Let σi (i ∈ NC), πm (m ∈M), γsm (s ∈ NS , m ∈M1
s \ {m̄1

s}), and βm (m ∈M),

be the dual variables associated with the constraints (24)–(27), respectively. To prove that the TIs are

valid DDOIs, we show that, if the MP has an optimal dual solution, then there always exists one such

that the TIs (22) hold.

Let us assume that the MP has an optimal dual solution which we denote (σ∗, π∗, γ∗, β∗) in vectorial

form. If there exists a pair of distinct first-echelon routes (m1,m2) ∈ K such that π∗m1
< π∗m2

, then
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the solution (σ̂, π̂, γ̂, β̂) given by

σ̂ = σ∗

π̂m = π∗m, ∀m ∈M \ {m1}
π̂m1

= π∗m2

γ̂ = γ∗

β̂ = β∗,

is a dual optimal solution that satisfies the TI (22) for the pair (m1,m2). To prove this, it suffices to

show that solution (σ̂, π̂, γ̂, β̂) is dual feasible because its cost is equal to that of (σ∗, π∗, γ∗, β∗). This

solution is dual feasible if and only if the reduced costs of all variables xm, m ∈M, and yml, m ∈M,

l ∈ Lm, are non-negative. Let c̄xm(σ, π, γ, β) (resp., c̄yml(σ, π, γ, β)) be the reduced cost of variable xm
(resp., yml) with respect to a dual solution (σ, π, γ, β). Because the dual solutions (σ∗, π∗, γ∗, β∗) and

(σ̂, π̂, γ̂, β̂) differ only by the value of πm1 , we have that

c̄xm(σ̂, π̂, γ̂, β̂) = c̄xm(σ∗, π∗, γ∗, β∗) ≥ 0, ∀m ∈M \ {m1} (30)

c̄yml(σ̂, π̂, γ̂, β̂) = c̄yml(σ
∗, π∗, γ∗, β∗) ≥ 0, ∀m ∈M \ {m1}, l ∈ Lm. (31)

Furthermore, we find that

c̄xm1
(σ̂, π̂, γ̂, β̂) = c̄xm1

(σ∗, π∗, γ∗, β∗)−Q1(π∗m1
− π∗m2

) ≥ 0 (32)

because c̄xm1
(σ∗, π∗, γ∗, β∗) ≥ 0 and π∗m1

< π∗m2
, and that

c̄ym1l
(σ̂, π̂, γ̂, β̂) = c̄ym2l

(σ∗, π∗, γ∗, β∗) ≥ 0, ∀l ∈ Lm1 , (33)

where the existence of variable ym2l is guaranteed by the condition Lm1 ⊆ Lm2 used to define K.

Consequently, (σ̂, π̂, γ̂, β̂) is a dual optimal solution.

Applying this transformation recursively on every pair of first-echelon routes (m1,m2) ∈ K for

which TI (22) is violated yields a dual solution that satisfies all TIs. Note that the recursive procedure

is finite because i) the dual variables πm, m ∈ M, only take values in the set {π∗m}m∈M during this

procedure, ii) one dual value increases at every iteration, and iii) all dual values π∗m, m ∈M, are upper

bounded by 0.

Adding the TIs (22) to the dual of the MP is done by adding new non-negative variables um1m2 ,

(m1,m2) ∈ K, to the MP. These variables, called the transfer variables, have no cost and only appear

in the constraints (25) which become:∑
l∈Lm

Qlyml +
∑

(m1,m)∈K

um1m −
∑

(m,m2)∈K

umm2
≤ Q1xm, ∀m ∈M. (34)

Observe that the presence of a non-negative variable um1m2
in the MP allows for a possible load

transfer, at no additional cost, from first-echelon route m1 to route m2. To illustrate this, consider

that K contains a single pair (m1,m2), i.e., K = {(m1,m2)}. Then, the constraints (34) for m1 and

m2 write as: ∑
l∈Lm1

Qlym1l − um1m2
≤ Q1xm1

(35)

∑
l∈Lm2

Qlym2l + um1m2
≤ Q1xm2

. (36)

Hence, it might be possible to have a solution where
∑
l∈Lm1

Qlym1l = um1m2
= ζ and xm1

= 0, where

ζ > 0 is a positive load value. This corresponds to transferring the load
∑
l∈Lm1

Qlym1l assigned to
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route m1 to route m2 and induced the name of the TIs. For the MP, such a complete or partial transfer

is acceptable because Lm1 ⊆ Lm2 when (m1,m2) ∈ K, i.e., the second-echelon routes associated

with m1 that are part of this solution could also be generated as associated with m2. The generation

of these extra columns is, however, not necessary when the TIs are considered.

3.2.2 Generated transfer inequalities

To avoid burdening the MP by inserting too many transfer variables, we restrain the set K to a subset

of first-echelon route pairs. In fact, when designing our algorithm, we observed that violated TIs were

frequently induced by certain pairs of routes (m1,m3) ∈ K of the form mk = (d, sk1 , . . . , s
k
jk
, d), k = 1, 3,

where d is a common depot, skj , j = 1, . . . , jk, represent distinct satellites, j3 > j1, and s1j = s3j for all

j ∈ {1, . . . , s1j1}. A typical example is given by m1 = (d, s1, d) and m3 = (d, s1, s2, s3, d) which entails

the TI πm1
≥ πm3

. Furthermore, considering also route m2 = (d, s1, s2, d), we can identify redundant

TIs. Indeed, given the structure of the routes m1, m2 and m3, we can deduce that Lm1 ⊆ Lm2

and Lm2
⊆ Lm3

, yielding the additional TIs πm1
≥ πm2

and πm2
≥ πm3

, that, together, dominate

πm1
≥ πm3

.

Based on these observations, we have decided to only generate the TIs for the pairs of first-echelon

routes (m1,m2) ∈ M ×M such that: 1) Lm1 ⊆ Lm2 ; 2) m1 and m2 are associated with the same

depot; 3) all satellites in S(m1) are visited in the same order by both routes; and 4) m2 visits a single

satellite that is not visited by m1, i.e. |S(m2) \ S(m1)| = 1. In the following, we keep using K to

denote this subset of route pairs.

3.2.3 Integer solution feasibility

To accelerate column generation, the TIs (22) can be added to the MP in all branch-and-bound

nodes of the search tree. In fact, it is easy to prove that the valid inequalities and branching deci-

sions described in Sections 3.3 and 3.4, respectively, do not invalidate the TIs. Nevertheless, includ-

ing the TIs yields a relaxation and, consequently, there is no guarantee that an integer solution to

model (4)–(5), (34), (7)–(9) is feasible for model (4)–(9). In fact, it is easy to prove that it is feasible

when all transfer variables, except possibly one, are equal to 0. However, it may not be the case when

more than one transfer variables take a positive value as illustrated by the following example.

Consider a 2E-VRPTW instance with |NC | = 22, |NS | = 3, |ND| = 1, Q1 = 200 and Q2 = 50.

Figure 2 presents an integer solution for this instance. There are three first-echelon routes m1, m2,

and m3 for which xm1 = 0 and xm2 = xm3 = 1. We assume that K = {(m1,m2), (m1,m3)}, allowing

the possibility to transfer load supplied by route m1 to routes m2 and m3. The solution also includes

nine second-echelon routes lj , j = 1, . . . , 9. The first three with Ql1 = Ql2 = Ql3 = 40 are assigned

to route m1, i.e., ym1l1 = ym1l2 = ym1l3 = 1. The next three with Ql4 = Ql5 = 50 and Ql6 = 40

are assigned to route m2, i.e., ym2l4 = ym2l6 = ym2l6 = 1. The last three with Ql7 = 50 and

Ql8 = Ql9 = 40 are assigned to route m3, i.e., ym3l7 = ym3l8 = ym3l9 = 1. Given that xm1
= 0, the

total load Ql1 + Ql2 + Ql3 = 120 of the routes assigned to m1 is transferred to routes m2 and m3

through the transfer variables um1m2
and um1m3

. It is easy to determine that um1m2
∈ [50, 60] and

um1m3
∈ [60, 70] to ensure the full transfer (um1m2

+ um1m3
≥ 120) while taking into account the load

already assigned to m2 and m3 and the vehicle capacity. These intervals indicate that, because of the

load synchronization constraints, it is not possible to reassign the second-echelon routes l1 to l3 to the

first-echelon routes m2 and m3 without rearranging them. Consequently, we can conclude that this

integer solution is infeasible.

To take this possibility into account, the proposed BPC algorithm includes the following features:

• An integer solution is deemed as feasible only when at most one transfer variable takes a positive

value.

• When column generation stops with an integer solution that has more than one transfer variable

with a positive value, these transfer variables are set to 0 and column generation is restarted.
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Figure 2: Example of an infeasible integer solution

3.3 Valid inequalities

Three families of valid inequalities are used in our BPC algorithm: rounded capacity inequalities (RCIs),

subset-row inequalities (SRIs), and visited satellite inequalities (VSIs). In this section, we formulate

the inequalities in each family and explain how they are separated.

Introduced by Laporte and Nobert (1983), the RCIs have been shown to be very effective for VRPs

(Naddef and Rinaldi, 2002; Semet et al., 2014; Poggi and Uchoa, 2014) and have been used for variants

with multiple echelons (e.g., Santos et al., 2015). For a given subset of customers C ⊆ NC , a lower

bound on the number of second-echelon vehicles required to deliver the total demand of the customers

in C can be computed as ξ(C) =

⌈∑
i∈C qi

Q2

⌉
. In addition, let bluv be a binary parameter equal to 1 if

arc (u, v) ∈ A2 is used in second-echelon route l ∈ L, and 0 otherwise, and let δ(C) denote the set of

arcs exiting the set C, i.e., δ(C) = {(u, v) ∈ A2|u ∈ C, v 6∈ C}. The RCIs can then be expressed as:∑
m∈M

∑
l∈Lm

∑
(u,v)∈δ(C)

bluvyml ≥ ξ(C), ∀C ⊆ NC . (37)

Because separating these inequalities is NP-hard (Naddef and Rinaldi, 2002), we heuristically separate

them using the procedure of Lysgaard et al. (2004). In the pricing problems, the dual variable of

a generated RCI defined for a customer subset C must be subtracted from c̄(E) in the extension

function (12) of a label E if the arc (η(E), j) ∈ δ(C).

We also add a priori the following single RCI defined on the first-echelon routes:∑
m∈M

xm ≥
⌈∑

i∈NC qi

Q1

⌉
. (38)

SRIs are rank-one Chvátal-Gomory inequalities defined over a subset of set-partitioning con-

straint (5) and were introduced by Jepsen et al. (2008) for the VRPTW. While they have been shown

to be very effective for different VRP variants, their application requires additional resources in the

pricing problems to handle their dual variables, which increases the pricing problem complexity (see,

e.g., Desaulniers et al., 2011). Therefore, as commonly suggested by several other authors, we consider

only a subset of them, namely, those that are defined for subsets of three customers. These SRIs can

be expressed as: ∑
m∈M

∑
l∈Lm

⌊∑
i∈C ail

2

⌋
yml ≤ 1, ∀C ⊆ NC , |C| = 3. (39)
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They are separated through enumeration of the subset of three customers that appear pairwise in a

least one route of the current linear relaxation solution.

Introduced by Marques et al. (2020) for the 2E-CVRP, the VSIs impose that a customer i ∈ NC

cannot be visited by a second-echelon route departing from a satellite s ∈ NS if that satellite is not

visited by at least one first-echelon route. These inequalities can be formulated as:∑
m∈M|s∈S(m)

xm ≥
∑

m∈M|s∈S(m)

∑
l∈Lms

ailyml, ∀i ∈ NC , s ∈ NS . (40)

They are separated by enumeration. In the pricing problem PP s, s ∈ NS , the dual variable of a

generated VSI defined for a customer i ∈ NC and a satellite s must be added to c̄(E) in the extension

function (12) of a label E if the arc (η(E), j) is such that j = i.

When searching for violated inequalities, we look first for VSIs. If no violated VSIs are found,

then we search for violated RCIs. Finally, if no violated RCIs are identified, we look for violated SRIs.

Several rounds of cuts can be added per branch-and-bound node. However, given that the SRIs can

significantly increase the difficulty of solving the pricing problems, a maximum of 10 SRIs (the most

violated) can be added in each round and this type of inequalities is not separated at nodes with a

depth larger than 10 in the search tree.

3.4 Branching

To derive integer solutions, we have developed ad hoc branching rules for the 2E-VRPTW which are

compatible with the pricing problems. These branching rules are inspired by existing branching rules

for the VRPTW, that is, branching on the number of vehicles and branching on the arcs, and are

implemented in a hierarchical fashion.

All branching rules create two child nodes in the search tree. Some of them are handled by adding

constraints to the MP, others by fixing some variables either in the MP or in the pricing problems.

When branching constraints involving second-level route variables are added to the MP, their associated

dual variables must be handled by the pricing problems. For the sake of conciseness, we do not present

such details and refer to Desaulniers et al. (2011) for further information. In the following, we explain

the proposed branching rules, including the hierarchy between them which was determined based on

preliminary computational results.

First, if the total flow on a back-and-forth first-echelon route (i.e., the sum of the flows over its

copies) is fractional, we branch on this flow. The lower bound is enforced by fixing to 1 the value of

some route-copy variables in the MP. Similarly, the upper bound is imposed by fixing to 0 the value of

some route-copy variables. Moreover, in the latter case, when solving the pricing problem associated

with the satellite visited by this route, the initial labels corresponding to the fixed route copies are not

created in the labeling algorithm.

Second, three additional branching rules (with the same priority) can be imposed: on the number

of first-echelon vehicles, on the number of second-echelon vehicles, and on the number of first-echelon

vehicles per satellite. All corresponding branching decisions are enforced by adding constraints in

the MP.

Third, when no candidates were found for the above rules, the following two other branching rules

on the number of vehicles can be applied: on the number of first-echelon vehicles per depot and on

the number of second-echelon vehicles per satellite. These two rules have the same priority and their

decisions are also imposed through constraints in the MP.

Finally, when all previous branching rules cannot be applied, we can branch on an arc (i1, i2) ∈
A2, i1, i2 ∈ NC , that links two customer nodes and bears a fractional total flow (between 0 and 1). On

one branch, this flow is set to 0 by removing this arc (i1, i2) from all sets As,∀s ∈ NS and removing
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all columns that use this arc (i1, i2). On the other branch, this flow is set to 1 by deleting all arcs

(i1, i3), i3 6= i2 and (i4, i2), i4 6= i1 from all sets As,∀s ∈ NS and deleting all columns that use such

arcs. Alternatively, we can also branch on an arc (s, i) ∈ As or (i, s′) ∈ As linking a satellite node s

or s′, representing a satellite s ∈ NS , and a customer node i ∈ NC . The branching decisions are

imposed similarly to branching on the arcs between two customers, except that no arcs adjacent to a

satellite node are removed on the branch fixing the flow to 0.

The search tree is explored using a best-first strategy.

3.5 Alternative model and algorithm

To determine the best BPC algorithm, several ideas have been investigated. In particular, we tested

one that aimed at reducing the symmetry induced by the multiple copies of the non-dominated back-

and-forth first-echelon routes appearing in formulation (4)–(9). Like in Dellaert et al. (2018), we

can associate each non-dominated back-and-forth first-echelon route with a single copy and impose

integrality requirements on these variables. However, this model is, in general, only a relaxation

as some of its feasible solutions may be infeasible for the 2E-VRPTW. Indeed, when a back-and-

forth route variable takes a value greater than 1, there is no guarantee that all second-echelon routes

associated with it can be supplied by a single vehicle assigned to this first-echelon route. Nevertheless,

it is possible to check if this constraint is satisfied for the second-echelon routes associated with a back-

and-forth route to which multiple vehicles are assigned by solving a small-sized bin-packing problem.

Therefore, our BPC algorithm can be changed as follows to solve this alternative model.

When an integer solution is found, the subset of back-and-forth first-echelon routes m such that

xm ≥ 2, denoted M2, is computed. If M2 = ∅, this solution is feasible. Otherwise, for each route

m ∈M2, a bin-packing problem that tries to fit the total demand of each second-echelon route assigned

to m (without splitting it) into xm bins of capacity Q1 is solved. If this is possible for each route m,

the current solution is deemed feasible. Otherwise, it is infeasible and a combinatorial cut is added to

the MP to forbid the infeasible synchronization between these first- and second-echelon routes from

happening in later stages of the solution process. To properly handle the dual variables from these

cuts in the pricing problems, one pricing problem per pair of satellite and back-and-forth route needs

to be considered, which doubles the number of pricing problems to solve at each iteration.

This alternative model/algorithm did not outperform the proposed BPC algorithm described in

the previous sections for our test instances. Nevertheless, we believe that it could provide some

computational gain for other instances.

4 Computational experiments

In this section, we first describe the characteristics of the 2E-VRPTW instances used to test our BPC

algorithm. Second, we report summarized computational results and compare our algorithm with the

current state-of-the-art (Dellaert et al., 2018). Third, we conduct a sensitivity analysis on different

components of our algorithm. Fourth, we derive managerial insights by considering only back-and-forth

first-echelon routes.

All tests were performed on a Linux computer equipped with an Intel(R) Core(TM) i7-8700 pro-

cessor (3.2 GHz). Our BPC algorithm uses the GENCOL library and calls the simplex algorithm of

CPLEX 12.6 to solve the RMPs. In addition, we have imposed a maximal time limit of three hours

(10,800 seconds).

4.1 Characteristics of the instances

Our algorithm was tested on the benchmark instances for the 2E-VRPTW proposed by Dellaert et al.

(2018). For all instances, the capacity of the first-echelon and second-echelon vehicles are Q1 = 200
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and Q2 = 50, respectively. In addition, the fixed vehicle cost for first- and second-echelon vehicles are

f1 = 50 and f2 = 25, respectively. The service time at each satellite and customer location is set to

τi = 10,∀i ∈ NS ∪NC . The number of customers ranges from 15 to 100, i.e., |NC | = {15, 30, 50, 100}.
For each value of |NC |, three combinations for values of |ND| and |NS | are used, that is 1) |ND| = 2

and |NS | = 3, 2) |ND| = 3 and |NS | = 5, and 3) |ND| = 6 and |NS | = 4. For each combination

of values of |ND|, |NS | and |NC |, there are 20 instances divided in four categories (five instances

per category), i.e., categories Ca, Cb, Cc, and Cd. Each category has specific characteristics for the

time windows and customer demands. The time windows are set as follows: 20 ≤ wi ≤ 260 and

wi ≤ wi ≤ wi + 20, ∀i ∈ NC , for categories Ca and Cb; 60 ≤ wi ≤ 360 and wi ≤ wi ≤ wi + 90,

∀i ∈ NC , for category Cc; and 60 ≤ wi ≤ 360 and wi ≤ wi ≤ wi + 20, ∀i ∈ NC , for category Cd. The

demands are set as follows: qi ∈ {10, 20},∀i ∈ NC , for categories Ca, Cc, and Cd; and 5 ≤ qi ≤ 25

and qi ∈ N,∀i ∈ NC , for category Cb. The name of each instance contains its category, the instance

number as well as the number of depots, satellites and customers. For example, instance Ca1-2,3,30

is the first instance of category Ca with |ND| = 2, |NS | = 3, and |NC | = 30.

4.2 Computational results

In this section, we present summarized results obtained with the proposed BPC algorithm. We first

compare its computational performance to that of the algorithm of Dellaert et al. (2018). We then

provide statistics on the execution of our algorithm, including the number of cuts generated and the

number of branching nodes explored. Finally, we analyze the characteristics of the solutions. Detailed

results are reported in Appendix A.

4.2.1 Computational time statistics and comparison with Dellaert et al. (2018)

In this section, we compare our BPC algorithm with the current state-of-the-art algorithm of Dellaert

et al. (2018). Table 1 presents summarized computational results that have been collected by group

of instances. For conciseness reasons, it does not report the results with |NC | = 15 as all instances

are solved in less than one minute (generally less than one second) by both algorithms. The first three

columns in Table 1 indicate the instance group according to the values of |ND|, |NS |, and |NC |. Then,

we give the average total computational time (T ) in seconds and the number of instances solved to

optimality (# Opt) by the algorithm of Dellaert et al. (2018) within the 3-hour time limit. The average

is computed over the instances solved to optimality and the times are those reported by Dellaert et al.

(2018). Next, for our BPC algorithm, we provide the same two statistics as well as the number of new

optimal solutions found (# New). Given that our computational experiments were run on a computer

that is more powerful than that used by Dellaert et al. (2018), it may be risky to establish a comparison

based on the reported computational times. However, as our results show, the comparison is quite

obvious. To see this, we specify in the last column the following average biased minimal speed-up

factor (BMSU Factor), where the biased comes for the fact that we used a faster computer. This

factor is equal to the ratio T 1/T 2, where T 2 is the average time reported for our BPC algorithm and

T 1 is the minimal average time required by the algorithm of Dellaert et al. (2018) (on the computer

they used) to solve the instances solved to optimality by our algorithm. This minimal average time

is obtained by setting the minimal time for instances that are not solved by their algorithm to 10,800

seconds. For example, for the instance group with |ND| = 2, |NS | = 3, and |NC | = 50, given that

six instances are not solved to optimality, T 1 = (14 · 733.1 + 6 · 10800)/20 = 3753.1 seconds and the

average BMSU factor is equal to 3753.1/208.2 = 18.0.

The results show that our BPC algorithm can solve all instances solved by Dellaert et al. (2018)

within the prescribed time limit. In fact, it allowed to find 41 new optimal solutions, leaving only 17

open instances out of the 180 tested instances. The number of instances solved to optimality by both

algorithms, especially for the 100-customer instances, indicate the superiority of our BPC algorithm.

While the computers used favor our algorithm, the average BMSU factors are much larger than the

speed-up factor that can be provided by our computer over the one used by Dellaert et al. (2018).
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Observe that the BMSU factors are smaller for the instances with |NC | = 100 because the average

computational time increases while the 10,800-second time limit, which is used as a lower bound on

the computational time for the unsolved instances, does not change. We believe that these results

clearly highlight that our BPC algorithm supersedes the algorithm of Dellaert et al. (2018).

Table 1 also indicates that the complexity of solving the 2E-VRPTW increases rapidly with the

number of customers. On the other hand, the impact of the numbers of satellites and depots seems

to be limited though the configuration |ND| = 3 and |NS | = 5 tends to require the largest average

computational time, at least for the 30- and 100-customer instances. This can be explained by the

fact that, compared to the other two configurations, this configuration induces the largest number of

non-dominated first-echelon routes as reported in the next section.

Table 1: Summarized computational results

Dellaert et al. † This paper ‡ BMSU

|ND| |NS | |NC | T (s) # Opt T (s) # Opt # New Factor

2 3 30 61.7 20 6.6 20 0 9.3
3 5 30 68.3 20 11.6 20 0 5.9
6 4 30 88.6 20 5.0 20 0 17.7

2 3 50 733.1 14 208.2 20 6 18.0
3 5 50 1,270.0 19 216.4 20 1 8.1
6 4 50 1,526.9 18 71.5 20 2 34.3

2 3 100 2,947.1 6 2,258.1 17 11 3.6
3 5 100 2,711.6 3 2,631.8 11 8 3.3
6 4 100 3,181.6 2 2,188.7 15 13 4.5

† Tests ran on a computer equipped with an Intel Core i7-4770 processor.
‡ Tests ran on a computer equipped with an Intel Core i7-8700 processor.

4.2.2 Algorithm statistics

To better analyze the performance of our BPC algorithm, we disclose some statistics that were collected

during its execution. These statistics are reported in Table 2 by group of instances. Again, the instance

groups are identified by the information provided in the first three columns. Then, for instances

solved to optimality, we report the average number of branch-and-bound nodes explored (# Nodes),

the average number of non-dominated first-echelon routes considered (|M|), the average number of

DDOIs (22) added to the MP at the start of the algorithm, as well as the total numbers of RCIs (37),

SRIs (39), and VSIs (40) generated throughout the solution process.

These results again show that the complexity of the problem increases with the number of cus-

tomers. Indeed, the algorithm requires more branch-and-bound nodes, RCIs and SRIs as the number

of customers increases. Note that the number of SRIs is not very large but this is due to a low average

number of customers visited per route as the results of the next section reveal. The results in Table 2
also indicate that the number of DDOIs increases moderately with the number of customers. In fact,

the number of DDOIs depends on the number of non-dominated first-echelon routes. The latter mostly

depends on the numbers of satellites and depots but also, to a lower degree, on the number of cus-

tomers because condition (3) becomes harder to fulfill with a larger number of customers. Finally, the

number of VSIs tends to reduce with the number of customers because these inequalities are satisfied

as soon as their associated satellite is visited by at least one first-echelon vehicle, which is a condition

easily met when there is a large number of customers to service close to this satellite.

4.2.3 Solution statistics

Table 3 provides averaged statistics on the optimal solutions obtained by the BPC algorithm, where the

averages are computed by group of instances identified in the first three columns of this table. For each

instance group, we report the average number of depots (|ND|∗), number of satellites (|NS |∗), number
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Table 2: Summarized statistics on the algorithm execution

|ND| |NS | |NC | # Nodes |M| # DDOIs # RCIs # SRIs # VSIs

2 3 30 24.2 21.8 19.0 29.0 11.4 16.3
3 5 30 15.7 368.0 342.1 29.7 12.0 37.5
6 4 30 20.1 100.8 74.8 30.7 10.3 32.9

2 3 50 244.0 27.7 29.5 58.6 19.4 20.9
3 5 50 111.8 406.0 372.5 77.8 33.5 47.4
6 4 50 83.9 107.9 90.5 62.0 23.0 40.0

2 3 100 2,324.8 38.8 52.1 183.5 55.2 6.4
3 5 100 539.7 468.1 479.3 196.5 65.5 35.6
6 4 100 1,523.3 126.5 135.8 171.4 62.0 10.9

of first-echelon routes (|M|∗), percentage of first-echelon routes with only one satellite (|M1|∗), and

number of second-echelon routes (|L|∗) that are used in the optimal solutions.

First, observe that the number of satellites used increases with the number of customers. This is

not surprising because, when there are more customers, their spatial distribution tends to better cover

the whole region, increasing the usefulness of opening more satellites. Similarly, it can be expected

that a larger number of depots might be used to supply a larger number of satellites. However, as the

average number of satellites used does not increase much, this trend is not striking, especially for the

case |ND| = 6 and |NS | = 4 which shows a decrease in the number of open depots when |NC | varies

from 50 to 100.

Second, the results show that both numbers of first-echelon and second-echelon routes increase

proportionally to the number of customers, which can be explained by the fact that the capacities of

the vehicles are constant while the total demand increases proportionally to the number of customers.

Interestingly, most first-echelon routes used in the optimal solutions are back-and-forth routes, and

every optimal solution contains at most one first-echelon route with more than one satellite (never

more than two satellites). First-echelon routes with more than one satellite are used more often when

|ND| = 3 and |NS | = 5, and for instances with |NC | = {30, 50}, which suggests that increasing the

number of satellites yields more first-echelon routes visiting more than one satellite. This may be

explained by a closer proximity between certain pairs of satellites when there are a larger number of

satellites. Finally, our solutions show that second-echelon vehicles visit on average between three and

four customers each, while no specific behavior is noted according to the instance category.

Table 3: Summarized solution statistics

|ND| |NS | |NC | |ND|∗ |NS |∗ |M|∗ |M1|∗ (%) |L|∗

2 3 30 1.8 2.4 2.9 93.3 9.4
3 5 30 2.8 3.8 3.0 72.5 9.5
6 4 30 3.0 3.3 3.0 90.0 9.5

2 3 50 2.0 3.0 4.0 100.0 15.4
3 5 50 2.7 4.6 4.0 85.0 15.3
6 4 50 3.9 3.9 4.1 100.0 15.5

2 3 100 1.9 3.0 7.9 100.0 30.2
3 5 100 3.0 5.0 8.0 100.0 30.3
6 4 100 3.2 4.0 7.7 100.0 30.0

4.3 Sensitivity analysis

In this section, we perform a sensitivity analysis on some components of our BPC algorithm to assess

their impact on its computational performance. To do so, we have selected a subset of 40 instances

with |NC | = {50, 100} that are not too easy but not too difficult to solve with our BPC algorithm.

For |NC | = 50, we have selected the 20 instances with the largest computational time, while for
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|NC | = 100, we have selected the 20 instances that were solved under 3,600 seconds and with the

largest computational time. Therefore, our subset of instances comprises: 20 instances with |NC | = 50,

including one instance with |ND| = 2 and |NS | = 3, 15 instances with |ND| = 3 and |NS | = 5, and

four instances with |ND| = 6 and |NS | = 4; and 20 instances with |NC | = 100, including four instances

with |ND| = 2 and |NS | = 3, eight instances with |ND| = 3 and |NS | = 5, and eight instances with

|ND| = 6 and |NS | = 4.

Below, we discuss the impact of using one pricing problem per pair of first-echelon route and

visited satellite and of omitting each type of inequalities (DDOIs, RCIs, SRIs, and VSIs) on the

computational performance of our algorithm. Furthermore, we assess the impact on the computational

time of considering a second-copy variable for each first-echelon route with more than one satellite.

Unless specified otherwise, detailed results are presented in Appendix B.

4.3.1 Disaggregating the pricing problems

Given that the reduced cost (10) of a second-level route variable yml depends on the dual variable πm
associated with first-echelon route m, an intuitive column generation algorithm would consider one

pricing problem per pair of first-echelon route and visited satellite. This näıve approach would simplify

the labeling algorithm but would substantially increase the number of pricing problems to consider.

We have tested this approach and the results obtained show that more than half of the test instances

cannot be solved to optimality within the three-hour time limit, and that the proposed BPC algorithm

with one pricing problem per satellite is much faster. For conciseness reasons and because they would

not be bring more insights, we do not report these results (here or in Appendix B).

4.3.2 Omitting inequality families

To understand the impact of each family of inequalities, we present in this section the computational

results obtained when we remove from the proposed BPC algorithm one family of inequalities at a

time, namely, the DDOIs (22), the RCIs (37), the SRIs (39), and the VSIs (40). Table 4 reports aver-

age results for the 20 instances with |NC | = 50 and for the 20 instances with |NC | = 100 separately.

Each row in this table corresponds to a different version of the algorithm that omits the family of

inequalities mentioned in the first column. For each algorithm version and group of 20 instances, we

report the number of instances solved to optimality within the 3-hour time limit (# Opt), the average

computational time (T ) in seconds for solving these instances, and the average computational time

difference in percentage between the full BPC algorithm and the algorithm without the selected in-
equality family (∆T ). This difference is computed as (T−T ∗)/T ∗, where T ∗ is the total computational

time required by the complete algorithm.

Table 4: Impact of omitting families of inequalities

Instances with |NC | = 50 Instances with |NC | = 100

Family # Opt T (s) ∆T (%) # Opt T (s) ∆T (%)

DDOIs 20 1,210.3 231.6 15 3,013.6 138.7
RCIs 19 777.5 197.2 15 3,421.9 132.5
SRIs 19 921.6 267.4 6 6,474.5 578.7
VSIs 20 431.3 44.2 20 1,933.0 1.1

From this table, we deduce that, to achieve the performance of our BPC algorithm, the SRIs seem

to be the most critical inequalities. The DDOIs and the RCIs also play an important role. As for

the VSIs, they have less impact (but still significant) for the 50-customer instances, and practically no

impact for the 100-customer instances. Therefore, all these components are required to maintain the

algorithm’s computational performance. Let us further comment on each inequality family separately.

First, when omitting DDOIs, our results show an average computational time increase of 231.6%

and 138.7% for the solved instances with 50 and 100 customers, respectively. Note that the impact
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is not necessarily less important for the 100-customer instances because less instances can be solved

to optimality. Looking at the detailed results reported in Appendix B, we can observe that a larger

increase is recorded for larger values of |NS |, i.e., when the number of non-dominated first-echelon

routes is large. In particular, out of the eight test instances with |ND| = 3, |NS | = 5, and |NC | = 100,

five cannot be solved within the prescribed time limit when omitting the DDOIs.

Second, the RCIs also have an important impact on the total computational time. In fact, when they

are not applied in our BPC algorithm, six test instances cannot be solved within the time limit: one for

each combination of (|ND|, |NS |, |NC |) ∈ {(2, 3, 50), (2, 3, 100), (6, 4, 100)} and three with |ND| = 3,

|NS | = 5, and |NC | = 100. Again here, the impact of not considering the RCIs might seem less

important for the 100-customer instances (∆T = 132.5% compared to ∆T = 197.2% for the 50-

customer instances), but less instances were solved to optimality within the time limit.

Third, without the SRIs, 15 instances cannot be solved within the prescribed time limit. The

impact of applying these inequalities is clearly larger for the instances with 100 customers. In fact, 14

of these instances cannot be solved within the 3-hour time limit and the average computational time

increases by 578.7% for the others.

Finally, for the VSIs, the results are mitigated. They have their highest positive impact for the

instances with 5 satellites. On the other hand, they deteriorate the computational times for a large

number of instances with 3 or 4 satellites. Nevertheless, we have decided to keep these inequalities

in the proposed BPC algorithm as, for some instances with large computational time, they help to

significantly decrease the total computational time.

4.3.3 Adding a second copy for first-echelon routes visiting more than one satellite

Given that first-echelon routes visiting more than one satellite are rarely used in optimal solutions,

we made the assumption that such routes cannot be used more than once. This assumption favors

faster computational times. In this section, we verify this assertion by analyzing the impact of adding

second-copy variables for the first-echelon routes with more than one satellite. Note that upon adding

this second copy, we also impose symmetry breaking constraints similar to constraints (9).

The results obtained by our BPC algorithm after adding these second-copy first-echelon route

variables show an average computational time increase of 87.3% for the 20 test instances with 50

customers and of 107.5% for those with 100 customers. As expected, the increase turns out to be more

important for the instances involving the largest number of first-echelon routes visiting more than one

satellite, i.e., for the instances with |ND| = 3 and |NS | = 5. In particular, the average computational

time increase reaches 151% for the eight instances with |NC | = 100.

This computational time increase can be explained by several factors, namely, a larger number

of first-echelon route variables in the MP, a larger number of symmetry-breaking constraints in the

MP, and a larger number of labels generated by the labeling algorithm due a larger number of initial

labels. Nevertheless, we observed that considering these first-echelon route copies did not change the

optimal solutions for our test instances, i.e., none of these routes are used twice in an optimal solution.

Consequently, we believe that, instead of adding these second-copy variables a priori, generating them

as needed (together with their associated constraints) could yield a BPC algorithm that would require

similar computational times than those obtained for the case with one copy for these first-echelon

routes.

4.4 Managerial insights

In this section, we derive managerial insights related to the usage of first-echelon routes visiting more

than one satellite. In fact, the solution statistics presented in Table 3 show that many optimal solutions

require only back-and-forth first-echelon routes. Therefore, we analyze how forbidding the usage
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of first-echelon routes visiting more than one satellite impacts the optimal solution costs and the

computational performance.

Table 5 summarizes the impact of this interdiction on the optimal solution costs for the 37 instances

(25 with 30 customers and 12 with 50 customers) that initially used first-echelon routes with more

than one satellite. For a given instance, this impact is computed as the relative difference ∆z∗ between

the optimal values z∗1 and z∗ obtained without and with first-echelon routes visiting more than one

satellite, respectively, i.e., ∆z∗ = (z∗1 − z∗)/z∗. For each instance group identified by the first three

columns, we provide the number of instances in this group (# Inst). Then, for each group, we present

the average impact (Avg), the maximal impact (Max ), as well as the numbers of instances with an

impact of less than 0.5% and than 1.0% (# ≤ 0.5% and # ≤ 1.0%), respectively. Detailed results can

be found in Appendix C.

These results show an average increase of less than 1.0%, while at least 50% and 70% of the instances

have a maximal increase of 0.5% and 1.0%, respectively. In addition, the maximal increase over all

instances is of 1.8%. Note that, while most optimal solutions for these instances use a similar number

of depots, the number of satellites used usually decreases by one or two satellites when considering

only back-and-forth first-echelon routes. Consequently, we observe that the average operational costs

do not increase much (especially, if we consider the full set of instances) but that satellite fixed costs

could also be saved in some cases.

Table 5: Impact on costs of considering only back-and-forth first-echelon routes

∆ z∗

|ND| |NS | |NC | # Inst Avg (%) Max (%) # ≤ 0.5% # ≤ 1.0%

2 3 30 4 1.0 1.5 1 2
3 5 30 15 0.6 1.8 8 12
6 4 30 6 0.5 1.1 3 5
3 5 50 12 0.7 1.8 7 8

Considering only back-and-forth first-echelon routes seems an interesting option to simplify the

operations while not increasing the operational costs too much. Let us now investigate the impact of

this hypothesis on the performance of the BPC algorithm which should benefit from a large reduction

of the number of first-echelon routes. For this experiment, all instances are considered and detailed

results can again be found in Appendix C. Here, we report in Table 6 average results that are computed

over instances that solved within the 3-hour time limit and which are grouped by their numbers of
depots, satellites, and customers. For each group, the table indicates the number of instances in the

group (# Opt), the average computational time (T ) in seconds, and the average impact on the total

computational time (∆T ) computed as (T−T ∗)/T ∗, where T ∗ is the total computational time obtained

when considering all first-echelon routes.

These results show that considering only back-and-forth first-echelon routes greatly reduces the

computational complexity of the problem. In fact, the number of labels generated in the pricing

algorithm decreases significantly when the number of first-echelon routes also decreases. As expected,

the average computational time gain is larger for groups of instances with a larger number of satellites,

often reaching more than 70%.

Beside simplifying the operations without increasing too much the operational costs, considering

only back-and-forth first-echelon routes significantly reduces the computational burden of finding oper-

ational solutions. Therefore, based on these results, it seems reasonable to assume that a decision-maker

might decide to rely only on back-and-forth first-echelon routes.
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Table 6: Impact on computational performance of considering only back-and-forth first-echelon routes

|NC | = 30 |NC | = 50 |NC | = 100

|ND| |NS | # Opt T (s) ∆T (%) # Opt T (s) ∆T (%) # Opt T (s) ∆T (%)

2 3 20 5.8 –14.4 20 269.8 –10.1 18 1,375.6 –25.7
3 5 20 3.1 –78.3 20 55.0 –72.7 19 747.3 –63.9
6 4 20 1.7 –72.3 20 41.6 –42.3 15 1,097.4 –39.8

5 Conclusions

In this paper, we model the 2E-VRPTW using multiple copies of back-and-forth first-echelon routes

and propose a BPC algorithm to solve the problem. In this algorithm, the first-echelon routes are

enumerated a priori while the second-echelon routes are generated using column generation pricing

problems defined by satellite and solved using a labeling algorithm which keeps track of the first-

echelon route associated with each enumerated second-echelon route. Thus, this labeling algorithm

includes a dominance rule that allows to compare second-echelon routes starting from the same satellite,

but supplied by different first-echelon routes. Our BPC algorithm also relies on new DDOIs that help

reducing the number of column generation iterations, and applies three families of valid inequalities,

namely, the RCIs, SRIs and VSIs, to improve the lower bounds. Finally, ad hoc branching rules are

derived for the problem.

We have conducted extensive computational experiments on existing benchmark instances which

show that our BPC algorithm outperforms the current state-of-the-art algorithm for the problem. We

report an average biased minimal speed-up factor between 3.3 and 34.3, according to the instance

group, and our algorithm solves to optimality 41 previously unsolved instances within the 10,800-

second time limit leaving 17 open instances. We also analyze the impact of different components of

our BPC algorithm on its performance, and highlight the importance of each family of valid inequalities

as well as the proposed DDOIs. In addition, considering only one copy of first-echelon routes visiting

more than one satellite seems like a valid assumption, as when considering a second copy there is

no impact on the optimal solution values. Finally, considering that resorting to only back-and-forth

first-echelon routes is simpler in practice, we show that this results in a maximal increase in total costs

of 2.0% on the set of tested instances, and that it would be reasonable to assume that the network

might be designed with only back-and-forth first-echelon routes.

As possible extensions to this work, we envision that some algorithmic findings of this paper (in
particular, the DDOIs and the handling of the first-echelon routes in the pricing algorithm) can be

used to develop efficient BPC algorithms for variants of the 2E-VRPTW involving load synchronization

constraints between the first- and second-echelon routes. Also, it might be interesting to design an

efficient technique, possibly a machine learning one, to identify a priori which first-echelon routes

should be considered in the model.
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A Detailed computational results

In this section, we present detailed computational results that allow a comparison between our BPC

algorithm and the algorithm of Dellaert et al. (2018). Tables 7–9 report the results for the instances

with |NC | = {30, 50, 100}, respectively. In each table, the first column indicates the name of the

instance as explained in Section 4.1. The second column reports the optimal solution value (z∗) when

known. Note that for a few instances, we report optimal values that differs from those reported in

Dellaert et al. (2018). In a private communication, Dellaert (2020) confirmed that our values are

correct. The third column specifies the computational time (T ) in seconds required by the algorithm

of Dellaert et al. (2018) as reported in their paper. Then, for our BPC algorithm, we provide the

computational time (T ) in seconds, the integrality gap (Gap) computed as (z∗ − z)/z, where z is the

lower bound achieved at the root node before adding cuts, the number of nodes explored in the search

tree (# Nodes), the number of first-echelon routes considered (|M|) and the numbers of DDOIs (22),

RCIs (37), SRIs (39), and VSIs (40) generated. Finally, we indicate the number of depots (|ND|∗),
number of satellites (|NS |∗), number of first-echelon routes (|M|∗), percentage of first-echelon routes

with only one satellite (|M1|∗), and number of second-echelon routes (|L|∗) used in the optimal solution

obtained by our BPC algorithm. A “–” indicates that no optimal solution was found within the 3-hour

time limit.
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Table 7: Detailed computational results with |NC | = 30

Dellaert et al. † This paper ‡

Instance z∗ T(s) T(s) Gap (%) # Nodes |M| # DDOIs # RCIs # SRIs # VSIs |ND|∗ |NS |∗ |M|∗ |M1|∗ (%) |L|∗

Ca1-2,3,30 981.37 353.2 0.1 0.5 3 21 24 4 0 13 1 2 3 100.0 10
Ca2-2,3,30 968.32 2.6 0.1 0.4 2 25 24 27 0 11 2 3 3 100.0 10
Ca3-2,3,30 1,069.81 0.9 0.1 0.4 2 23 19 37 0 7 2 2 3 100.0 10
Ca4-2,3,30 948.05 4.2 0.6 2.1 15 25 24 35 17 15 2 3 3 66.67 9
Ca5-2,3,30 968.23 9.5 1.5 1.2 18 23 19 79 15 20 2 2 3 100.0 9
Cb1-2,3,30 985.76 5.7 0.4 1.0 7 21 24 29 9 20 1 2 3 100.0 10
Cb2-2,3,30 937.12 9.2 0.2 0.6 4 23 19 17 9 16 2 3 3 100.0 9
Cb3-2,3,30 1,076.25 1.1 0.1 0.1 2 20 15 14 9 17 2 2 3 100.0 10
Cb4-2,3,30 981.34 2.0 0.3 0.7 8 23 20 9 4 12 2 3 3 66.67 9
Cb5-2,3,30 834.85 7.7 0.3 0.9 3 22 18 8 19 25 2 2 2 100.0 8
Cc1-2,3,30 799.56 16.2 1.6 0.3 3 18 18 4 0 10 1 2 2 100.0 8
Cc2-2,3,30 937.71 10.8 3.0 0.1 11 24 20 12 0 31 2 3 3 100.0 10
Cc3-2,3,30 1,013.55 562.3 14.5 0.7 33 17 7 48 16 23 2 2 3 100.0 10
Cc4-2,3,30 943.28 130.9 3.7 1.1 8 23 23 44 12 14 2 3 3 66.67 10
Cc5-2,3,30 949.39 25.6 96.1 1.7 223 23 19 107 74 3 2 2 3 100.0 9
Cd1-2,3,30 807.25 3.1 0.2 0.0 3 18 18 0 0 13 1 2 2 100.0 8
Cd2-2,3,30 945.30 4.1 0.4 0.1 13 24 20 3 0 32 2 3 3 100.0 10
Cd3-2,3,30 1,030.61 9.6 0.3 0.7 7 17 7 10 3 16 2 2 3 100.0 10
Cd4-2,3,30 958.67 19.8 0.4 0.7 11 23 23 21 9 14 2 3 3 66.67 10
Cd5-2,3,30 965.89 55.5 7.3 1.8 107 23 19 71 32 14 2 2 3 100.0 9

Ca1-3,5,30 892.75 18.6 10.3 1.0 35 397 372 38 33 42 3 3 3 100.0 9
Ca2-3,5,30 960.53 24.6 4.3 0.4 9 392 367 28 10 34 3 4 3 66.67 10
Ca3-3,5,30 924.51 17.4 4.7 0.9 14 394 380 20 0 36 3 3 3 100.0 9
Ca4-3,5,30 909.87 18.3 4.0 0.4 12 364 348 23 0 42 3 4 3 66.67 9
Ca5-3,5,30 892.66 15.4 5.5 0.4 9 413 356 6 13 30 3 4 3 66.67 9
Cb1-3,5,30 928.05 48.1 2.8 1.6 5 374 366 5 21 35 3 4 3 66.67 10
Cb2-3,5,30 958.30 73.2 12.8 1.7 36 392 364 37 16 37 3 4 3 66.67 10
Cb3-3,5,30 900.90 8.4 2.3 0.4 6 347 327 17 0 33 3 3 3 100.0 9
Cb4-3,5,30 903.87 23.9 6.6 1.2 19 362 346 16 22 39 3 4 3 66.67 9
Cb5-3,5,30 977.91 45.5 25.6 1.2 55 361 279 50 20 47 2 3 3 100.0 11
Cc1-3,5,30 943.74 62.2 26.8 2.0 28 349 332 35 16 34 3 4 3 66.67 11
Cc2-3,5,30 897.77 65.2 17.9 0.4 11 363 341 49 3 46 3 5 3 33.33 9
Cc3-3,5,30 943.29 29.5 9.4 1.3 6 329 322 40 5 32 3 4 3 66.67 10
Cc4-3,5,30 890.65 325.5 37.8 1.3 14 354 336 32 33 39 2 4 3 66.67 9
Cc5-3,5,30 772.33 306.6 33.7 0.6 5 388 336 40 10 46 2 3 2 50.0 8
Cd1-3,5,30 955.08 36.8 5.3 1.6 12 349 332 32 6 30 3 4 3 66.67 11
Cd2-3,5,30 944.60 38.3 2.7 0.5 4 348 324 18 5 36 3 4 3 66.67 9
Cd3-3,5,30 907.53 29.2 3.5 0.8 10 344 333 6 8 30 3 4 3 66.67 10
Cd4-3,5,30 917.20 95.0 4.1 1.2 6 349 333 39 9 35 2 4 3 66.67 9
Cd5-3,5,30 917.01 83.7 12.1 1.5 18 390 347 63 9 46 2 3 3 100.0 9

Continued on next page
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Table 7 – Continued from previous page

Dellaert et al. † This paper ‡

Instance z∗ T(s) T(s) Gap (%) # Nodes |M| # DDOIs # RCIs # SRIs # VSIs |ND|∗ |NS |∗ |M|∗ |M1|∗ (%) |L|∗

Ca1-6,4,30 922.22 919.4 5.9 1.1 37 101 84 59 7 35 3 3 3 100.0 10
Ca2-6,4,30 956.35 2.4 3.3 2.2 35 108 69 63 15 30 3 4 3 66.67 10
Ca3-6,4,30 869.33 4.9 1.0 0.3 7 99 73 20 10 25 3 3 3 100.0 9
Ca4-6,4,30 867.42 11.4 2.3 1.1 17 106 94 36 12 32 3 4 3 66.67 9
Ca5-6,4,30 851.52 1.9 0.9 0.4 7 100 69 12 0 20 3 3 3 100.0 9
Cb1-6,4,30 968.05 4.6 5.0 1.0 47 102 88 26 8 46 3 3 3 100.0 10
Cb2-6,4,30 920.50 3.1 1.9 0.5 19 98 57 19 4 29 3 3 3 100.0 9
Cb3-6,4,30 929.48 3.6 1.2 0.6 12 104 75 18 5 28 3 3 3 100.0 10
Cb4-6,4,30 877.54 12.8 3.0 1.4 15 97 84 26 28 32 3 3 3 100.0 9
Cb5-6,4,30 895.74 9.3 2.0 1.8 9 104 73 20 10 29 3 3 3 100.0 10
Cc1-6,4,30 861.13 39.9 9.6 0.6 8 103 87 25 13 48 3 3 3 100.0 9
Cc2-6,4,30 912.38 10.4 6.2 0.0 9 108 77 0 0 27 3 4 3 66.67 10
Cc3-6,4,30 899.83 20.1 18.4 1.9 21 105 73 56 16 30 3 4 3 66.67 9
Cc4-6,4,30 833.64 190.0 9.7 0.7 10 99 85 41 8 30 3 3 3 100.0 9
Cc5-6,4,30 813.91 476.1 9.1 0.6 7 109 77 17 0 31 3 4 3 66.67 9
Cd1-6,4,30 918.39 21.6 5.7 0.8 33 97 76 41 20 42 3 3 3 100.0 10
Cd2-6,4,30 914.27 3.7 1.4 0.1 8 100 58 0 10 36 3 4 3 66.67 9
Cd3-6,4,30 880.59 8.4 1.5 0.9 7 95 60 11 8 30 3 3 3 100.0 9
Cd4-6,4,30 885.41 12.6 4.0 1.3 27 91 78 51 19 38 3 3 3 100.0 9
Cd5-6,4,30 943.68 16.2 8.0 1.1 67 90 59 72 12 40 3 3 3 100.0 11

† Tests reported with a computer equipped with an Intel Core i7-4770 processor.
‡ Tests reported with a computer equipped with an Intel Core i7-8700 processor.
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Table 8: Detailed computational results with |NC | = 50

Dellaert et al. † This paper ‡

Instance z∗ T(s) T(s) Gap (%) # Nodes |M| # DDOIs # RCIs # SRIs # VSIs |ND|∗ |NS |∗ |M|∗ |M1|∗ (%) |L|∗

Ca1-2,3,50 1,501.80 2.7 0.4 0.1 7 27 25 0 0 6 2 3 4 100.0 16
Ca2-2,3,50 1,586.21 – 15.8 0.5 112 28 30 68 13 21 2 3 4 100.0 16
Ca3-2,3,50 1,479.56 40.2 1.0 0.5 12 28 30 27 5 24 2 3 4 100.0 16
Ca4-2,3,50 1,485.70 3,427.1 2.5 0.7 25 28 30 34 15 18 2 3 4 100.0 16
Ca5-2,3,50 1,397.05 195.8 4.1 1.2 25 28 30 66 12 23 2 3 4 100.0 15
Cb1-2,3,50 1,455.11 27.4 3.1 0.8 29 28 30 27 12 13 2 3 4 100.0 15
Cb2-2,3,50 1,468.47 840.8 38.1 1.4 299 28 30 61 71 30 2 3 4 100.0 14
Cb3-2,3,50 1,492.25 3,365.1 47.9 1.4 345 28 30 90 32 28 2 3 4 100.0 16
Cb4-2,3,50 1,469.01 566.2 12.3 1.1 86 28 30 43 22 24 2 3 4 100.0 15
Cb5-2,3,50 1,415.23 1,147.9 22.0 1.1 123 28 30 77 44 28 2 3 4 100.0 15
Cc1-2,3,50 1,407.68 – 11.0 0.3 9 27 30 51 6 13 2 3 4 100.0 15
Cc2-2,3,50 1,468.88 – 13.3 0.4 14 27 30 46 9 18 2 3 4 100.0 15
Cc3-2,3,50 1,376.55 – 62.8 1.4 34 28 30 111 18 22 2 3 4 100.0 15
Cc4-2,3,50 1,425.01 – 3,868.3 1.9 3,595 27 30 81 41 33 2 3 4 100.0 15
Cc5-2,3,50 1,442.65 326.8 39.5 1.1 28 27 25 100 27 19 2 3 4 100.0 15
Cd1-2,3,50 1,458.04 30.7 1.4 0.3 12 27 29 44 6 14 2 3 4 100.0 15
Cd2-2,3,50 1,568.68 – 3.0 0.6 15 28 30 81 15 23 2 3 4 100.0 16
Cd3-2,3,50 1,449.70 133.4 1.9 0.9 19 27 30 49 4 20 2 3 4 100.0 16
Cd4-2,3,50 1,453.24 127.9 11.1 0.8 69 28 30 41 15 21 2 3 4 100.0 15
Cd5-2,3,50 1,462.30 31.0 4.7 1.3 21 28 30 75 20 19 2 3 4 100.0 16

Ca1-3,5,50 1,351.83 662.9 17.2 0.5 13 409 390 45 14 41 3 4 4 100.0 16
Ca2-3,5,50 1,354.12 172.1 19.0 1.1 27 475 429 65 11 44 3 5 4 75.0 16
Ca3-3,5,50 1,271.66 488.6 31.5 0.9 41 395 372 56 14 45 2 5 4 75.0 14
Ca4-3,5,50 1,299.86 371.1 207.5 1.2 181 382 323 118 37 54 3 4 4 100.0 15
Ca5-3,5,50 1,267.49 123.2 8.7 1.1 8 395 385 46 10 37 3 5 4 75.0 14
Cb1-3,5,50 1,355.50 631.5 461.5 1.9 441 413 386 112 183 50 2 4 4 100.0 15
Cb2-3,5,50 1,391.31 794.7 396.1 2.0 326 486 449 153 76 41 3 5 4 75.0 16
Cb3-3,5,50 1,368.97 847.4 104.6 1.5 85 397 372 122 51 53 2 4 4 100.0 16
Cb4-3,5,50 1,298.33 258.0 214.1 1.4 205 393 339 39 35 58 3 4 4 100.0 15
Cb5-3,5,50 1,270.39 462.3 128.5 1.2 185 382 370 34 38 57 3 5 4 75.0 14
Cc1-3,5,50 1,293.88 1,507.4 65.5 0.3 12 402 367 30 4 42 3 5 4 75.0 15
Cc2-3,5,50 1,317.82 150.0 83.3 0.7 14 456 390 64 0 28 3 5 4 75.0 15
Cc3-3,5,50 1,288.90 248.0 109.7 0.8 14 394 374 55 16 45 2 5 4 75.0 15
Cc4-3,5,50 1,348.83 – 402.1 2.2 45 360 308 137 36 59 3 4 4 100.0 17
Cc5-3,5,50 1,276.47 901.9 1,702.5 0.6 331 374 367 105 8 44 3 5 4 75.0 15
Cd1-3,5,50 1,314.59 4,997.0 88.4 1.3 81 407 367 108 34 62 2 4 4 100.0 15
Cd2-3,5,50 1,326.05 472.3 65.8 1.3 37 444 396 51 27 36 3 5 4 75.0 15
Cd3-3,5,50 1,351.50 8,526.9 96.3 1.4 57 383 365 99 44 57 2 5 4 75.0 16
Cd4-3,5,50 1,315.54 445.1 30.0 0.5 15 385 320 48 5 43 3 4 4 100.0 16
Cd5-3,5,50 1,289.71 2,068.8 96.3 1.1 117 388 381 68 26 52 3 5 4 75.0 15

Continued on next page
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Table 8 – Continued from previous page

Dellaert et al. † This paper ‡

Instance z∗ T(s) T(s) Gap (%) # Nodes |M| # DDOIs # RCIs # SRIs # VSIs |ND|∗ |NS |∗ |M|∗ |M1|∗ (%) |L|∗

Ca1-6,4,50 1,335.55 – 22.4 1.0 97 102 96 70 25 35 4 4 4 100.0 16
Ca2-6,4,50 1,376.13 5,749.5 9.2 2.1 18 102 88 102 39 22 3 3 4 100.0 15
Ca3-6,4,50 1,337.15 1,313.9 47.2 1.3 107 117 95 85 10 41 4 4 4 100.0 16
Ca4-6,4,50 1,242.56 29.6 5.0 0.4 26 112 84 50 2 41 4 4 4 100.0 15
Ca5-6,4,50 1,268.84 81.0 6.4 0.3 27 118 110 30 23 45 4 4 4 100.0 15
Cb1-6,4,50 1,355.92 63.8 7.3 1.0 49 101 96 33 19 36 4 4 4 100.0 16
Cb2-6,4,50 1,456.85 3,179.1 31.5 2.3 65 103 90 128 38 46 3 3 4 100.0 16
Cb3-6,4,50 1,345.02 75.0 43.5 1.0 175 122 103 46 17 49 4 4 4 100.0 15
Cb4-6,4,50 1,281.66 36.3 7.1 0.9 37 115 93 8 21 39 4 4 4 100.0 15
Cb5-6,4,50 1,341.25 244.4 89.1 1.1 247 114 96 91 49 53 4 4 4 100.0 15
Cc1-6,4,50 1,262.60 1,214.0 24.1 0.7 15 98 95 45 10 33 4 4 4 100.0 15
Cc2-6,4,50 1,304.68 7,221.0 382.0 1.5 89 100 80 124 70 41 4 4 4 100.0 15
Cc3-6,4,50 1,315.85 6,100.0 33.3 0.9 17 101 75 42 16 37 4 4 4 100.0 16
Cc4-6,4,50 1,206.64 – 561.2 0.5 289 110 84 43 8 44 4 4 4 100.0 15
Cc5-6,4,50 1,453.39 423.5 24.0 0.9 22 110 95 43 0 25 4 4 5 100.0 17
Cd1-6,4,50 1,300.53 59.1 11.5 0.4 33 102 96 71 27 41 4 4 4 100.0 15
Cd2-6,4,50 1,338.28 73.2 5.9 1.2 13 100 82 68 26 35 3 3 4 100.0 15
Cd3-6,4,50 1,375.06 50.1 20.0 1.1 63 113 92 34 17 42 4 4 4 100.0 16
Cd4-6,4,50 1,236.79 341.1 13.0 0.6 37 112 76 63 11 48 4 4 4 100.0 15
Cd5-6,4,50 1,332.86 1,229.7 87.1 1.2 251 105 83 64 31 46 4 4 4 100.0 16

† Tests reported with a computer equipped with an Intel Core i7-4770 processor.
‡ Tests reported with a computer equipped with an Intel Core i7-8700 processor.
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Table 9: Detailed computational results with |NC | = 100

Dellaert et al. † This paper ‡

Instance z∗ T(s) T(s) Gap (%) # Nodes |M| # DDOIs # RCIs # SRIs # VSIs |ND|∗ |NS |∗ |M|∗ |M1|∗ (%) |L|∗

Ca1-2,3,100 2,777.87 – 2,310.0 0.8 2,075 39 54 394 85 9 2 3 8 100.0 32
Ca2-2,3,100 2,863.08 – 494.0 0.9 407 40 54 321 76 0 2 3 8 100.0 32
Ca3-2,3,100 2,677.44 – 160.6 0.4 203 40 54 97 26 11 2 3 8 100.0 30
Ca4-2,3,100 3,037.91 8,647.7 21.4 0.8 15 36 54 218 29 0 1 3 8 100.0 31
Ca5-2,3,100 2,757.45 1,487.9 21.3 0.5 21 39 54 136 24 0 2 3 8 100.0 30
Cb1-2,3,100 2,490.59 – 4,051.9 1.1 3,913 36 48 98 130 13 2 3 7 100.0 27
Cb2-2,3,100 2,737.56 – 6,181.0 1.2 5,227 40 54 113 98 13 2 3 8 100.0 29
Cb3-2,3,100 2,716.63 – 4,848.5 0.8 6,371 40 54 124 76 13 2 3 8 100.0 30
Cb4-2,3,100 – – – – – – – – – – – – – – –
Cb5-2,3,100 2,798.85 – 7,382.9 1.0 9,393 39 54 138 133 11 2 3 8 100.0 29
Cc1-2,3,100 2,770.56 – 72.3 0.4 14 39 54 124 14 0 2 3 8 100.0 32
Cc2-2,3,100 2,661.94 – 184.2 0.8 18 39 45 229 36 0 2 3 8 100.0 30
Cc3-2,3,100 2,665.61 – 3,225.5 0.5 691 39 54 131 8 13 2 3 8 100.0 30
Cc4-2,3,100 – – – – – – – – – – – – – – –
Cc5-2,3,100 2,751.94 1,758.5 1,345.9 0.5 349 39 54 168 7 0 2 3 8 100.0 30
Cd1-2,3,100 2,666.54 497.0 41.0 0.3 41 37 45 69 24 9 2 3 8 100.0 30
Cd2-2,3,100 2,852.93 4,021.9 92.5 0.6 53 38 45 180 36 0 2 3 8 100.0 32
Cd3-2,3,100 2,633.61 – 7,644.1 0.9 10,503 40 54 348 106 16 2 3 8 100.0 29
Cd4-2,3,100 – – – – – – – – – – – – – – –
Cd5-2,3,100 2,794.66 1,269.4 310.3 0.5 227 39 54 232 30 0 2 3 8 100.0 30

Ca1-3,5,100 2,608.81 796.4 1,435.2 0.6 825 472 490 206 38 49 3 5 8 100.0 31
Ca2-3,5,100 2,483.29 – 2,938.1 1.5 976 413 443 541 169 42 3 5 8 100.0 30
Ca3-3,5,100 2,452.23 – 206.8 0.5 79 470 490 140 37 31 3 5 8 100.0 29
Ca4-3,5,100 2,648.21 – 2,029.4 0.7 633 496 489 182 33 32 3 5 8 100.0 32
Ca5-3,5,100 – – – – – – – – – – – – – – –
Cb1-3,5,100 – – – – – – – – – – – – – – –
Cb2-3,5,100 2,478.02 – 769.0 1.0 228 420 453 154 166 34 3 5 8 100.0 30
Cb3-3,5,100 – – – – – – – – – – – – – – –
Cb4-3,5,100 – – – – – – – – – – – – – – –
Cb5-3,5,100 – – – – – – – – – – – – – – –
Cc1-3,5,100 – – – – – – – – – – – – – – –
Cc2-3,5,100 – – – – – – – – – – – – – – –
Cc3-3,5,100 – – – – – – – – – – – – – – –
Cc4-3,5,100 2,571.43 – 3,015.6 0.6 89 491 487 192 36 24 3 5 8 100.0 31
Cc5-3,5,100 2,638.09 – 10,283.9 0.5 505 475 471 132 23 50 3 5 8 100.0 30
Cd1-3,5,100 2,530.20 4,985.9 2,461.7 0.8 1,165 472 490 197 59 46 3 5 8 100.0 30
Cd2-3,5,100 – – – – – – – – – – – – – – –
Cd3-3,5,100 2,523.66 2,352.4 40.5 0.4 16 471 490 69 24 32 3 5 8 100.0 30
Cd4-3,5,100 2,537.09 – 2,427.8 1.0 810 490 483 136 59 30 3 5 8 100.0 30
Cd5-3,5,100 2,666.30 – 3,341.7 0.7 611 479 486 212 76 22 3 5 8 100.0 30

Continued on next page
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Table 9 – Continued from previous page

Dellaert et al. † This paper ‡

Instance z∗ T(s) T(s) Gap (%) # Nodes |M| # DDOIs # RCIs # SRIs # VSIs |ND|∗ |NS |∗ |M|∗ |M1|∗ (%) |L|∗

Ca1-6,4,100 2,537.92 – 2,416.3 1.1 987 139 156 333 76 12 3 4 8 100.0 30
Ca2-6,4,100 2,380.65 429.1 65.5 0.5 27 129 121 149 25 12 4 4 7 100.0 28
Ca3-6,4,100 2,696.39 – 383.7 1.0 229 123 147 245 84 9 3 4 8 100.0 31
Ca4-6,4,100 2,375.64 – 549.9 0.5 388 121 114 174 39 23 3 4 7 100.0 28
Ca5-6,4,100 2,508.41 – 1,265.6 0.9 1,142 122 144 187 65 0 3 4 8 100.0 30
Cb1-6,4,100 2,375.52 – 6,805.1 1.0 2,658 135 144 171 124 26 3 4 7 100.0 28
Cb2-6,4,100 2,566.25 – 1,395.4 0.9 1,281 136 152 105 67 11 4 4 8 100.0 30
Cb3-6,4,100 – – – – – – – – – – – – – – –
Cb4-6,4,100 2,743.53 – 7,427.3 0.7 6,555 122 120 167 68 15 3 4 8 100.0 32
Cb5-6,4,100 2,569.62 – 1,369.0 1.0 1,000 123 144 121 81 0 3 4 8 100.0 31
Cc1-6,4,100 – – – – – – – – – – – – – – –
Cc2-6,4,100 – – – – – – – – – – – – – – –
Cc3-6,4,100 – – – – – – – – – – – – – – –
Cc4-6,4,100 2,559.58 – 625.7 0.7 45 120 122 204 32 10 3 4 8 100.0 30
Cc5-6,4,100 – – – – – – – – – – – – – – –
Cd1-6,4,100 2,591.01 – 9,296.9 0.9 7,934 137 136 228 82 9 3 4 8 100.0 31
Cd2-6,4,100 2,535.57 5,934.1 75.0 0.3 37 134 140 81 32 16 4 4 8 100.0 30
Cd3-6,4,100 2,409.16 – 145.5 0.4 81 120 135 93 28 10 3 4 7 100.0 28
Cd4-6,4,100 2,677.97 – 166.6 0.6 68 119 119 128 64 11 3 4 8 100.0 32
Cd5-6,4,100 2,575.22 – 842.6 0.9 417 118 143 185 63 0 3 4 8 100.0 31

† Tests reported with a computer equipped with an Intel Core i7-4770 processor.
‡ Tests reported with a computer equipped with an Intel Core i7-8700 processor.
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B Detailed computational results for the sensitivity analysis

In this section, we present the detailed computational results used to perform the sensitivity analysis

described in Section 4.3. Tables 10–13 report the results obtained when removing the DDOIs (22), the

RCIs (37), the SRIs (39), and the VSIs (40), respectively. Then, Table 14 give the results obtained

when adding a second-copy variable for the first-echelon routes visiting more than one satellite.

For each table, the first column indicates the instance name. Then, we report the computational

time (T ) in seconds, the average computational time difference in percentage between the original

BPC algorithm and the version of the algorithm tested (∆T ), where this difference is computed as

(T −T ∗)/T ∗, with T ∗ being the total computational time required by the original algorithm. Next, we

provide the number of nodes explored in the search tree (# Nodes), the number of first echelon routes

enumerated (|M|) and the numbers of DDOIs (22), RCIs (37), SRIs (39), and VSIs (40) generated

whenever the family of inequalities is considered. A “–” indicates that no optimal solution was found

within the 3-hour time limit.
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Table 10: Detailed results when omitting DDOIs

Instance T (s) ∆T (%) # Nodes |M| # RCIs # SRIs # VSIs

Cc4-2,3,50 3,251.0 -16.0 2,871 27 92 57 25
Cc1-3,5,50 203.0 209.9 14 402 29 4 41
Cd2-3,5,50 264.5 302.0 53 444 56 29 36
Cc2-3,5,50 278.1 233.9 10 456 63 0 40
Cd1-3,5,50 487.6 451.6 75 407 103 31 67
Cd3-3,5,50 144.4 49.9 41 383 85 34 55
Cd5-3,5,50 365.3 279.3 119 388 75 25 46
Cb3-3,5,50 490.0 368.5 87 397 125 48 53
Cc3-3,5,50 209.1 90.6 16 394 44 17 45
Cb5-3,5,50 489.0 280.5 203 382 36 25 54
Ca4-3,5,50 642.9 209.8 309 382 80 27 59
Cb4-3,5,50 1,904.9 789.7 115 393 50 48 52
Cb2-3,5,50 1,980.4 400.0 413 486 150 70 41
Cc4-3,5,50 639.1 58.9 39 360 111 30 57
Cb1-3,5,50 1,532.1 232.0 391 413 116 168 44
Cc5-3,5,50 9,865.6 479.5 601 374 103 9 49
Cd5-6,4,50 166.4 91.0 245 105 61 31 49
Cb5-6,4,50 160.5 80.1 237 114 125 38 50
Cc2-6,4,50 473.2 23.9 103 100 121 68 40
Cc4-6,4,50 658.5 17.3 185 110 45 7 44

Ca2-2,3,100 1,160.5 134.9 893 40 301 50 10
Cc5-2,3,100 2,515.4 86.9 367 39 214 12 0
Ca1-2,3,100 2,794.2 21.0 2,196 39 380 87 16
Cc3-2,3,100 4,914.6 52.4 941 39 132 10 15
Cb2-3,5,100 3,978.5 417.4 285 420 157 159 37
Ca1-3,5,100 3,261.8 127.3 783 472 211 28 60
Ca4-3,5,100 – – – – – – –
Cd4-3,5,100 – – – – – – –
Cd1-3,5,100 8,027.7 226.1 907 472 251 73 36
Ca2-3,5,100 – – – – – – –
Cc4-3,5,100 – – – – – – –
Cd5-3,5,100 – – – – – – –
Ca3-6,4,100 255.0 -33.5 95 123 269 78 9
Ca4-6,4,100 988.0 79.7 428 121 195 45 22
Cc4-6,4,100 3,700.2 491.4 45 120 180 35 18
Cd5-6,4,100 1,555.0 84.5 531 118 223 47 11
Ca5-6,4,100 4,049.1 219.9 2,487 122 176 77 0
Cb5-6,4,100 2,268.0 65.7 1,061 123 121 81 0
Cb2-6,4,100 2,288.8 64.0 1,520 136 101 82 10
Ca1-6,4,100 3,447.1 42.7 919 139 328 91 13
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Table 11: Detailed results when omitting RCIs

Instance T (s) ∆T (%) # Nodes |M| # DDOIs # SRIs # VSIs

Cc4-2,3,50 – – – – – – –
Cc1-3,5,50 63.2 -3.5 14 402 367 19 48
Cd2-3,5,50 644.3 879.2 281 444 396 71 42
Cc2-3,5,50 85.2 2.3 17 456 390 23 38
Cd1-3,5,50 924.8 946.2 895 407 367 71 74
Cd3-3,5,50 1,194.5 1,140.4 1,013 383 365 107 62
Cd5-3,5,50 145.8 51.4 177 388 381 67 40
Cb3-3,5,50 117.5 12.3 97 397 372 79 51
Cc3-3,5,50 250.1 128.0 53 394 374 39 48
Cb5-3,5,50 124.2 -3.3 174 382 370 56 57
Ca4-3,5,50 311.0 49.9 247 382 323 56 55
Cb4-3,5,50 242.3 13.2 137 393 339 52 47
Cb2-3,5,50 283.6 -28.4 317 486 449 114 42
Cc4-3,5,50 740.5 84.2 77 360 308 57 46
Cb1-3,5,50 445.8 -3.4 419 413 386 155 43
Cc5-3,5,50 7,794.5 357.8 1,697 374 367 76 55
Cd5-6,4,50 116.5 33.8 269 105 83 53 51
Cb5-6,4,50 112.8 26.6 287 114 96 93 52
Cc2-6,4,50 595.9 56.0 167 100 80 124 38
Cc4-6,4,50 580.6 3.5 231 110 84 40 44

Ca2-2,3,100 1,322.4 167.7 2,555 40 54 153 10
Cc5-2,3,100 6,336.8 370.8 1,421 39 54 133 0
Ca1-2,3,100 5,655.7 144.8 9,941 39 54 157 11
Cc3-2,3,100 – – – – – – –
Cb2-3,5,100 484.3 -37.0 204 420 453 218 31
Ca1-3,5,100 5,058.6 252.5 3,201 472 490 87 56
Ca4-3,5,100 – – – – – – –
Cd4-3,5,100 4,864.6 100.4 1,679 490 483 109 35
Cd1-3,5,100 6,270.3 154.7 4,283 472 490 105 57
Ca2-3,5,100 5,489.1 86.8 2,185 413 443 277 41
Cc4-3,5,100 – – – – – – –
Cd5-3,5,100 – – – – – – –
Ca3-6,4,100 108.5 -71.7 107 123 147 175 10
Ca4-6,4,100 470.3 -14.5 346 121 114 116 21
Cc4-6,4,100 – – – – – – –
Cd5-6,4,100 5,827.8 591.6 6,496 118 143 154 20
Ca5-6,4,100 3,606.9 185.0 4,557 122 144 161 23
Cb5-6,4,100 2,117.9 54.7 1,783 123 144 112 0
Cb2-6,4,100 1,573.8 12.8 1,649 136 152 91 12
Ca1-6,4,100 2,141.1 -11.4 1,956 139 156 150 11
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Table 12: Detailed results when omitting SRIs

Instance T (s) ∆T (%) # Nodes |M| # DDOIs # RCIs # VSIs

Cc4-2,3,50 – – – – – – –
Cc1-3,5,50 65.7 0.3 21 402 367 36 43
Cd2-3,5,50 563.2 755.9 459 444 396 56 37
Cc2-3,5,50 82.0 -1.6 14 456 390 64 28
Cd1-3,5,50 618.0 599.1 489 407 367 150 58
Cd3-3,5,50 174.0 80.7 173 383 365 113 62
Cd5-3,5,50 167.9 74.4 257 388 381 76 52
Cb3-3,5,50 261.2 149.7 217 397 372 175 51
Cc3-3,5,50 115.5 5.3 20 394 374 54 45
Cb5-3,5,50 473.9 268.8 681 382 370 64 61
Ca4-3,5,50 2,660.0 1,181.9 3,101 382 323 64 67
Cb4-3,5,50 1,760.3 722.2 1,487 393 339 63 51
Cb2-3,5,50 795.5 100.8 819 486 449 208 39
Cc4-3,5,50 1,186.6 195.1 159 360 308 153 53
Cb1-3,5,50 861.1 86.6 907 413 386 167 52
Cc5-3,5,50 4,772.6 180.3 1,395 374 367 122 45
Cd5-6,4,50 292.8 236.2 763 105 83 96 48
Cb5-6,4,50 144.9 62.6 469 114 96 146 54
Cc2-6,4,50 1,606.4 320.5 597 100 80 176 47
Cc4-6,4,50 909.6 62.1 403 110 84 54 44

Ca2-2,3,100 – – – – – – –
Cc5-2,3,100 9,286.2 590.0 2,439 39 54 186 0
Ca1-2,3,100 – – – – – – –
Cc3-2,3,100 – – – – – – –
Cb2-3,5,100 2,097.9 172.8 1,128 420 453 137 35
Ca1-3,5,100 7,092.2 394.2 6,095 472 490 180 45
Ca4-3,5,100 – – – – – – –
Cd4-3,5,100 – – – – – – –
Cd1-3,5,100 9,978.0 305.3 3,871 472 490 325 45
Ca2-3,5,100 – – – – – – –
Cc4-3,5,100 – – – – – – –
Cd5-3,5,100 – – – – – – –
Ca3-6,4,100 4,066.3 959.8 3,389 123 147 407 11
Ca4-6,4,100 6,326.2 1,050.4 5,001 121 114 165 22
Cc4-6,4,100 – – – – – – –
Cd5-6,4,100 – – – – – – –
Ca5-6,4,100 – – – – – – –
Cb5-6,4,100 – – – – – – –
Cb2-6,4,100 – – – – – – –
Ca1-6,4,100 – – – – – – –
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Table 13: Detailed results when omitting VSIs

Instance T (s) ∆T (%) # Nodes |M| # DDOIs # RCIs # SRIs

Cc4-2,3,50 2,803.8 -27.5 2,991 27 30 118 55
Cc1-3,5,50 298.3 355.4 56 402 367 124 42
Cd2-3,5,50 112.9 71.6 93 444 396 140 45
Cc2-3,5,50 212.2 154.7 38 456 390 192 23
Cd1-3,5,50 137.1 55.1 71 407 367 191 95
Cd3-3,5,50 103.2 7.2 85 383 365 136 92
Cd5-3,5,50 158.4 64.5 197 388 381 198 66
Cb3-3,5,50 170.1 62.6 167 397 372 200 93
Cc3-3,5,50 273.5 149.3 50 394 374 126 36
Cb5-3,5,50 154.8 20.5 228 382 370 102 63
Ca4-3,5,50 212.0 2.2 269 382 323 113 50
Cb4-3,5,50 168.7 -21.2 129 393 339 82 53
Cb2-3,5,50 481.4 21.5 535 486 449 267 94
Cc4-3,5,50 378.2 -5.9 53 360 308 243 69
Cb1-3,5,50 825.9 79.0 525 413 386 377 261
Cc5-3,5,50 1,400.3 -17.8 301 374 367 309 30
Cd5-6,4,50 84.6 -2.9 189 105 83 107 39
Cb5-6,4,50 71.0 -20.3 181 114 96 133 52
Cc2-6,4,50 382.6 0.2 101 100 80 125 89
Cc4-6,4,50 196.3 -65.0 71 110 84 59 7

Ca2-2,3,100 410.2 -17.0 442 40 54 253 56
Cc5-2,3,100 552.5 -58.9 105 39 54 164 11
Ca1-2,3,100 3,777.4 63.5 3,748 39 54 306 83
Cc3-2,3,100 6,254.6 93.9 1,169 39 54 197 18
Cb2-3,5,100 1,138.1 48.0 338 420 453 403 200
Ca1-3,5,100 636.8 -55.6 325 472 490 245 34
Ca4-3,5,100 2,340.5 15.3 429 496 489 437 72
Cd4-3,5,100 1,994.6 -17.8 571 490 483 361 142
Cd1-3,5,100 2,242.2 -8.9 654 472 490 286 73
Ca2-3,5,100 2,948.2 0.3 1,155 413 443 662 236
Cc4-3,5,100 6,173.7 104.7 91 491 487 317 79
Cd5-3,5,100 2,676.6 -19.9 587 479 486 264 78
Ca3-6,4,100 272.4 -29.0 215 123 147 249 112
Ca4-6,4,100 486.7 -11.5 315 121 114 153 74
Cc4-6,4,100 532.2 -14.9 35 120 122 175 37
Cd5-6,4,100 551.2 -34.6 313 118 143 202 56
Ca5-6,4,100 1,031.1 -18.5 973 122 144 190 76
Cb5-6,4,100 1,463.9 6.9 1,173 123 144 110 82
Cb2-6,4,100 1,488.2 6.7 1,748 136 152 92 84
Ca1-6,4,100 1,688.1 -30.1 934 139 156 289 75
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Table 14: Detailed results when adding a second-copy variable for first-echelon routes visiting more than one satellite

Instance T (s) ∆T (%) # Nodes |M| # DDOIs # RCIs # SRIs # VSIs

Cc4-2,3,50 6,254.6 61.7 5,355 42 72 83 43 33
Cc1-3,5,50 116.9 78.5 26 784 1,324 30 4 42
Cd2-3,5,50 206.5 213.8 51 868 1,440 58 30 36
Cc2-3,5,50 180.3 116.4 16 892 1,432 65 0 40
Cd1-3,5,50 153.5 73.6 63 794 1,324 72 37 59
Cd3-3,5,50 131.7 36.8 51 746 1,308 95 21 56
Cd5-3,5,50 161.9 68.1 127 756 1,364 76 37 48
Cb3-3,5,50 235.2 124.9 89 774 1,336 124 48 54
Cc3-3,5,50 163.9 49.4 18 768 1,336 73 11 51
Cb5-3,5,50 287.7 123.9 215 744 1,328 23 29 57
Ca4-3,5,50 575.9 177.5 266 744 1,156 76 24 54
Cb4-3,5,50 492.1 129.8 201 766 1,212 42 36 55
Cb2-3,5,50 997.3 151.8 517 952 1,636 95 61 41
Cc4-3,5,50 1,048.0 160.6 45 700 1,104 131 35 57
Cb1-3,5,50 751.9 62.9 417 806 1,392 109 166 44
Cc5-3,5,50 887.6 -47.9 121 728 1,308 151 8 49
Cd5-6,4,50 183.1 110.2 283 194 260 77 37 45
Cb5-6,4,50 150.6 69.0 269 212 304 104 38 49
Cc2-6,4,50 492.9 29.0 107 184 240 121 68 41
Cc4-6,4,50 314.3 -44.0 91 204 256 45 7 44

Ca2-2,3,100 1,136.6 130.1 907 56 120 266 63 0
Cc5-2,3,100 3,829.1 184.5 743 54 120 177 8 0
Ca1-2,3,100 6,029.5 161.0 4,125 54 120 384 78 18
Cc3-2,3,100 2,494.1 -22.7 395 54 120 153 14 11
Cb2-3,5,100 1,455.5 89.3 306 800 1,508 196 169 32
Ca1-3,5,100 2,454.1 71.0 931 904 1,640 189 28 55
Ca4-3,5,100 7,450.1 267.1 907 952 1,636 196 28 29
Cd4-3,5,100 8,498.9 250.1 1,323 940 1,612 136 64 40
Cd1-3,5,100 5,780.9 134.8 805 904 1,640 222 65 43
Ca2-3,5,100 6,154.4 109.5 1,193 786 1,468 521 166 42
Cc4-3,5,100 8,173.4 171.0 70 942 1,628 210 35 24
Cd5-3,5,100 7,197.3 115.4 901 918 1,624 189 45 20
Ca3-6,4,100 262.1 -31.7 111 214 396 303 72 9
Ca4-6,4,100 983.6 78.9 405 214 316 210 56 20
Cc4-6,4,100 1,432.8 129.0 63 208 328 200 36 18
Cd5-6,4,100 1,444.4 71.4 537 204 380 214 44 10
Ca5-6,4,100 3,519.1 178.1 2,447 212 384 227 67 0
Cb5-6,4,100 1,850.3 35.2 1,075 214 384 105 77 0
Cb2-6,4,100 1,776.3 27.3 1,310 240 416 103 68 12
Ca1-6,4,100 2,449.7 1.4 854 246 432 328 79 11
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C Detailed results for managerial insights

In this section, we present the detailed computational results obtained for establishing managerial

insights. Tables 15–17 report the results gathered when considering only back-and-forth first-echelon

routes for the instances with |NC | = 30, 50 and 100, respectively.

For each table, the first column indicates the instance name. The second and third columns report,

respectively, the optimal solution value (z∗) when known and the relative difference between this value

and the optimal value (z∗all) obtained when considering all first-echelon routes (∆z∗ = (z∗−z∗all)/z∗all).
Then, we report the computational time (T ) in seconds, the relative difference between this time and

the time (Tall) required when considering all first-echelon routes (∆T = (T−Tall)/Tall), the integrality

gap (Gap) computed as (z∗−z)/z, where z is the lower bound achieved at the root node before adding

cuts, the number of nodes explored in the search tree (# Nodes), and the numbers of DDOIs (22),

RCIs (37), SRIs (39), and VSIs (40) generated. For these tables, we do not report the number of

DDOIs, as there are none when using only first-echelon routes visiting exactly one satellite. A “–”

indicates that no optimal solution was found within the 3-hour time limit.
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Table 15: Detailed results when considering only back-and-forth first-echelon routes for |NC | = 30

Instance z∗ ∆z∗ (%) T (s) ∆ T (%) Gap (%) # Nodes |M| # RCIs # SRIs # VSIs

Ca1-2,3,30 981.37 0.0 0.10 0.0 0.5 3 9 4 0 9
Ca2-2,3,30 968.32 0.0 0.20 100.0 0.4 9 9 27 0 29
Ca3-2,3,30 1,069.81 0.0 0.10 0.0 0.4 1 9 31 0 7
Ca4-2,3,30 950.39 0.2 0.20 -66.7 0.9 3 9 40 14 21
Ca5-2,3,30 968.23 0.0 1.10 -26.7 1.2 17 9 87 19 18
Cb1-2,3,30 985.76 0.0 0.30 -25.0 1.0 6 9 28 9 10
Cb2-2,3,30 937.12 0.0 0.10 -50.0 0.6 3 9 15 9 16
Cb3-2,3,30 1,076.25 0.0 0.10 0.0 0.1 2 9 10 9 13
Cb4-2,3,30 991.04 1.0 0.50 66.7 0.9 19 9 31 4 19
Cb5-2,3,30 834.85 0.0 0.20 -33.3 0.9 4 6 8 19 29
Cc1-2,3,30 799.56 0.0 1.50 -6.3 0.3 2 6 4 0 10
Cc2-2,3,30 937.71 0.0 2.00 -33.3 0.1 8 9 11 0 22
Cc3-2,3,30 1,013.55 0.0 12.40 -14.5 0.7 41 9 56 13 19
Cc4-2,3,30 957.29 1.5 1.60 -56.8 0.3 5 9 22 3 23
Cc5-2,3,30 949.39 0.0 91.40 -4.9 1.7 247 9 96 79 3
Cd1-2,3,30 807.25 0.0 0.20 0.0 0.0 5 6 0 0 24
Cd2-2,3,30 945.30 0.0 0.30 -25.0 0.1 10 9 3 0 31
Cd3-2,3,30 1,030.61 0.0 0.20 -33.3 0.7 9 9 11 3 16
Cd4-2,3,30 972.56 1.4 0.30 -25.0 0.7 9 9 27 6 23
Cd5-2,3,30 965.89 0.0 3.40 -53.4 1.8 81 9 61 34 17

Ca1-3,5,30 892.75 0.0 0.60 -94.2 0.6 12 15 24 17 38
Ca2-3,5,30 962.18 0.2 0.50 -88.4 0.3 9 15 19 5 41
Ca3-3,5,30 924.51 0.0 0.30 -93.6 0.3 6 15 3 0 42
Ca4-3,5,30 912.07 0.2 0.60 -85.0 0.1 10 15 21 0 49
Ca5-3,5,30 894.65 0.2 0.30 -94.5 0.1 11 15 5 0 35
Cb1-3,5,30 944.83 1.8 1.50 -46.4 1.6 35 15 13 28 53
Cb2-3,5,30 961.66 0.4 1.30 -89.8 1.6 25 15 44 12 53
Cb3-3,5,30 900.90 0.0 0.30 -87.0 0.4 8 15 17 0 29
Cb4-3,5,30 908.12 0.5 0.90 -86.4 1.2 12 15 9 12 46
Cb5-3,5,30 977.91 0.0 3.40 -86.7 1.2 61 15 53 20 51
Cc1-3,5,30 947.60 0.4 4.50 -83.2 1.2 15 15 18 6 38
Cc2-3,5,30 907.61 1.1 21.30 19.0 0.9 35 15 100 12 54
Cc3-3,5,30 943.50 0.0 3.20 -66.0 1.3 7 15 41 8 36
Cc4-3,5,30 895.49 0.5 14.40 -61.9 1.4 14 15 48 21 48
Cc5-3,5,30 778.16 0.8 7.10 -78.9 0.5 5 10 62 4 59
Cd1-3,5,30 967.91 1.3 0.60 -88.7 1.2 10 15 51 5 36
Cd2-3,5,30 945.64 0.1 0.30 -88.9 0.4 6 15 27 3 47
Cd3-3,5,30 913.35 0.6 0.50 -85.7 1.0 11 15 20 0 46
Cd4-3,5,30 922.59 0.6 0.60 -85.4 1.2 10 15 46 6 45
Cd5-3,5,30 917.01 0.0 0.60 -95.0 1.1 8 15 58 1 31

Ca1-6,4,30 922.22 0.0 1.60 -72.9 1.1 33 12 55 7 36
Continued on next page
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Table 15 – Continued from previous page

Instance z∗ ∆z∗ (%) T (s) ∆ T (%) Gap (%) # Nodes |M| # RCIs # SRIs # VSIs

Ca2-6,4,30 966.86 1.1 0.10 -97.0 0.1 3 12 12 8 25
Ca3-6,4,30 869.33 0.0 0.20 -80.0 0.3 4 12 22 10 27
Ca4-6,4,30 869.07 0.2 0.40 -82.6 0.9 9 12 25 4 31
Ca5-6,4,30 851.52 0.0 0.20 -77.8 0.2 5 12 6 0 32
Cb1-6,4,30 968.05 0.0 1.50 -70.0 1.0 47 12 25 7 44
Cb2-6,4,30 920.50 0.0 0.60 -68.4 0.5 19 12 20 4 41
Cb3-6,4,30 929.48 0.0 0.30 -75.0 0.5 7 12 17 0 26
Cb4-6,4,30 877.54 0.0 0.90 -70.0 1.1 17 12 20 15 34
Cb5-6,4,30 895.74 0.0 0.50 -75.0 1.5 7 12 29 8 38
Cc1-6,4,30 861.13 0.0 4.40 -54.2 0.6 9 12 26 12 44
Cc2-6,4,30 920.91 0.9 0.90 -85.5 0.0 5 12 0 0 27
Cc3-6,4,30 900.76 0.1 5.90 -67.9 0.9 10 12 41 16 31
Cc4-6,4,30 833.64 0.0 6.00 -38.1 0.7 14 12 40 3 33
Cc5-6,4,30 818.31 0.5 4.20 -53.8 0.8 16 12 20 6 35
Cd1-6,4,30 918.39 0.0 1.20 -78.9 0.8 35 12 44 16 42
Cd2-6,4,30 915.31 0.1 0.30 -78.6 0.1 9 12 4 9 21
Cd3-6,4,30 880.59 0.0 0.20 -86.7 0.1 6 12 5 0 34
Cd4-6,4,30 885.41 0.0 1.10 -72.5 1.3 21 12 35 16 38
Cd5-6,4,30 943.68 0.0 3.10 -61.3 1.1 79 12 51 14 39
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Table 16: Detailed results when considering only back-and-forth first-echelon routes for |NC | = 50

Instance z∗ ∆z∗ (%) T (s) ∆ T (%) Gap (%) # Nodes |M| # RCIs # SRIs # VSIs

Ca1-2,3,50 1,501.80 0.0 0.50 25.0 0.0 9 12 0 0 12
Ca2-2,3,50 1,586.21 0.0 9.30 -41.1 0.5 99 12 72 8 22
Ca3-2,3,50 1,479.56 0.0 1.10 10.0 0.5 18 12 25 5 25
Ca4-2,3,50 1,485.70 0.0 1.60 -36.0 0.7 19 12 38 14 16
Ca5-2,3,50 1,397.05 0.0 2.80 -31.7 1.2 29 12 48 12 23
Cb1-2,3,50 1,455.11 0.0 2.90 -6.5 0.8 29 12 26 12 20
Cb2-2,3,50 1,468.47 0.0 33.20 -12.9 1.3 291 12 60 43 30
Cb3-2,3,50 1,492.25 0.0 39.60 -17.3 1.4 321 12 80 28 27
Cb4-2,3,50 1,469.01 0.0 7.40 -39.8 1.1 63 12 34 27 17
Cb5-2,3,50 1,415.23 0.0 16.30 -25.9 1.1 125 12 61 31 28
Cc1-2,3,50 1,407.68 0.0 8.50 -22.7 0.3 8 12 51 6 6
Cc2-2,3,50 1,468.88 0.0 11.50 -13.5 0.4 12 12 65 10 18
Cc3-2,3,50 1,376.55 0.0 38.00 -39.5 1.4 26 12 113 17 22
Cc4-2,3,50 1,425.01 0.0 5,167.20 33.6 1.9 5,115 12 80 38 32
Cc5-2,3,50 1,442.65 0.0 35.90 -9.1 1.1 25 12 89 24 21
Cd1-2,3,50 1,458.04 0.0 1.30 -7.1 0.3 8 12 49 8 23
Cd2-2,3,50 1,568.68 0.0 4.20 40.0 0.6 23 12 86 14 23
Cd3-2,3,50 1,449.70 0.0 1.60 -15.8 0.9 11 12 53 6 20
Cd4-2,3,50 1,453.24 0.0 7.30 -34.2 0.8 45 12 39 19 28
Cd5-2,3,50 1,462.30 0.0 6.70 42.6 1.3 45 12 64 13 22

Ca1-3,5,50 1,351.83 0.0 2.90 -83.1 0.3 15 20 23 7 62
Ca2-3,5,50 1,378.60 1.8 2.90 -84.7 0.8 14 20 84 5 55
Ca3-3,5,50 1,277.35 0.4 6.70 -78.7 0.6 17 20 96 39 54
Ca4-3,5,50 1,299.86 0.0 75.00 -63.9 1.1 275 20 98 37 59
Ca5-3,5,50 1,274.81 0.6 3.90 -55.2 1.1 13 20 36 16 39
Cb1-3,5,50 1,355.50 0.0 38.70 -91.6 1.2 171 20 20 16 39
Cb2-3,5,50 1,414.08 1.6 22.60 -94.3 1.8 143 20 59 33 48
Cb3-3,5,50 1,368.97 0.0 28.10 -73.1 1.0 101 20 63 5 51
Cb4-3,5,50 1,298.33 0.0 58.20 -72.8 1.2 237 20 27 23 62
Cb5-3,5,50 1,273.00 0.2 36.90 -71.3 1.0 129 20 41 25 70
Cc1-3,5,50 1,296.36 0.2 32.00 -51.1 0.3 16 20 27 14 67
Cc2-3,5,50 1,336.05 1.4 32.20 -61.3 1.0 13 20 49 10 40
Cc3-3,5,50 1,291.82 0.2 38.20 -65.2 0.3 11 20 62 19 55
Cc4-3,5,50 1,348.83 0.0 73.10 -81.8 2.2 27 20 113 25 55
Cc5-3,5,50 1,281.55 0.4 537.20 -68.4 0.6 229 20 120 10 65
Cd1-3,5,50 1,314.59 0.0 28.60 -67.6 1.3 73 20 101 34 56
Cd2-3,5,50 1,347.04 1.6 34.60 -47.4 1.6 149 20 73 47 62
Cd3-3,5,50 1,357.85 0.5 31.60 -67.2 1.0 85 20 85 32 70
Cd4-3,5,50 1,315.54 0.0 3.50 -88.3 0.4 22 20 25 0 54
Cd5-3,5,50 1,290.50 0.1 12.90 -86.6 0.8 61 20 43 9 59

Ca1-6,4,50 1,335.55 0.0 11.10 -50.4 1.0 65 16 103 21 39
Continued on next page
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Table 16 – Continued from previous page

Instance z∗ ∆z∗ (%) T (s) ∆ T (%) Gap (%) # Nodes |M| # RCIs # SRIs # VSIs

Ca2-6,4,50 1,376.13 0.0 5.40 -41.3 2.1 17 16 99 35 30
Ca3-6,4,50 1,337.15 0.0 13.70 -71.0 1.3 65 16 91 6 43
Ca4-6,4,50 1,242.56 0.0 2.00 -60.0 0.4 24 16 45 2 41
Ca5-6,4,50 1,268.84 0.0 3.30 -48.4 0.3 28 16 14 20 45
Cb1-6,4,50 1,355.92 0.0 4.80 -34.2 1.0 45 16 34 19 36
Cb2-6,4,50 1,456.85 0.0 20.30 -35.6 2.3 60 16 116 44 52
Cb3-6,4,50 1,345.02 0.0 32.90 -24.4 1.0 191 16 46 17 50
Cb4-6,4,50 1,281.66 0.0 3.80 -46.5 0.9 35 16 8 21 40
Cb5-6,4,50 1,341.25 0.0 50.70 -43.1 1.1 221 16 92 34 56
Cc1-6,4,50 1,262.60 0.0 16.70 -30.7 0.7 12 16 45 10 36
Cc2-6,4,50 1,304.68 0.0 249.50 -34.7 1.5 131 16 123 59 38
Cc3-6,4,50 1,315.85 0.0 24.80 -25.5 0.8 16 16 51 10 41
Cc4-6,4,50 1,206.64 0.0 299.10 -46.7 0.5 215 16 57 6 53
Cc5-6,4,50 1,453.39 0.0 17.00 -29.2 0.9 13 20 37 0 30
Cd1-6,4,50 1,300.53 0.0 5.70 -50.4 0.4 29 16 65 26 56
Cd2-6,4,50 1,338.28 0.0 2.60 -55.9 1.2 12 16 68 26 35
Cd3-6,4,50 1,375.06 0.0 15.60 -22.0 1.1 87 16 35 13 46
Cd4-6,4,50 1,236.79 0.0 6.80 -47.7 0.6 43 16 39 10 51
Cd5-6,4,50 1,332.86 0.0 45.90 -47.3 1.2 235 16 59 31 49
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Table 17: Detailed results when considering only back-and-forth first-echelon routes for |NC | = 100

Instance z∗ ∆z∗ (%) T (s) ∆ T (%) Gap (%) # Nodes |M| # RCIs # SRIs # VSIs

Ca1-2,3,100 2,777.87 0.0 2,313.30 0.1 0.8 2,342 24 252 67 16
Ca2-2,3,100 2,863.08 0.0 425.90 -13.8 0.9 496 24 294 60 0
Ca3-2,3,100 2,677.44 0.0 83.30 -48.1 0.4 101 24 103 22 13
Ca4-2,3,100 3,037.91 0.0 11.10 -48.1 0.8 10 24 126 21 0
Ca5-2,3,100 2,757.45 0.0 20.60 -3.3 0.5 23 24 122 18 0
Cb1-2,3,100 2,490.59 0.0 2,804.50 -30.8 1.1 2,801 21 103 120 12
Cb2-2,3,100 2,737.56 0.0 2,699.20 -56.3 1.2 3,897 24 96 113 12
Cb3-2,3,100 2,716.63 0.0 1,650.20 -66.0 0.8 2,698 24 95 59 12
Cb4-2,3,100 – – – – – – – – – –
Cb5-2,3,100 2,798.85 0.0 4,930.10 -33.2 1.0 6,849 24 98 134 10
Cc1-2,3,100 2,770.56 0.0 77.60 7.3 0.4 13 24 126 11 0
Cc2-2,3,100 2,661.94 0.0 140.80 -23.6 0.8 14 24 209 25 0
Cc3-2,3,100 2,665.61 0.0 2,782.10 -13.7 0.5 533 24 140 8 11
Cc4-2,3,100 – – – – – – – – – –
Cc5-2,3,100 2,751.94 0.0 1,698.50 26.2 0.5 503 24 157 12 0
Cd1-2,3,100 2,666.54 0.0 40.80 -0.5 0.3 37 24 92 22 6
Cd2-2,3,100 2,852.93 0.0 49.20 -46.8 0.6 43 24 134 24 0
Cd3-2,3,100 2,633.61 0.0 3,443.00 -55.0 0.9 6,181 24 171 55 17
Cd4-2,3,100 2,904.74 – 6,665.20 – 1.1 10,224 24 293 61 8
Cd5-2,3,100 2,794.66 0.0 214.90 -30.7 0.5 205 24 174 16 0

Ca1-3,5,100 2,608.81 0.0 943.00 -34.3 0.6 1,131 40 191 29 55
Ca2-3,5,100 2,483.29 0.0 603.40 -79.5 1.5 637 40 263 119 41
Ca3-3,5,100 2,452.23 0.0 63.50 -69.3 0.5 87 40 125 26 32
Ca4-3,5,100 2,648.21 0.0 848.10 -58.2 0.7 853 40 147 28 31
Ca5-3,5,100 2,621.71 – 3,738.80 – 0.9 2,307 40 185 64 34
Cb1-3,5,100 2,646.86 – 9,915.60 – 1.2 12,342 40 167 110 44
Cb2-3,5,100 2,478.02 0.0 161.60 -79.0 1.0 140 40 76 76 32
Cb3-3,5,100 2,547.65 – 8,424.90 – 1.1 9,335 40 156 95 38
Cb4-3,5,100 2,723.97 – 7,006.70 – 1.2 6,328 40 255 209 56
Cb5-3,5,100 2,760.24 – 4,002.80 – 1.1 3,551 40 160 70 29
Cc1-3,5,100 2,563.82 – 6,371.70 – 0.9 769 40 376 31 39
Cc2-3,5,100 2,435.40 – 1,478.70 – 1.3 145 40 312 59 34
Cc3-3,5,100 – – – – – – – – – –
Cc4-3,5,100 2,571.43 0.0 604.20 -80.0 0.6 70 40 175 43 24
Cc5-3,5,100 2,638.09 0.0 1,673.80 -83.7 0.5 179 40 143 27 60
Cd1-3,5,100 2,530.20 0.0 1,049.00 -57.4 0.8 614 40 247 63 38
Cd2-3,5,100 2,440.95 – 1,133.40 – 1.1 1,445 40 113 39 21
Cd3-3,5,100 2,523.66 0.0 23.30 -42.5 0.4 21 40 98 26 35
Cd4-3,5,100 2,537.09 0.0 1,233.10 -49.2 1.0 959 40 138 81 40
Cd5-3,5,100 2,666.30 0.0 1,017.40 -69.6 0.7 491 40 174 32 14

Ca1-6,4,100 2,537.92 0.0 1,156.70 -52.1 1.1 859 32 281 65 13
Continued on next page



L
es

C
ah
iers

d
u
G
E
R
A
D

G
–2020–63

41

Table 17 – Continued from previous page

Instance z∗ ∆z∗ (%) T (s) ∆ T (%) Gap (%) # Nodes |M| # RCIs # SRIs # VSIs

Ca2-6,4,100 2,380.65 0.0 28.80 -56.0 0.5 14 28 152 33 12
Ca3-6,4,100 2,696.39 0.0 192.60 -49.8 1.0 183 32 257 77 9
Ca4-6,4,100 2,375.64 0.0 374.40 -31.9 0.5 344 28 160 47 23
Ca5-6,4,100 2,508.41 0.0 1,022.70 -19.2 0.9 1,301 32 224 67 0
Cb1-6,4,100 2,375.52 0.0 3,313.40 -51.3 1.0 2,816 28 124 99 13
Cb2-6,4,100 2,566.25 0.0 1,100.40 -21.1 0.9 1,547 32 108 72 11
Cb3-6,4,100 – – – – – – – – – –
Cb4-6,4,100 2,743.53 0.0 3,747.90 -49.5 0.7 5,707 32 125 66 15
Cb5-6,4,100 2,569.62 0.0 941.50 -31.2 1.0 1,181 32 95 65 0
Cc1-6,4,100 – – – – – – – – – –
Cc2-6,4,100 – – – – – – – – – –
Cc3-6,4,100 – – – – – – – – – –
Cc4-6,4,100 2,559.58 0.0 449.40 -28.2 0.7 41 32 205 40 19
Cc5-6,4,100 – – – – – – – – – –
Cd1-6,4,100 2,591.01 0.0 3,474.90 -62.6 0.9 5,795 32 227 86 11
Cd2-6,4,100 2,535.57 0.0 57.30 -23.6 0.3 53 32 92 23 10
Cd3-6,4,100 2,409.16 0.0 76.30 -47.6 0.4 61 28 90 30 14
Cd4-6,4,100 2,677.97 0.0 134.10 -19.5 0.6 164 32 122 62 11
Cd5-6,4,100 2,575.22 0.0 390.60 -53.6 0.9 371 32 178 44 11
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