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Abstract: In this article, we discuss an alternative method for deriving conservative approximation models
for two-stage robust optimization problems. The method mainly relies on a linearization scheme employed in
bilinear optimization problems, therefore we will say that it gives rise to the “linearized robust counterpart”
models. We identify a close relation between this linearized robust counterpart model and the popular affinely
adjustable robust counterpart model. We also describe methods of modifying both types of models to make
these approximations less conservative. These methods are heavily inspired by the use of valid linear and
conic inequality in the linearization process for bilinear models. We finally demonstrate how to employ this
new scheme in a set of four operations management problems to improve the performance and guarantees of
robust optimization.

Keywords: Two-stage adjustable robust optimization, affinely adjustable robust counterpart, linear pro-
gramming relaxation, bilinear optimization
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1 Introduction

Classical robust optimization (RO) assumes that all decisions are here-and-now, i.e., they must be made
before the realization of uncertainty. However, this assumption is not realistic in many real-world problems.
Take for instance a location-transportation problem (as studied in Atamtiirk and Zhang (2007); Zeng and
Zhao (2013); Bertsimas and de Ruiter (2016)) for which, while the locations of the production/storage facilities
need to be decided as quickly as possible, the decision of how many goods to transport to each customer can
be delayed until their respective uncertain demand is revealed. To address the uncertainty in such problems,
Ben-Tal et al. (2004) introduced an adjustable robust optimization (ARQO) problem that takes the following
form in a two-stage setting where the uncertainty is limited to the right-hand side of the constraint set:

ARO imi inc’z 4 d” 1
(ARO) maximize  minc y(<) (1a)
subject to Az + By(() < ¥(x)¢,V(elU, (1b)

where x € R" identifies decisions that must be made “here and now” while y : R"¢ — R™ identifies
decisions that can adapt to the realization of the uncertain vector of parameters ( C R™<, with i/ as the
“uncertainty set”. Furthermore, the ARO model will have A € R"™*"= B € R™*™ ¢ € R"% d € R",
and ¥ : R™ — R™*™¢ guch that ¥(x) is an affine function of variable z. Since finding a solution to
problem (1) is computationally intractable, Ben-Tal et al. suggested instead solving the affinely adjustable
robust counterpart (AARC) of the problem, wherein adjustable decisions are forced to be affine functions of
the observed uncertain vector (, i.e., the so called affine decision rule y(¢) := Y { + vy, for some Y € R™v*"¢
and y € R"v; therefore, problem (1) is conservatively approximated with

AA imi in ¢’ Ty 2
(AARC) maximize  min cx +d" (Y(+y) (2a)
subject to Az + B(Y(+y) < U(z)(, V¢ EU. (2b)

In recent years, the AARC framework has been successfully applied in a number of fields of practice, such as
energy planning (Jabr et al., 2015), production planning (Melamed et al., 2016; Kim and Do Chung, 2017),
power systems (Li et al., 2015; Lorca and Sun, 2017; Dehghan et al., 2017), facility location (Ardestani-Jaafari
and Delage, 2017), reservoir management (Gauvin et al., 2017), and supply chain management (Simchi-
Levi et al., 2016; Buhayenko and den Hertog, 2017). Although this literature seems to indicate that affine
decision rules perform well in many applications, there are still a number of cases where AARC leads to
overly conservative solutions. We present the following example of a location-transportation problem to
illustrate this point.

Example 1 (Location-Transportation problem) Consider the following robust location-transportation problem:

maximize min — Z iy + kv + Z Z 75595 (C) (3a)
i i g

z,0,y(¢) ceu
subject to Y 4i;(() <, VieT,VCeU (3b)
> wi(Q) <ai, VieI,V¢eU (3¢)
J
y(€) >0,v¢eU (3d)
0<az; <Mv;,Viel (3e)
v; €{0,1},VieT. (3f)

In this problem, variable v; indicates whether one opens a facility at location © for each © € I, variable x;
denotes the production capacity of the facility i, and variable y;; denotes how many goods are shipped from
facility i to customers at location j, with j € J. The demand for location j is characterized by ;. Parameter
ni; > 0 denotes the unit revenue of goods shipped from facility i to customer j, while ¢; and k; denote
variable and fixed capacity cost for facility i respectively. Let us now consider a special case with 2 facility
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and 8 customer locations. Specifically, we will let the parameters ¢, K, and M be respectively equal to 0.6,

100,000, and 100,000, while the matriz n is defined as n = [22 gg ig

demand ( is assumed to lie in the following budgeted uncertainty set U:

J

]. Furthermore, the uncertain

where the nominal demand, (fj, is set to 20,000 while the maximum deviation éj := 18,000, for all j, and where
the budget I' :== 2. In this example, one can numerically establish that the most robust solution is to open only
one facility with a capacity of 24,000 units at the second location profit in order to achieve in the worst-case
profit of 6,600 while under nominal demand the profit reaches as much as 10,600. Yet, the AARC model is
unable to identify this solution and instead conservatively prescribes not to open any facility in this region.

In this paper, we introduce a new scheme for constructing conservative approximation models, named
Linearized Robust Counterpart (LRC) models, of ARO problems as presented in (1). While similar lin-
earized models have been previously proposed for a robust surgery block allocation problem in Denton et al.
(2010), a robust multi-item newsvendor problem in Ardestani-Jaafari and Delage (2016), and more recently
for the robust validation of a network design in Chang et al. (2017),! we present for the first time a com-
prehensive investigation of how it can be employed on a general ARO problem. In doing so, we offer the
following contributions:

e Our proposed scheme allows us to 1) re-interpret AARC as the model that is obtained when applying
the linearization scheme found in Sherali and Alameddine (1992) to a certain bilinear optimization
problem derived from the worst-case analysis (a.k.a. adversarial problem); 2) exploit valid linear and
conic inequalities that are used in bilinear optimization problems to identify tractable reformulations
that improve upon AARC; 3) demonstrate how such reformulations can identify solutions that are strict
improvements over AARC on four types of operations management problems.

e We establish for the first time that affine decision rules can be applied on a modified version of the ARO
problem where constraint violation is allowed but only if the right penalty is paid, namely through:

(Penalized ARO) lérﬂlgazc(lcrguzz(?)) rcrglr} e+ dTy() —uT2(¢)

subject to Az + By(() < U(z)¢+2(¢),V(elU,

where z : R”¢ — R is an adjustable variable that measures the amount of violation while u € R™ is a
vector of “large enough” (to be clarified later) marginal penalties. This procedure leads to a conservative
approximation model (named MLRC) which is guaranteed to be feasible even when AARC fails to be
feasible. An extensive set of numerical experiments performed on a facility location-transportation
problem provides further evidence that this new scheme can significantly improve the quality of first
stage decisions and bounds on worst-case profit for problem instances that suffer from large potential
perturbations.

e Finally, we discuss interesting connections to recent literature that proposes copositive programming
reformulations to the ARO problem. In particular, we show for the first time how exact coposi-
tive programming reformulations are related to AARC when ARO satisfied the relatively complete
recourse property.

The remainder of the paper is organized as follows. In Section 2, we introduce the linearized robust
counterpart model associated to an ARO problem with a polyhedral uncertainty set. Next, in Section 3, we
establish the equivalence between the LRC and AARC models. Section 4 describes the two methods that
can be used to tighten the LRC/AARC approximation. Section 5 briefly describes how one might extend

1To the best of our knowledge, the work of Chang et al. (2017) was developed independently from the results presented in
this paper and mostly focuses its analysis on the network design application. For this application, the authors claim (without a
formal proof) that LRC leads to a tighter conservative approximation than AARC leaving the question open of whether the two
approaches are equivalent. They also hint at the possibility of generalizing their approach to the ARO model, which is done in
full detail for the first time in this paper.
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our results to general convex uncertainty sets. We then present in Section 6 four instances of operations
management applications where the use of our new scheme leads to strict improvements compared to what
is achieved by previous methods proposed in the literature. An exhaustive set of numerical experiments
involving the location-transportation problem are presented in Section 7. Finally, we discuss the connection
to recent copositive programming reformulations of ARO in Section 8 and conclude in Section 9.

2 The linearized robust counterpart model
In order to present the LRC model, we need to make the following three assumptions.

Assumption 1 Let U be a bounded and non-empty polyhedral set defined as U := {(|P¢ < q} where P €
Rruxne g e R™,

Assumption 2 Let the ARO model possess relatively complete recourse, namely, that
VeeX,y(C): Ar+ By(() < ¥(x)¢ V(elU.

Assumption 3 For all x € X, there exists a feasible ¢, such that the recourse problem is bounded. In other
words, let problem (1) be bounded above.

The three assumptions described above should not be considered limiting. Considering Assumption 1, it
is typically the case that I includes, at very least, a nominal, or most-likely, scenario, and that all possible
scenarios reside in a bounded set. Satisfying Assumption 2 is mostly a matter of formulating X so that it
does not include any solutions for which there might be no feasible second-stage solutions, a situation that
is typically associated with an infinite loss. Finally, it is reasonable to assume that problem (1) is bounded
above in realistic practical problems.

Let us now consider the fact that the ARO model can be formulated as

maximize g(z) (4)
where g(z) is defined as
: T T
= d 5
g(x) min max cx+dy (5a)
subject to Az + By < ¥(z)(. (5b)

Based on Assumption 2, one can apply duality theory on the inner maximization problem to show that
g(z) is exactly equal to

g(x) = I?l)\n o4+ (U(2)O)TA - (Az)TA (6a
subject to BT =d (6b

P¢<gq (6c

A>0, (6d

where A € R™ is the dual variable associated with constraint (5b).

Lemma 1 Problem (6) possesses a feasible solution and its optimal value is finite.

Proof. Assumption 3 guarantees that, for all € X, there exists a feasible ¢ for which the maximization
problem in y has a finite optimal value. By the strong duality property, this indicates that, for this same ,
the minimization problem in A also has a finite optimal value and must therefore have a feasible solution .
Together, the pair (¢, d) constitutes a feasible solution for problem (6). O
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In Sherali and Alameddine (1992), the authors employ a linearization scheme that exploits a set of valid
inequalities for a bilinear optimization problem similar to problem (6). In the context that we study here,
this scheme leads us to consider that

g(z) = r?l)\n o+ tr(U(x)CAT) — (Az)T A (7a)
subject to (6b) — (6d)

TB =¢d" (7b)

PO < g\T (7¢)

BT\ = a\” (7d)

M >0, (7e)

where tr(-) stands for the trace operator, and where, for any two matrices A and B of the same dimension
n X m, a constraint A < B stands for A;; < B;; foralli=1,...,n and j = 1,...,m, and similarly for the
constraint A = B. Note that, in this model, constraints (7b) to (7e) are a set of redundant constraints that
were added to problem (6). In particular, constraint (7b) is implied from

(6b) = BTXT = d¢T = ¢ATB = ¢d” .
Moreover, constraints (7c)—(7e) can be similarly derived:
(6¢)&(6d) = PCAT < gAT,
(6b) = BTI\T = a\”,
(6d) = A" > 0.

We next linearize problem (7) by introducing the variables A € R™*™ and A € R™*™  respectively defined
as A = (AT and A := AT, such that

g(x) = C,TEA o+ tr(U(x)A) — (Az)TA (8a)
subject to (6b) — (6d)
AB = ¢d” (8b)
PA < g\T (8c)
BTA =d\T (8d)
A>0 (8e)
A=2T (8f)
A=AT. (8g)

A simple relaxation of problem (8) will lead to the linearized robust counterpart model for problem (1).

Proposition 1 The following linearized robust counterpart model is a conservative approximation of
problem (1):

(LRC) ;rrele)x(xxllnynges Trrdly—q's (9a)
subject to PTS =YTBT —¥(x)T (9b)

Ax+ By+STg<0 (9¢)

PTs=-YTd (9d)

§>0,5>0, (9e)

where Y € R™Ww*™ ¢y e R™ S € R™*™ and s € R™,
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Proof. First, we relax problem (8) by removing constraint (8g) to get a lower bound for g(z). Next, we con-
sider that since, when constraints (6b)—(6d), and (8c) are satisfied, one can simply let A := AXT in order to sat-
isfy constraints (8d)—(8f), the problem stays the same when disregarding A and the three constraints (8d)—(8f).
Hence, we obtain a lower bound for g(x) in the form

9(8) > grac(z) == min o+ t(¥()A) - (A2)7A (10a)
subject to BTAx=d (10b)

P¢<q (10c)

A>0 (10d)

AB = ¢d” (10e)

PA < g\T . (10f)

Since, based on Lemma 1, there exists a solution (¢, A) that satisfies constraints (10b), (10c), and (10d), one
can confirm that the triplet (¢, A\, A), with A := (AT, is a feasible solution to problem (10). Hence, strong
duality applies for problem (10) so that it can be equivalently represented as

grre(w) = max Tr+dly—q's (11a)
Y,y,S,s

subject to  PTS =Y'BT —w(z)" (11b)

Az +By+ST¢<0 (11c)

~PTs=vTd (11d)

§>0,8>0, (11e)

where the variables y € R, s € R™ Y € R™*"¢ and S € R™*™ are the dual variables associated with
constraints (10b), (10c), (10e), and (10f) respectively. We next combine problem (11) with the maximization
over variable x € X', which leads to LRC (9). O

While it is known that evaluating the worst-case value of a given first-stage solution, i.e., evaluating
g(x), is computationally intractable, we can show that it is possible to efficiently evaluate a bound on the
worst-case value of the solution of the LRC model.

Lemma 2 Given that & is the optimal solution of LRC (9) and (5\, ¢, A) is the optimal solution of prob-
lem (10), when x is fized to &, we have that

0 < g(#) — grre(#) < (¥(@))TA — tr(¥(2)A).

s a feasible solution of problem (6) when x is fixed to &, and since grLrc (%) =

Proof. Given that (), () i a
— (A2)T )\, this indicates that

e+ Zij \Il(x)Z]A]Z

0 < g(2) - grre(®) < (¥(@)()"A — tr(¥(2)A) .

3 Relation to AARC

In this section, we explain how the LRC model can be considered equivalent to the conservative approximation
model obtained with AARC.

Proposition 2 LRC (9) is equivalent to AARC (2).

Proof. As a first step, we reformulate problem (10) in terms of an inner and an outer minimization operations

= mi i T U(2)A) — (Az)T 12
gLrc(r) = min min o+ tr(Y(z)A) — (Az)7A (12a)
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subject to BT\=4d (12b)
P¢<q (12¢)
A>0 (12d)
AB = ¢d” (12e)
PA < g\, (12f)

We next derive the dual formulation of the inner minimization over A and A as

max e+d (y+Y() (13a
y,Y,S
subject to Az + By +ST¢<0 (13b

PTS =YTBT —¥(x)T (13c
§>0, (13d

where y € R" Y € R™*™ and S € R™*™ are the dual variables associated with constraints (12b), (12e),
and (12f) respectively. Based on Sion’s minimax theorem, since U is bounded, the same value for g, rc(x) can
be obtained by reversing the order of minimization over ¢ and maximization over y, Y, and S. Equivalently,
we have that

: T T
- 14
grro() ;n}&pé Icrélgllc x+d (Y(+vy) (14a
subject to Az +By+ST¢<0 (14b

PTS =YTBT —¥(x)T (14c
S>0. (14d

th

We next consider the i" row of constraint (14b) and the i** column of constraint (14c):

Ajz+ Buw 4+ (S4)Tq <0, (15a)
PYS; =Y (Bi)" — (V(x):)" (15b)

where A;., B;., and ¥(z);. denote the i'" row of matrices A, B, and ¥(z) respectively, and S.; denotes the
it" column of matrix S. We show that constraints (15a) and (15b) are equivalent to

We do so by considering that S is not in the objective function so that we can remove S from the set of
decision variables and instead replace constraints (15a) and (15b) with

min Az + Biw + (S4)Tq <0, (17a)

subject to  PTS,; =YT(B;.)T — (¥(x);.)T, (17b)

where the embedded minimization problem can be replaced by a maximization problem, using duality theory.
This leads us to considering constraint (17) as equivalent to

mCaX Ai;ZE + B’Lw + (YT(Bl)T - (\Il(m)z)T)TC S Oa
subject to P( <q

with ¢ the dual variable of (17b). We have thus confirmed that constraints (15a) and (15b) are equivalent
to (16), and likewise that constraints (14b) and (14c) are equivalent to constraint (2b). Therefore, the LRC
model (9) is equivalent to the AARC model (2). O

4 Improving LRC and AARC using valid inequalities

In this section, we identify two types of valid inequalities that can be employed to formulate improved versions
of LRC that provide tighter conservative approximations. First, we will make use of valid linear inequalities
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that can be derived from an implicit upper bound on the optimal solution for A in problem (6). This process
will lead to a modified LRC model that preserves the computational complexity of LRC while guaranteeing
the feasibility of the resulting approximation model. Secondly, we will identify a set of valid conic inequalities
that will lead to a semi-definite programming formulation for LRC.

4.1 Exploiting an implicit bound on \*

We start with a reasonable assumption that can be used to generate helpful valid inequalities for problem (6)
and obtain our Modified LRC (MLRC) model.

Assumption 4 One can identify a bounding vector u € R™ such that, for all x € X and for all { € U, there
exists an optimal solution \* < u for the problem

mini}\mize (U(x)¢ — Az)TX (18a)
subject to BT)x=d (18b)
A>0. (18¢)

At first glance, one might consider that Assumption 4 is rather limiting given that X is an abstract object.
One should, however, be aware that such a bound u is guaranteed to exists. Indeed, based on Lemma 1 there
always exist a finite optimal solution for problem (18) and,in particular, one that lies at one of the vertices of
the feasible polyhedron. Since the number of vertices of a polyhedra defined by a finite number of constraint
is finite, we must conclude that such a u exists. A challenge remains in identifying the tightest values possible
for u. For this reason, we propose a numerical procedure that can be used to identify tighter bounds once
an initial gross estimate has been found. We will later in subsections 6.3 and 6.4 investigate two practical
examples where such initial estimates can be found analytically.

Proposition 3 Given that the columns of B are linearly independent and an initial bound M such that u := M
satisfies Assumption 4, for any fivred k = 1,2,...,m, one can identify a tighter bound uj that satisfies
Assumption 4 by solving the following mixed-integer linear program

uy, = max Ak (19a)
subject to BT\=d (19b)

AN <M1 —wv), Vi (19c¢)

ivi—i—ny =ny (19d)

i\=12 0,ve{0,1}™. (19¢)

Proof. For any fixed z € X and ¢ € U, given that problem (18) is known to be feasible and finite (see Lemma
1), it must be the case that an optimal solution \* for the problem is located at one of the vertices of the
polyhedra defined by BTA = d and A > 0. By definition, for any vertex A" of this polyhedra, there must
exists a set of indices Z C {1,...,m} such that:

1. |Z| = ny — ny
2. the set {B.1,..., B.n, } U{e;}ier contains linearly independent vectors

3. A\ is the unique solution to the following system of equations
BT\ =d e\ =0,vieT.

It therefore follows that if || A”||cc < M for all the vertex v of this polyhedron, then problem (19) necessarily
returns an optimal value A} that satisfies A}, < max, A} < uj. O
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It is worth mentioning that the bound obtained using Proposition 3 can be further tightened by also
imposing that

2’. the set {B.1,..., By, } U{€i}iczw,=1 contains linearly independent vectors.

Although it is not clear how to solve the resulting problem in the form of a MILP, since verifying whether
such a condition is satisfied is rather straightforward (using the rank of the matrix composed of the different
vectors), in practice one can employ a constraint-generation scheme that progressively adds linear constraints
to problem (19) in order to reject the current optimal solutions for v, until problem (19) returns an optimal
solution that satisfies this condition.

Proposition 4 Given Assumption 4, the following modified linearized robust counterpart model is a conser-
vative approzimation to problem (1):

(MLRC) le;n%/%rgiz%w doe+dy—qts—uTw—uTWq (20a)
subject to  YTBT — PT(S — W) = ¥(x)T (20b)

Az 4+ By + (S —W)Tqg—w <0 (20c)

~PT(s+Wu)=Y"d (20d)

$>0,5>0,w>0,W >0, (20e)

where Y € R ¢ R% S e RwW>Xm g R W e RW*™ gnd w € R™. Furthermore, the optimal
value of problem (20) is necessarily larger than or equal to the optimal value of LRC (9).

Proof. Given that Assumption 4 is satisfied, the following constraints are valid inequalities for problem(6)
in the sense that they can be added to this problem without affecting its optimal value:

A<u (21a)
(= POu—-N">0 (21b)

where constraint (21b) can be linearized by replacing A := (AT as
PA > g\ — (¢ — PO)uT . (22)
Adding constraints (21a) and (22) to problem (10) leads to MLRC after applying duality theory. O
Similarly as was the case for the original LRC model, one can uncover an intimate connection between

MLRC and conservative approximations that are obtained using AARC. This connection is made explicit in
the following proposition.

Proposition 5 The MLRC (20) is equivalent to applying affine decision rules to the following two-stage
problem:

maximize, min e’z +d"y(¢) - u"2(C) (23a)
subject to Az + By(() < U(x)(+ 2(¢), Vel (23b)
z2(()>0,vV¢el. (23c)

When observing problem (23) closely, one can readily recognize that it replaces the ARO problem with

o .7 T T
a e +d — ;max(0, e; (¥ —Ax—B ,
 maximize minc’e y(¢) Z}umX( el (¥(z)¢ — Az — By(()))

where e; € R™ is the i-th column of the identify matrix. In other words, this is a two-stage robust optimization
where one does not impose that the recourse policy y(-) be feasible but instead imposes a penalty to the
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profit that is proportional to the magnitude of the violation of each constraint. In fact, one can show that
the marginal penalties u defined in Assumption 4 are large enough to ensure that problem (23) is equivalent
to problem (1), i.e., that there is an optimal solution of (23) with z*(¢) := 0. The penalties described in u
should, however, be selected as small as possible in order for the estimate of the worst-case profit to be
more accurate.

We believe this interpretation of the MLRC model provides valuable new insights on how to apply affine
decision rules (or more general ones) to multi-stage decision problems. Note however, that the optimal affine
decision rules obtained from solving penalized models such as (23) might not be implementable for all possible
realizations of ¢ and are therefore more difficult to interpret as optimal recourse policies. While this does
not prevent the approximation model from identifying good first-stage decisions x*, it implies that once z* is
implemented and ( is observed, one needs to seek the recourse decision that minimizes the specific recourse
problem that is being experienced,? i.e.,

maximize dly
y

subject to Az* 4+ By < U (z*)¢

When doing so, the incurred cost is guaranteed to be smaller than what had been anticipated by the conser-
vative approximation scheme applied to (23).

Proof. Adding constraints (21a) and (22) to problem (10) leads to the following formulation:

guMLre(x) == gn}\i% e+ tr(U(x)A) — (Az)TA (24a)
subject to (10b) — (10f)

A<u (24b)

PA > g\l — (¢ — POuT . (24c)

Similarly to what was described in the proof of Proposition 2, the function gy, rc(x) can be reformulated as

gurre(@) = max o mincla4d (YC+y) —u' (w+W(g = PQ)) (25a
subject to  PTS =YTBT —¥(2)" 4+ PTW (25b

Az +Bw+ STg<WTlg+w (
$>0 (25d
wZ()aWZO, (256

where w € R™ and W € R™*™ are respectively the dual variables associated with constraints (24b)
and (24c). Again, the constraints (25b)—(25d) can be replaced with

Az +B(YC+1y) <U(z)+w+WT(qg—P¢),V¢el,

and decision variable S removed from the optimization problem. In this way, we obtain

_ . T T T T(,
gmrre(z) = Juax - mines d(YC+y) —u (w+ W (g - PQ)) (26a)
subject to Az 4+ B(Y(+y) <U(2)(+w+ W (q—PC),V(eU (26b)

w>0, W >0. (26¢)

We next introduce new variables z and Z as

z=w+WTq, Z.=-whp,

2As discussed in Delage and Tancu (2015), such a procedure needs in principle to be applied for any solution scheme that
does not guarantee “Bellman-optimality” and in particular for the solution of models where affine decision rules are employed.
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where z € R™ and Z € R™*"™<. Therefore, problem (25) can be reformulated as

_ LT T T

gmrre(r) = ymax  minctz+d Y(+y)—u (2+ZQ) (27a)
subject to Az +B(Y(+y) < V(x)(+2+2Z(, V¢l (27b)
Z=-wTp (27¢)
z—WTrg>0 (27d)
w=>0. (27e)

We finally show that constraints (27¢)—(27e) are equivalent to the following constraint:
z+2Z(>0,VCel. (28)

This is done by considering that, for some fixed j, duality can once again be used to reformulate the
constraint that

max zj — Wqu >0 (29a)

wj
subject to ZJT =-PTW,; (29b)
W, >0 (29¢)

as the constraint that

mcin zj + 7. >0. (30a)
subject to P(<q (30b)
This completes our proof. O

The relation between MLRC and schemes that employ affine decision rules can be exploited to demonstrate
that MLRC is always a feasible approximation model. Namely, it provides a feasible first-stage solution even
in situations where AARC model (2) is an infeasible problem.

Corollary 1 Both MLRC (20) and the optimization problem obtained by employing static or affine decision
rules in problem (23) are conservative approzimations of problem (1) which necessarily admit a feasible
solution.

This result follows from the fact that MLRC is equivalent to employing affine decision rules in problem (23)
which can be shown to have a static feasible solution. In particular, let £ be any member of X, while letting
y(¢) := 0 and for each z;(¢) := max(0; maxcey €] (AT — ¥(Z)()), where e; € R™ is the i-th column of the
identify matrix, and which is finite since & was assumed to be bounded. There must therefore exist a feasible
assignment for MLRC (20) otherwise it would be in contradiction with Proposition 5.

Remark 1 [t is worth mentioning that any information about \* that takes the shape of linear inequalities
P " < gy can be exploited in a very similar way as was done in this section with the information A\* < u.
Indeed, in doing so, one obtains a conservative approzimation model that is equivalent to employing affine
decision rules in the following penalized ARO:

maximize min el a + d¥ _ T
seX (OO CeU y(Q) —ax2(Q)
subject to Az 4 By(¢) < U(x)¢ + PL2(¢),V¢eUu
2(¢)>0,v¢eU.

Furthermore, if Py is such that there exists some z such that P)TZ > 0 (as is the case when Py = I and
g = u) then the resulting conservative approximation is guaranteed to be feasible. The question remains
however of how to efficiently identify a compact set of inequalities, through P\ and qy, that describes a tight
outer approzimation of the convex hull of the vertices of {\| A >0, BTX\ = d}.
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4.2 Exploiting valid conic inequalities

Our second source of improvement for the LRC model comes from considering the following set of quadratic

equalities:
A AT A [ AT (T ]
2 T[] ’ o
where A € R™*™ and Z € R™ X" such that A := AT and Z := (¢T. It is well known that this system of
equations can be relaxed using the following matrix inequality

T T T
A = | = C

where A = B indicates that A — B is in the cone of positive semi-definite matrices. This non-linear matrix

inequality reduces to a linear matrix inequality after applying Schur’s complement

)

A AT
A = (¢ |=o. (32)
AT

This constraint can be added to problem (10) with additional valid inequalities involving A and Z to obtain
the tighter SDP-LRC model.

Proposition 6 Given Assumption 4, the following semi-definite programming linearized robust counterpart is
a conservative approrimation of problem (1):

Gspr-re(T) = 47;’123&,5 'z + tr(¥(r)A) — (Am)T)‘ (33a)
subject to  BTA=4d (33b)
P¢<q (33¢)
0<A<u (33d)
AB = ¢d” (33e)
PA < gA\T (33f)
PA > g\T — (¢ — POu” (33g)
A AT )
A = (|=0 (33h)
AT
AB = A" (33i)
PEPT + q¢" > P¢q" + q¢TPT (33))
0<A<uN” (33k)
A+ uu® > dT +udT . (331)

Moreover, the optimal value of max,ex gspp.rro(T) is necessarily larger than or equal to the optimal value of
LRC (9) and MLRC (20).

Proof. We start by including the new variables A and = and constraint (32) in problem (10). One can then
realize that constraints (8d) and (8e) can now help tighten the feasible region. Finally, a final tightening step
can be achieved by exploiting the fact that P{ < g implies the following:

q—PC>0= (¢—P{)(q—POT > 0= PT"PT +qq" > P¢q" + q¢("PT
and that A < wu implies that M < uA\T and
(u—Nu—-N">0 = wu” —udT = + T >0,

which together lead to constraints (33j), (33k), and (331) after replacing = := (¢* and A := AT O
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Note that, although we presented gspp.Lrc(z) as a minimization problem, a semi-definite programming
duality can be employed to obtain a maximization representation of this function that can be integrated
with the maximization in z as was done with other LRC models. We, however, omit the details of this
reformulation for aesthetics reasons. Given the connections to AARC that were established regarding the
LRC and MLRC models, we suspect that a similar connection could be obtained for the SDP-LRC model.
In fact, the authors of Ardestani-Jaafari and Delage (2016) were able to establish such a connection for a
special case of the SDP-LRC model. A quick look at their result suggests that the connection that could be
established here is highly technical and would provide rather limited new insights.

5 LRC for general uncertainty sets

In this section, we extend our LRC model so that it can accomodate general convex uncertainty sets, i.e., U
is not polyhedral. In this regard, we will instead consider uncertainty sets that can be represented as

ugeneral = {CeRnC |fl(<.) SqlaVl:L-'-aL} (34)

using a set of convex fi(-) functions. To establish an extension of LRC, we will need to make use of the
notion of perspective functions for a special class of convex functions.

Assumption 5 The uncertainty set Ugeneral defines a bounded convex set containing a strictly feasible solution
¢ such that fi(¢) < q for alll =1,...,L. Furthermore, for each 1l =1,...,L, the function f(-) is a lower
semi-continuous convexr function. This implies that, according to the Fenchel-Moreau Theorem, it must be

that fi(z) = sup, 2Ty — f.(y), where f1.(y) is the conver conjugate of f(-), i.e., fi.(y) :=sup, y'z — fi(2).

Definition 1 (Hiriart-Urruty and Lemaréchal, 2001) For each 1 = 1,...,L, let h; : R™ x Ry — R be the
closure of the perspective function hi(z,t) := cl tfi(z/t). In particular, given that fi(-) satisfies Assumption 5,

we have that
tfi(z/t) ift>0

hi(z,t) = sup 2"y — tfiu(y) = ¢ limyo+ tfi(2/t) ft=0
Y 00 otherwise

Based on this definition, it is clear that hi(z,t) is jointly convez in z and t.

Under the uncertainty set Ugeneral, when Assumption 4 is satisfied, the value of g(z) becomes

A’lfl(C) S )\qu ) VZ, Vi
(QZ*fl(C))(uli/\l) ZO,V’L,VZ (35g

g(z) = rgu)\n o+ (U(x))TN — (Azx)T'A (35a)
subject to BT =4 (35b)

fil€) < aqi, Vi (35¢)

0<A<u (35d)

OB = ¢d” 35¢)

)

)
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As was done for polyhedral sets, under Assumption 5 this optimization model can be linearized using
perspective functions:

6(2) > gerno(z) = min o u(()A) - (4r)7) (36a)
subject to BT x=d (36b)

fil¢) <aq, Vi (36¢)

0<A<u (36d)

AB = ¢d” (36e)

hi(A, ) < @i, Vi, Vi (361)

ha(Qui — Ay u; — i) < qu(wi — Ai) (36g)

where constraint (36f) is derived from
FQ) <@ = Nfil€) < @di = Ni(sup Ty — fia () < adi = sup(NiQ) Ty — Nifie(y) = h(Ai, Ni) < @i
y Y

and constraint (36g) is derived from

(@ = fi(Q)) (wi = Xi) = 0= (u; — X)) fil€) < qului — i)
= S‘;p(“i =)y = (ui = X)) e (y) < qulus — No)

= h(Cui — Ay us — A) < qi(uy — Ni),

for all ¢ and for all [, and where the term (); is linearized through A.;. One might apply duality theory to
problem (36) to derive a compact mathematical programming representation of the LRC model under Uyenerqi-
Regarding the relation between this more general LRC model and AARC, Appendix A will demonstrate that
the problem maximize,cx gorro(x) always produces a tighter conservative approximation than employing
affine decision rules in problem (23). It is worth noting however that, based on the proof presented in
Appendix A, it appears legitimate to believe that the two schemes are equivalent in most practical situations.

6 Examples

In this section, we provide examples of four applications for which the schemes presented in Section 4
(namely MLRC and SDP-LRC) can provide strict improvement compared to approaches that are commonly
used in practice. The first and second applications, namely a multi-item newsvendor problem and a surgery
block allocation problem, will involve special cases of ARO (known as complete recourse problem) for which
MLRC trivially reduces to AARC so that only SDP-LRC can improve performance. Surprisingly, for the
surgery allocation problem we will show that AARC already provides strictly better solutions than the
model recently presented in Denton et al. (2010), although the latter model was believed by the authors
to provide an optimal robust solution. For the third and fourth application, namely the facility location
problem introduced in Section 1 and a multi-product assembly problem, we will show how one obtains a u
that satisfies Assumption 4 in order to formulate the MLRC model and demonstrate that using this MLRC
can generate strict improvement. We provide further evidence of the extent of this improvement in Section 7
where extensive numerical experiments for the facility location problem are presented.

We note that, in this section, in order to be more concise in our descriptions, we let Z and J represent
the sets {1,...,m} and {1,...,n} respectively, and consider that ¢ € Z and j € J when the membership
for 4 and j is left unspecified.
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6.1 Multi-item newsvendor problem

Consider the following robust multi-item newsvendor problem:

max min er min(x;, () — ¢;jz; + 8; mjax(xj —(;,0) — pj max({; — z;,0), (37)
J

where 74, ¢j, s; < 7;, and p; denote sale price, ordering cost, salvage price, and shortage cost of a unit of the
J-th item, j € J, respectively, and (; denotes the demand for item j for each j. Problem (37) is a special
case of ARO, as

a i j
subject to y;i(Q) < (rj —¢j)xy — (rj —s;)(x; — ), Vie T,V eU

yi(Q) < (rj —c¢j)xy —pi( — ), VieT,VCel.

In Ardestani-Jaafari and Delage (2016), the authors show that affine decision rules are actually optimal
in this problem when U is defined as

57 >0,67 >0

o +6; <1,V

>0, +6; =T ’
G =G+ (6 —6;7)¢

where affine decision rules are made with respect to (6%,07), and when T' is an integer value. One should
however explore for other uncertainty set whether it is possible to get a conservative approximation that is
tighter than AARC using the MLRC or SDP-LRC models. Regarding the MLRC model, one can actually
show that the dual variables of the recourse problem are already bounded for this multi-item newsvendor
problem. Specifically, the dual problem takes the shape of

min ZA}((W — i)z — (r; —s;)(@; — ) + Zﬁ((%‘ —cj)zj — (G — x5))

UT) =< ¢|3st,6 er”,

AL,A2

subject to )\}Jr/\?:l,VjGJ,
AL>0, M2 >0,

which already implies that A' < 1 and A2 < 1 for any feasible solution. Hence, when formulating MLRC
model (20) with u = 1, one obtains a model that is exactly equivalent to LRC model (9) and AARC (following
Proposition 2). We are therefore left with the question of whether SDP-LRC can provide strict performance
improvements. We will achieve this with the following example.

Let us consider an example withn =3, =1[80 80 80 ],c=[70 50 20 ],s=[20 15 10 ], and
p=1[60 60 50 ]. Demand vector ¢ is defined in the following uncertainty set U:

~ 87 > 0,85 >0 G =G+ +05 =67 —65)/2
UT)=q¢|F0,67 eRY, 65 +67 <1,V &  G=G+G65 +65 —6; —05)/2
20 +9; =T G =G5+ G0 + 67 — 05 —67)/2

We compare, as it is shown in Table 1, the optimal bound on worst-case profit and the achieved worst-case
profit of solutions obtained from the LRC model, the SDP-LRC model, and the semi-definite programming
model (denoted by SDP-A&D) proposed in Ardestani-Jaafari and Delage (2016). In this example, LRC is not
exact and can actually be improved upon using models such that SDP-A&D and SDP-LRC. In particular,
the bound on best achievable worst-case profit is increased by a factor of about 3 and 10 using SDP-A&D
and SDP-LRC respectively. This translates directly in some improvement in performance of solutions of
SDP-A&D and SDP-LRC which achieve a worst-case profit that are respectively near 4 and 16 times better
than what is achieved by the solution of AARC. It is also clear that the SDP-LRC model is responsible for
most of the improvement. We next study what is the price that is paid in terms of computations.
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In order to evaluate how each model trades-off between solution computation time and quality, we gener-
ated 10 random instances of multi-item newsvendor problems with 5, 10, 20, 30, and 40 items and uncertainty
budgets I' varying between 10% and 90% of the total number of items. For each case, a random instance
was generated by letting r = 100 and selecting each ¢; uniformly on the interval [1, 60], each p; ~ [1, ¢;], and
sj ~ [1,¢;]. The uncertainty set was randomly constructed using

Up(T) =< ¢|30F,67 €R™, 67 >0, 67 0,67 +6" <1, &7 +6; =T, (= +diag(Q)P(6T —67)
J

where 5 ~ [1,¢] with ¢ = 100, and where P € R"*™ is a matrix where each term was uniformly drawn from
[—1, 1] and each row normalized so that it sums to one.

Table 1: Comparison of optimal bound and worst-case profit associated to solutions obtained from conservative approximation
models and exact models in a newsvendor problem

AARC/(M)LRC  SDP-LRC  Exact model ~SDP-A&DT

Optimal bound on worst-case profit 41.83 411.08 825.83 113.01
Worst-case profit of solution 41.83 664.76 825.83 150.94

T SDP-A&D refers to the semi-definite programming model proposed in Ardestani-Jaafari and Delage (2016).

Table 2 presents the average computation time take by CPLEX 12.7.1 to solve AARC, and by DSDP 5.8
(Benson et al., 2000) to solve SDP-LRC, and SDP-A&D. It also presents the average relative improvement
achieved by SDP-LRC and SDP-A&D in terms of optimal bound on best achievable worst-case profit. Based
on these results, it appears that SDP-LRC does give rise to a heavier computation burden than SDP-A&D
but also to solutions of noticeably better quality (19% improvement on average).

Table 2: Computation time and quality of bounds obtained from AARC/(M)LRC and SDP-LRC compared to SDP-A&D'

Computational time (in sec) Improvement (in %)
I'% AARC/(M)LRC SDP-LRC SDP-A&D' SDP-LRC SDP-A&D
10 <1 1 1 0.00 0.00
30 <1 1 1 0.07 0.02
5 50 <1 1 1 0.19 0.07
70 <1 1 1 0.14 0.01
90 <1 1 1 0.00 0.00
10 <1 5 1 1.79 0.00
30 <1 5 1 14.18 0.04
10 50 <1 6 1 18.65 0.03
70 <1 6 1 43.01 0.01
90 <1 6 1 47.12 0.00
10 <1 61 6 3.52 0.01
30 <1 61 7 0.82 0.02
20 50 <1 60 7 21.57 0.02
70 1 66 6 20.91 0.01
90 1 70 7 35.10 0.00
10 3 360 27 4.63 0.03
30 3 361 30 18.40 0.03
30 50 2 356 27 10.63 0.04
70 2 408 26 15.72 0.02
90 3 368 31 71.84 0.01
10 3 1209 66 3.71 0.19
30 2 1260 76 8.02 0.64
40 50 3 1214 78 15.28 0.04
70 2 1244 69 44.24 0.03
90 2 1192 85 81.78 0.01

TSDP-A&D refers to the semi-definite programming model proposed in Ardestani-Jaafari and Delage (2016).
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6.2 Surgery block allocation problem

Consider the following surgery block allocation problem:

Hilguyi(lge max c;xi + dzi:yi(C ) (38a)

subject to  4;(¢) > Y (jZi; —wa;, Vi€ L, V(€U (38b)

y(€) = O,JVC eu (38¢)

> Ziy=1,VjeJ (38d)

Zlij <z;,Viel (38e)

ze€{0,1}™, Z € {0,1}"*", (38f)

where for each i = 1,2,...,m, variable z; denotes whether we will open Operating Room (OR) i or not,

while, for each j = 1,2,...,n, the variable Z;; € {0,1} decides whether surgery block j will be allocated to
OR ¢. Each (; captures the duration of surgery block j, which is a priori not known exactly. As the surgeries
are performed, if the total amount of time needed in OR i exceeds the planned session length w, then one
has to schedule some overtime y;. The cost model includes a fixed cost ¢ for opening any OR and a variable
overtime cost d. Note that constraint (38d) captures the fact that a surgery block needs to be assigned to
exactly one OR, while constraint (38e) captures the fact that surgery blocks can be assigned to an OR only
if it is opened.

Proposition 7 When U = {¢ € R*|3§ € [0,1]",¢ = ¢ + (6, >.;0; < '}, employing affine decision rules
in the surgery block allocation problem provides a conservative approximation that is at least as tight as the
reformulation proposed in Denton et al. (2010) (see model (40) in that paper).

Proof. Indeed, the model presented in Denton et al. (2010) can be rewritten as

minimize IDenton (T, Z)

subject to ZZU =1,VjeJ
Zij < Z‘Z,VZ el
ze{0,1}™, Z e {01},

where

9Denton (l’, Z) = min Z cr; + Z Yi + I'a

@k
subject to a>dijZiy; —kij,VieI,VjeJ
Vi 2 Y ki —d(wa; =Y G Zij)
J J
az>0,v20, k>0,

where v € R, 7 € R™, and k € R™*". By duality, we can also represent this function as

gDenton(xa Z) = max ZC{Ei + ZdCAJZ”A” — Zd(wxl — Z EJZ”))\Z
% i i 7

NA

subject to 0< N\ <1,Viel
OSAUS)\Z,VZEI,V.]EJ

> A, <T,
j

where A € R™ and A € R™*"™,
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Based on Proposition 2 and the details presented in the proof of Proposition 9, we now know that
employing affine decision rules in problem (38) is equivalent to optimizing
minimize grre(z, Z)
x,Z
subject to (38d), (38e), (38f),

where

gLRc(l‘, Z) = gngaﬁ ZCIi + ZdéJZUAU — Zd(wx, — Z EJZZ]))W
' ij i J

s A
K2

subject to 0< N\ <1,VieT
OSCSjSl,V]Ej
> g <T
J
0<A;<0;,Viel,Vjed
AijSAi,ViEI,VjEJ
ZAijSFZi,ViEI

J

Zéj—ZAijSF(l—)\i),ViEI.
J J

We will now exploit the fact that we can add the constraint Zij A;; < T to the problem associated to
grre(x, Z) without affecting the optimal value that it will return. This is because, for any optimal solution
(A\*, 6%, A*), one can simply replace A* with A’ such that Agj = Z;;\;; satisfies all constraints and achieves
the same objective. Indeed we have that

O§A1]§5J:>0§A17Zl]§5]:>O§A;JS(5J

ZAU <Tz = ZAijZij <TIz = ZA;J. <Tz
ZA% = ZAijZij < Zajzij =< Z(szzij — Z(;j <T.
K ij ij j i j

Hence, we have that

gLRC(CC, Z) = max ZCLLUL' + ZdéjZ’UAij — Zd(wxz — Z@-Zij)zi

No,A

subject to 0<z<1,Viel
0<6; <1,VjeJ
PBLUES)
J
0< Ay <9;,Viel,Vjed
AijSZi,Vi,Vjej
ZAingzi,VieI

J
1-6;—XN+A>0,Viel,Vjed

6= Ay <T(1-X\),Viel
J J
Y Ay<T,

ij
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meaning that, for any feasible  and Z, it must be that grrc (2, Z) < gpenton(, Z), since the latter involves
an optimization model that is exactly the same as the former except that it imposes fewer constraints. We
conclude that exploiting affine decision rules must lead to a tighter conservative approximation. O

Consider a particular problem instance in which there are three surgery blocks and 2 operating rooms
that can run for 8 hours. The cost of opening a room is $39,000, and the overtime cost is $100 per minute.
The duration of each of the three surgery blocks is planned to be equal to 0 min, 240 min, and 320 min, but
could last up to 160 min, 352 min, and 512 min respectively. We set the budget to I' = 2.

In this context, one can show that the model proposed by Denton will suggest opening only one OR,
where all blocks will be scheduled for an estimated worst-case total cost of $822,000. On the other hand, one
can verify that opening both ORs and scheduling the biggest block in one OR and the two smaller ones in the
second OR leads to a worst-case total cost of $812,000. Note that the worst-case total cost of this solution is
estimated at $828,000 by the Denton model. One can further confirm that the exact optimal solution is the
one that is returned by the AARC (and LRC) model. Hence, this exact solution will also be identified by
MLRC, which is actually equivalent to AARC following a siilar argument as presented in Section 6.1, and by
SDP-LRC. Table 3 summarizes the optimal bounds on worst-case cost obtained for the two types of solutions
(i.e., open one or two ORs) using AARC, MLRC, SDP-LRC, and an exact solution of ARO.

Table 3: Comparison of the worst-case cost for different solution methods to the surgery block allocation problem

Alternative AARC’s/(M)LRC’s SDP-LRC’s Exact model ~RORAT
Open one OR $822,000 $822,000 $822,000  $822,000
Open two ORs $812,000 $812,000 $812,000 $828,000

TRORA refers to the “exact” reformulation proposed in Denton et al. (2010).

The fact that employing affine decision rules can provide better solutions than the model in Denton et al.
(2010) is surprising, as it is stated in Denton et al. (2010) that their proposed reformulation provides an
exact solution to the robust surgery block allocation problem. The issue in the argument presented by the
authors of that paper is found in their Proposition 6, which states that a certain polyhedron only has integer
extreme points. Appendix B provides arguments that disprove this proposition.

6.3 Location-transportation problem

We now revisit the location-transportation problem presented in (3) and describe how to formulate the
associated MLRC. We will then establish whether MLRC is able to provide a less conservative solution than
the one obtained by AARC and the model proposed in Ardestani-Jaafari and Delage (2017) for the instance
of this problem described in Example 1.

In order to formulate the MLRC model, one first needs to identify a u that satisfies Assumption 4. To do
so, we start by reminding the reader of the recourse problem that arises in this application:

maximize — Z ;i + kivg + Z Z i Yi; (39a)
i i g

Y

subject to Zyij <(,vied (39b)

Zyij Sxi,ViEI (39C)
J
y=>0. (39d)
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Hence, the dual formulation of the recourse function takes the form

i 7 %
subject to A+ A =AY =n;,VieI, VjeJ (40b)

A >0, M>0, >0, (40c)

where A\ € R?, A2 € R™, and A3 € R™*" are dual variables associated with constraints (39b), (39c),
and (39d) respectively. Our goal is therefore to identify tight bounds for A'*, A2*, and A\3*.

Since > 0 and ¢ > 0, the objective function of problem (40) is non-decreasing in A! and A?. One can
therefore conclude that, at optimum, each term of A'* will be such that it will either be equal to 0 or involved
in a one active constraint among the set of constraints

A+ A >, VieI,VieJ.
It must therefore be that

)\}* < max(0, max;j — A#*) < max(0, mlaxmj) = u; ,VjeJd.

Similarly, in the case of A?*, we have

M < max(0, maxn;; — /\jl*) < max(0, maxn;;) :=u?, Vi€ L.
j J

Finally, since A3* = A\J* + A7* — 05 := uj

25, one could conclude that A}; < max(0, max; 7;; + max; 1;; — i)

Based on propositions 4 and 5, we know that we obtain conservative approximation to problem (3) when
employing affine decision rules in the following augmented model:

maximize min — c;ir; — kv + ii Y — uzlzz1 — u?z? — uf’z?
29(0).21 (0,220,235 CEU Z ;;nﬂyﬂ(o Z © ; 7 () ZJ 7
subject to Y 4i;(Q) < ¢ +2j(¢), Vi€ T, V¢el
D (O <wmi+27(Q),VieT,V(elU
J

y(()>0,V¢el

2'(¢) =20, 2*(¢) >0,V¢eU
0<z; <Mv;,VieTl

v; € {0,1},VieT.

where 2! : R® — R, 22 : R® — R™, and 2% : R® — R™*" can be interpreted as violation adjustments for
constraints (3b), (3¢), and (3d) respectively. In Ardestani-Jaafari and Delage (2017), the authors employed a
special case of such a conservative approximation where z}(() = 2]1 ¢, 22(¢) :== 0, and 23(¢) := 0, and showed
that there exist instances of the location-transportation problem for which this conservative approximation

is strictly tighter than employing affine decision rules directly in model (3).

When addressing the specific problem instance presented in Example 1, one can verify whether the bounds
for A'*, A?* and A\** can be improved. This can be done by solving problem (19) with M := 2||n|/o = 11.8
since for k = 1,2, 3 we have that \** < max;; |7;;|, and exploiting the proposed constraint generation scheme.
This leads to establishing the following bounds:

5.9
u =1 5.9 u2:—[5'9} u?’:—{o 0.6 1}.
4.9
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Table 4 compares the performance of AARC proposed by Ben-Tal et al. (2004), ELAARC proposed by
Ardestani-Jaafari and Delage (2017) and our proposed MLRC in this problem instance. One can observe from
the table that while AARC exhibits “over-conservatism” by refusing to open any of the facilities, ELAARC
instead provides facility location plan that achieves 70% of the best worst-case profit possible. The optimality
gap is actually reduced to zero when using MLRC. It is worth remind the reader that AARC (and implicitely
ELAARC and MLRC) was shown in Ardestani-Jaafari and Delage (2017) to provide an exact solution to
this model when I' = 1 or I' = 3, however this example confirms that some improvement is possible for other
sizes of budgets and that MLRC is a promising alternative to consider. This point of view will be further
reinforced in the extensive numerical experiments presented in Section 7.

Table 4: Comparison of optimal bound on worst-case profit and worst-case profit associated to solutions of each model in an
instance of RLTP

AARC/LRC MLRC SDP-LRC Exact model ELAARCT

Optimal bound on worst-case profit 0 6600 6600 6600 4024
Worst-case profit of solution 0 6600 6600 6600 4622

TELAARC refers to the approximation model proposed in Ardestani-Jaafari and Delage (2017).

Finally, we compare the computational time of LRC, MLRC, and ELAARC as it is illustrated in Table 5.
From this table, one can observe that the computational time of MLRC is not significantly heavier than
that of the other models, and it can be solved in less than 23 minutes using CPLEX solver for medium-sized
instances. We also remark that larger sized instances of MLRC might be more effectively addressed using a
similar decomposition scheme as presented in Ardestani-Jaafari and Delage (2017).

Table 5: Computational time of LRC, MLRC and the available approximation in the literature

|z |T] I'  AARC/LRC MLRC ELAARCT

10% 3 7 5
30% 3 11 5
10 20  50% 4 10 7
70% 9 15 10
90% 6 14 8
10% 18 67 31
30% 31 78 25
20 20 50% 44 110 41
70% 70 215 70
90% 61 274 102
10% 489 891 775
30% 488 1074 391
20 40 50% 690 452 750
70% 1027 1339 616
90% 457 556 356

TELAARC refers to the approximation model proposed in Ardestani-Jaafari and Delage (2017) solved directly using CPLEX.

6.4 Multi-product assembly problem

In this problem, a manufacturer produces n products using m different types of parts. It is a two-stage
problem wherein, the manufacturer pre-orders x; units for part ¢ € Z with a cost of ¢; per unit in the first
stage; and when demand is realized, it must be determined how many products, y;, to make for each type
j € J. The robust multi-product assembly problem can be formulated as follows:
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maxif?)ize Iénem —cTz+ (g —D)Ty(Q) + 5T (z — Ay(Q)) (41a)

.y

subject to y(Q) <¢,v¢el (41b)
Ay(C) <z V¢ eu (41¢)
y(() = 0,v(el (41d)
0<z<M, (41e)

where ( € R™ is the uncertain demand for each product and where parameters ¢ and ! denote, respectively,
the selling price and production cost per unit of the products, while s denotes the salvage unit value of unused
parts. Finally A;; denotes the number of units of part ¢ that is required to assemble product j.

As was done for the previous example, one can hope to identify a tighter conservative approximation than
with AARC by employing affine decision rules in the following augmented model:

omainize | min —cTo (g = )Ty(Q) + 7@ = Ay(0) — 2O — w2 — w2
subject to y(¢) < ¢+ 240 ,v¢elU
Ay(Q) <z +2%(0),V¢eU

y(€) = 0-2%¢),V¢eu
1

2 (()>0,v¢el
2)>0,v¢el
2 >0,v¢elU
0<z< M,

where z! : R® = R"”, 22 : R® — R™, and 2% : R® — R” can be interpreted as violation adjustments for
constraints (41b), (41c), and (41d). Yet, in this case, the u bounds are obtained from the dual problem:

minimize CTAY 4 2T )2 (42a)
AL, 22,23

subject to A} + ZAIJA =q -l +ALs Vjeg (42b)

)\120,)\2207)\320, (42c)

where A € R, A\?2 € R™, and A\* € R" are the dual variables associated to constraints (41b), (41c), and (41d).
Here again, the objective function is non-decreasing in A' and A? so that, at optimum, each term of these
two vectors is either zero or is involved in at least one active constraint among the following set:

Aj1+ZAU)‘$ ijfl]+A7;S,v‘] Gj
This indicates to us that

VR

A;* <max(0, ¢; —; + A:Tjs — ZAij)\?*) <max(0, ¢g; — I; + AY;S) = ul

and that

1
(jfljJrA:Tjs)) =u?,

K2

1
( j 7lj +A€S*AJ1 7ZA”)\12* ) < max(
i £

A2 < max(0,

j€T: VISVE
where the set of indices J; := {j | A;; # 0}. Finally, since A3 is uniquely determined based on A! and A2, we
have that

/\?:)\;—FZAij/\g—q]’—‘,-lj—A?;SS’LL;—FZAUU —q;i+1 — As—u3
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We conclude this example with a description of the specific context in which exploiting the information
about the bound u on A\* leads to a strictly tighter conservative approximation. In particular, consider a
multi-product assembly problem with three products and two different types of parts. The pre-order variable
z is bounded by 100,000, the cost of parts A and B are, respectively, $25 per unit and $3 per unit, while the
salvage value is $4 per unit and $1 per unit. Furthermore, the difference between the selling price and the unit
production cost of each product is: $380/unit, $800/unit, and $1200/unit respectively for products #1 to #3.
Next, we have that product #1 requires 9 units of both parts, product #2 requires 5 units of part B, and #3
requires 9 units of A and 4 units of B. Finally, for products #1 to #3, the nominal demand is respectively
of 9000, 10,000, and 8000 units while the worst-case demand for each is 1000, 2000, and 0 units respectively.
In this specific context, one can exploit the above closed-form bounds u' := [ 425 805 1240 |7, u? :=
[ 140 310 |7, and w3 := [ 4050 1550 2500 ]7. However, using problem (19), with M := 4050, allows us
to tighten these bounding vectors even more:

335 2275
w = | 795 - [ ;33 ] W= 655
1160 0

As it is shown in Table 6, when the budget of uncertainty is set to I' = 2, a direct application of affine
decision rules in problem (41) will lead to a worst-case profit estimated at 2.474 million dollars; meanwhile
employing affine decision rules in the equivalent formulation that allows penalized violations achieves a worst-
case profit estimated at 2.722 million dollars (namely a 10% increase in profit). This confirms that the MLRC
model can provide a strictly tighter conservative approximation for this type of problem.

Table 6: Optimal solution of AARC and MLRC in the instance of multi-product assembly problem

AARC/LRC MLRC SDP-LRC Exact model
# of parts type A 92,793 81,000 81,000 81,000
# of parts type B 91,000 91,000 91,000 91,000
Optimal bound on $2.474 million  $2.722 million  $2.722 million  $2.722 million
worst-case profit
Worst-case profit of $2.474 million  $2.722 million  $2.722 million  $2.722 million
solution

7 Extensive Numerical Study of Location-transportation Problem

In this section, we perform an extensive comparison of the quality of the solutions that are provided for
the location-transportation problem of Section 6.3 by AARC, MLRC, and the ELAARC model proposed
by Ardestani-Jaafari and Delage (2017) on a set of randomly generated location-transportation problem
instances. In particular, we generated 1000 instances of a problem containing 5 facility and 10 customer
locations, where the nominal demand and maximum deviation are respectively equal to {; = 20,000 and
@ = 0.9¢; = 18,000 for all j while the variable and fixed capacity costs are respectively ¢ = 0.6 and
K = 50,000. In each instance, the marginal revenue 7;; associated to goods shipped from each location
i € T to each customer j € J is independently and identically drawn from a uniform distribution over the
interval [4,7].

In discussing our finding, we will make use the following expressions which are borrowed from Ardestani-
Jaafari and Delage (2017):

e The “optimized worst-case bound” of a conservative approximation model refers to the best lower bound
on worst-case profit that can be achieved according to this model (i.e., optimal value of the conservative
approximation model).

e The “optimal worst-case profit” of a problem instance refers to the best worst-case profit that can be
achieved for this instance.?

3Implementation detail: The optimal value of the ARO model is obtained using the column-and-constraint generation
algorithm presented in Zeng and Zhao (2013).
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e The “relative optimized bound gap” of a conservative approximation model refers to the relative dif-
ference between the optimal worst-case profit of the problem instance and the optimized worst-case
bound of this model.

e The “relative suboptimality gap” of the solution of a conservative approximation model refers to the
relative difference between the optimal worst-case profit for a problem instance and the worst-case
profit achieved when implementing the approximate facility location decisions while the transportation
plan is re-optimized when the demand is observed.

Regarding the quality of the optimized worst-case bound, one might first observe in Table 7 that the
average optimized bounds always strictly improves when using ELAARC and MLRC models. One might fur-
ther notice that the most significant improvements appear to occur exactly when passing from the ELAARC
model to the MLRC model. Specifically, the ELAARC and MLRC models are able to improve the average rel-
ative optimized bound gap obtained with AARC by 0.19% and 10.10% respectively. Furthermore, it appears
that a significant gain is achieved with the introduction of MLRC, such that the proposed relative optimized
bound gap are on average less than 1.67% from being exact. Finally, one might notice that, this reduction
becomes more significant as one increases the required level of robustness, I', as long as I' < 10. A similar
observation can be made for the ELAARC model for which the difference with AARC is barely noticeable
for small values of I'. While Ardestani-Jaafari and Delage (2017) had noticed that marginal improvement in
performance could be obtained by employing affine decision rules in a penalized form of the recourse problem
(leading to the ELAARC model), this new study clearly illustrates how a more thorough application of this
scheme can be beneficial when the amount of uncertainty is large.

Table 7: Average relative optimized bound gap (Bound gap) and average relative suboptimality gap (Subopt. gap) for the solutions
obtained from each approximation model under different values of budget. Note that Ardestani-Jaafari and Delage (2017) showed
that AARC provides an exact solution when I' = 1 and I' = 10 in these problem instances

r AARC MLRC ELAARCH
Bound Subopt. Bound Subopt. Bound Subopt.
gap gap gap gap gap gap
1 0 0 0 0 0 0
2 0.88 0.66 0.25 0.20 0.88 0.66
3 2.26 2.03 0.75 0.59 2.25 2.02
4 4.18 3.99 1.15 0.93 4.15 3.96
5 7.03 6.87 1.48 1.19 6.98 6.82
6 11.12 10.99 1.45 1.19 11.01 10.86
7 17.63 17.54 1.65 1.48 17.36 17.26
8 28.31 28.29 2.97 2.92 27.73 27.45
9 46.25 34.18 7.01 6.99 45.45 21.17
10 0 0 0 0 0 0
Avg. 11.77 10.46 1.67 1.54 11.58 9.02

TELAARC refers to the approximation model proposed in Ardestani-Jaafari and Delage (2017).

Table 8 provides additional statistics about the relative suboptimality gap of the different solutions pro-
posed by each approximation model in the 10,000 problem instances surveyed in Table 7 (i.e., 1000 randomly
generated instances evaluated for all T' = 1,...,10). Specifically, the table indicates, the proportion of in-
stances for which an approximation model was able to identify a solution whose relative suboptimality gap
was within a given range. The table also presents the average and maximum relative suboptimality gap for
each conservative approximation model. While similar observations as before could be repeated here, the
main one in this table might be how the added flexibility employed in the MLRC truly gives this approxi-
mation scheme significantly better chances of a high-quality solution in terms of relative suboptimality gap.
Numerically speaking, this did not appear to come at a price in terms of solution time (resolution time of all
three models were comparable) although this would need to be verified in the context of larger scale problems.
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Table 8: Proportion of the 10,000 problem instances analysed in Table 7 for which the relative suboptimality gap of each
approximation model was within a certain range. Average gap and maximum gap are also reported

Gap range AARC/LRC MLRC ELAARC

=0 20.6 23.8 20.6
<0.1 20.9 27.4 20.9
<1 28.4 56.3 28.4
<10 61.4 99.3 62.3
Avg. 10.5 1.6 9.0
Max. 50.0 13.3 46.3

TELAARC refers to the approximation model proposed in Ardestani-Jaafari and Delage (2017).

8 Implications for Copositive Programming Reformulations

Since the publication of the thesis of Ardestani-Jaafari (2016) on which this article is based, a few studies
have shed some additional light on the connections between two-stage robust optimization problems and
reformulation schemes for non-convex quadratic programs, and in particular with copositive programming.
In Hanasusanto and Kuhn (2016), the authors consider a generalization of our ARO problem (1) which takes
the shape of a distributionally robust problem that is based on Wasserstein balls where the uncertainty lies
in both the objective and right-hand side of the recourse problem. Unlike our Assumption 2, they assume
that the problem has complete recourse and present an equivalent copositive program. In the case where
complete recourse does not hold (as in the examples of sections 6.3 and 6.4), the authors propose a sequence of
copositive programs known to provide solutions that converge to the optimal solution. In an article developed
independently, Xu and Burer (2016) also present an equivalent copositive programming reformulation for
two-stage robust optimization problems with right-hand side uncertainty. Unlike in Hanasusanto and Kuhn
(2016), their approach can handle convex uncertainty set of arbitrary structure. The authors also establish
a connection with AARC and a conic programming reformulation that is obtained by approximating the
copositive cone from within. In a recent revision, the authors were inspired by our idea of bounding the dual
recourse variable A in order to provide an exact copositive programming reformulation for relatively complete
recourse problem although no connections to AARC have yet been identified for the resulting reformulation.

In this section, we reuse the ideas of both Hanasusanto and Kuhn (2016) and Xu and Burer (2016) to
strengthen the connections between the ARO model with relatively complete recourse, copositive program-
ming, and both MLRC and SDP-LRC derived in Section 4. We start with an essential assumption that can
be made without loss of generality in order to apply the theory related to copositive programming.

Assumption 6 The uncertain vector  is known to lie in the non-negative orthant, i.e. U C Ri‘. This
assumption is made without loss of generality since one can always redefine ¢ := ¢ — ¢~ with ¢ > 0 and
¢ >0.

We next repeat an important result of Section 4 which stated that under assumptions 1-4, the ARO
model is equivalent to maximize,cx g(x) where g(z) is evaluated using

g(z) = r?l/\n Tz 4+ (W(z))TA - (Az)TA (43a)
subject to BTAx=d (43b)

PC<q (43c)

0<A<u. (43d)

In particular, it can be reformulated in a form that is more standard for non-convex quadratic programs:
glz) = min  clztytQ@)y +2e() "y

=b

subject to Ay
y=>0

)
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where y € R™, with 7 := 2m + n¢ + ny so that y captures [A\T (7 (¢ — P¢)T (u — A\)T] and where

0 (1/2)¥(x) 0 —(1/2)Az BT 0 0 0 d
Qx) = | (1/2)¥(x)T 0 0| éx):= 0 A= 0 P I 0| b:=|gq
0 0 0 0 I 0 0 I u

Based on corollary 8.1 and 8.3 of Burer (2012), one can directly establish the following completely positive
reformulation for g(z):

g(z) = r{}in a4+ tr(Q()TY) + 2é(x) Ty (44a)
Y

subject to Ay=1b (44b)

AY = by” (44c)

oVlex 44d

yT 1 CP ( )

where Y € R"*" and where Kcp is the cone of completely positive matrices, i.e.

K:CP = {M c Rﬁ+1><ﬁ+l

M = Z 2z for some finite {z; }rex C RTTH! \0} u{0}.
keK

Given that completely positive programs are convex optimization model, one can hope to obtain a tight
bound using conic duality so that

g(z) > max Fr4+0Tw—t (45a)

Qz) — (1/2)(WTA+ ATW)  é&(x) — (1/2)(ATw — WTh)

subject 0| Gy T (1/2)(ATw — WTH)T t

S Kcop s (45b)

where t € R, and where w € R™Tw+m and W € R Tu+mX% contain the dual variables associated to
constraints (44b) and (44c) respectively, while Kqop, refers to the dual cone of Kcp also known as the cone
of copositive matrices, i.e.

Kcop = {M €€ R"P 1 M =M", 2"Mz>0,VzeR}} .

When attempting to prove that strong duality holds, a sufficient step consists in verifying whether prob-
lem (45) is strictly feasible. We refer the reader to Appendix C for a complete proof of this claim.

Lemma 3 Given assumptions 4 and 6, problem (45) is strictly feasible. In particular it is even strictly feasible
when K cop is replaced with RTFM"H C Kcop-

At this point, we have assembled all the ingredient to present yet a second equivalent copositive program-
ming formulation of ARO for relatively complete recourse problems (see RLP model in Xu and Burer (2016)

for the original equivalent model).

Corollary 2 Given assumptions 4 and 6, the following copositive program is equivalent to problem (1):

maximize e +0Tw—t (46a)
zeX ,W,w,t

. Qz) — (1/2)(WTA+ ATW)  é&(z) — (1/2)(ATw — WTh)
subject to &@)T — (1/2)(ATw — WTH)T ; € Keop - (46b)

Proof. Strong duality follows from the fact that the dual problem (45) is strictly feasible, following Lemma 3,
and bounded, which follows easily from Assumption 3 since it states that max,cx g(x) is bounded. O
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Corollary 3 Given assumptions 4 and 6, and some cone K C Kcop, the conic program obtained by replacing
Kcop by K in problem (46) provides a conservative approzimation to problem (1). Furthermore,

1. if K = K = RjﬁHXﬁH, then the conic program reduces to a linear program that is equivalent to
MLRC (20);

2. if K=Ky := RﬁJrHXﬁH + IC’}ng%,Xﬁﬂ, i.e. the Minkowski sum of the non-negative orthant and the cone
K}g}f”“ of positive semi-definite matrices, then the conic program reduces to a semi-definite program

that is equivalent to maxzecx gspp.rro(T).
3. if K1 €K C Kgop then the conic program provides a tighter approximation than MLRC

4. if Ko CK C Keop then the conic program provides a tighter approzimation than maxzex Gspr.rro(T).

See Appendix C for proof.

Compared to Hanasusanto and Kuhn (2016), the particularity of this non-convex quadratic program (43)
is that it has a bounded feasible space which can be exploited to establish strong duality even thought the
ARO does not satisfy the complete recourse assumption. Alternatively, Xu and Burer (2016) did propose
imposing a bound on ||A]|z in order to help with duality yet did not attempt to further connect the resulting
model to the AARC approach. Furthermore, the reformulation that is obtained using ||A||2 cannot readily
be approximated using linear programming. One should also be aware that there exists hierarchies of both
polyhedral and semi-definite cones that can be used to cover the range K1 C K C K¢op and Ko € K C Kcop
respectively and produce tighter conservative approximations albeit at a higher computational price. We
refer the reader to Parrilo (2000) and Bomze and de Klerk (2002) for some examples.

9 Conclusions

In this paper, we proposed a linearization scheme that can be used to construct tractable conservative approx-
imation models for two-stage adjustable robust optimization problems with right-hand side uncertainty. We
showed that this scheme provides an alternate interpretation of models obtained through the use of AARC.
Yet, by considering the adversarial problem as a bilinear optimization problem that needs to be linearized, it
becomes very natural to identify modifications based on valid linear and conic inequalities that will improve
LRC and consequently provide tightening procedures for AARC. Based on these results, it is clear that the
LRC model can help us to better understand the quality of solutions obtained from AARC and offers a
perspective that might help design better approximation methods for two-stage adjustable robust optimiza-
tion models (e.g., the penalty based method presented in Proposition 5) . We finally surveyed the types
of improvement that our proposed models might offer in four different operations management applications
and shed some light on how this scheme relates to approaches that are based on copositive programming
reformulations as were presented in Hanasusanto and Kuhn (2016) and Xu and Burer (2016).

Appendix A Relation to AARC for General Uncertainty Sets

For simplicity, we present the connection between GLRC and AARC for a convex uncertainty set described
as Ugeneral := {¢ € R™¢| f(¢) < ¢} and when no bounds are known for the dual variables A € R™.

Proposition 8 Given that f(-) satisfies Assumption 5, the GLRC model presented below provides a tighter
conservative approzimation than the AARC model presented in (2) when the uncertainty set is described as

Z/[general"
mafeiglize garre (),
where
gorLre(x) := CII}\iI& Tz 4 tr(U(z)A) — (Az)TA (47a)

subject to  BTA=4d (47Db)
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f(€) <q (47¢)
A>0 (474d)
AB = ¢d” (47e)
(A, N) < ghi, Vi (47f)

Proof. Based on Definition 1, constraint (47f) can be explicitly described as

sup ATz — Nifu(2) < g\i, Vi

One can then construct the Lagrangian function of problem (47) using the following form :
LCNA Y, Y, s) = cl o+ tr(U(x)A) — (Az)TXN + 4T (d — BTN) + tr(Y (¢dT — AB)
+ Z si(sup ALz — N fu(2) — q\)

= sup clao+tr(¥U(2)A) — (Az)"\ +yT(d — BT)) + tr(Y(¢d" — AB)

Z1ye-+3%m

+ ) sidz = Nisiful(zi) — gsidi)

where y € R™ | Y € R™*" and s € R™ are respectively the dual variables associated to constraints (47b),
(47e), and (47f). Now letting L£((, A, A,y,Y,s,{zi}{2;) denote the expression on the right of the sup, .
operator, we necessarily have that

nf sup LCNA Y, Y, s,{z:}") (48a)

i
B < 3
S5 8 wYs>0{zdn,

> inf su inf L(CMNA Y, s, {zm). 4A8b
T Gf(O<q va»SZO’?Zi};’Ll A >0 (¢ Y {zi}i21) (48Db)

goLre(x) =

One can then analytically resolve the optimum in terms of A and A as

. T T
garrc(x) > min max crx+d (y+YC
@) CGf(O<a v,Y,s>20{z}7, ( )

subject to (U(z)E —YTB] + si2: =0, Vi
fl'é:'r + Bi:y + Sif*(zi) + qs; S 07 \V/Z .

The equality constraint can further be used in conjunction with the fact that s;f.(2z;) = hu(8;2,8;) =
sup,, sizl'y — s, f(y), to obtain

z) > min max Tr+d(y+Y
gerrole) = min o RAX, +Y¢)
subject to Ajx+ By + h YTBE — (O(2)F, 83) + s <0, Vi.
After applying Sion’s minimax theorem as was done in the proof of Proposition 2, one obtains
x) > max min Tz+d (y+Y
gerre () S CHO<a (y ¢)
subject to Az + By + ho (YT BE — (U(2)T,55) +qs; <0, Vi,

where the last constraint can be reformulated as

Ajx + By + ir;fosup By Y( —¥(x)i.¢ — 5, f(¢) +¢si <0
Si 2 C

since s; is not involved in the objective function. Given that there exists a point ¢ such that f(¢) < g, strong
duality theory will apply here and allow one to reformulate this constraint as

Aj.x + By + sup ir;fo By Y( —W(x)i¢ — s f(¢) +qsi <0,
¢ siZ



28 G-2016-69 — Revised Les Cahiers du GERAD

and finally
Apx + Bipy+ sup BiY(—V(x);.¢ <0.
¢:f(¢)<q

These steps allow us to reach our conclusion:
) > max min frz+d(y+Y
g6Lro(T) 2 vY  GiO< w+Y)
subject to Az +Bly+Y() <V¥(z)(<0,V(: f(¢)<q,

which is the conservative approximation of the worst-case performance for £ when employing affine decision
rules. Note that equality is met in this expression if one is able to establish the right constraint qualification
conditions for a minimax theorem to apply in (48). In this case, LRC becomes equivalent to AARC. O

Appendix B Counterargument to Proposition 6 in Denton et al. (2010)

We first recall the proposition that can be found in Denton et al. (2010).

Proposition 9 (Proposition 6 from Denton et al. (2010)) The polyhedron defined by the following
constraints has integer extreme points when T is an integer

ZAijST (49&)
ij

OSAiJSEij,ViEI,VjEJ (49b)
0<%, <1,VjeJ, (49c¢)

where A € R™™ and z € R™ and where the parameter Y € {0,1}"*™ satisfies the property that }_,Y;; =1
forallieT.

Here is a counter-proposition.

Proposition 10 Letn =3, m =2, Yio = Yo = Y31 =1, and I" = 2, then the polyhedron defined by Equations
(49a), (49b), and (49¢) has the following extreme point:

0 1
A=|05 0 [ 0-5 ] .
05 0

wl
Il

Proof. This can easily be shown by verifying that this solution is feasible and that it satisfies exactly a set
of 8 linearly independent constraints. The eight constraints are

Yoay<2 ~A; <0 Ay <z Agr <21
i

— Ay <0 Az <z — A3 <0 22 < 1.

Putting all these together we get

AN
AN
Agy
Ao
Az
Azy
21
0 0 0 Z9

— O OO o~k OO

SO O, OOO

[N eNeoNeoBell S -
S OO = OO
O OO oo

|
_— O O OO o oN

|
coorRr o0 O
corocoo o

=l eleloNol

Since this matrix is invertible and the pair (A, z) satisfies this system of equations, we have confirmed that
this assignment describes an extreme point of the polyhedron. O
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Appendix C Proofs of Section 8

Proof. Proof of Lemma 3. We will exploit Farkas lemma to identify a ray (vt,yw,yW), parametrized by
v > 0, such that

{ —(1/2)(W)TA+ AT( /W) —(1/2)(AT (yiw) — (yW)"D) ] M
—(1/2)(AT (yw) — (yW)T0)" 7t ’
for some
Ve —(1/2)(WTA+ ATW) —(1/2)(ATw — WTh)
- [ —(1/2)(A"0 — WTH)T t ]
This will consequently imply that there exists a 4 > 0 for which

Q) (1/((W) A+ AT (W) &) (1/2)(AT (yw) — (3 W)"D) ] _ { %) o ] a0,

&(x)" = (1/2)(A" (yw) — (YW)"b)" "t

First, based on Assumption 1, the boundedness of &/ implies that there is an M > 0 such that 17¢ > M
is inconsistent with P{ < q. By Farkas lemma, this implies that there necessarily exists some s € R™ and
sp € R that satisfy the following linear inequalities:

s>0 S0 >0 PTSZSO qTS<M30.

Yet, since assumptions 1 and 6 state that U C R:Lf is non-empty, this implies that sg > 0. Indeed, if sg = 0,
the existence of a feasible é > 0 leads to a contradiction:

OSSTP€§8TQ<O = 0<0.

We finally conclude from this exercise that there must exist a § := 1 4+ as, with o > 0 such that 5 >
1 and PT5 = PT1 + aP"s > PT1 4+ asy > 1. This occurs in fact when choosing a := (1/s0)(1 +
max(maxi—1,... n, PT1,0)).

Second, we demonstrate that

M := - ~ _ >1
—(1/2)(ATw — WTh)T t
for the following assignment:
0 - 0
t:=1 W= —(2+max(57g+1Tu, 0)) | 5 Wi=—1|35 |17
1 1

Studying each term separately we get:

PTs
1 WTA+ATW):1( ! "+1[PTs 1 5 1]|>1
2 2 S -
1
PTs
1/~ - 1
—§<ATu’)—VVTb):5 (14 max(57q+1Tu , 0)) ; —qTs—1"y
1
1
> 5((2 +max(57q+ 17w, 0)) —¢75 —1Tu) > 1
t>1

This completes our proof. O
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Proof. Proof of Corollary 3. Given that we have established that strong duality applies for problem (45)
whether the copositive cone is replaced with R’}FHXFLH or RTAX%H + KggéXﬁ+l7 our efforts can focus
on comparing gyprc(z) and gspp.Lrc(z) to the optimal value of problem (44) with Kcp replaced with the
dual cone of R which is Ky := R and the dual cone of R 4 R which is
Ko = Rfﬁlm“ N ICE‘S%MH respectively. In what follows, we simply refer to the value of each of these two
bounds as ¢1(z) and go(x) respectively.

First, whether the cone is replaced with K; or Ko, we can exploit the equalities of problem (44) to
reformulate ¢g;(z) and go(x) as

gi(z) = min Tr+tr(Qx)TY) + 2¢(x) Ty (50a)
Yy, ALE NG
subject to (44b) — (44c)
v A AT )
[Tﬂ_ A = ¢ |oT (50b)
Yy )\T CT 1
Y oy
|: yT 1 :| S ’Cla (50C)

I 0 0
0 I 0
P .= 0 —-P g
—I 0 wu
0 0 1

We omit to provide the details of this equivalence as they are purely algebraic. One can indeed expand the
list of linear equalities expression in constraint (50b) to see that each one of them simply repeats an equality
constraint present in constraints (44b) and (44c).

Next, in problem (24), one can certainly consider additional decision variables A € R™*™ and = € R™¢*"¢
that need to satisfy constraints (33j), (33k), and (331), without affecting the feasible set in terms of ({, A, A)
given that the assignment A := AT and = = ¢(¢7T always satisfies these constraints. Furthermore, in both
problems (24) and (33) one can exploit Assumption 6 to identify a list of redundant constraints. Namely,
based on Farkas lemma, this assumption implies that there must exist some matrix @ € R™*™ such that:

onanzfjaquo

We can therefore derive the following implications:
(10c) = PA < g\l = QPA<Qq\T = A>0
(24c) = PA>g\T — (¢ — POu” = QPA > Qg T — Q(q— POu? = A < ¢u”
(33j)) = PEPT +q¢" > PCq" +¢¢"PT = QPEPT > Qq(P¢—q)" + QP{q" = EPT < (q"
= 2ZPT < (¢ = Q=PT <Q¢¢" = =>0.

Hence, one can establish that

. T 2o\T S \T
— Y 2
Grrre () Kyg\l,lél’)\’f cr+tr(Q(x)'Y) + 2¢é(x)" y
subject to (44b) — (44c), (50b)
Y y
[ LA } >0,

This readily implies that g1 (2) = gunrc(2) which completes the first part of the proof.
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In the case of gspp.rrc(2), the same argument leads us to establish

gspp-LrRC (I) = Y,y,I}\l,iél,A,g 'z + tr(Q(I)TY) + 2&(I)Ty

subject to (44b) — (44c), (50b)

v A AT )
[ - ?{]>o, A = ¢ |=o0.
Y AT CT 1

Although this does not exactly give rise to the optimization problem associated to go(x) because of the
different linear matrix inequalities, they are both equivalent because of constraint (50b) and the fact that @
is full rank. Namely, it is clear that

I 0000 A AT A A AT ) v
071 000]|d=1 = A Z (|=0sd| A E ¢ @TH)@[ - HH),
0000 1 AT (T AT (T 4

This implies that g2(z) = gspp.Lrc (). The last two conclusions 3 and 4 of the theorem follow naturally from
the fact that employing K O K; in problem (46) would mean that the feasible set is relaxed and must achieve
a larger optimal value than MLRC, and similarly in the case of SDP-LRC. This completes our proof. O
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