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Abstract: This paper provides new results on the application of semidefinite optimization to satisfiability
by studying the connection between semidefinite optimization and minimal unsatisfiable subformulas. We
use a semidefinite least squares problem to assign weights to the clauses of a propositional formula. We then
show that these weights are a measure of the importance of each clause in rendering the formula unsatisfiable.
In particular, we show that this approach identifies two important cases: first, if an unsatisfiable formula is
a minimal unsatisfiable subformula, then all of its clauses have the same weight; second, if a clause does not
belong to any minimal unsatisfiable subformula, then its weight is zero. The results in this paper establish
the basis for a semidefinite optimization-based algorithm to identify minimal unsatisfiable subformulas within
a given formula. An additional contribution of this paper is a demonstration of how the infeasibility of a
semidefinite optimization problem can be tested using a semidefinite least squares problem by extending an
earlier result for linear optimization. The connection between the semidefinite least squares problem and
Farkas’ Lemma for semidefinite optimization is also discussed.

Acknowledgments: Research of the first author was partially supported by the Natural Sciences and Engi-
neering Research Council of Canada. Research of the second author was partially supported by CMA/FCT/
UNL, under the project PEst-OE/MAT /U10297/2013.
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1 Introduction

The Boolean satisfiability (SAT) problem is at the crossroads of several important areas, including logic,
computer science, graph theory, and operations research. It has numerous practical applications in these
fields and others, as documented in the Handbook [8]. The problem consists of determining whether or not
it is possible to satisfy a given propositional formula by at least one assignment of the values true/false to
the boolean variables appearing in the formula. It is a famous result that SAT is in general NP-complete
[13], and it is in general a challenging problem to detect that a SAT instance is unsatisfiable and to provide
insight into its unsatisfiability.

The fact that a SAT instance can be expressed as the feasibility of an optimization problem is known at
least since the pioneering work of Williams [24] and Blair et al. [9] on the connections between inference in
propositional logic and integer linear programming. The first optimization-based approaches to SAT focused
mostly on formulating SAT and maximum satisfiability (MAX-SAT) as 0/1 integer linear programming prob-
lems whose linear programming relaxations can then be solved efficiently [11]. For certain classes of instances,
including Horn formulas and their generalizations, the exactness of the linear programming relaxation has
been established, see e.g. [10].

Semidefinite optimization, or semidefinite programming (SDP) is the problem of optimizing a linear
function of a matrix variable subject to linear constraints on its elements and the additional constraint
that the matrix be positive semidefinite. The Handbooks [25] and [6] provide a wide coverage of SDP
theory, algorithms, software, and application areas in which SDP has had a major impact. One of the
revolutionary applications of SDP is due to Goemans and Williamson who proposed SDP-based polynomial-
time approximation schemes for MAX-CUT and MAX-2-SAT [18]. Further research since this breakthrough
has deepened the connections between SDP and the SAT and MAX-SAT problems, see the recent survey
chapter [5].

The SDP approach is a useful tool in the study of unsatisfiability because it is possible to write an exact
explicit SDP relazation for every SAT instance. An SDP relaxation of a SAT instance is said to be exact if it
solves the instance in the sense that the relaxation is infeasible if and only if the SAT instance is unsatisfiable.
In [16, 17], de Klerk, van Maaren, and Warners introduced the Gap relaxation and showed that it is exact
for somewell-known classes of SAT instances. Subsequent papers by Anjos [1, 2, 3, 4] and van Maaren et
al. [22, 23] proposed several SDP relaxations for different versions of SAT, and some exactness results for
particularly structured SAT formulas. The exact explicit SDP relaxation for general SAT is obtained by
formulating the SAT instance as a binary optimization problem and then constructing the corresponding
Lasserre SDP relaxation [21]. Lasserre’s theory proves that this SDP relaxation is always exact. However,
because the size of the relaxation is exponential in the number of boolean variables in the instance, it is
computationally impractical for all but very small instances of SAT. Moreover, this line of argument gives
no understanding of the deeper connections between SAT and SDP.

A more direct connection between SAT and SDP was given in our recent paper [7] where we proved that
the process of resolution in SAT is equivalent to a linear transformation between the feasible sets of SDP
relaxations. This equivalence between resolution and SDP, called SDP resolution, makes it possible to write
a direct proof of the exactness of Lasserre’s SDP relaxation in the specific context of SAT without recourse
to Lasserre’s general theory. The exactness proof in [7] shows that the exact relaxation implicitly deduces
whether the empty clause can be derived by a finite sequence of resolution steps starting from the SAT
formula. It then follows that the SDP relaxation is infeasible precisely when such a sequence of steps exists.

This paper provides new results on the application of SDP in the context of unsatisfiability. Specifically we
focus here is on the connection between SDP and minimal unsatisfiable subformulas. A minimal unsatisfiable
subformula (MUS) is a subset of the clauses of a SAT formula with the property that it is unsatisfiable but if
any clause in the subset is removed then the rest of the subset becomes satisfiable. We establish a connection
between SDP and MUSes by using a semidefinite least squares (SLS) problem to associate weights to the
clauses in a SAT formula. We then argue that these weights are a measure of the importance of each clause in
rendering the formula unsatisfiable. In particular, we prove that this approach identifies two important cases:
first, if an unsatisfiable formula is a MUS, then all of its clauses have the same weight; second, if a clause
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does not belong to any MUS, then its weight is zero. These results establish the basis for an SDP-based
algorithm to identify MUSes in a general SAT formula; in particular such an algorithm would in principle be
able to certifiably find the smallest MUS; i.e., the MUS with a globally minimum number of clauses.

An additional contribution of this paper is an exploration of the use of SLS to test the infeasibility of an
SDP problem. This is an extension of an earlier result of Dax [14] for linear optimization. We also explain
the connection between the SLS problem and a semidefinite version of the well-known Farkas’ Lemma.

This paper is structured as follows. Section 1.1 formally introduces SAT and SDP, and recalls the exact
SDP formulation of SAT. In Section 2 we introduce the SLS problem for testing infeasibility of a general
SDP problem, and in Section 3 we show how the SLS approach can be used to obtain SLS certificates of
infeasibility for SAT. We then recall in Section 4 the concept of minimal unsatisfiable subformula (MUS) and
prove a new characterization of MUSes. In Section 5 we show the main results in this paper. Specifically
we show that the SLS certificate of infeasiblity for an unsatisfiable formula yields a weight for each clause,
and that these weights are a measure of the importance of each clause in rendering the formula unsatisfiable
(Theorem 5.1). We further show that if the unsatisfiable formula is minimal unsatisfiable, then all of its
clauses have the same weight (Theorem 5.2), and that if a clause does not belong to any MUS, then its
weight is zero (Theorem 5.3). Section 6 presents three examples to illustrate our results, and Section 7
concludes the paper and proposes some directions for future research.

1.1 The exact SDP formulation of SAT

We consider the SAT problem for instances in conjunctive normal form (CNF). Such instances are specified

m
by a set of variables x1,...,x, a propositional formula F' = /\ Cj, with each clause C; having the form
j=1
C; = \/ T V \/ Z where I]-jj c{1,...,n}, ;N fj =, and Z; denotes the negation of z;. (We assume
kel kefj
without loss of generality that |I; U I;| > 2 for every clause C;). The SAT problem is: given a satisfiability
instance, is F' satisfiable, that is, is there a truth assignment to the variables z1 ..., z, such that ® evaluates
to TRUE?

We use the standard formulation for an SDP problem as follows:

min CeX
s.t. AioX:bi,izl,...,m (].)
X =0,

where C' @ X := tr (C' X) and all matrices are n x n and symmetric. We may write the equality constraints
of (1) as A(X) = b, where A(X) = (A;0X,..., A4, ¢ X)T.

The SAT problem is modeled as a feasibility problem using SDP. This means that we only consider the
constraints A; ¢ X =b;, i =1,...,m and X > 0 to model SAT, and we assume that we are maximizing an
arbitrary linear function C, e.g. the zero function.

Let TRUE be denoted by 1 and FALSE be denoted by —1. Let C = VieI s;x; be a clause where the x;
are propositional variables and the s; indicate whether x; is negated or not, i.e., for ¢ € I, we let

. — 1, if z; is not negated
Y71 -1, if x; is negated

The clause C' is satisfied by x; = +1, ¢ € I if and only if

i€l

1+ Z(—l)lJl Hsixi =0.

JCI ieJ

Expanding this product, we have
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Setting y; := Hﬁi’ yp =1, s5:= Hsi and sp = 1, we obtain
ieJ =

> (=0Mlssy, =0, (2)

JCI

Given V = {1,...,n}, let P(V) denote the collection of all subsets of V. The components of a vector
y € RPY) are denoted as y; for I € P(V). Given y € RP(V), we consider the set of all matrices Y > 0
satisfying
Y = (yias)1,Jcv,

where A denotes the symmetric difference of the sets I and J. The rows and columns of Y are indexed by
the sets I, J C V. Furthermore, the matrix Y satisfies:

Yiuary,pany =Yy, 0CPCV.
We define the following set which gathers all these constraints:

Qn ={Y = 0|Yyap),(pasy = Y15, Y0 € P CV and yy = 1}. (3)

An exact relaxation can be constructed using the set €2,, as presented in the following definition.

Definition 1.1 Let F' be a CNF formula consisting of m clauses and I; be the index set of variables of each
clause i = 1,...,m. We define

S (-)Ylshy; =0, i=1,....m
JCI; (SDP(F))
Y € Q,.

Lasserre’s Theorem [21, Theorem 3.2] implies that SDP(F) is feasible if and only if F is satisfiable.

2 A certificate of SDP infeasibility via least-squares

A certificate of infeasibility for SDP(F') proves that F' is unsatisfiable. This follows by construction of the
formulation SDP(F') whose feasible set contains all truth assignments of F. Clearly, if the feasible set of
SDP(F) is empty, then F is unsatisfiable. In this section, we explore a characterization of infeasibility via a
least squares problem.

Let 2%, with S C V denote the 2" truth assignments of a CNF formula,

g 1 if 1e€8
€T =
1 -1 if 1¢8,

and

Remark 2.1 We have z° # 2% for all S # R. If p is the first element such that p € S and p ¢ R, then

s __,.5 R _ _.R R _ .S
Tyl =T, Ty =X, and a7 = xp.

The vectors 2%, S C V are the vertices of the cube [—1,1]”. We can lift these vertices to the space RP(V)
in the following way:

o =1, iy = 23, and y§ =[] =f.
ieJ

We can also lift the vectors % € RP(Y) to the space S?" by setting

Y5 =(y*)%)" vScCV.
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The matrices Y° are the vertices of the set Q,,.

In the following, we prove that SDP(F) is either feasible or strongly infeasible. We refer the reader to
[15] for more details about infeasibility of an SDP problem.

Definition 2.1 The SDP problem (1) is strongly infeasible if the feasible set is empty and there exists € > 0
such that for every X > 0 there exists i € {1,...,m} satisfying

|Ai.X—bi| > €.

Theorem 2.1 The formulation SDP(F) is either feasible or strongly infeasible.

Proof. Clearly, SDP(F) is either feasible or infeasible. Let us assume that SDP(F) is infeasible. We prove
that, for each Y € (,, there is at least one equation such that its violation by Y is not less than a positive
quantity e. Let ¢; denote the ith constraint in SDP(F) formulation. For any point Y with S C V we have

that
a(Y®) = > (-1)Vls,yf = T (1 = sja;).
JCI; jel,

Since F is unsatisfiable, for every truth assignment 2 there is at least one clause which evaluates false. Thus,
for any point Y° not satisfying ¢;(Y¥) = 0 we have

(V%) = [T - sjaf) =210,
JEL;

Any Y € Q,, is a convex combination of the extreme points Y = ys(yS)T, SCV,ie.,

Y = Z agYs.

SCv

Then
9l

on

1
(V) = iYS> iYS>—2|m:
()= 3 0sa(r") 2 asalV) 2 g

where we chose the constraint ¢; not satisfied by Y such that its coefficient ag is at least 2% Setting € = 2%,

the result is proved. O

An immediate conclusion is that if SDP(F') is not feasible, then there exists a dual improving direction.
Let A;,i=1,...,m be n X n real symmetric matrices and b a nonzero m-vector. Then Farkas’ Lemma [20,
Lemma 2.2.4] says:

Lemma 2.1 Suppose that {A(X) : X »= 0} is closed. Then exactly one of the following systems has a solution:

(i) The primal system A; ¢ X =b;, i=1,...,m and X = 0.
ii) The dual system > u;A; <0, bTu > 0 with u € R™.
i=1

In the following, we give a statement of Farkas’ Lemma using a SLS problem. This is an extension of the
theorem of Dax [14] for linear programming. The idea is that determining which of the two systems has a
solution can be answered by considering the bounded least squares problem:

min b — A(X)]?
st. X =0, (LSQ)

where || || denotes the Euclidean norm. The minimum is attained if the set {A(X) | X > 0} is closed, i.e., under
the assumption of Lemma 2.1. For X € S”, define the corresponding residual vector as r(X) = b — A(X).
Under the assumption of Lemma 2.1, we have the following result.
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Lemma 2.2 Suppose that {A(X) : X = 0} is closed. If X* is positive semidefinite and r* = r(X*) is its
residual vector, then X* solves (LSQ) if and only if X* and r* satisfy

X* =0, AT(r*) =<0, and X*eAT(r*)=0. (4)
Proof. Assume that X* solves (LSQ) and consider the following family of quadratic functions parametrized

by 6:
fi(8) = 1lb— A(X™ +0U3) || = [Ir* — 0AU:) 1%,

where U; = u;ul and u; € R™ is the unitary eigenvector associated to the eigenvalue X\;(X*). Clearly, § = 0
solves the problem

min  f;(0) (5)
st. N(XF)+60>0.
Therefore, since f/(0) = —2A(U;)Tr*,
MN(XF) >0 = AWU)Tr* =0,
MN(XH) =0 = —AU)Tr* >0.
Thus
n T n
X*eo .AT(’I"*) = .A(X*)TT* = .A (Z )\l(X*)U1> r* = Z /\i(X*).A(Ui)TT* = 0.
i=1 i=1
To prove the remaining condition, we similarly define
fi(0) = |r* = 0A)I?,

for any extreme direction U € S". Again, 6 = 0 solves the problem

which implies f/(0) = —2A(U)Tr* > 0. Thus, U e AT(r*) < 0 gives that Z e AT (r*) < 0 for any Z € S%.
Hence AT (r*) < 0.

Conversely, we assume that (4) holds and let Z > 0. Let U € S™ be defined by U = Z — X*. Then
0= X" e AT(") = (Z— U)o AT (1) = Z 0 AT(1") — U 0 AT ("),

which leads to
UeAT(r*) = Z e AT(r*) <0.

Hence, the identity
16— AZ)|I* = b — AU) = AXH)|* = [Ib — AX)|* = AU) 7™ + AU

shows that
1b—A(Z)> > [|Ib— AX™)|>.

Condition (4) gives
Bt = (A(X*) + )T = XPAT() + ()T = [P
and the following variant of Farkas’ lemma follows.

Theorem 2.2 (SLS form of Farkas’ Lemma) Let X* solve (LSQ) and let r* = b — A(X*) denote the cor-
responding residual vector. If r* = 0, then X* solves (i) of Lemma 2.1. Otherwise, r* solves (ii) and
bTr = ||
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Clearly r* = 0 is a certificate of primal infeasibility.

Corollary 2.1 Let X* and r* be as in Theorem 2.2 and assume that r* # 0. Then the vector r*/||r*| solves
the problem

max blu
st. AT(u) =0 (6)
[[ul = 1.

Proof. Let u € R™ be a feasible point of (6). Then
X e AT (u) <0
and the Cauchy-Schwartz inequality gives
)Tl < [l = (1]l
Combining these relations we show that
b u=(AX*) + )Ty = X" o« AT(u) + (r*)Tu < (r")Tu < ||r*]].

Therefore, since b (r*/||7*||) = ||7*||, the result is proved. O

3 A semidefinite least squares formulation of SAT

The formulation SDP(F) can be expressed in the form A.(X) = b., X € Q,,, where A.(X) = b, are the m
equality constraints representing the clauses. Since €2, is the convex hull of a finite number of points, we have
that is closed. Thus, the SDP formulation for a propositional formula F' satisfies the constraint qualification
for Farkas’ Lemma.

Motivated by the discussion in Section 2, we consider the SLS problem

min  ||be — A(X)|?
st. X €Q,.

This can be written as
min ||b. — AC(X)H2
st Ag(X) = by (LSQa)
X =0,

where the constraints A(X) = b, enforce the matrix structure of X, i.e., As(X) = b, represents all the linear

constraints in the representation (3) of €2,,.

Because satisfiability is determined by the clauses, we focus on the residuals of the constraints representing
clauses. Problem (LSQa) therefore requires that the constraints defining the structure of ,, be satisfied, and
seeks the matrix X that minimizes the infeasibility of the clauses constraints. The SAT instance is satisfiable
if and only if the optimal value of (LSQa) is zero. Equivalently, the next proposition formally states that
SDP(F) is infeasible if and only if r* = b, — A.(X¥) # 0, where X} solves the problem (LSQa).

Proposition 3.1 Let X* be a solution of (LSQ) and r* =b— A(X*). Let X} be a solution of (LSQa) and
ri=b. — A(X}). We have r* =0 if and only if v} = 0.

Problem (LSQa) minimizes a strictly convex function over a convex set, and as discussed before, it has a
strictly feasible solution. Therefore there is no duality gap, the KKT conditions are sufficient for optimality,
and X7 and y} are primal and dual optimal if and only if they satisfy

AcT(bc —Ac(X7)) + AsT(yZ‘) =0

A (X7) = bs

(AZ (be — Ac(X2)) + AS (y3)) @ X =0
X; = 0.
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Lemma 3.1 The vector (rk,y*) with r% # 0 is an infeasibility certificate for SDP(F).

Proof. We have to prove that (r},y*) satisfies conditions (i7) of Lemma 2.1. From the first KKT condition
we have that AT (r%,y%) < 0. Moreover

bU(riyr) = blri+bly:

= (rE4+AX)Trs + AdX )T y:

= ()T + X e AT(r) + X7 0 AL(y2)
Iral? + AT (rf y2) o X
= |r5)* >0,

where the last equality follows by the third KKT condition. O

We call 7} > 0 an SLS certificate of infeasibility. Note that each component of ) corresponds to a clause
of the SAT instance.

4 A characterization of minimal unsatisfiability

We now turn our attention to MUSes. Our interest is in exploring how the SDP approach can provide
information about MUSes. The results in this section, while they do not involve SDP, are interesting by
themselves, and furthermore Lemma 4.1 will be useful for the proofs in Section 5.2.

Definition 4.1 We say that F' is a minimal unsatisfiable formula if and only if F' is unsatisfiable and F \ C
is satisfiable for any clause C in F.

Whenever we have an unsatisfiable formula, it is clear that it must contain at least one minimal unsatis-
fiable sub-formula within it. This motivates the next definition.

Definition 4.2 Let F' be an unsatisfiable CNF formula. We say that G C F' is a minimal unsatisfiable
sub-formula (MUS) of F if G is minimal unsatisfiable.

For each clause C; we define the set of truth assignments for which C; evaluates to false:
T, = T(C;) = {S C V| 25 evaluates false clause C;}.
Clearly |T;| = 27l where I; is the index set of variables appearing in clause C;.

The following lemma characterizes minimal unsatisfiable formulas in terms of the sets T'(C).

Lemma 4.1 The CNF formula F is minimal unsatisfiable if and only if

Tecyg Y 1), i=1...m (7)
k:]i,#l,m

U 7(cr) =P(v). (8)

k=1

Proof. By (7), there exists S € T/(C;) such that ¥ does not satisfy C; but satisfies all other clauses. Together
with condition (8) we have that F'is unsatisfiable and F'\{C;} is satisfiable. The sufficient condition is proved.
If F is a MUS, then for each C' € F we have that F' is unsatisfiable and F' \ {C'} is satisfiable. Thus, there is
2 not satisfying C' and satisfying all other clauses of F. Thus, condition (7) is proved. Condition (8) follows
from the unsatisfiability of F. O

Corollary 4.1 Let F be an unsatisfiable CNF formula and C; € F. Then F'\ C; is unsatisfiable if and only if
Tcyc |J TEw. 9)
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5 Semidefinite least squares residuals and minimal unsatisfiable subfor-
mulas

This section presents the main results of this paper. We first state and discuss the results in Section 5.1. The
proofs follow in Section 5.2.

5.1 Main results
Let us define a weight for each clause/constraint using the residuals from the SLS problem.
Definition 5.1 For each clause C; we define the corresponding weight w(C;):

The first result indicates how the weights can be used a measure of hardness of satisfying a clause.

Theorem 5.1 Let F be an unsatisfiable CNF formula and C;, Cy, two clauses of F' such that F\C; is satisfiable
and F\ Cy, is unsatisfiable. We have
wE < W;.

The second result is that for a minimal unsatisfiable formula, all the clauses have the same weight.
Theorem 5.2 Let F' be an unsatisfiable CNF formula. If F is minimal unsatisfiable, then
w; = wg, Vi,ke{l,...,m}.

Note that the converse of Theorem 5.2 does not hold in general. This is shown by Example 2 in Section 6.

The third result is that if a clause does not belong to any MUS, then its corresponding residual, and
hence its weight, is zero.

Theorem 5.3 Let F be an unsatisfiable CNF formula and C a clause in F. If C ¢ G, for all minimal
unsatisfiable formula G C F, then r(C) = 0.

Example 1 in Section 6 illustrates Theorems 5.1 and 5.3.

5.2 Proofs

Every X € Q,, can be expressed as

X:ZQSYS, with 0 <ag<1, VSCV and Zaszl.

SCV SCvV
We also have
G(X) = asq;(Y¥) = > ag2llil =21 Y™ a4,
SCv SEeT; SeT;

because
(YS) = 21131 if Y does not satisfy constraint j
4 - 0 if Y satisfies constraint j.

Let X* be a minimizer of (LSQa). Then the components of the residual vector r have the form

rj=q;(X*) =251 3" ag. (10)
SETj
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Since

b= ACOI? = 3~ 3(X)

and

2

SET;
it follows that
2 2
Ib- AP =3 (2 Y as | =348 [ 3 as
j=1 SeTy j=1 SeT;
Therefore, minimizing ||b — A(X)]||? over €2, is equivalent to
2
minz Z 2”1‘045
j=1 \ SeT; a1
11
s.t. Z ag =1
scv
as >0, VSCV.
The KKT conditions of (11) are sufficient for optimality:
2> Y Alila; —Ag—2=0 VSCV, (12)
jEMs JET};
Asas =0 VSCV, (13)
d as=1, (14)
scv
as,Ag > 0VS CV, (15)

where Mg = {j | S € T;}. This is the set of clauses falsified by 2. Moreover, we have the following simple
property: j € Mg if and only if S € Tj.

Lemma 5.1 Let I be an unsatisfiable CNF' formula such that there is S € Ty N'T; with k # i and R € T;
such that R ¢ T for all j #i. Let a = (o) jcv be a solution of (11). Then we have ag = 0.

Proof. We consider the following conditions

2y Ao, +2 3y allila, 42 Y S allila; —Ag—2=0

JETy, JET; jeEMs\{i,k} JET;
and for some R € T; such that R ¢ T} for all j # 1,
2 Z gl — Agp—2=0.
JET;

Combining these equations we obtain
2N dllay; 12 ST N dbla; - A= Ag. (16)

JeTy JEMs\{i,k} JET;

If Ag # 0, then ag = 0. If A\g = 0, then equation (16) is satisfied only if Ag = 0 and ag = 0. The result is
proved. O
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The following lemma is a general version of the previous one.

Lemma 5.2 Let F be an unsatisfiable CNF formula such that there is R, S CV satisfying Mg C Mg. Then
ag — 0.

Proof. We have to use the KKT condition (12) respecting R,.S. Thus,
OB SO o SPTIN
jEMs JET; JjEMs JET;

Since Mr C Mg, we get

2 Z Z 4|Ij|OtJ)\S = )‘S - )‘R- (17)

JEMg\Mp JET;
We have the following two cases:

- if Ag # 0, then by complementary ag = 0;

- if Ag = 0, then, since the left side of (17) is non-negative and the left side is non-positive, ag = 0.
The result is proved. O

Lemma 5.3 Let F be an unsatisfiable CNF formula such that there is S € Ty, with S ¢ T for all j # k.
Then ag # 0.

Proof. Since )~ ;- oy = 1 there is R € T; such that ag # 0. If R = S, then there is nothing to prove.
Thus, we assume that R ¢ Ty, (if R € T}, then by Lemma 5.1 ap = 0). Let us consider the KKT condition
(12) with respect to S and R.

2 afla; —Ag =2
JETy

2 Z lelljlot(jf/\R:Z7

jEMR JET;

respectively. Combining these equations we get that

2 Z 4|Ik|OtJ7/\S:2 Z Z 4‘13"0[(]7)\1%.

JETy JEMR JET;

2 Z 24”7“04‘]:/\37)\5.

jEMp JET;

If oy =0 for all J € T, then

Since ar # 0, together with Agar = 0 implies that A = 0. Thus we obtain
2 5 5 4a = s
JEMR JET;

which is impossible. Note that the left-hand side is positive (g # 0) and the right-hand side is non-positive.
Therefore, there is S’ € Ty, such that ag: # 0. Let us assume S’ # S. We consider the S’ KKT condition,

2 Z Z 4|Ij|OéJ7)\S/ = Z.

JEMgr JET;

9 Z 4lelg; — Ag =2 Z Z4|1j|aJ_)\S,,

JEeTy JjEMgr JET;

“ds=2 Y > 4allla; - (18)

jeMg\{k} JET;

Thus, we get that

Simplifying it,
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We consider two cases:

(i) if Ag» # 0 then agr = 0;
(ll) if )\S’ =0 then, from (18), )\S =0 and agr = 0.

Hence, in any case, ag: = 0, which is a contradiction. We conclude that S = S’. O

If there is a clause C; under the assumptions of the previous lemma we deduce that r; # 0.

Lemma 5.4 Let F be an unsatisfiable CNF formula. If F is minimal unsatisfiable, then for each Cj € F,
there is S € T}, such that ag # 0. Moreover, S ¢ T for j # k.

Proof. Since F' is minimal unsatisfiable, by Lemma 4.1 there is S € T}, such that S ¢ T, with j # k. The
result follows, applying Lemma 5.3. O

Theorem 5.4 Let F be an unsatisfiable CNF formula and C;, Cy, two clauses of F such that F\C; is satisfiable
and F \ Cy, is unsatisfiable. Then
A4 Y ag <4 Y g,

JETy, JeT;

Proof. There is at least a point Y® such that R € T; and R ¢ T; for j #i. For R € T; and S € T}, we
consider the following KKT conditions

2 Z 24‘17“04(]7)\5:2

jE€EMs JET)
2 § E Al — \p = 2.
jEMR JET;
From here, we obtain
2 E E 4|Ij|aj_)\5’:2 E E 4|If|aJ—)\R,
jEMs JET) JjEMR JET)

which is equivalent to

2> Ao, 42 30 S dlbla; —Ag=2) " 4llla, — g,

JETy JEMs\{k} JET; JET;

because R ¢ T for all j # i. By Lemma 5.3 ar # 0, which implies that Az = 0. Thus,

2 alltla, 2 Y N alla, —ag =2 4llila,,

JETy JEMs\{k} JET; JET;

If ay = 0 for all J € T, clearly the result follows, because Y= ;. 4l ; = 0. If there is S € T}, such that
ags # 0, then Ag = 0. Hence, we obtain

23 Ao, 420 Y0 N allla; =2 allilay,

JET JjeMs\{k} JET; JET;
which implies that
2 Z gMeley; < 2 Z gl ;.
JETy JET;
The result follows. O

Theorem 5.1 follows directly from Theorem 5.4 by the observation that the components of the residual
have the form r;, = ZSeTk 2kl g and r; = ZSGTi 2llilgg.

It remains only to give the proof of Theorem 5.2.
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Proof of Theorem 5.2. Let R € T; and R ¢ T} for all j # ¢ and S € T}, and S ¢ T for all j # i. From KKT
conditions, (12), we obtain

S S dtas-xe= ¥ 3 dMas -
jEMs JET]) jEMR JET)
which is equivalent to
Z 4|Ik|O£J+ Z Z 4|Ij|OéJ7)\S: Z4|IiIO£J+ Z Z 4|Ij|OéJ7)\R.
JET, JEMs\{k} JET; JET, JEMR\{i} JET;
Since R ¢ T for j # i and S ¢ T for j # k, this gives
Z 4‘Ik|aj_)\S: Z4|1i|aj—)\]g.
JET JEeT;
Applying Lemma 5.4, ag, ag # 0, which implies Ag = Ag = 0. Thus
> ey = 3 dil,
JeTy JeT;
The result is proved. O

Proposition 5.1 For any minimal unsatisfiable sub-formula G of F, Cy ¢ G if and only if for any J € T(C)
there is S ¢ T(Cy) such that Ms C M.

Proof. We assume that for any J € T}, there is S ¢ T} such that Mg C M;. Any clause falsified by z° is
also falsified by 2. Thus, to form a MUS of F, we have to choose some clause C; with j € Mg. But this
clause is also falsified by 27, therefore C} is never chosen to form a MUS.

Now, we prove the opposite direction. Assume that there is J € T} for all S ¢ T}, such that Mg Q Mjy.
By construction Mg # My, because k € My but k ¢ Mg. Thus, we can form MUS of F, containing Cj, in
the following way:

(i) for each S € P(V) \ Ti we choose a clause indexed by js € Mg such that js ¢ My;
(ii) if jg have been chosen before, we move to the next point x°, with S € P(V) \ Ty;
(iii) let G’ be the set of chosen clauses. Clearly, at least the point 27 with J € T}, satisfies G/;
(iv) let G =G U{C};
(v) G is unsatisfiable and if it is not minimal, we just can remove clauses from G’ until G is minimal
unsatisfiable.

The result is proved. O

Proposition 5.2 If for any J € T(C) there is S ¢ T(C) such that Mg C My then r(C) = 0.
Proof. The proposition follows by Lemma 5.2. O

Finally, Theorem 5.3 follows by Propositions 5.2 and 5.1.

6 Examples

In this section, we present some examples to illustrate our results.

Example 6.1 shows that the converse of Theorem 5.2 does not hold in general. Example 6.2 illustrates
Theorems 5.1 and 5.3. Example 6.3 is the application of our theoretical approach to an instance from [19].
The example shows that our approach provides the same information about the instance as the algorithm
HYCAM proposed in [19] for finding MUSes.
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Example 6.1 Let F' be the following SAT instance:

C1 LI
C2 . ng

F={ @ @
cy : T1 Vo
cs; : X2 VI3
cg : T1VT3.

In this example, we illustrate that the converse of Theorem 5.2 is not valid in general.

Below, we list the possible truth assignments:

‘ J ‘ T X9 T3 ‘ MJ ‘
1|1 1 1 {2,6}
211 1 -1 {2,3}
311 -1 1]{45,6}
401 1 -1 {34}
51 -1 1 1 {1,2}
6-1 1 -1]({123}
71-1 -1 1 {1,5}
8| -1 -1 -1 {1,3}
For simplicity of the notation we indexed the sets J C V to numbers 1,2,...,23. We have

T, = {5,6,7,8}, Ty = {1,2,5,6}, Ts = {2,4,6,8}, Ty = {3,4}, Ts = {3,7}, Ts = {1,3}.

The KKT conditions for the instance SDP(F’) are

8(a1+a2+a5+a6)+32(a1+a3)—)\1:z

8(an +as+as+ag) +8(as+as+ag+ag) — A =2
32(a3+a4)+32(a3+a7)+32(a1 —I—Oég) —A3=2z
8(a2+a4+a6+a8)+32(a3+a4)—/\4zz
8(0&54-&64—0(74—0[8)4—8(0[1+O¢2+O&5+(16)—>\5=Z

(a5 +ag+ a7 +asg) +8(a1 + as + as + ag) + 8(as + ag + ag + ag) — A\g = 2
(as +ag+ar+asg) +32(as +ar) — A\ ==z
(a5+a6+a7+a8)+32(a3+a7)—Agzz

ai/\i:O, izl,...,S

8
ZO[Z‘ =1.
i=1

8
8
8

We have as a possible solution for the KKT system,

2
041—044—047—15a

3
o = Ok = 0 = —
2 5 8 15’

0532016:0,
64
A=A = —
3 6 157
128

15

\i=0, i#3,6,
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The residual components are

3 2 3 16
rl—2(a5+a6+a7+a8)—2<15+0+15+15> =15
2 3 3 16
7’2—2(0414‘042“!‘045‘*‘0[6)—2(154‘15+15+0>—15
3 2 3 16
7’32(042+Oé4+0tﬁ+018)2<15+15+0+15> 7175

T4=4(Oé3+044)=4<0+

Glw Slw

r5:4(a3+a7):4<0+

_|_
o

— — —
|
Gl G| G|

Gl v

7’6:4(OZ1+0[3):4<

Thus, weights of each clause are

Figure 1: MUSes of F

Example 6.2 Consider be the following SAT instance F' with 3 variables and 7 clauses:

cp : x1 VI
co 1 ToV I3
c3 1 T1 Vo
F = cy : T2V Is
c; : 1 VI
Cg .ffl \Y .1_72
cr . T2 Va3

The possible truth assignments are

xy w3 | My |

11 1 ]{46}
11 -1|{26}
1 -1 1| {3}

11| 37

11 1| {45}
11 -1 {25}
141 1| {1}

11 1| {17y

8
)

0O T W |
—
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Let us index the sets J C V by 1,2,...,

23. We have

Ty = {7,8}, Ty = {2,6}, Ts = {3,4}, Ty = {1,5}, Ts = {5,6}, Ts = {1,2}, T+ = {4,8}.

The KKT conditions for SDP(F) are

Note that this solution is not unique; for example, a3 = ays = ag =ag =0, as = a5 =

(041 + 045) + 32(0[1 + Otg)
(Oél =+ Ckg) —+ 32(0[2 —+ 0[6)
(Oé3 + 044) A3 =2
32(as + ag) + 32(aq + ag) —
(0&1 + 065) + 32(0(5 + 046)
(OLQ + 046) + 32(0[5 + QG)
2(ar+ag) — A\ =z
32(a7 + ag) + 32(oy + ag) —
ai)\i = 07 1= 1 .,8
8
> =
i=1
A1 = g = 5 = Qg =
1
a3 = ay = gv
Ay, 008 = 0
N=0 i=1,...,8,
32
z —_—.
3

A =

A2

)\4 =z
As
A6

Ag =

1 N
6&1’1(31@3—0[7—315

also a solution. However, the residual components are the same for different solutions of the KKT system.

The residual components are

WIN Wi Wl

In Figure 2 we identify MUSes of F. If we remove clause c¢; or c3 we obtain a satisfiable sub-formula.

However, if we remove one of the other clauses, the sub-formula obtained is still unsatisfiable.

Note that

wi,ws > w; with ¢ # 1,3. This follows Theorem 5.1. Moreover, ¢7 does not belong to any MUS of F' and we
have r; = 0, accordingly with Theorem 5.3.

Each set {T',T»,T5,T4} and {T1,T5,T5,Ts} defines a MUS of F (see Lemma 4.1).

MUS defines a covering of the truth assignments.

In this sense each
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Co 1TV I3
04252\/1_73

c7 i xo VI3

Figure 2: MUSes of F

Example 6.3 This example is taken from [19].

Co T4
c1T : X2V
co : X1 Vo
cs : X1 VI3
Cy : ZEQ \Y If5
Cy 1V Ty
F = g : x1Vxs
cr : T1 Vs
cg : X9 Vxy
Cg T1VxoV CE3
Cio - T1 VIV Iy
c11 : 1 VIV xIs
cl2 : 1 VI3V

Using Lemma 5.2 we obtain
a; =0, Vie Ag={1,3,4,5,7,8,26,27, 28, 30, 31, 32}.

To guarantee that complementary condition is satisfied we assume that A; = 0 for ¢ ¢ Ay. With this
assumption, using the KKT conditions, and without computing the values of the remaining «;’s, we deduce
that

Wy = We = W7 = Ws,
Wp = Wi = W12,

w1 = W3 = W9 = W11,
wg = wo + We,

W5 = Wa + W3.

With our theoretical approach, we identified the same pattern for MUSes that is identified by algorithm
HYCAM [19], as it can be seen in the next figure.

7 Conclusion and future research

In this paper we showed how a semidefinite least squares problem can be used to associate weights to the
clauses in a propositional formula. We then showed that these weights are a measure of the importance of
each clause in rendering the formula unsatisfiable, and we identified the values of the weights in two important
cases, namely when a formula is a MUS, and when a clause does not belong to any MUS. These results in this
paper establish the basis for an semidefinite optimization-based algorithm to identify minimal unsatisfiable
subformulas within a given formula. The design of such an algorithm will likely also use techniques for
handling infeasiblity in optimization, see e.g. [12], and the semidefinite approach has the advantage that it
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c1:2X9 VI3

c3:x1 VT3
cg:T1 VoV T3
61111‘1\/f2\/l’3

Co - T4
Cloifl\/l'g\/ﬂ_f;;

C12 11 VT2V Ty
Co IV X9

c4 T2V Iy
Ce:T1V Ts
c7:T1VTs
cg :Ioy V Iy

N

Figure 3: MUSes of F

can in principle provide the means to certify that a MUS is in fact the smallest MUS, i.e., the MUS with a
globally minimum number of clauses.

Another contribution of this paper is the consideration of how the infeasibility of a semidefinite optimiza-

tion problem can be tested using a semidefinite least squares problem, and a discussion of the connection
between the SLS problem and Farkas’ Lemma for semidefnite optimization. Future research in this direction
could look into the potential application of the SLS approach as described in Section 3 for SAT to other
combinatorial problems where the understanding of why solutions of a certain type may or may not exist.
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