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Abstract: Personnel scheduling consists of determining least-cost work schedules to cover the demand
of multiple jobs expressed in number of employees per job and period of a given horizon. During
the operations, minor disruptions to the planned schedule, such as employee lateness, often occur
and must be addressed in real time without changing too much the schedule. In this paper, we
develop a fast re-scheduling heuristic that can be used to correct such minor disruptions in a retail
industry context where employees can be assigned to a wide variety of shifts, starting and ending
at numerous times. This heuristic can compute a set of approximate Pareto-optimal solutions that
achieve a good compromise between cost and number of shift changes. It can be seen as a labeling
algorithm that partially explores a network defined by the edges of the convex hull of the solutions of an
integer program. Theoretical insights are provided to support certain speedup rules. Computational
experiments conducted on instances derived from real-life datasets involving up to 95 employees show
the heuristic efficiency. In less than one second on average, it can compute Pareto-optimal solutions
for more than 98% of the tested scenarios.

Keywords: Personnel scheduling, real-time re-scheduling, bi-objective, labeling heuristic
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1 Introduction

Personnel scheduling arises in many areas such as retail, health, postal services, transportation and
industrial production. The personnel scheduling process can vary from one area to another but the
goal, generally, remains the same. It consists of constructing the work schedule of a set of employees
over a given time horizon to satisfy the demand in employees induced by a set of tasks or jobs.
The computed schedule must respect various working, union and legislative constraints, and must be
optimal with respect to one or several selection criteria such as the employee salaries, the quality of
the work provided or the employee preferences. Finding such a schedule is a very delicate exercise
which is better performed using an optimization software.

In practice, personnel scheduling is subject to a great deal of uncertainty. Indeed, employees
may be late, absent or the observed demand may also differ from the expected demand for certain
periods of the horizon. These incidents, called minor disruptions, are revealed dynamically during
the operations. When such a disruption occurs, the planned schedule becomes infeasible and must be
updated, generally in real time, to retrieve a feasible schedule. Usually, for a minor disruption, the
re-optimized schedule deviates very little from the planned schedule, i.e., it is obtained by applying
only a few changes to the current schedule. This is very desirable in practice: the planned work shifts
cannot be changed for a large number of employees just because one of them is late. The quality of the
new schedule should, therefore, be evaluated with respect to two criteria: the number of modifications
made to the planned schedule and the cost generated by these modifications. This leads to a real-time
bi-objective personnel re-scheduling problem (RBPRP).

In this paper, we aim at developing an effective heuristic for solving the RBPRP where the demand
in employees can vary frequently during the day and the number of possible work shifts is very large.
In particular, we have in mind problems arising in the retail industry where the set of feasible shifts
may include shifts that can start at various times of the day (e.g., at every 15 minutes between 7h00am
and 6h00pm) and last various durations (e.g., between 3 and 9 hours, by increment of 15 minutes).
Furthermore, given its variability, the demand is not specified by shifts but rather by short time periods
(e.g., 15-minute periods). The proposed heuristic must be fast and provide to the store manager a
small set of updated schedules that are Pareto-optimal with respect to the number of changes brought
to the planned schedule and the costs. From this set, the manager can then choose the schedule which
seems the best from his/her point of view. The cost of a new schedule is computed by taking into
account the management and operating costs on the day of the disruption as well as future costs to be
incurred from additional schedule changes that may be needed on the subsequent days to rebalance
the employee schedules and avoid weekly overtime as much as possible.

1.1 Literature review

Since the 1950s, personnel scheduling has been widely studied in the operations research literature
as shown in the comprehensive surveys [16, 3, 4]. Research on personnel re-scheduling is much more
recent as it began in the early 2000s. Most works have addressed the nurse re-scheduling problem which
considers a very limited number of possible shifts (for example, from 7am to 3pm, from 3pm to 11pm,
and from 11pm to 7am). Furthermore, the demand for a given task is often expressed as a number of
nurses required by shift. In this context, a minor disruption corresponds to the absence of one or several
nurses for a whole shift. Moz and Pato [12, 13] proposed exact branch-and-bound algorithms to solve
this problem. The computational times of these algorithms being disproportionately long, they are
not applicable in real time. Various heuristic algorithms dealing with the same problem have also been
developed: see the works of Moz and Pato [12, 14], Pato and Moz [15], Maenhout and Vanhoucke [11],
and Kitada et al. [9, 10]. Although some of these heuristics provide fast computational times, they
are more relevant to the health field than to the retail domain which offers much more flexibility on
the possible shifts and on the allowable changes to adjust the planned schedule. Note that larger
disruptions in a health care setting (induced by a revision of the demand and offer of a whole 8-hour
shift) have also been treated by exact branch-and-bound and branch-and-price algorithms in Bard and
Purnomo [1, 2].
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In 2016, Gross et al. [6] worked on re-scheduling doctors in a hospital, after the absence of one of
them, by seeking a compromise between the quality of the new schedule and the distance of the latter
from the initial schedule. In their setting, the number of work shifts (or duties) is equal to 17, demand
is expressed by shift and the planning horizon spans 28 days. They formulated their problem as a
mixed integer linear program that can be solved using a commercial branch-and-cut algorithm. They
report computational time of up to 21 seconds. Note that to achieve the best compromise between the
two objectives, the program was run several times with different parameter choices.

In 2015, Froger [5] studied a personnel re-scheduling problem arising in a retail context identical
to our study except that large disruptions (e.g., when a relatively large variation of the demand is
expected over one or several days due to bad weather forecasts or an unplanned sale) are considered
instead of minor ones. She modeled the problem as a mixed integer linear program where the variables
are defined for each planned shift of each employee and each possible transformation of these shifts
according to some modification rules. This work has many similarities with ours. Indeed, the initial
personnel scheduling problem is the same and the changes that can be made to the scheduled shifts
are also the same. However, the size of the disruptions differs and the time available to deal with
them is much less important in our case (a few seconds against a few minutes). Therefore, the solution
approach developed by Froger [5] cannot be applied to a minor disruption in real time.

To the best of our knowledge, no works have been published to handle a minor disruption in a
retail store or in a similar context, with the exception of the recent paper by Hassani et al. [7]. They
introduced a heuristic that relies on the dual information obtained while solving the initial planning
problem. This information is updated using a regression method after each time that the schedule is
adjusted following a disruption. The proposed heuristic returns a small set of re-scheduling options
that impact only the day of the disruption, ensuring that the rest of the schedule remains feasible but
not necessarily optimal or near-optimal.

1.2 Contributions

In this paper, we introduce a new heuristic for the RBPRP that is characterized by efficiency and
speed. This heuristic re-optimizes the planned schedule in real time when a minor disruption occurs
with the bi-objective of minimizing costs and the number of required changes. Contrarily to what was
proposed in Hassani et al. [7], the changes here can affect the day of the disruption as well as the
subsequent days. Using basic decisions that can generate all possible schedules, our heuristic aims at
finding decision sequences, called policies, that lead to Pareto-optimal solutions. All feasible policies
can be modeled using a network where each vertex represents a feasible solution and each arc a basic
decision. Based on theoretical insights, we significantly reduce the part of this network that is explored
to yield a fast heuristic. The resulting heuristic is tested on RBPRP instances derived from real-life
datasets and involving up to 95 employees. In more than 98% of the test cases, it can find all the
Pareto-optimal solutions in an average computational time of less than one second.

1.3 Paper structure

This paper is organized as follows. In Section 2, we define the RBPRP and formulate it as a con-
strained shortest path problem. In Section 3, we first present some theoretical results that support the
design of the proposed heuristic and then describe this heuristic. In Section 4, we report and analyze
the computational results obtained on RBPRP instances derived from real-world datasets. Finally,
conclusions are drawn in Section 5.

2 Problem definition and formulation

In this section, we begin by stating the RBPRP. Then, we introduce some terminology and concepts
that are necessary to formulate the problem. Finally, we formulate it as a constrained shortest path
problem and highlight the relationship between the underlying network and the convex hull of the set
of feasible solutions.
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2.1 Definition of the RBPRP

To define the RBPRP, we start by stating the personnel scheduling problem that needs to be solved to
establish an initial planned schedule. Let A be a planning horizon (typically, one week or one month),
where the days are numbered from 1 to |H|. H is discretized in periods of equal length (say, 15 minutes)
which form the set P, numbered from 1 to |P|. Furthermore, let W be a set of jobs that need to be
covered in each period of P with a given number of employees that may depend on the period. To
cover these demands, a set of skilled employees £ is available. Each employee e € £ is qualified to work
only on a subset of the jobs W,.. For each employee e € £, a subset of possible mono-job shifts S, on
which he/she can work is computed a priori by a heuristic procedure and given as an input. A shift
s € S, is defined by a starting period by € P, an end period fs; € P, and a job ws € W,.. We denote
by ls(= fs — bs + 1) its length, hy its assignment day (i.e., that containing period bs), and e, € £ its
associated employee. Furthermore, for e € £ and h € H, we define S* C S, as the (possibly empty)
subset of shifts that can be assigned to employee e on day h.

The planning problem consists of finding feasible work schedules for the employees in € such that
they cover at least cost the demands of each job in W over the horizon H. A feasible schedule for an
employee e is composed of a subset of the available shifts in S, such that a certain number of working
rules are satisfied. For example, the schedule of each employee must contain at most one shift per day,
a minimum number of days off per week, a minimum rest time between two consecutive work shifts and
a maximum number of worked hours. Under-coverage of a demand at a given period (i.e., assigning
fewer employees than requested) is prohibited but can be avoided by scheduling highly penalized
anonymous shifts to be dispatched later to temporary employees. Demand over-coverage is accepted
but also penalized. The cost of a complete schedule is computed as the sum of these penalties and
labor costs. These costs do not correspond to the employee salaries (otherwise, minimizing costs would
result in less working hours for the more experienced employees) but ensure through non-decreasing
stepwise functions that the total working time is more or less balanced among the employees. A
detailed definition of this problem over a one-week horizon is given in Hassani et al. [7].

The RBPRP must be solved when a minor disruption occurs and makes the planned schedule
infeasible. Such a disruption can result, for example, from the lateness or the absence of an employee,
the increase/decrease in the demand of a job for a limited number of periods, or an unforeseen event
that prevents an employee to finish a work shift. In this paper, we focus on a minor disruption triggered
by the lateness of an employee as most of the other situations can be treated similarly (see Hassani
et al. [7]). A disruption due to a lateness is characterized by:

- the employee é € £ who is late;
- the day h € H when the disruption occurs;

the planned shift § € Sg of employee é on day iL;
- the lateness duration [ in periods (I < I3);

- the period p € P at which the manager is notified that employee é will be late (p < bs).

This disruption is denoted A= (é, fz, 8, f, p). When it occurs, the planned schedule becomes infeasible
because shift § cannot be operated as planned and re-scheduling must be performed to retrieve an
updated feasible solution. Thus, the RBPRP consists of finding a new feasible solution to the original
planning problem such that all operated shifts up to period p are fixed and all other planned shifts can
be modified including those on days h+ 1, h+ 2,...,|H|. Note that a planned shift that is ongoing
at period p but not finished can also be changed after period p. Hence, the new schedule must be
feasible with respect to the constraints of the original planning problem. In addition, two objectives
should be sought. First, the new schedule should be similar to the planned schedule in terms of
the number of modified shifts. Second, the additional cost incurred by the modifications should be
minimized. Given that these two objectives might be contradictory, the RBPRP falls into the class
of bi-objective optimization problems and a small set of Pareto-optimal solutions should be produced.
Finally, because delay between period p and the disruption starting period b; may be very small, even
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null, re-scheduling must often be performed in real time (i.e., some Pareto-optimal solutions must be
found in less than a few seconds).

2.2 Concepts and terminology

The initial personnel scheduling problem can be modeled as the integer linear program (ILP) proposed
by Hassani et al. [7] and presented in details in Appendix A. For ease of exposition and because
every anonymous shift selected during planning is subsequently assigned to a temporary employee
for the operations, we discard the anonymous shifts from our discussion. Let x = ((z") new, 2")" be

the vector of variables, where 2" represents a sub-vector of binary variables of dimension |S| such
that 2/ (s) = 1 if the proposed shift s € S" is assigned to employee e on day h and 0 otherwise.
Furthermore, z" is a sub-vector containing all the remaining integer variables that are necessary to
compute the penalties and the labor costs. The variables in z" are totally dependent on the binary
shift variables ® = (z1) hew when the sum of the costs and penalties is minimized. Let X’ be the set

of feasible solutions to ILP and denote by c(z) = ¢z its objective function. Consequently, ILP writes

as: min ¢! z.

zeX

Because any feasible solution x € X describes a feasible work schedule for all employees in &, x
is also called a schedule afterwards. For a schedule 2z € X, denote by s,(e,h) the shift assigned to
employee e € £ on day h € H in this schedule. By breach of terminology, we say that an employee
is assigned on day h € H to a nil shift denoted sg(h) if h is a day off for this employee. In this case,
we have s,(e,h) = so(h). For the sake of notational conciseness, we assume that vector z" has an
additional component for this nil shift.

Consider an optimal planned schedule zg € X. When a disruption A= (é,fz,é,i, p) occurs and
the corresponding RBPRP must be solved, at least another solution z € X such that mg(é) =0
(among other restrictions) must be found. Observe that both solutions g and = belong to the same
domain X. To find a solution x from a starting solution xy, we consider the following three types of
decisions ¢°, ¢ and ¢© that we call the generating decisions:

- g%(s1,52): Swap the employees for shifts s; and so;

- g% (s1, 82, q): Extend shift sy to cover the first, or the last, ¢ periods of shift s; which is shortened
by the same number of periods;

- g9(s,e,h): If s # sq(h), assign shift s on day h to employee e who was assigned to a day off;
otherwise (s = so(h)), assign a day off on day h to employee e and deleting his/her planned shift
on day h.

Note that any such decision may assign an infeasible shift s to an employee e (i.e., s € S,). To reach
a feasible schedule, this shift needs to be replaced in a subsequent decision.

In the following, we use a vector (g1, g2, - - ., gm) to denote a sequence of m generating decisions that
are applied in the order g; to g,,. This order is important because the decisions are not commutative.
For example, consider three shifts s1, so and s3 that are assigned to three employees e, e and e,
respectively, on the same day and which can be swapped by them. Swapping first the shifts of e;
and ey before swapping the shifts of e5 and e3 results in a solution where e; is assigned to ss, e to sz,
and e3 to s;. On the other hand, swapping first the shifts of e5 and es before swapping those of e;
and ey yields a different solution where e; is assigned to sz, es to s7 and e3 to ss. Because some
shifts are replaced by others in each generating decision, we denote by r(s) the shift that is assigned
to employee es on day h, after applying at least one decision involving a shift s. With this notation,
the sequence of decisions in the previous two examples would be written as (¢°(s1, s2), 9° (r(s2), 53))
and (g°(s2, 53), 9% (s1,7(s3))), respectively.

Applying a sequence of m generating decisions from the initial schedule zy can yield a sequence
of schedules xg,x1,T2,...,z, that might not be all feasible. Nevertheless, the following observation
highlights the usefulness of the generating decisions.
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Observation 1 Let z,y € X. Schedule y can always be obtained from schedule x by applying a finite
sequence of generating decisions.

Indeed, for each employee e € £ and each day h € H such that s,(e, h) # s,(e, h), one can add to
the sequence the decisions g% (so(h), e, h), if s, (e, h) # so(h), and g (s, (e, h), e, ), if s, (e, h) # so(h),
which first assigns a day off to employee e on day h and then reassigns employee e to shift s, (e, h).
Note that the resulting sequence proposed is trivial but other sequences using the other two decision
types ¢° and ¢X might exist to move from z to y. In fact, in the proposed heuristic, the decision
type g© is used with parsimony.

Algebraically, the application of a sequence of generating decisions (possibly a single one) can be
seen as a transition vector d between a solution x and another solution y = x +d, i.e., d =y — x. As
mentioned above, the obtained solution y might be infeasible. Consequently, we are not interested in
all sequences of generating decisions, but only in those that yield a feasible solution. The following
definition introduces minimal ones.

Definition 1 Given a solution x € X, a sequence of m generating decisions (g1, gs, - - -, gm ), Tepresented
by its transition vector d, is called an elementary decision (from z) if ¢ +d € X and the sequence is
minimal in the sense that any of its prefizes (g1, 92, .-, gn) with n < m leads to an infeasible solution.

An elementary decision can also be represented by a transition vector d = (d°,d")" with d* =
(d’g)he?. If this elementary decision does not change the shift assigned to an employee e on a day
e

h, then all components of the sub-vector d are equal to 0. Otherwise, this sub-vector contains two
non-zero components: the component associated with the initial shift is equal to —1, whereas that
associated with the new shift is equal to 1. Note that a transition vector carries less information
than the corresponding elementary decision as it does not keep track of the sequence of the generating
decisions. In fact, several elementary decisions may yield the same transition vector.

Let D(z) be the set of elementary decisions from solution z. Each decision d € D(x) generates a
number of modifications ng and a cost c¢g which are given by:

ng = |Suppt(d®)] and cq=c'd,

where Suppt(u) = {j € J | u; > 0} denotes the index subset of the positive-valued components in a
vector u = (u;);jes. Consequently, ng counts one modification each time that the final assignment of
an employee on a day does not correspond to its initial assignment. It is independent on the sequence
of generating decisions in the sense that, if the sequence modifies the assignment several times, it is
still counted as a single modification. The cost ¢4 is equal to the cost difference between the solutions z
and x 4 d. It can be positive, negative or null.

To illustrate these concepts, let us consider the following example that involves four employees
assigned to the shifts s1, sq2, s3 and 5 on a given day h (see Figure 1). We assume that these shifts
cover the same job and that the period length is 15 minutes although the figure indicates the time
in hours. Furthermore, the working rules defining the feasibility of a shift may be specific to each
employee and specify that employee e; cannot work more than 8 hours per day and employee e,, must
work exactly 8 hours per day. No specific restrictions are considered for employees e, and es,.

The following disruption occurs on day h and becomes known at period p at around 9h45am: the
employee eg who was scheduled to start the shift § at 12pm will be late by 8 periods, i.e., he/she
will arrive at 2pm as shown by the red block in Figure 1. The following four elementary decisions
dy,ds,ds,ds € D(xp) can be applied to handle this disruption. The changes made by these decisions
are illustrated in green in Figures 2 to 5.

-dy = gX(é, s1,8) with ng, = 2: It consists of extending shift s; to cover the 8 periods of lateness
of employee ez (see Figure 2).
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Time in hours : 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
1

S2 83

ST

Figure 1: Example of a schedule z( disrupted on day h

- dy = (97(3,52,8),9% (r(s2), 83,8)) with ng, = 3: It consists to start shift s, 8 periods earlier to
cover the lateness of employee e; and then to cover the last 8 periods of the modified shift r(s3)
by starting shift s3 earlier (see Figure 3). Note that applying only g% (3, s2,8) does not produce
a feasible solution because employee ey, must work exactly 8 hours.

- d3 = g°(5, s9) with ng, = 2: It consists of swapping the initial shift assignments of employees e;
and ey, (see Figure 4).

- dy = (g%(5,81,4),9%(r(3), 52,4), g% (7(s2), 53,4) with ng, = 4: It consists of extending shift s;
to cover the first 4 periods of lateness of employee e; before moving forward the start of shift sy
for 4 periods in order to cover the 4 remaining periods of lateness. Finally, to assign only 8 hours
of work to eg,, the last 4 periods of his/her modified shift r(sq) are removed from this shift and
covered by starting shift ss 4 periods earlier (see Figure 5).

8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
1 1

“r(s1) r(8) 51 (3)

7(s2) 7(s3)

N

3
=== =

Figure 2: Elementary decision d; Figure 3: Elementary decision da
8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
1 1
o 7(s2) “r(s1) r(3)

1

1

1 r(8) 53 7(s2) r(s3)

1

=
== ==

Figure 4: Elementary decision d3 Figure 5: Elementary decision d4

When a disruption occurs during the operations, an elementary decision similar to those presented
above and that often impacts only the day of the disruption must be made as quickly as possible to
rectify the disruption. If the planned schedule is optimal, the cost of this decision is often strictly
positive because it typically yields additional working time for certain employees (unbalancing the
working time between the employees) or additional demand over-coverage. To reduce this cost increase,
a sequence of elementary decisions (possibly involving shift modifications on multiple days) can be
applied. Such a decision sequence must generate a sequence of feasible solutions and aims at achieving a
tradeoff between cost and total number of modifications. These decision sequences are called admissible
policies.
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Definition 2 Given a schedule x € X, a sequence of m elementary decisions (di,da,...,dy,) is called
an admissible policy for = if

i—1
di€D(x+ Y dy), Vie{l,...,m}.
k=1

The set of all admissible policies for a schedule z is denoted II(z).

According to Observation 1, we deduce that, when a disruption A = (é,iz,é,f, p) occurs and
perturbs an initial schedule xg, any feasible solution in X'\ {z¢} can be reached using a policy in II(xg).
However, the manager is not interested by all these solutions but rather by a subset of so-called
admissible solutions, denoted X. A solution in X: i) corrects the disruption A, ii) does not contain
any over-coverage that can be avoided by simply reducing the length of a shift or removing a complete
shift; and iii) respects the planned schedule xy up until period p. The set of all admissible policies for
zo that conduct to the solutions in X is denoted H(aco) To take these restrictions into account, we
also limit the set of elementary decisions to those yielding an admissible solution in X.

To evaluate an admissible policy 0 = (d1,ds,...,dn) € f[(:zco) composed of m elementary decisions,
we introduce the two criteria:

m

) = chk and ©"(0) = |Supp+(z di)|,
k=1

k=1

which compute the total cost and the total number of modifications incurred by policy 9, respectively.
Note that ¢"(8) is not necessarily equal to Y.;* | ng, because the shift or day off of an employee on a
given day can be modified by more than one elementary decision in 6.

Criteria ¢° and ™ are inherently conflicting. Indeed, the more we admit modifications, the more
we are likely to lower the cost. We introduce the following strict ordering relation between two policies
which is denoted by the symbol <:

51 = 0y = (©°(01) < 9%(82)) A (9" (61) < ©™(82)) A ((¢°(61), 9" (61)) # (¢°(62), 0™ (62))).

Relation < is clearly a partial ordering relation, in which case, two policies may not be comparable.
This leads us to introduce the concepts of dominated and Pareto-optimal policies.

Definition 3 Given a schedule x € X, a policy § € f[(x) is said to be dominated if there exists a policy
8" € I(x) such that &' < 6. When there exist no such policies, policy § is said to be Pareto-optimal.

The set of Pareto-optimal admissible policies for a schedule  is denoted IT* (z). Applying a dominated
(resp. Pareto-optimal) policy in ﬁ*(xo) to the planned schedule 2y € X produces a dominated (resp.
Pareto-optimal) solution. The set of Pareto-optimal solutions forms the so-called Pareto front, which
is denoted X* and can contain a relatively large number of solutions.

In practice, any solution of X* with a relatively high cost or number of modifications will never be
adopted by the manager. For this reason, the manager can set a search zone parameterized by two
non-negative parameters ®¢ and ®™ that provide upper bounds on the criteria ¢ and ¢™, respectively.
Consequently, for a given planned scheduled xy € X', the RBPRP is equivalent to searching in the set of
admissible policies II(zg, ®¢, ®") = {§ € II(z0) | °(6) < ®° A () < ®"}, the set of Pareto-optimal
policies, denoted f[*(xo, ®c ®™), that can be applied to produce Pareto-optimal solutions respecting
the conditions fixed by the manager. The set of these solutions is denoted X* (g, PC, ™).

2.3 Problem formulation

The RBPRP consists of finding sequences of elementary decisions forming Pareto-optimal admissible
policies in II(xg, ®¢, ™) that describes the Pareto front. It can be formulated on a network G = (V, A),
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where V is its vertex set and A its arc set. Set V contains a source vertex o = v(zg) representing the
initial solution xg, a sink vertex ¢, and one vertex v(z) for each solution z € X. In A, there is an
arc a between two vertices v(z;) and v(x;) if and only if there exists an elementary decision d, from
solution z; such that x; + d, = x;. This arc a = (v(z;),v(z;)) is associated with a cost v, = cq, -
Furthermore, there is an arc a with 7, = 0 between every vertex v(z), € X, and the sink vertex ¢.
Note that there are no arcs entering the source vertex o because xq is infeasible and, therefore, cannot

be reached using an elementary decision.

An o — t path p = (o,v(z1),v(z2),...,v(xm),t) in network G, also denoted by its arc sequence
(a1,as,...,am41), represents an admissible policy d, = (d1,d2,...,dn) in f[(xo). Its cost is given by
©°(0,) = Z}?:ll Yay, and its number of modifications by ¢™(6,) = [Supp™ (3> ;- di)|. Policy 8, belongs
to (2o, B¢, ®") if v°(J,) < ®° and ¢"(d,) < ®". Furthermore, it belongs to the set of Pareto-optimal
admissible policies I+ (29, P¢, ™) if there exists no other o—t path p’ representing an admissible policy
d, such that ¢°(6,) < ¢°(d,), ¢"(0,1) < ¢™(6,) and (p°(0,), ™ (6,r)) # (¢°(6,),¥™(6,)). Thus, the
RBPRP consists of finding Pareto-optimal o — ¢ paths p in G such that ¢°(d,) < ®° and ¢"(J,) < ®".
This may be seen as equivalent to solving a shortest path problem with resource constraints (SPPRC)
on G by dynamic programming (see, e.g., Irnich and Desaulniers [8]), where the objective is to minimize
path cost under the constraint that the number of modifications should not exceed ™. However, in
our case, all paths reaching a vertex v(z) are equivalent because both criterion ¢¢ and ¢™ only depend
on the solution x and not the path used to reach it.

Network G is not acyclic. However, even if there are negative arc costs, there is no need to impose
elementarity requirements in this SPPRC because every cycle in G incurs no cost and no modification
and can, thus, be discarded. The main difficulty with this SPPRC formulation is, thus, the size of
network G. In practice, it cannot be built a priori as it requires the enumeration of all admissible
solutions in X. In Section 3, we introduce a heuristic that explores only a part of this network which
is built dynamically.

2.4 Relationship with the set of admissible solutions

To conclude Section 2, we highlight a relationship between network G and the convex hull of the set of
admissible solutions X. Recall that a solution x € X is written as = (z°,2") ", where 2* = (2!) hen
ec

is a vector of binary shift variables and z" is dependent on z°. Therefore, X is bounded and its convex

hull conv(X) is a polytope.

Proposition 1 2 € X if and only if x is an extreme point of conv(?&'),
Proof. See Appendix B O

From this proposition, we deduce that, in network G, every vertex in V \ {o,t} corresponds to an

extreme point of the polytope conv(X). The following proposition indicates that there is a bijection
between the edges of this polytope and the arcs linking two vertices in V \ {o,t}.

Proposition 2 Let z,y € X be two extreme points of the polytope comj(?e), These extreme points are

adjacent in conv(X) if and only if there exists an elementary decision d € D(x) such that y = x + d.
Proof. See Appendix C O

Propositions 1 and 2 show that network G enables the exploration of conv(X) by moving along
the edges of this polytope. The arcs exiting vertex o allow to move from the infeasible solution zg to
admissible solutions in com)()e ). Similarly as above, it can be proven that these admissible solutions
are adjacent to xo in the polytope conv(X) because they are obtained using elementary decisions
from zg. Finally, all arcs entering vertex ¢ are used to gather admissible policies yielding different

admissible solutions at a common vertex in order to find Pareto-optimal ones.
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3 Solution algorithm

As mentioned in Section 2.3, solving the RBPRP is equivalent to solving a SPPRC defined on G.
However, G is so large in practice that it cannot be built a priori. Consequently, to solve the RBPRP,
we propose a heuristic labeling algorithm that explores a relatively small subnetwork of G that is built
dynamically. This heuristic is based on theoretical insights that are presented first.

3.1 Theoretical insights

Some results in this section (but not the proposed heuristic) are limited to a subset of the ad-
missible policies in ﬂ(m07<I>C,(I>"). This subset is denoted ﬁ(xo,fbc,(b”) and composed of policies
0 = (di1,da,...,dy) such that each elementary decision di, k = 1,...,m, is formed only of generating
decisions of type ¢© and the number of modifications strictly increases from one elementary decision
to the next, i.e., p"(d;) < ¢"(d;11) for all i = 1,...,m — 1, where §; = (d1,da,...,d;) is the policy
made up of the first ¢ decisions of §. As highlighted by the next proposition, focusing on this subset
of policies is not restrictive.

Proposition 3 Let 2o € X and x € .)2*(.%'0,@0,(1)"). Solution x can always be obtained from solution
xo by applying a policy in I(xzq, D¢, ™).

Proof. See Appendix D. O

Denote by ﬂ*(:zro, &, &") = [(xg, D¢, ") N I1*(zg, D¢, ") the subset of policies in II(zq, B, B)
which yield a Pareto-optimal solution in X *(z0, @, ®"). Observe that, if there exist two policies
S ﬂ*(xo,éc,fb") and § € II*(xg, ¢, ®") \ II(20, ®¢, ") that allows to move from solution zq to
the same Pareto-optimal solution z, then ¢°(d) = ¢°(0) and ¢™(J) = ¢"(d). Consequently, for any
policy in IT* (29, ®¢, "), there exists one in ﬂ(xo, ®°, ™) that yields the same solution. Thus, to find
Pareto-optimal solutions, it is sufficient to only look for policies in ﬂ(mo, oe, o).

Let 6*,6F € ﬂ(xo, ®¢, ™) be two policies such that

cr’n

§f € argmin ¢'(4), 1 € {c,n}.
§ell(wo, P, ")

Thus, 0} and d;; are policies that minimize the cost and the number of modifications, respectively. By
definition, they both belong to ﬂ* (29, P, ®™) and can be used to restrict the search space as shown
in Figure 6. In this figure, the dots represent Pareto-optimal policies. The dashed rectangle shows the
initial search space where such policies can be found. The rectangles in gray and black represent the
regions containing the policies dominated by d} and ¢}, respectively. Finding these policies may, thus,
reduce significantly the search space. Finally, note that policies §¥ and ¢ are not necessarily unique.
However, in the following, we use §} and 4. to denote representative policies.

The following proposition shows that policy §; can easily be found.

Proposition 4 There exists an elementary decision d € D(xg) such that 5% = (d).
Proof. See Appendix E O

Finding policy 4} is much more difficult. However, if we find a policy ¢ such that ©¢(§) = 0, then
d = 0} because x is optimal for ILP and, thus, ¢°(d¥) > 0. In this case, ™ can be replaced by ¢™(J¥)
to speed up the algorithm.

For any policy 6 = (dy,ds,...,dn) € ﬂ*(xo,fbc,@”) (even in IT*(zg, ®¢, ®")) with m > 2, there
exists an index [(d) € {2,3,...,m} such that cq,,; , > 0 and cq, < 0,Vk > [(5). Otherwise, there
would be a contradiction with the fact that § is Pareto-optimal as removing the last decision would
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Figure 6: Restricted search space induced by policies ¢} and §;;

yield a dominating policy. On the other hand, it is well known from linear programming theory that,
from any non-optimal extreme point x; of a polyhedron, there exists at least one sequence of adjacent
extreme points (1,2, ..., Z;,) of decreasing costs that reaches an optimal extreme point x,,. In our
case, this sequence can be generated using elementary decisions ds,ds, ..., d, with costs cq, < 0,
k€ {2,3,...,m}. A first elementary decision d; with a non-negative cost is also required to move
from the infeasible solution xg to feasible solution z1. Nevertheless, it is not clear if there exists such a
policy § = (d1,da, . ..,dy,) in the restricted set ﬂ*(aso, ®c, d™). Therefore, based on these observations,
we conjecture that, to find a set of Pareto-optimal solutions in X *(xg, ®¢, ™) that describes the Pareto
front, it is sufficient to only consider the policies (dy,da,...,dn) € ﬁ*(wo, o, d™) such that ¢q4, < 0,
Vk > 2. The proposed heuristic restricts its search to such policies.

The existence of an elementary decision in a Pareto-optimal policy can be used to predict the
existence of other decisions in the same policy. Indeed, if a decision forces an employee e; to work two
hours more and an employee e to work two hours less, the balance between these teo employees might
be restored in a subsequent decision by making e; (resp., e2) work less (resp., more). Such a decision
is said to be compatible with the first decision made. Let us introduce a measure of compatibility.

For an elementary decision d (resp., policy ¢), denote by &, (resp., &) the set of employees affected
by this decision (resp., policy). Let § = (dy,da, ..., dp) € (zg, ¢, ") be an admissible policy that
produces the feasible solution zs5 € 2\?(1‘0,(1)0,@7L). The following function u(zg,d,d) that returns a
value in [0, 1] provides a “measure” of the compatibility of each elementary decision d € D(xs) with
respect to policy 9:

min " (0 & d )
(CL‘ 5 d) _m ‘55 ﬂgdl ) d' €D(xs) ( ) . H min {ch)(e),Na:(;er(e)} (1)
HE0: 0 €5 UEd] (0 d) max { Ny (€), Ny, 1al€)}’

ecEsNEq

where the symbol @ indicates the concatenation of a decision to a policy, and Ny(e) is equal to the
number of periods worked by an employee ¢ € € in a schedule y € X. For a decision d € D(xs),
a value p(xo,d,d) close to 1 indicates that d is highly compatible with ¢; at the opposite, a value
w(xg, 0,d) close to 0 means that d is highly incompatible with §. Indeed, the first term is equal to 1 if
the employees affected by decision d are all involved in policy §, to 0 if none of them are, and to a value
between 0 and 1 otherwise. The second term evaluates the impact of decision d on the criterion ¢"
compared to the minimal impact over all possible decisions. A decision yielding a relatively large
number of modifications compared to the others is disfavored. Finally, the third term measures the
relative change in the total working time of each employee in & N &;. The focus is put on these
employees instead of all employees in £; because the largest changes mostly occur for the employees
in the first decisions of a policy. A large relative change (either much more working time or much less)
for an employee decreases the value of u(xg,d,d). Note that the mth root function applied in the first
term is used to weight the first term against the others. Indeed, the more decisions are made, the more
employees are likely to be involved in the modifications.
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To extend a policy § in the proposed heuristic, we consider only elementary decisions d that
yield a sufficiently large value of function u(xo,d,d). In fact, in the following proposition, we show
under an additional assumption often holding in practice that extending § with a decision d such that
w(zo, 6,d) = 1 is the best possible choice. This assumption stipulates that every elementary decision
of a policy does not modify demand coverage for each job and each period. Indeed, in practice, the
manager tries to cover all demands as planned so as to avoid a loss in service quality or a wage increase.

We denote by II (29, @, ™) the subset of policies in ﬁ(xo, ®°, ®™) that respect this assumption.

Proposition 5 Let § = (dy,ds,...,dy) € ﬂ_(xo, o, ™) be an admissible policy from xq that generates
a solution x5. If there exists a decision d € D(xs) such that pi(xo,0,d) =1 and (§®d) € O (z,®°, "),
then policy 6 ® d is not dominated by any policy § = 6 ® (dmy1,---,dmiq) € I (x0, P, ®") with
dm+1 #d and ¢ > 1.

Proof. See Appendix F O

3.2 Heuristic

In this section, we describe the heuristic that we propose to solve the RBPRP. This heuristic is a
labeling algorithm that explores the network G defined in Section 2.3 but only partially. Indeed,
to speed up the search, it eliminates admissible elementary decisions based on various rules. These
rules are:

1. An elementary decision involves shifts of a same day.

2. An elementary decision contains at most n9 generating decisions (n? = 2 for our tests).

3. Generating decisions of type ¢© are only used to initially correct the lateness of employee é if no
other decision types can.

4. A policy § = (dy,da, ...,dy,) is such that t4, <tg,, forall k=1,2,...,m — 1, where t; € P is
the earliest starting period b, of a shift s involved in decision d.

5. A policy ¢ yielding solution x5 cannot be extended with an elementary decision d € D(xs) if
w(xg,d,d) > w — ¢, where € is a small positive tolerance.

6. A policy § containing at least one elementary decision and yielding a solution x5 can only be
extended with an elementary decision d € D(xz5) such that ¢g < 0.

Rules 5 and 6 are derived from the discussions made in Section 3.1. The heuristic may also reduce the
value of ®" and the total number of policies explored when it finds a policy 7 such that ¢°(6}) = 0.

In the proposed re-scheduling heuristic, we use the concept of a label £ to store a policy §(¢) and
its corresponding solution z5y. The generated labels are grouped in sets Ly, k = 1,2,..., K, that
contain all labels associated with a policy with k elementary decisions, where K is a sufficiently large
integer. The labels representing non-dominated solutions are kept in set 2*. By breach of terminology,
a label is said to be dominated (resp. non-dominated) when its associated solution is.

We start by describing the heuristic main procedure, before presenting some of the embedded
functions. The pseudo-code of this main procedure is given in Algorithm 1. First, in Step 2, it finds
through function findCorrectiveGeneratingDecisions a set G of generating decisions that correct
disruption X. Because these decisions do not necessarily correspond to elementary decisions, function
findAdjacentSolutions is called in Step 4 for each decision d € D to find elementary decisions
starting with decision g. These elementary decisions form one-decision policies represented by labels
that are stored in £; in Step 6. The labels in set £; are then transferred to set Q2*. Next, in the while
loop (Steps 9-13), the algorithm extends all generated labels in set £;, not only the non-dominated
ones, because labels are typically associated with different solutions to which different elementary
decisions can be further applied. In each iteration i, it first propagates (Step 11) each label ¢ € L;
using function propagate to possibly create multiple labels stored in set £;41 and representing policies
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Algorithm 1: Re-scheduling Heuristic

input : initial schedule zg, minor disruption X;
output: set of labels Q*;
L+ 0,k=1,2,...,K;
G + findCorrectiveGeneratingDecisions (mo,X) ;
foreach g € G do

D + findAdjacentSolutions(xg,0, ¢) ;

foreach d € D do

| L1+ L1U{(za,d)} ;

QF < L1

i 1;

o while £; # () do

10 foreach ¢ € L; do

o oA BN R

® N

11 L Li+1 < L;+1U propagate(zo,{) ;
12 Q* — ULt
13 P41+ 1;

14 * <—applyDominance (Q2*) ;

that extends policy 0(¢) with a single elementary decision in D(x5(¢)). This loop stops when no more

labels can be extended. Finally, a function applyDominance is to find the non-dominated labels in set
O* (Step 14).

Now, let us detail the three functions findCorrectiveGeneratingDecisions, findAdjacent
Solutions, and propagate. The pseudo-code of the first function is given in Algorithm 2. This func-
tion produces a set of generating decisions G that correct disruption X. For each employee e € £\ {é}
qualified for job wj, it finds the generating decisions that modify its current assignment and can correct
the lateness of employee é. If e is assigned to a shift s on day h (Step 4), it verifies if shift s can be
switched with shift § (Step 5) or extended to cover the lateness interval [bs, bs + 1] (Step 7). In both
cases, the decision is added to set G only if it is considered as a candidate, i.e., if the resulting shifts
respect employee availability and qualifications, as well as the minimum rest time between consecutive
shifts. Note that the duration of these shifts might not be valid, yielding an infeasible solution to be
corrected with one or several subsequent generating decisions. On the other hand, if employee e is
assigned to a day off and no decisions of type g° or ¢g* have been generated yet (Step 9), then the
algorithm looks for potential decisions of type ¢© that would assign employee e to a shift of minimal
duration covering the lateness interval. Such a decision is added to set G€ if it respects the conditions
to be a candidate stated above as well as the minimum number of days off. Decisions in G© are only
added to set G in Step 14 if no decisions of type ¢g° or g% have been found.

Algorithm 2: Function findCorrectiveGeneratingDecisions

input : initial schedule zg; minor disruption X
output: set of generating decisions G ;

G+ 0,G°«0;

foreach e € &\ {é} such that ws; € We do

s 4 Szo (e, h) ;

[V

w

4 if s # so(h) then

5 if by 41 < bs and g5(s,8) is candidate then

6 L G+ GU{g%(s,8)};

7 if [bs, bs + [] Nbs, fs] =0, ws = ws, p < fs and g% (3, s, i) is candidate then
s | G GU{g¥(3,sD)};

9 else if G =0 then
10 foreach s’ € 8" of minimal duration such that [bs,bs + 1] C [byr, fs] do

11 if g9 (s, e, h) is candidate then

12 L GO « GO U{g°(s',e,h)};

13 if G = () then
14 LG<—GO
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Function findAdjacentSolutions is called in Step 4 of Algorithm 1 to create elementary decisions
starting with a given generating decision. The pseudo-code of this function is presented in Algorithm 3.
The elementary decisions are stored in set D. Set S contains sequences of generating decisions currently
under investigation. When one of them does not yield a feasible solution, it is extended in various
ways and the resulting sequences are added to the set S*. This function starts with a single sequence,
composed of the generating decision gg, in set S. Then, it enters a repeat loop that checks for every
sequence o € S if the schedule of every employee is feasible (Step 5). This check is performed by
function employeesWithInfeasibleSchedule which returns the set of employees E with an infeasible
schedule. If this set is empty, the sequence o is added to set D. Otherwise, function lengthenSequence
is called in Step 9 to create new sequences obtained by appending an additional generating decision g
to 0. Such a generating decision must correct the infeasibility of the schedule of at least one employee
in . The repeat loop stops when either all sequences do not need to be extended or the maximum
number of generating decisions is reached.

Algorithm 3: Function findAdjacentSolutions

input : schedule zg, policy §, generating decision go;
output: set of elementary decisions D;

1 D+ 0,k+ 1,5+ {(90)};
2 repeat
3 St « 0
foreach o € S do
E < employeesWithInfeasibleSchedule(zs,0) ;
if £ =0 then
L D <+ DuU{o};

else
L St + ST U lengthenSequence(zs,0, ) ;

N4 o oA

© ®

10 S« St k+k+1;
11 until S:@ork:ng;

Algorithm 4 describes function propagate which is called in Step 11 of Algorithm 1 to extend a
label ¢ and create new ones that are stored in set L. It starts by calling function findCandidate
ElementaryDecisions (defined below) that produces a relatively large set D of candidate elementary
decisions (Step 2). Then, each elementary decision d € D must pass three selection tests (Steps 4
and 5) to be retained for label creation. First, it must lead to a policy that does not exceed the
maximum number of modified shifts. Second, the cost of decision d must be negative as stipulated
in Rule 6. Finally, the p function value for decision d must be sufficiently large according to Rule 5.
When all these tests are met, a new label (25()ga,d(€) © d) is created and added to set £ (Step 6).
Finally, upon finding a zero-cost policy §(£) & d, the value of ®™ might be updated in Step 8.

Algorithm 4: Function propagate

input : initial schedule xg, label £, small tolerance ¢ > 0;
output: set of new labels £;
1 L+ 0
2 D ¢+ findCandidateElementaryDecisions(zq, £);
3 foreach d € D do
if "(8(¢) ®d) < P™ and cq < 0 then
if p(zo,8(0),d) > £7COED _ ¢ then
L+ LU {(z50)04,9(0) ® d)} ;
if ¢°(6(¢) ®d) =0 then
| @™ < min {B", "(5(0) & d)} ;

»

o N o «

For a label ¢ and its solution x5,, function findCandidateElementaryDecisions builds a list of
elementary decisions D that can potentially improve this solution by re-allocating as much as possible
the same amount of working time to an employee as in its initial schedule. It loops over all employees
affected by the current policy §(¢) and computes for each employee the difference AN in its working
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Algorithm 5: Function findCandidateElementaryDecisions

input : initial schedule zg, label ¢;
output: set of elementary decisions D;
1 D« @;
2 foreach e € &5y do
3 AN 4 Ny (€) = Nag(e) ;
if AN # 0 then
G < findGeneratingDecisions(zs(y), e, AN) ;
foreach g € G do
L D < D U findAdjacentSolutions(xs(s),9) ;

4 0 o s

time between its initial schedule and its current schedule (Step 3). If this difference is not equal to zero,
then all possible generating decisions of type g° or g¥ that can reduce (resp. increase) its working
time if AN is positive (resp. negative) are enumerated through function findGeneratingDecisions
in Step 5 and stored in set G. Then, for each decision g € G, function findAdjacentSolutions is
called to create elementary decisions starting with decision g.

Because it applies Rules 1 to 6, the proposed re-scheduling heuristic is fast and partially explores
network G which is implicitly constructed simultaneously. It offers no guarantee that it will find a
set of Pareto-optimal solutions that will describe the Pareto-front. However, as presented in the next
section, our computational experiments showed that it is very efficient at this task.

4 Computational experiments

To assess the efficiency of the heuristic described in Algorithm 1 and denoted H in the following, we
performed computational experiments on different datasets using sets of disruption scenarios. In these
tests, we compared heuristic H with the following two solution algorithms:

- An exact algorithm F that is used as a reference on the quality of the solutions returned by H.
It consists of solving by a commercial solver the initial planning model described in Appendix A,
modified as follows. First, all shifts or parts of shifts scheduled prior to period p in the initial
solution zq are fixed. Second, all variables associated with shifts of employee € that are in conflict
with the late arrival are set to 0. Finally, a constraint is added to ensure that at most ®" shifts
are changed from the initial solution zy.

- A variant of H, referred to as heuristic R, that replaces the test on the p function in Step 5 of
the propagate function described in Algorithm 4 by a random test which allows the selection of
exactly the same number of elementary decisions selected using the test on p. This heuristic is
used to confirm the usefulness of function p.

All algorithms were implemented in C4+4. All tests were executed on a Linux machine equipped
with an 8-core Intel Core i7 processor clocked at 3.4GHz and 16Gb of RAM. The mixed-integer
programming solver Cplex, version 12.6.1.0, was used for algorithm E.

Below, we describe first the instances used for our experiments, including the procedure generating
the disruption scenarios. Then, we present and analyze the computational results obtained.

4.1 Datasets and disruption scenarios

Our experiments were conducted using seven real-world datasets provided by our industrial partner.
These datasets provide, for each period p € P and job w € W, the number of employees required for
job w in period p and, for each employee e € £ and day h € H, a set of potential shifts that can
be assigned to employee e on day h. The characteristics of these datasets are given in Table 1. For
each dataset, an optimal initial schedule was obtained by solving the integer linear program presented
in Appendix A.
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Table 1: Characteristics of the datasets

Dataset  No. employees No. jobs Horizon (in days)
I 15 5 7
Iz 25 5 7
I3 29 6 7
Iy 32 3 7
Is 47 6 7
Ig 49 7 7
Iz 95 7 7
For each dataset Iy, k € {1,...,7}, we generated 30 scenarios, where each scenario is formed by

a disruption X = (&, h, 8,1,p) that perturbs the planned schedule. This disruption is generated as
follows. First, day h is chosen using a uniform discrete distribution over horizon H. Then, we choose
employee é uniformly in the set of employees who work on day h. The selection of h and é yields
the shift §. The lateness duration f, in number of periods, is drawn from another discrete uniform
distribution over the set {1,..., L%J }. Finally, the period p, when the employer becomes aware of the
disruption, is chosen from a discrete uniform distribution over the set {bs — 8,...,bs}. Note that a

check is made to ensure that a scenario is not repeated.

4.2 Computational results

To devise a fast heuristic H, several choices were made to limit the labeling process. Consequently,
there is no guarantee that heuristic H can find a feasible solution even if one exists, especially if
parameter ®" is set to a low value, which might be desirable to avoid changing the schedules of many
employees just because one employee is late. We performed a first series of tests to determine how
frequently heuristic H fails to find a feasible solution in function of ™. For values of ®" € {2,3,4,5,6},
Table 2 reports the percentage of failures obtained for each dataset for the corresponding 30 disruption
scenarios. This percentage is computed as 100("157;7;%, where n¥ (resp. nf') is the number of scenarios
for which a feasible solution, with no more than ®" shift changes, was found by algorithm E (resp.
H). These results show that heuristic H always succeeds to find feasible solutions except for a small

number of scenarios when the number of shift changes is restricted to a maximum of " = 2.

Table 2: Percentage of failures with heuristic H

Dataset ®" =2 & =3 &&"=4 &"=5 P"=6

I 0 0 0 0 0
I 0 0 0 0 0
I3 0 0 0 0 0
Iy 3.3 0 0 0 0
I5 3.3 0 0 0 0
Is 0 0 0 0 0
I7 0 0 0 0 0
Average 0.9 0 0 0 0

Now, let us analyze the quality of the solutions produced by heuristic H on the scenarios for which
it did not fail for any value of ®", i.e., 30 scenarios for all datasets except I4 to I5, and 29 scenarios for
these two datasets. For each algorithm ¢ € {E, H, R}, let §F € argmax ¢"(J) be the least-cost policy

S€Z (D)
it found in the zone Z(®") = {8 € I(xg, ®°, ®")|¢™(§) < ®"} and denote by ~(®") the cost of this
policy. Furthermore, let I'(®") = ~*(®") — v¥(®") be the error made by heuristic i € {H, R} in the
search area Z(®"). For a given dataset I, k = 1,...,7, the average (resp. standard deviation and

maximum) of this error over the np scenarios for which heuristic H did not fail, is denoted I, (I, ")

(resp. I, (I, ®™) and T%, . (Ix, ™)) for heuristic i € {H, R}. Finally, the overall error average, i.e.,

max
over all datasets, for a given heuristic ¢ is denoted I'yy, o (®™).
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The results achieved by heuristics R and H compared to the exact algorithm E are summarized in
Table 3 for each value of ®" € {2,3,4,5,6}. These results reveal a high success rate for heuristic H,
which succeeds to compute a least-cost solution for 96.6% to 99.5% of the scenarios for each tested
value of ®". Given that, with ®" = 6, heuristic H also computes all the solutions generated with
" = 2,3,4,5, we deduce that it can generate Pareto-optimal solutions for almost all values of ®" €
{2,3,4,5,6}. Furthermore, when it cannot find a Pareto-optimal solution for a given ®” value, the cost
error is very small as highlighted by the T' s values. Notably, observe that, when ®" > 3, heuristic H
finds a least-cost solution for most scenarios, in particular, for all scenarios except one when ®" = 6.
We believe that this is due to the fact that any solution & € X* (g, ®¢, ™) can be reached in network G
using several paths and that larger values of ®" yield more chances to find one of them. In contrast,
the performance of heuristic R deteriorates as the value of ®" increases from 2 to 4 and remains stable
for larger values. In fact, the first elementary decisions which are not affected by the random selection
often allow to find least-cost solutions for ®"™ = 2, 3. Hence, the random selection only starts to play an
important role for larger ®™ values. The poor performance of heuristic R clearly shows the efficiency
of function p to reduce the number of elementary decisions explored.

Table 3: Percentage of optimal policies and errors for heuristics R and H

o =2 o =3
Dataset heuristic R heuristic H heuristic R heuristic H
orPT(%) Ik, vk vk . opr(wrf, ri rk . opr(n) rf, vk vk, opr(%) rL, TH THE
I 100 0 0 0 100 0 0 0 100 0 0 0 100 0 0 0
I 100 0 0 0 100 0 0 0 100 0 0 0 100 0 0 0
I3 100 0 0 0 100 0 0 0 100 0 0 0 100 0 0 0
Iy 83.3 0.31 0.72 1.88 83.3 0.31 0.72 1.88 80 0.46 1.01 3.96 100 0 0 0
Is 93.1 0.27 1.15 5.95 96.5 0.07 0.37 1.98 93.1 0.27 1.15 5.95 96.5 0.07 0.37 1.98
Is 100 0 0 0 100 0 0 0 10 5.36 1.81 5.95 100 0 0 0
I7 76.6  6.87 13.43 36.74 96.6 0.33 1.81 9.95 40 9.23 13.47 13.47 96.6 0.04 0.24 1.33
I ve 1.21 0.1 2.19 0.02
OPT (%) 93.3 96.6 74.7 99.0
P =4 P =5
Dataset .. . .. .
heuristic R heuristic H heuristic R heuristic H
oprT(%) Tk, T® TR, oPT(%) TE, TH 1K opPT(%) TL, TE TR, OPT(%) TL, THE TH
I 100 0 0 0 100 0 0 0 100 0 0 0 100 0 0 0
I 100 0 0 0 100 0 0 0 100 0 0 0 100 0 0 0
I3 3.3 10.22 6.21 26.23 96.6  0.07 0.41 2.23 3.3 9.69 5.43 26.23 96.6 0.07 0.41 2.23
Iy 26.6 2.37 2.22 5.95 96.6 0.06 0.34 1.89 26.6 2.37 2.22 5.95 96.5 0.06 0.34 1.89
Is 24.1 3.35 3.56 9.91 96.5 0.07 0.37 1.97 24.1 3.35 3.56 9.91 100 0 0 0
Is 10.0 5.36 1.81 5.95 100 0 0 0 0 32.62 10.40 38.99 100 0 0 0
Iz 10.0 14.24 9.63 37.34 100 0 0 0 6.6 15.39 9.01 34.5 100 0 0 0
FiAVG 5.08 0.03 9.06 0.02
OPT (%) 39.1 98.5 37.2 99.0
" =6
Dataset heuristic R heuristic H
orT(%) Ik, T8 TR, OoPT(%)TH, T TH
I 100 0 0 0 100 0 0 0
I 100 0 0 0 100 0 0 0
I3 3.3 9.69 5.43 26.23 96.6 0.07 0.41 2.23
Iy 23.3 2.51 2.54 7.90 100 0 0 0
Is 24.1 3.35 3.56 9.91 100 0 0 0
Is 0 34.01 7.90 38.99 100 0 0 0
I 3.3 16.28 39.07 9.18 100 0 0 0

I'iva 9.41 0.01
OPT(%) 36.3 99.5
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Next, we investigate the impact of the value of parameter ®" on the quality of the least-cost
solution obtained by heuristic H. To do so, for each dataset, scenario and value of ®" € {3,4,5,6}, we

define GH(2,0") = 100% as the difference (gain) in percentage between the costs of the
least-cost policies obtained by heuristic H when allowing ®" shift changes compared to only two shift
changes. For a given dataset, the average gain over all scenarios is denoted gﬂ)g(l ®™). Furthermore,
for each dataset, we compute the number of scenarios nH(<I>" —1,®"), d" = 3,4, 5, 6, for which the cost
of the solution obtained with at most ®" shift changes is better than that of the solution with at most
®" — 1 changes. Table 4 reports the average gains and the number of scenarios with an improved cost
obtained for all values of ®" € {3,4,5,6} and all datasets I3 to I7. It turned out that, for the small
datasets I; and I3, no gain is realized for each scenario and each value of ®™ > 3, i.e., the least-cost
policy always involves two shift changes. This is not the case for the other datasets where increasing
the allowed number of shift changes up to six yields average gains varying between 33% and 100%,
with an overall average gain of 75.4%. Note that an average gain of 100% (for datasets Is and I7)
means that a zero-cost (i.e., least-cost) solution has been found for all scenarios with a maximum of
six shift changes. On the other hand, a gain of less than 100% does not mean that the algorithm does
not perform well because least-cost solutions might have positive costs. From the results in Table 4,
observe that, for datasets I3, I, and I5, most improvement occurred when switching from three to four
allowed shift changes. For the other two datasets (Is and I7), better solutions for several scenarios are
found as the value of ®” increases until finding a least-cost solution for each scenario. All these results
show that additional cost reduction can be achieved in many cases by modifying only a few additional
shifts but that, in most cases, a very limited number of shift changes (up to six) is sufficient.

Table 4: Average gain 959(2, ®™) in percentage

Dataset GH (2,3) GH (2,4) GH, (2,5) GH (2,6) nf(2,3) nf(3,4) nf(4,5 nf(56)

I3 0 73.4 73.4 73.4 0 30 0 0
Iy 7.3 67.5 67.5 70.7 7 23 1 1
Is 0 32.5 33.1 33.1 0 22 1 0
Is 35.6 35.6 96.9 100 30 0 30 7
I7 30.2 82.1 90.8 100 19 18 11 17
Average 14.6 58.2 72.3 75.4 11.2 18.2 8.6 5

In Table 5, we provide, for each dataset, the average and maximum computational time (7,4 and
Tnae) over the 30 scenarios required by heuristic H when ®™ = 6 and by the exact algorithm E when
®" = 2 to 6. For heuristic H, we observe an overall average time of 0.79 second and a maximum time
of 4.13 seconds. These computational times are more than reasonable compared to the times required
by the exact algorithm which takes on average 30 seconds for a given value of ®", with a maximum
exceeding two minutes in some cases. Note that, to generate a set of Pareto-optimal solutions, the
exact algorithm needs to solve a modified ILP for each value of ®" resulting in a total average time of
approximately 150 seconds.

Table 5: Average and maximum computational time for heuristic H and algorithm E

Heuristic H Algorithm FE
Dataset
Tuvg(s) Trmas(s) P, =2 o, =3 P, =4 P, =5 P, =6

Tavg(s) Tmax(s) Tavg(s) Tmax(s) Tavg(s) Tmax(s) Tavg(s) Tmaz(s) Tavg(s) Tmax(s)

I 0.03 0.04 12.28 14.04 12.81 14.59 12.16 15.23 12.95 35.84 12.95 19.53

Iy 0.02 0.05 8.27 12.73 9.32 26.36 8.77 10.47 8.55 11.32 8.73 19.29

I3 1.39 4.13 53.99 59.86 69.73 133.17 70.82 104.15 74.87 117.22  73.3 143.01

Iy 0.42 1.33 10.49 14,85 12.79 18.63 13.74 18.38 14.54  20.85 14.69  20.75

Is 0.46 1.72 26.33  30.96 31.76 41.38  34.66 44.11 35.95  52.63 35.4 45.5

Is 1.78 2.51 36.16 38.06 36.57 44.82 36.98 46.46 38.34 51.19  37.98 48,65

Is 1.44 3.67 29.82 32.84 36.23 47.86 39.13 54.17 40.06 65.96 41.56 70.1

Average 0.79 25.33 29.89 32.86 32.18 32.09
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Finally, to better understand the fast computational times obtained by heuristic H, we report in
Table 6 the average numbers of policies that are treated before and after some tests in heuristic H
when ®" = 6: nf;?g is the average number of policies §(¢) & d considered in the tests of Step 4 of the
propagate function (see Algorithm 4), napvlg is the average number of policies surviving these two tests,
and ngfg is the average number surviving the test in Step 5 and, thus, producing a label. Note that
these statistics are provided only for the datasets that require more than two shift modifications to
find a least-cost solution for some scenarios. From these results, we compute that, on average, 55% of
the generated policies (nffg) are rejected by the tests in Step 4, whereas 65% of the remaining ones
(nfl}g) do not survive the test in Step 5. These results show that the proposed tests are efficient at
significantly reducing the number of policies to consider and, therefore, the computational times. As
highlighted by the previous results, this computational effort reduction is not made at the expense of

bad-quality solutions.

Table 6: Average numbers of policies treated before and after some tests in heuristic H

Dataset nfgg nfvlg nffg
I3 1558.9 1039.6  58.6
Iy 219.1 89.4 62.5
Is 572.6 158.8 48.6
Is 3516.7 1700.7  393.8
17 722.2 246.5 63.2

5 Conclusion

In this paper, we considered the RBPRP in a retail context where employees can be assigned to a
wide variety of shifts. To solve this problem, we developed a fast heuristic that aims at correcting a
minor disruption by proposing a set of solutions that achieve a good compromise between the cost and
the number of shift modifications. Computational experiments conducted on 210 disruption scenarios
generated from real-world datasets showed the effectiveness of this heuristic: it can compute the exact
Pareto-optimal solutions in less than one second on average for more than 98% of the test cases.

We believe that the framework of the proposed heuristic is generic and could be used to tackle other
optimization problems. In fact, it allows the exploration of the extreme points of a polyhedron and, to
adapt it to a different problem, would require to redefine the generating decisions and the p function.
Such an adaptation would constitute an interesting research avenue. Other opportunities include the
design of a robust heuristic that would take into account, in a stochastic fashion, the potential future
disruptions as well as the integration of this re-scheduling tool in a heuristic for solving the initial
planning problem.
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A Mathematical model of the personnel scheduling problem

In this section, we present the integer programming model proposed by Hassani et al. [7] for the initial
personnel scheduling problem. This model assumes that the horizon has seven days, numbered from 1

to 7.

S4: Set of anonymous shifts used to avoid under-coverage;

n®: Minimum number of days off to assign to each employee;

We describe first the required notation that has not be defined in the main text.

n'*: Minimum number of periods of rest between two consecutive shifts assigned to the same employee;

: Number of employees required for job w in period p;

KCE: Set of steps in the step function defining the labor costs;
ny’: Number of periods on step &k € KL
cr: Unit penalty on step k € K (with ¢f < cf,,);

n} . Number of periods on step k € KV;
c¢y: Unit penalty on step k € KV (with ¢} < CX_H);
: Penalty for each period in an anonymous shift s;

M: Large constant;

Ys: Nonnegative integer variable equal to the number of times that anonymous shift s is used;

ke Kk,

in period p on step k € KV

: Binary parameter equal to 1 if shift s covers job w in period p and 0 otherwise;

: Set of steps in the step function defining the over-coverage penalties;

. Binary variable equal to 1 if shift s is assigned to employee e on day h and 0 otherwise;

O": Binary variable equal to 1 if employee e has a day off on day h and 0 otherwise.

L*: Nonnegative integer variable equal to the number of periods worked by employee e on step

: Nonnegative integer variable equal to the number of employees assigned to job w in over-coverage

With this notation, the initial personnel scheduling problem can be modeled as the following integer

program:
Minimize Z Z céng + Z CSYZSYS—I— Z Z Z cZVu]fp
e€€ kel seSA pEP weW keKV
subject to : Zst—i—Of:l, VeeE,heH
seSh
Z Oh > n9, Ve € &
heH
SN xk - Y Lh=o, Ve € &
heH seSh ket
MO+ 3 b XiH = Y 0 (f+ 14+ 0™ XY >0, ve€&,he HA{T
seSkt seSy
SN D arXE+ Y Y- Y Vi =an, Vp € P,w €W
e€€ heH seSh seS4 kekVv

X, € 40,1},

O¢ € {0,1},

L* € [0,nk], integer,
Y, > 0, integer,

VR ¢ [0,n) ], integer,

Vec E,heH,scS"
VeeE,heH

Ve e &k ekt
Vs e 84

YweW,pe P, kekV.

(2)
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Objective function (2) minimizes the sum of the labor costs and the penalties incurred by the
anonymous shifts and the over-coverage. Constraints (3) ensure that, on each day, each employee is
assigned to a shift or a day off. Constraints (4) impose a minimum of n® days off for each employee.
Constraints (5) distribute the periods worked by each employee on the various steps of K. Con-
straints (6) enforce a rest of at least n’? periods between shifts assigned to the same employee on two
consecutive days. Finally, constraints (7) guarantee that, for each job and each period, a sufficient
number of employees or anonymous shifts covers the demand. They also allow the computation of the
number of employees in over-coverage per step in K.

B Proof of Proposition 1

Proof. (<) By the definition of a convex hull, all extreme points of any set @ belong to Q. (=)
Assume that x is not an extreme point of com)()e ). In this case, z can be written as a convex
combination of two other solutions in X \ {z}, i.e., there exists 1,25 € X \ {z} and « €]0,1[ such
that 2 = ax; + (1 — a)zy. In particular, we have z° = az} + (1 — a)z4. Because z°, 2% and 2 are
binary vectors, this equality implies that z8 = 2% = 2°. Since z7, 2% and 2" depend on z%, 2§ and z?,
we get ©1 = x9 = x, which contradicts x1, 22 € X \ {«}. Consequently, the assumption is false and z

is an extreme point of conv(X). O

C Proof of Proposition 2

Proof. (=) Assume that = and y are adjacent in conv(X). Therefore, they are the extreme points
of an edge of conv(X). From the primal simplex algorithm, we know that, to move along the edge
between = and y, a minimal set of shift variables indexed by S must be entered into the basis. This

set defines a direction d such that y = x + d, where

1 ifje8
b [P
dy=4 -1 ifje Supp™ (x®) \ Supp™ (y?)
0 otherwise

and d" is derived from d°. Each component d?- = —1 corresponds to a generating decision of type g©
that proposes a day off to an employee that was assigned to a shift on this day and each component
d;’- = 1 corresponds to a generating decision of type ¢© that, at the opposite, assigns a shift to an
employee that had a day off. Sequencing these decisions starting with the former ones yields an
elementary decision because of the minimality of set S.

(«=) Assume that there exists an elementary decision d = (d®,d")" € D(z) such that y = z+d. Let
S = SuppT(d®). Because decision d is elementary, entering into the basis the shift variables indexed
by S in the order provided by d allows to move directly from z to y and the move only occurs when the

last of these variables is pivoted in. This shows that x and y are adjacent in the polytope conv(X). O

D Proof of Proposition 3

Proof. Let d = x — ¢ be the transition vector from zy to x. For each employee e € £ and day h € H
such that the sub-vector d” is not null (starting with é and day iL), define the generating decisions
g% (so(h), e, h) if 5., (e, h) # so(h) (i-e., if d*(sy,(e,h)) = —1) and ¢g°(s.(e, h), e, h) if s.(e, h) # so(h)
(i.e., if d"(sz(e, h)) = 1) which allow to reassign employee e from shift s, (e, h) to shift s, (e, h) on day
h and put them in a list in this order. Once all employees and days have been treated, this list forms
a sequence of generating decisions of type g© allowing a transition between zo and z. Scanning this
list in order, one can identify a sequence of elementary decisions dy,ds,...,d,, by testing after each
generating decision whether it yields a feasible solution or not. Note that ng, > 1 foralli=1,...,m.
Indeed, for ng, to be equal to 0, all generating decisions in d; would need to assign an employee to
a day off on a given day. This is not possible for d; because this decision involves employee é who
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receives a new shift on day h. Moreover, this is not possible for the other decisions d;, i = 2,...,m,
because it would mean that all employees assigned to a day off in this decision were in over-coverage
during their whole shift and, therefore, the solution xy + 22;11 dj, is not in X , i.e., decision d;_1 is not
a feasible elementary decision.

Given that, for each employee e and day h, there is at most one vector d;, i = 1,...,m, with
a positive component in the sub-vector d, we deduce that ¢"(d;) = Y peqna, foralli =1,...,m.
Furthermore, because ng, > 1 for all i = 1,...,m, we get that ¢"(&;) = >, _, na, < Z;;ll Ng, =
©"(0;41) for all i = 1,...,m — 1. Therefore, the sequence of elementary decisions dy, da, . .., d,, forms
a policy in II(zg, ®¢, &™) that can be applied to move from zg to x. O

E Proof of Proposition 4

Proof. Let § = (dy,ds,...,dn) € H(xg, ®¢,®") with m > 2 and denote by &' = (di,da, ..., dpm_1) €

II(zg, ¢, ®™) the policy obtained by omitting the last decision d, from 6. Because ¢"(8") < ™ ()
by the definition of set II(xo, ®¢, &™), policy d cannot have a minimum number of modifications, i.e.,
0 # 0, . Consequently, 6 must have a single elementary decision. O

F Proof of Proposition 5

Proof. Assume that there exists such an elementary decision d. Because (o, d,d) = 1, we deduce that

min "6 & d .
d/GD(IJ) ( ) =1 m ‘55 N gd‘ =1 min {NIO (6)7N16+d(e)} =1 V@ c 55 e gd
©"(0 ® d) ’ €5 Ul 7 max {Ngy(e), Noyrale)} '

min (@@ d) = (0 & d),
d' €D(zs)
= EsNEg=EsUEy
min { Ny, (€), Nos+ale)} = max {Ny, (€), Nasale)}, Ve € ENEy
e"0@d) <pMd@d), Vd €D(xs)
= E =&
NIo(e) = Nﬂc5+d(€)7 Ve € 85
N "0 @d) < d®d), Yd € D(xs)
c(xo) = c(zs + d)
N e"d@d) <o (d@®d), Vd e D(xs)
(0@ d)=0.

Clearly, any policy § =6 (dm+1, -, dm+q) € 1I (x9, @, ®™) with dpp41 # d and ¢ > 1 cannot
dominate § & d because @™ (6 ) > ¢"(8 & dpmy1) > (6 B d) and (') > 0 = (6 & d). O
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