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Abstract: In this paper we present a novel formulation based on a certain median function to solve discretely
constrained mixed complementarity problems (MCPs). Such problems seek to combine integer (discrete) so-
lutions that are also equilibrium ones and have applications in engineering and economics. Several theoretical
results show the correspondence between the easier-to-solve formulations presented and the original discretely
constrained MCP. Lastly, the approach is tested on a variety of illustrative examples.
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1 Overview

In recent years, both the fields of equilibrium programming and integer programming have seen extensive
modeling and algorithmic development. Most often equilibrium programming models are expressed as either
mixed complementarity problems (MCPs) or variational inequalities [5, 6, 13, 14] but with the restriction
that the variables are either implicitly or explicitly taken to be continuous-valued. Such an assumption is
valid for example when considering volumetric flows in power or water networks where individual electrons
or water molecules are not tracked. However, when considering individual items such as cars or people that
might be counted, integer-valued variables or more generally discrete restrictions make more sense, hence the
study of discretely constrained MCPs (DC-MCPs).

As shown in [11, 12], combining MCPs with integer restrictions results in a hard problem for which there
may not always be a solution. In these works, a Pareto optimal approach [4] is advocated for finding nearly
complementary and nearly integer solutions. When the integer variables in the problem are specialized to
binary, many applications in engineering and economics are possible with these binary variables relating to
the on/off status of machines, programs, or the like. For example, [17] considers an application of binary-
constrained MCPs in power markets related to the concept of non-convex pricing and uplifts e.g., [2, 3, 15].
In this paper, we present a new approach to solve discretely constrained MCPs based on a certain median
function [8, 10] and a resulting exact, easier-to-solve transformation. If the MCPs are linear, the resulting
formulations are expressed as mixed-integer linear programs. We validate the approach with supporting
theoretical and numerical results in Sections 2 and 3 and conclude in Section 4.

What is new about the work proposed in this paper is as follows:

1. As compared to the above cited works [11, 12, 17], the current approach is able to efficiently handle a
more general class of discretely constrained MCPs, namely ones with general upper and lower bounds
u; > l;, respectively for nonnegative variables. In the more traditional MCP approach, u; = +o00,l; =0
for nonnegative variables x; and u; = +00,l; = —oo for free variables ;. When potentially different
upper and lower bounds than the traditional ones are allowed, combined with a mixture of continuous
and discrete variables, a larger number of problems can be solved with the proposed methodology.
Theorems 1-3 in Section 2.3.1 show why the proposed formulation works and Example #2d provides a
numerical illustration of the related formulation (7). Then, this formulation is specialized to the more
traditional case in Corollary 1 in Section 2.3.2.

2. As compared to the above cited works, the values to the integer variables don’t need to be spelled out
in advance. Rather, the solver is just told that integer values are desired. In principle, in [11, 12], in
one of the seven variations tested, this could also be done by declaring integer variables to the solver.
However, in practice, for the problems tried in these works, what worked well was to allow flexibility
in relaxing both complementarity and integrality though for which the integer values did need to be
spelled out ahead of time.

3. In the proposed work, given the new approach for minimizing deviations from complementarity via a cer-
tain median function H, a much more selective near (or relaxed) complementarity can be achieved. For
example, in the case of a duopoly (Example #3), player p’s complementarity problem can be described
by finding the zero of a certain vector-valued, median function H,(a?,y") (see equation (2)) for its own
set of nonnegative variables P and free variables y? . Rather than equivalently finding (ml, yt, 22, y2)
by solving a minimization problem whose objective of H (H1 (xl, )T Ho(2?, y2)T) H must equal zero,
a weighted version of this objective function in the form > _, , wy, [ Hp(2P, y)| for positive weights w,,
can be applied. This latter approach permits a great deal of flexibility by allowing different players or
more generally, parts of the MCP, to achieve different levels of relaxed complementarity with definite
modeling advantages. Thus, the Pareto frontier [4] between achieving a complementary solution for
one player (MCP part) can be determined. In a related way, alternatively, such targeted precision in
relaxing complementarity can be achieved via constraints of the form || Hp(2?,y?)|| < ¢, fore, > 0or a
combination of such constraints for some of the players (parts of the MCP) and for the other players’
(MCP parts), representation in the objective function as described above. This has implications for
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example in power markets where nearly equilibrium prices or quantities might be acceptable for certain
market segments if other considerations like minimizing uplift are taken in to account.

4. This paper as compared to the above works also makes clear that solving the DC-MCP amounts to a
projection of a continuous MCP solution on to the set of integers (for appropriate variables) where the
projection depends on the vector norm chosen for the function H (see Example #1).

5. Lastly, as shown in Example #4 for the spatial price equilibrium problem (SPE) and not shown in
the above cited works, the DC-MCP formulation allows for if-then type restrictions on the variables
for an MCP. As this example points out, a nuanced logic can then be encoded for the variables of
the MCP which is a improvement towards a more realistic version of SPE as well as other equilibrium
problems where if-then, logic-constrained equilibrium solutions are sought. In Example #4, logical,
equity constraints on SPE flows are modeled to illustrate this if-then capability on top of finding MCP
solutions.

2 Formulation and median function

2.1 Re-expressing the MCP as the zero of a particular median-related function H

Given the function F' : R™ — R™ and vectors [,u € R" U {—o00,+00} with | < u, consider the mixed
complementarity problem (MCP) [6] as follows. Find € R™ so that

As described in [10] and [8], MCP(F') can be equivalently recast as finding the zero of the function
H : R™ — R" defined by
Hl(l‘) = T; — mid(li,ui,xi - Fz(x)),VZ (2)

where mid(a, b, ¢) represents the median of the three scalars a,b,c. The more traditional form of the MCP
is to rewrite it in terms of a vector of nonnegative variables € R™ with corresponding nonnegative F; and
complementarity and the rest of the variables y € R™v with associated equations. More specifically,

= Fj(x,y),y, free,j € I, ={1,...,ny} (3b)

where ulv means that the vectors w and v are complementarity (i.e., orthagonal) to each other. The
specialization of (1) to (3) is acheived by choosing

l; =0,u; = +00 1€l
lj = —oo,u; =400 jeEI

(4)
The discretely constrained,! mixed complementarity problem (DC-MCP) is to find vectors x,y that satisfy

(1) and in addition have the discrete restrictions:

xq € Zi,deD,CI, (5a)
ya € Z,deDyCl, (5b)

with the remaining x and y variables continuous-valued. This was a formulation also considered in [11, 12],
and [17].

n this paper, the term discretely-constrained is used interchangeably with integer-valued.
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2.2 Formulation with different norms

Using the median function H given in (2), the DC-MCP can be succinctly represented as:

win | (z, )| (62)
s.t. x; € Ry i€ [,\D, (6b)
x; € Zy,i € Dy (6c)
yj € R,j € [,\D, (6d)
y; € 4,5 €D, (6e)

The function ||H (z,y)]|| is in general non-smooth. For example, let F' : R? — R? be defined as F(z,y) =
x4y, Fo(x,y) =y where I3 = 0,u; = 400, lo = — 00, ug = +00. Then,

<
Hiry) = (( B@w) ) _ z —mid(0, 400,z — (x+v)) \ _ {;+y y;((;
yY) = H2(-T7y) a y—mZd(—OO,—f—OO’y—(y)) - b Yy
So that
+yl+1yl y<0
H(zx, |z

1H ), {|H|y| v<0
_ lt+yl—y y<0
|z +y y>0

lyl —y=—-2y y<0,forz=0

Y y>0, forz=0

which for x = 0 fixed, is continuous in y but kinked, hence non-differentiable in the sense of Fréchet at
the point y = 0 as shown in Figure 1. Note that the unique solution to the MCP for this function is
(z,y) = (0,0) for which ||H(z,y)|l; = 0. For any other choice of (z,y), ||H(z,y)|; > 0; for example, when

(x,y) = (LO) ’ ||H(5U,y)||1 =1

fy)*T

;
y

Figure 1: Example of the mid function being non-smooth

As shown in Section 2.3, we can exactly transform this median function through the use of binary variables
and solve the resulting formulation with standard mixed-integer (nonlinear or linear) solvers.

Despite the fact that the objective function to (6) is bounded below by zero, this problem may not have a
solution. Consider the case when I, = {1} ,I, = &, D, = {1}, Fi (z1) = 21 — e *',u; = +o00, and [; = —2.
In this case,

T = li = -2= Fl (3}‘1) = [111 — e_ml]w1:_2 ~ —9.389056 099 z 0

—2=1;<x; <u; =400, F (x1) =[x1 —e ™ =0 & a1 ~ 0.5671432904
r; = u; = +00 not possible
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Thus, 21 ~ 0.567 1432904 is the only continuous solution to this MCP and in the range [—2, +00) , |H; (z1)]| =
|x1 — Fy (z1)| = e®* which is shown in Figure 2 below. Clearly, there is no positive integer large enough that
achieves the lower bound of 0 for the objective function in this case. The problem here is the boundedness
of the feasible region.

k t t T u t + t + + + t
-2 -1 0 1 2 3 4 5 6 7 8 9 ]‘l-O
X

Figure 2: Counter-example to a solution always existing to (6)

2.3 Formulation with median-related binary variables

We first present the formulation and related theoretical results (Theorems 1-3) for the upper-bounded MCP
in Section 2.3.1. This formulation is then specialized in Section 2.3.2 to the more traditional one and Corollary
1 provides appropriate results.

2.3.1 The general case for [;,u;,i € I,

The key idea is to use binary variables related to the various cases of the median function to transform the
problem into an easier-to-solve form. First, using the L; vector norm, the term || H (z,y)||; = >, |Hi (x, )]
can be replaced as follows. Form a new variable z; = H; (z,y) as the difference of two nonnegative variables
zh, 27, de, 2 & 27 — 27, Then, rewrite |H; (z,y)| = 2;7 + z; for i € I, noting that at most one of z;", 2;°
can be nonzero, i.e., these variables are of the SOS1 type (specially ordered sets of type 1, [1]). Similarly, we
let w; £ wj —wy, wj, w; >0, and rewrite |H; (z,y)| = wj +wj for j € I,. Next, we take advantage of the
fact that the median portion of the H function has two of its arguments, [; and u; ordered so that I; < u; by
definition. We write this function H in partitioned form conformal with the vectors z and y as:

< H, (x,y) ) N ( x —mid(ly, ug, v — Fp(x,y) )
_ ( x; — mid(l;, us, x; — Fi(z,y),Vi € I, )

Yj — mid(—O0,0(Dyyj - Fj(may)7vj € Iy

where we have assumed that for each ¢ € I, x; is constrained to be in [l;,u;] but that for each j € I,
y; € (—00,+00); here u; = +o00,l; = —oo. First, considering the general case for the upper and lower
bounds [, u,, we see that there are five cases for each component i relating to the x variables:

Case 1: z; — Fi(z,y) < l; <u; = 2z, = Hi(z,y) = x; — I
Case 2: [; <uz; — Fi(r,y) <u; = 2z = Hi(z,y) = z; — (z; — Fi(z,y)) = Fi(z,y)

Case 3: [, =x; — Fi(z,y) <wu; = z; = Hi(x,y) = x; — (x; — Fi(z,y)) = Fi(z,y) =x; — |;
Case 4: [; <wu; <x;— F(z,y) = 2z = Hi(z,y) = —

Case 5: [; <wu;=u; — Fi(x,y) = 2z, = Hi(x,y) = x; —u; = F; (z,y)
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The following mixed-integer optimization problem relating to ||H(z,y)||; then can be used to solve the
general form of the DC-MCP given as (1), (5). Clearly a similar line of reasoning could be applied to the
Ly norm for H or the Ly norm but for the latter, a quadratic objective function would result. With the
L; formulation shown below, for F(z,y) linear (affine) then the resulting problem is a mixed-integer linear
program (MILP) for which a number of standard solvers can be applied. For nonlinear F(z,y), the resulting
problem is a mixed-integer, nonlinear program (MINLP).

n

min f= Z (zl+ + z[) + Z (w;r —|—w;) (7a)

zy,zt 27 whw bb

iel, jel,
St7szSzlsz(l‘,y)leSM(l*bz),VZEIx (7b
—Mb; < z; — Fy(z,y) —u; < M(1—1b;),Vi € I, (7c
M (146 =b;) <2 =2 = Fi(wy) <M (14, - b;) (7e
+

wi —w; = Fj(z,y),Vj € I,

2 € Zy,i € Dy (7i

y; € R,j € I,\D, (7j
Yy €Z,j €Dy (Tk
bi,bi €{0,1},Vi € I, (71

zF 2 >0Viel, (Tm

RNl

)

)

)

)

)
(7g)
x; € Ryyi € L\D, (7h)
)

)

)

)

)

)

w;»L,w; >0,Vj eI, (Tn

The constant M shown above should be chosen as small as possible to avoid numerical ill-conditioning and
a degradation in solver performance but large enough to not constrain the decision variables more than what
they would be without such disjunctive constraints [7]. Clearly M could also be chosen to vary by constraint
but for ease of notation, only one value is chosen for all constraints. In some cases, when the function F' is
specified, better estimates than just trial and error can be applied [9]. See Theorem 4 in Section 3 for such
a calculation in Example #3 for the capacitated duopoly problem.

The following results show the correspondence between the above problem (7) and solving the DC-MCP
expressed as (6).

Theorem 1 For each i € I, assume that l; < u;. Consider any feasible solution (m,y, 2Tz wth wT, b,g)

to (7). Then, for z; = 2z — 27 ,w; £ wf —wj,

zi = Hi(z,y),Viel,
w; = Hj(z,y),Vjel,

Proof. First consider the constraints (7b) and (7c) and noting the premise that I; < u; we see the following.

Case 1: z; — Fi(v,y) —I; < 0. Then, (7b) is feasible only if b; = 1. Likewise since x; — Fi(z,y) — u; <
x; — Fi(z,y) — I; < 0, this means that (7c) is feasible only when b; = 1.

Case 2: [; < z; — F;(z,y) < u;. Then, (7b) is feasible only if b; = 0. Since x; — F;(z,y) — u; < 0, this
means that (7c) is feasible only when b; = 1.

Case 3: [; = x; — Fi(2,y) < u;. Then, (7b) is feasible if b; = 0 or 1. Since z; — Fi(x,y) —u; < 0, this means
that (7c) is feasible only when b; = 1. We designate case 3a: b; = 0,b; = 1, case 3b: b; = 1,b; = 1.
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Case 4: I; < u; < x; — Fi(x,y). Then, (7b) is feasible only if b; = 0. Since x; — Fi(x,y) — u; > 0, this
means that (7c) is feasible only when b; = 0.

Case 5: [; <u; =x;— F;(z,y). Then, (7b) is feasible only if b; = 0. Since x; — F;(z,y) —u; = 0, this means
that (7c¢) is feasible when b; = 0 or 1. We designate case ba: b; = 0,b; = 0, case 5b: b; = 0,b; = 1.

Next consider the constraints (7d), (7e), and (7f). For cases 1 and 3b, both the left-hand and right-hand
sides of (7d) are zero which forces z; = 27 — 2, = 2; — I; so that z; corresponds correctly to H; (z,y). For
the other cases, the left-hand side is either —M or —2M which is sufficienctly negative and small to not
constrain the problem assuming M was selected large enough. The right-hand side is sufficiently large using
the same reasoning for the other cases. Now consider the constraint (7e). The left-hand and right-hand sides
are zero only when b; = 0, E = 1 corresponding to case 2, case 3a and case 5b. For cases 1, 3b , case 4, and
case ba, due to the choices of the binary variables b;, bl, the left-hand and right-hand sides are sufficiently
small and sufficiently large, respectively, to make this constraint non-binding. For those values of the binding
variable, z; = 27 — 2, = Fj(w,y). Lastly, for the constraint (7f), it is only when both b; = 0, b; = 0 (cases
4 and 5a) that the constraint is binding. For those values of the binding variable, z; = z;r -z, =T — U
Constraint (7g) shows that w; = w;-r —w; = F} (x,y), always corresponding to u; = 400, [; = —00 so that
the correspondence between z; and H;(z,y) for j € I, follows.

Thus, we see that the pattern for (bi,gi> for each of the five cases leads to the following:

case b; ZZ Zi H; (z,y)

1 1 1 Xr; — ll Xr; — l

3a 0 1 Fi(z,y) Fl (zyy) =2 — s
3b 1 1 x; —; F; (x, y) =x; —I;
4 0 0 T; — U4 x; —

5a 0 0 T; — U F; (z y)facl—ul
5b 0 1 Fi(z,y) F; (z,y) =z —u;

(Note that b; = l,gi = 0 is not possible since it would mean that u; < x; — F; (x,y) < l; which violates the
premise that l; < u; for each i € I,.)

Thus, the constraints (7b)—(7g) enforce that z; = H;(x,y) for all i € I, and w; = H; (z,y) for all
Jj el O

w;) thus

As shown in the next result, the SOS1 property is maintained for (z:r V2 ) as well as for (u}j7

making the correspondence between || H(x,y)||; and the objective function (7a).
* *

Theorem 2 For each i € I, assume that l; < u;. Consider any optimal solution (x Lyt 2t Tt

, b*, b*) to (7). Then at most one of ( 7) is monzero and at most one of (w w; ) 18 nonzero.

Z ) ’L

Proof. Consider an optimal solution of (7) where for sake of contradiction, there is at least one ¢ with
both (#7)7. (27)" > 0. Clearly we can form new variables (z;7)""™ = (z7)" — A;, (7)™ — A; where

K3 1

A; = min (z** ;*) > ( so that (zf)*’"ew , (z;)*’new satisfy (z:r)* — (z;)* = (z;r)*’new — (z;)*’new and all

the other constraints are satisfied but achieve a lower objective function value by 24;. This is a contradiction.

The same logic applies for (w;r, w; ) O

The next theorem shows the correspondence between the solution sets of the DC-MCP (1), (5) and the
formulations (6) and (7).
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Theorem 3 Consider any optimal solution (m*,y*,z+*,z**,w+*7w’*,b*7l;;) to (7) with corresponding op-
timal objective function value f*. Then,

*

a. (x*,y*) solves the DC-MCP (6) if and only if , (a:*,y*, 2t 2
b. f*=0< (z*,y*) solve the DC-MCP (1), (5).

,w+*,w_*,b*,b~*> solves (7).

Proof.

a. From Theorem 1, if (z*,y*) solves the DC-MCP (6) then they are feasible to that problem so that
zi = H; (z,y) for all i € I;,w; = H;(z,y) for all j € I,. From Theorem 2 we see that |z;| =
z;r + 2, |wj| = wj + w,, since at most one of (zf,z;) is nonzero and at most one of (w;r,w;) is
nonzero. Thus, (7) can be rewritten equivalently as (6).

b. First, if f* > 0 then there must exist an index 7 € I, with H; (z*,y*) # 0 or a j € I, with H; (x,y) # 0.
This means that || H (z*,y*)||; # 0 or that (z*,y*) is not a continuous solution to (1). Hence, it’s
not a solution to the DC-MCP (1), (5). On the other hand, if f* = 0 then we need to show that
(z*,y*) is a solution to (1). But since the optimal objective function value to (7) is zero and the
solution corresponding to this necessarily satisfies all the constraints in (7), we see that 2z} = H; (z*,y*)
=0,Vi € I, and wj = H; (z*,y*) =0,Vj € I, which along with the integer restrictions satisfied means
that (z*,y*) solves the DC-MCP, (5).

O

Remarks: See Example #2d for an illustrative demonstration of (7) and its correspondence to a DC-MCP
solution.

2.3.2 The traditional case for [; = 0,u; = +00,i € I,

When we specify [; = 0, u; = 400 Vi € I, corresponding to the traditional MCP and make a boundedness
assumption, the resulting formulation is more efficient (less binary variables) as discussed next. First, we
want to exclude cases 4 and 5:

Case 4 : li <u; < x;— Fi(z,y) = 2z = Hi(x,y) = x; —uy
Case 5 : I <w; = x; — Fi(z,y) = z; = Hi(z,y) = z; —u; = Fi(z,y)

There are several ways to exclude cases 4 and 5. For example, suppose that the following assumption is
in force.

Assumption 1 There exists a finite uj"** € Ry such that x; — Fi(z,y) < uj* for all z € R", y € R"v.

max

Then, if u; is selected greater than u}"**, we have

2 = Fiz,y) < u™ <w

so that cases 4 and 5 are not possible. Assumption 1 is mild but rules out functions like F;(z,y) = —% where
x; — Fy(x,y) — 400 as x; — 0, which for any finite choice of u; would not necessarily rule out cases 4 and
5. Another way to exclude cases 4 and 5 is to set u; = +00 so that case 4 and case 5’s conditions combined

I <uy =+oo <z — Fi(z,y)

are never true for finite z,y.? Thus, for specificity but without loss of generality, from here on we take
lz = 0,u, = +00 so that the resulting three cases are:

2Here the extreme case when z; = 0, of comparing +oco on both sides of the strict inequality I; < u; = 400 < 0— (f%) = +o0,
when for example, F;(z,y) = —%, is not considered.
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Case 1: @; — Fi(z,y) < 0=1; <u; =00 = z; = Hi(z,y) = 2;
Case 2: 0=1; < z; — Fi(z,y) <u; =00 = z; = Hi(z,y) = Fi(z,y)
Case 3: 0=1; = x; —Fi(x,y) <u;=00=z; = Hz(x,y) = Fl(xvy) =T

To handle these mutually exclusive cases for the median function, we consider just the binary variables
b;. We have the following [, version of the problem where [; = 0,u; = 4+00,Vi € I,.

n

min f= Z (2 +2;7) + Z (w;' —i—wj_) (8a)

z,y,2t, 27wt w= b

i€l jel,
st.— Mb, <z — Fi(z,y) <M1 —b;), Viel, (8b
~M(=b) <zl —z; —x; <M(-b), Viel, (8¢
—M (b)) <z —z; — Fi(z,y) < M (b;), Yiel, (8d
w;L —w; =Fj(z,y), Vi€l (8e
x; € Ryyi € I\D, (8f

y; € R,j € I,\D,
y; € Z,j € Dy (8i
b; €{0,1}, Viel, (
2t 27 >0, Viel, (8k

i 07

)

)

)

)

)

2 € Zy,i € Dy (8g)
(8h)
)

)

)

)

wf,wy >0, Vjel, (81

It is clear that the formulation (8) is a special case of (7) with b; fixed to 1 for all i € I, since z; — F; (z,y) <
u; = +oo always. Consequently, (7¢) is eliminated, (7d) is specialized to (8c), (7e) to (8d) and (7f) is left off
as it is never active. The previous theorems all hold for (8) as described below in Corollary 1.

Corollary 1 Consider any optimal solution (z*,y*, zT*, z=*, wr*, w=",b*)to (8) with corresponding objective
function value f*. Then,

*

a. (x*,y*) solves the DC-MCP (6) if and only if, (x*,y*7z+*,z_*,w+ ,w_*,b*) solves (8).
b. f*=0< z* y* solves the DC-MCP (1), (5).

Proof. Following the analysis of the proof of Theorem 1, we see that the only possible cases are

case b; Zi H; (z,y)

1 1 x; T

2 0 F; (z,y) Fi (z,y)

3a 0 Fi(z,y) Fi (z,y) = x;
3b 1 x; Fi (z,y) = x;

so that z; = H; (z,y) Vi € I, and similarly we have w; = H; (z,y) ¥j € I,. The logic of Theorem 2 also
holds here so that the objective function (8a) corresponds to ||H(z,y)||; and thus part a. follows. As for
part b., the analysis is the same as in Theorem 3. O

3 Numerical results and analysis

In the section, numerical results using both the formulations (7) and (8) are presented and discussed; all
test problems are linear MCPs. As most problems in the literature use the traditional MCP formulation
(u; = +00,1l; = —00), (8) is the default problem solved unless specified otherwise. In particular, the following
illustrative examples are given.
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Examples #1labcd: Small illustrative problems with a short discussion of projection on to the set of integer
values.

Examples #2abcd: Larger illustrative problems showing that rounding doesn’t work (#2abc). Modification
of Example #2c to include more general lower and upper bounds I; < u; (general case relating to (7)).

Examples #3abc: Energy production duopoly problem showing respectively, only continuous variables,
integer variables, modification with different weights w, > 0, for || Hp| for each player p. Proof of a
valid value for the disjunctive constant M for this problem in Theorem 4 and Theorem 5 characterizes
all the integer solutions of this problem to gain insight.

Examples #4abc: Energy spatial price equilibrium problem with all continuous variables (Example #4a),
all discrete variables (Example #4b), all discrete variables and logical, if-then, equity-enforcing con-
straints on the flow (Example #4c).

3.1 Small illustrative examples

Example #1la

To demonstrate some aspects of the above models, consider the following small but illustrative example.
Assume only two nonnegative variables x1,xo that are both constrained to be integers and the following
linear complementarity problem (LCP) form of DC-MCP with

F(x)=q+Mx:(_02>+<§ (1)())(2) (9)

As M in the above example is a P-matrix [5], there is a unique solution for every right-hand side g. The
unique solution to this LCP is (z1,22) = (1,0) which does satisfy the integer restrictions. The formulation
(8) specialized to this problem is the following taking M = 1000:

i = 3 (e ) (10

s.t. — 1000b; < x; — Fi(z,y) < 1000(1 — b;),i = 1,2 (10b)
—1000 (1 —b;) < 27 — z;7 —x; <1000 (1 — b;),i = 1,2 (10c)
—1000 (b;) < 2}t — 27 — Fi(x,y) <1000 (b;), Vi€ I, (10d)

v € Z4,i=1,2 (10e)

bi € {0,1}, Vi=1,2 (10f)

z 27 >0, Vi=1,2 (10g)

The solution returned by CPLEX using GAMS is («7,z3) = (1,0), (b7, b5) = (0,1) corresponding to (case
2, case 1) as expected given that 7 —F; (z7,23) = 1-0 =1 and 25— F5 (27, 23) = 0—10 = —10. As an integer
solution to the LCP achieved, as expected the objective function f = 0 as well as z; = z;" =z =0,i=12.

Example #1b

Now consider a variation of the above DC-LCP with only the first component of ¢ changing:

F(ﬂc)_q+Mx—(_01>+<(2) ?o)(ii) (11)

Again, since M is a P-matrix, there is exactly one solution to the continuous relaxation which in this
case is (x1,2,) = (0.5,0). Since this continuous relaxation of DC-MCP does not have an integer solution,
the integer-constrained solution must have an objective function value greater than zero as shown earlier. In
particular, the solution to (8) is (z7, 25) = (0,0) with the associated optimal binary variables (b%,b3) = (0, 1)
corresponding to (case 2, case 1) as expected given that z7 — Fy (x5, 25) = 0—(—1) = 1 and 5 — F» (27, 25) =



10 G-2015-123 Les Cahiers du GERAD

0 — 10 = —10. What is interesting to note is why the solver chose an optimal objective function value of
f=1lwithzf £ 2" — 2" =0-1=-1,23 22" —2,"=0-0=0so that f = |21| + |22 =1+ 0 = 1.
Consider the first set of constraints in (10) and the possible values for b; and by given that 1,22 > 0.

First, given the form of the LCP, it is clear that the analysis decouples by ¢. If by = 0, then with

z; =z — 27, the first three constraints in (10) (when i = 1) are:
0<1-—2z; <1000 (12a)
—1000 < z; — 21 < 1000 (12b)
0<21—221+1<0 (12¢)
which means that |z1| = [221 — 1] with 0 < z; < 1. Clearly, at x; = 0, |21| = 1 is lowest corresponding to
2t =—1=2"—2"=0-1. A similar analysis but for b; = 1 gives z; = 1 with x1 > 1 so |z;| > 1.

Considering by, we see that for b = 0, zo = 10xs + 10 with —% > xo which is infeasible since x5 > 0.
For by = 1, 290 = o with x5 > max{—%o,()} = 0. Thus, |2z3| = 0.

The upshot of this analysis is that the formulation has found the projection of the continuous-valued
LCP solution set on to the set of integers for x1,z2 which is to take both values equal to zero. Given the
nonnegativity restrictions on the variables, there are four neighboring integer points to consider: (x,,z,) =
{(0,0),(0,1),(1,0),(1,1)}. In the Ly sense, {(0,0),(1,0)} are closest projections to (0.5,0). It is interesting
to note that (z1,z,) = (1,0) is an alternate solution achieving the same objective function value of 1 but
just with different values z; =1 =2" —2;"=1—-0and 2 = 0= 2" = 2, *.

Example #1c

Now consider a variation of the above DC-LCP from Example #1a but adding one free variable y;:

-2 2 0 0 1
Fz,y)=| 10 |+| 0 10 0 To (13)
-5 0 0 1 Y1

This problem like the previous two, by design decouples by each variable. Thus, assuming that all the
variables are integer-valued, the solution should be the same for x1, x5 from before and the only new part is
to solve the third row as an equation relating to the free variable y;. Clearly, the solution has y; = 5.

Example #1d

Now consider a variation of the above DC-LCP from Example #1b but adding one free variable y:

-1 2 0 0 T
F(z,y)=1|( 10 ] +( 0 10 0 T2 (14)
o 00 1 "

This problem like the previous three, by design decouples by each variable. Thus solution reported by
GAMS is (z1, 22, y1) = (1,0, 5) with (x1, z2) matching the alternate solution described in example #1b along
with y; = 5.

3.2 Larger generated examples

To test that formulation 1 is working, several larger, generated examples were generated as follows. First, a
given solution (T, 7y) was selected ahead of time. Then, using this solution, a generated square matrix A was
generated. Conformal with the dimensions of  and y, the matrix A has submatrices

Ann A
A=
( A1 Ago >
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Example #2a

The first example of this second group was to take Ay, and Ass both P-matrices with A1 = 0 = Ay so
that the resulting matrix A is a P-matrix, hence unique solutions for all right-hand sides ¢. In this first test,
Ay = diag(1,2,...,10), Ay = diag(11,12,...,20). Here I, = D, = {1,...,10},I, = D, = {1,...,10}.
The given integer solution to test is:

8 = (543210000 0)
70 = (-5 -4 -3 -2 -1 0 1 2 3 4)

With the vector ¢7 = ( qr qu ) and

¢ = (-5 -8 =9 =8 =5 1 1 1 1 1)
qp = (55 48 39 28 15 0 —17 —36 —57 —80 )

it can easily be verified that the given (Z,y) is an integer-valued solution to the corresponding DC-MLCP
so that the MIP has a zero objective function value. For the resulting tests M = 1,000 and M = 2000 were
used (the latter one as a check). The resulting binary variable values are: b; = 0,4 =1,...,5, corresponding
to case 2, b; = 1,9 =6,...,10 with bg, ..., bg relating to case 3 (could also be b; = 0) and b1 corresponding
to case 1.

Example #2b

This is the same as Example #2a except that the right-hand side vector ¢ is changed for ¢,; = —5.1 and
gy3 = 48.1 to induce the non-integer, continuous-valued MLCP solution

@ = (51 43210000 0)
77 = (-5 -4 =37 -2 -1 0 1 2 3 4)

with I, = D, = {1,...,10}. The DC-MLCP solution is the following (bolded items are different from the
continuous solution)

8 = (6 43210000 0)

79 = (-5 -4 -4 -2 -1 0 1 2 3 4)
with an optimal objective function value of 4.8 representing zf =009,z =0,|z| =0.9, wgr =09,w; =
3.9, |lwz] = 3.9 and all other variable values equal to zero. It is interesting to note that in this case, the

DC-MLCP solution is obtained from rounding up the fractional 21 value and rounding up (in absolute value)
the y3 value given that the system under consideration easily decouples by variable.

Example #2c

This is the same as Example #2a except that the right-hand side vector ¢ is changed to have more fractional
values than Example #2b. Here

¢ = (-51 -84 —-114 -84 -8 1 1 1 1 1)
g = (616 48 481 322 165 0 —25.5 —522 —57 —80 )

with a non-integer, continuous-valued MLCP solution

' = (51 42 38 21 1.6 0 0 0 0 0)
y' = (—56 —40 —-37 -23 —-11 0 15 29 3.0 40).
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The DC-MLCP solution is

8 = (6 543 20000 0)

77 = (-6 -4 -4 -2 -1 0 1 3 3 4)
(with bolded items corresponding to different values than the continuous solution) with nonzero values
zF =092 = 16,25 = 06,27 = 3.0,25 =20, and w; = 44,w; =39,w] = 42w = 15w =
8.5,wg = 1.8, so that Y, |z| = 8.1,%; [w;| = 24.3 with an optimal objective function value of 32.4. It
is interesting to note that in this case, the DC-MLCP solution is not obtained from just rounding up (in

absolute value) the fractional continuous values. For example, y, is -2.3 in the continuous solution but -2 in
the DC-MLCP one and similarly for ys, y7.

Example #2d, more general bounds [; < u;

In this problem we demonstrate how general bounds [; < u; can be used in the DC-MCP formulation for the
x variables and [; = —oo, u; = 400 for the y variables (unchanged).

First, to verify that the adjusted GAMS code from Example #2c¢ is working for this more generalized
problem, the case where I; = 0,u; = +00 was run. With the same (z,y) continuous solution as reported in
Example #2c the associated F; terms were:

Ff''= (00000111 11)

x

Ff = (000000000 0).

consistent with the definition of the more general, bounded MCP. (Here [; = 0, u; = 1000, M = 10000).

Next, given the solution to Example #2c, I; = 1,u; = 5 Vi € I, was selected to induce differences with
the traditionally bounded MCP.

A continuous solution to this more general-bounded MCP is the following (M = 10000):

' = (5 42 38 21 16 1 1 1 1 1)
7' = (—56 —4 -37 -23 -11 0 15 29 3 4)

and the corresponding F; values are:

F' = (-01 0 0 0 0 7 8 9 10 11)
Ff = (000000000 0).

Notice that different from the traditional approach, since 1 = u; = 5 , the corresponding F} is nonpositive
(shown in bold). Since 1 =1; < 21 < u3 = 5,i = 2,3,4,5 the corrsponding F; values equal zero. Lastly, for
1=06,7,8,9,10 since x; = l; = 1, the corresponding F; values are nonnegative.

For the integer-restricted version of this problem the following solution was generated (M = 10000):

" = (544221 1111)
o = (-6 -4 -4 -2 -1 0 1 3 3 4).

which differs from Example #2¢’s integer solution as shown by the bolded z terms (the y terms are the
same). The objective function is 26.7 with corresponding F' values as follows:

FT = (-01 —04 06 —04 2 7 8 9 10 11)

x

Ff = (-44 0 -39 42 15 0 —85 18 0 0).

showing for example, that for i = 1, F; and x; satisfy the defining condition: z; = u; = F; (x,y) < 0. For
1=16,7,8,9,10 the defining condition z; = l; = F; (z,y) > 0 is also met. However, the remaining condition,
that I; < x; < u; = F; (z,y) = 0 is not met for the remaining z; and corresponding F; terms, i = 2, 3,4, 5 as
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well as most of the y; and F}; terms due to the imposition of the integer restrictions on both the x and the
y variables. When the y variables are relaxed to be only continuous-valued, the resulting optimal objective
function is 2.4 much lower and consistent with less restrictions on the y variables and the solution is:

8 = (5442211 111)
7 = (-56 -4 -37 -23 -11 0 15 29 3 4)

with the z variables unchanging but most of the y variables different from the previous answer just stated
above. The corresponding F' values are:

€T

Ff = (000000000 0).

FI' = (-01 —04 06 —04 2 7 8 9 10 11)

showing that for all the y terms the general MCP conditions are met. The same is almost true for the x terms
with the exception of i = 2,3,4,5 due to the integer restrictions on x. This example shows some nuanced
answers when the general bounded MCP problem is solved with integer restrictions.

3.3 Energy production, capacitated duopoly example with selected complementarity
relaxation weighting

For this problem, we have two energy producers p = 1,2 with the pth optimization problem as follows:

maxp (Z qp> dp — cp (ap) (15a)

st. 0< g, < g (Ap) (15b)

where g®*

5% > 0 represents the maximum energy production for producer p (e.g., 10 MW) and ), is the

associated capacity price (dual variable). As long as the objective function f(g,) = p (Zp qp) gp — c(gp) is
concave in g, since the constraints are linear, the Karush-Kuhn-Tucker (KKT) conditions are both necessary

and sufficient for optimality [13]. Taking the inverse energy market demand function p (Zp qp) to be linear,

ie,p (Zp qp) =a—0 (Zp qp) for constants o, 8 > 0 and the energy production cost function ¢, (gp) = ¥p¢p

for 7, > 0 means that the objective function is concave. The associated necessary and sufficient KKT
conditions are to find q1, g2, A1, Ao:

" -« 26 B 1 0 q1 q1
Yo — g 28 01 q2 q2
< >
L B I T O I D VI el BV (16)
qgﬂax 0 -1 0 0 )\2 )\2

which is an LCP in four z variables (nonnegatively constrained). The related H function for this problem is:

IH(q1,q2, M, M)l 2D [Hi(gr, a2, A1, A2)| = 0 [Hi(gu, g2, M, A)| = 0 for all i
i=1,4

Thus, an equivalent objective function that could be used would be

Z wi [Hi(q1, G2, A1, A2)| (17)

i=1,4

with the positive weights w; chosen to give preference to the four elements of H;. Alternatively, to allow
specialized levels of complementarity relaxation, constraints of the form

|Hi(q1,q2, M1, A2)| < & (18)

could also be added for complementarity tolerances ¢; or in combination with the weighted objective shown
just above. This could be accomplished via the constraints |z;| < €;, |w;| < €; given the earlier correspondence
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that was shown with the H function. These ideas are explored in the variations of Example #3 below. First,
we prove two results for this discretely constrained duopoly problem which give insight to this and other
problems.

As mentioned above the constant M in the DC-MCP formulation (8) can be determined if the problem
specifics are considered. The next result determines valid values for M for the duopoly problem above.

Theorem 4 If 3 > %, a>0,¢g"* >0,y >0,i=1,2, then the following is a valid value for the constant M

(3

in (8) applied to the capacitated duopoly problem (16).

M = a + max {¢;"*}
i=1,2

Proof. To determine the constant M in (8), it is necessary to bound the expressions

x; — F; (J,‘) i € I,

Zi — Tt € 1,

zi — F; (I) i€ I
noting that only nonnegative variables denoted by x; are present in this problem. By construction, both the
energy production variables ¢i, g2 have upper bounds, respectively given as ¢i"**, ¢5***. Thus, it suffices to

find upper bounds for the nonnegative multipliers A1, Ao. If A\; > 0 then the corresponding inequality must
hold as an equality. Given the assumption about positive values for ¢***, this means that

Ai>0=¢=¢">0,i=1,2
which in turn means that the first two inequalities in (16) must hold as equalities or that

A= a—y1 —208¢0" - Bgy™ (19a)
A2 = a—"72— /5Q?lax - 2&1;““ (19b)

as long as o —vy1 —28¢"** — Bg5*** > 0 and a—y2 — Bq*** —26¢5™ > 0 & > max {71 128 4 BBy,
+B¢7™ +28¢5**}. In that case

A < max{a -y — 28¢"™ — BE, a — vo — B — 28¢5} (20a)
= a4+ max{—vy — 26¢1"™ — B¢z, —v2 — B — 2B¢z} (20b)
< « (20¢)

since 8 > 0,7; > 0,¢* > 0,9 = 1,2. On the other hand, if either a < {y1 + 268¢1"** + ¢5**} or a <
{72 + B> + 28¢52*} then the case A1 > 0, A2 > 0 is not possible.

If)\1=0,/\2>0:>q2=q§nax>0,then

A=a—7—Bqp — 28¢5 <« (21)

IfAo=0, A >0= ¢ = ¢ >0, then

A =a =7 — 281" = Bee < « (22)

If Ay = 0,2 = 0 then any positive upper bound will do. Thus, A\; < « for each of these cases. Conse-

quently, a bound on all the z;,i € I, is max {«, ¢{"®*, ¢{***}. The terms z; — F; (z) are of the form:

it ot (L-28)q— B~ A i#ji=12
- g g i=1.2
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which in light of the assumption that 8 > % means that
<« i1#£5,1=1,2
<a+g¢"** =12

< o+ max {¢"*}
i=1,2

As z; > 0 and

%

z; = mid (0,400, z; — F; (z)) = max (0,z; — F; (z)) < a+ max {g™ex}

Since x; > 0 we have

2 — @ < a+ max {¢;"}
i=1,
Lastly, as F; (z) > 0,
zi— Fi(x) <a+m ax {g"*}
i=1,

Thus, a valid value for M in (8) is o + max;—1 2 {¢/***}. O

For this particular problem, as shown in the theorem below, we can completely characterize the set of
continuous as well as integer solutions to the capacitated duopoly MCP. Such an analysis is valuable not only
for this problem but for gaining insight into other similar ones.

Theorem 5 If 8 > 0,¢™* > 0,i = 1,2, then the following is a characterization of the solution set to (16)

2

with (5,05, 37, 23)" =

—2v1+7y2+a
3
Y1—2v2+«
: 38
Case 1 0 (23a)
0
if o € (2y1 — 72,271 — Y2 + 3B¢7) N (=71 + 292, =71 + 272 + 3[6¢5)
_'Yl"l‘a_ﬁqg‘ax
23
Case 2: 7™
0 (23b)
71=2y2+a—36¢5"
2
if a € (v + Bgy"™, M + Bag™ + 2B¢1") N [=71 + 272 + 3B¢5"™, o0)
q{nax ’
e BgT
. 28
Case 3: —2y1+y2+a—3B¢7"" (23C)
2
0
if o € (2 + B, 2 + B + 28¢5%) N [ 271 — 72 + 36¢1™, 00)
qinax
CCLS@ 4 qgnax max max
a — vy — 2B¢7 — Bg; (23d)
o =2 — B — 2Pgy™
if a > max {y1 + 28¢7"™ + By, 2 + B + 2845}
0
0
Case b: 0 (230)
0
ifae=m =
0
(X—,[;)’z
. 2
Case 6: 0 (231)
0
if o€ (y2,72 +26¢5),a <271 — 2
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0
| &
Case 7: 0 (23g)
a — v — 28¢5
if &> vz 4 2Bg5™, g5 > SFH
a—7
23
)
Case 8: 0 (23h)
0
if 272 — 71 > o, € (71,71 + 2B¢7)
e
0
C 9: .
ase a—m— Qﬁqinax (231)
0
if a € [y1 + 2661, v2 + Bgi™]

Furthermore, these solutions are integer-valued as long as:

Case 1: {—2’)’1;;;72-"-(!’ 71—§g2+a} e Z+

_ _pqax —2 -3
Case 2: { 71+02¢55q2 g, Y1 ’Y2+g Bas }€Z+

. ax —y2+a—Bq"™  —2vi+y2+a—38¢"™
Case 3: {q?“"x, CT 5 ! }

€7,

b

Case 4: {gP™, q5™, 0= m — 207" — S5, & — 72 — BgP™ — 2845} € Z,.
Case 5: always integer-valued

Case 6: “35* € Z,

Case 7: {5, a0 —y2 — 2B¢5**} € Z 4
Case 8: “3g+ € Zy
Case 9: {qI"™, o — 1 — 26gP*} € Z,

Proof. The capacitated duopoly MCP in (16) has four variables: g¢1,¢2, A1, A2. There are nine cases to
consider based on the three states for each of the production variables ¢;, 7 = 1, 2 since the Lagrange multipliers
A1, Ao are easily determined from the production values. The nine cases are based on considering the following
mutually exclusive cases for each i: a) 0= ¢ < ¢™*, b) 0< ¢ < ¢, ¢c) 0 < g = ¢ where it is
assumed that ¢;"** > 0.

Case 1: 0 < ¢ < ¢ 0 < g2 < ¢ In this case \; = Ay = 0 and (16) reduces to solving the system
28 B ¢ a—m
(ﬂ 25>(q2 o 29
which in light of the assumption that 8 > 0 gives the unique solution

N 2 tyrta yn—2nta
(QIaQQv 17A2):< 35 9 35 5070

as long as 0 < %B”Jra <@ s a € (271 — ¥2,291 — Y2 + 38¢™) and 0 < “f}%ﬂ < @ &
a € (=1 + 272, =1 + 272 + 38¢5"™)

ich is i —2vityeta yi—2yata
which is integer as long as both 35 , 35

are integers.
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Case 2: 0 < q1 < ¢"™,0 < g2 = g5 The first interval for ¢; insures that A; = 0. Solving the first two
equations for ¢; and Ay gives

k% * * -7 +a_ﬁqmax max 71_272+a_3ﬂqmax
(QDQ%)‘D)‘Z):( 283 2 7(]2&’ ) 9 2

as long as 0 < “UECPET < giax s € (1 + g™, + B8 + 280™) and 0 < BRrEadse
& a € [=71 + 272 + 3Bg5™, 00).

Case 3: 0 < q1 = q"™,0 < g2 < g5 Necessarily Ay = 0. A similar analysis to case 2 reveals the unique
solution of

) _ _ max _ 9 _ 33gmax
(5.3 ) = (e, 2P ZIn e LS S o)

aslongas 0 < TI2HOPH o gmex oy o (45 + P, 7p + B + 20gP™) and 0.< ~2tra= 00
& a € 291 — 72 + 38¢*, 00).

Case 4: 0 < ¢ = ¢"™,0 < g2 = ¢5"** So the first two constraints show that
267 + B+ M = a—m
BE™ + 267 + X2 = a—

or that Ay = a — 7y — 261" — Bg5"™, Ao = a — 72 — Bgi"™ — 28¢5"*. But both A;,7 = 1,2 must be
nonnegative so this means that

a > v+ 28¢0 + Bgy™
>

a Y2 + B 4 28¢5

Thus, as long « > max {y1 + 28¢1"** + B¢, v2 + B¢ + 25¢5**}, then
(47565, AT, A3) = ("™, @2 o — 71 = 2B¢1™ — Bgy™, a — 2 — Bg™™ — 2B¢y™™)

Case 5: 0 = q1 < ¢"™,0 = g2 < ¢5"** Necessarily we must have A\; = Ay = 0. Combined with zero values
for the production variables and the fact that the first two inequalities must hold as equations, this can
only happen if: o =3 = 2. If so, then the solution is (¢7, ¢5, AT, A\5) = (0,0,0,0).

Case 6: 0 = q1 < ¢",0 < g2 < ¢3*®* Necessarily we must have A\; = Ao = 0. The unique solution is

* % * * @ — 72
(a1, 45, 17)\2):<07 23 ,070)

as long as 0 < “22 < g™ & a € (72,72 + 285*) and 2y, — y2 > o

Case 7: 0 =q; < q‘lnzf, 0 < g2 = gy Necessarily we must have A; = 0. The first two constraints imply
that
B™ > a-m e @™ > a—ﬁ%
2005+ Xy = a—m e A =a— 9 — 20¢"
Thus,

(qikaqga T7>\§) = (07q§nax’07a — 72— 2ﬁql2nax)

as long as 0 < a — vo — 28¢5 & a > 49 + 2B¢0* and gie* > a;’yl.

Case 8: 0 < q1 < ¢",0 = g2 < ¢ Necessarily we must have A\; = Ay = 0. Consequently, ¢1 = O‘Q_gl as
long as 2v9 — 11 > «, a € (71,71 + 28¢7**). Thus,

%k o\ k| % a—m"
(a1, 45, 1v>\2):( 23 ’0,07())
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Case 9: 0 < ¢ = ¢"™,0=¢q2 < ¢¥** Necessarily we must have Ay = 0. Solving the first equaion shows
that A\; = a —v1 —28¢1"™ as long as a —y1 — 28¢"* > 0 & a > v1 + 28¢1"**. The second inequality
shows that ¢i"** > “** and thus if these conditions are met we have

(47,42, A1, Az) = (1™, 0,00 = 71 — 281", 0)

O

To numerically demonstrate the above nine cases along with the resulting continuous-MCP solutions,
consider the table below.

Table 1: Results for the capacitated duopoly problem

case o B Y1 Y2 qrex g3 q a5 AT A3
1 10 2 4 4 7 7 1 1 0 0
1 10 2.5 4 4 7 7 0.8 0.8 0 0
2 301 10 101 1 10 10 5 10 0 50
3 10 2.5 3 4 0.8 3.2 0.8 0.8 1 0
4 10 2 3 4 0.1 0.1 0.1 0.1 6.4 5.4
5 1 10 1 1 0.1 0.2 0 0 0 0
6 19 10 20 1 1 1 0 0.9 0 0
7 4 2 5 1 2 0.1 0 0.1 0 2.6
8 5 2 3 4 8 0.1 0.5 0 0 0
9 4 2 3 4 0.1 8 0.1 0 0.6 0

Below, three of these cases are discussed in more detail, specifically, the first two rows of numbers of this
table, respectively, Examples #3a, #3b and the fourth row of numbers, Example #3c.

Remarks

1. The above theorem provides insight into the difficulty of finding integer-valued solutions to MCPs in
general. Even when all the data are integers, the solution may not be integer-valued itself. To see this
compare the first row of numbers (case 1) where the solution is integer production levels ¢;,7 = 1,2 as
well as zero for the dual variables \;,7 = 1 with the last row of numbers (case 9) which despite having
integer data has non-integer solutions.

2. In the case of linear programs such as the classical transportation problem, the total unimodularity
property of the coefficient matrix is enough to ensure integer-valued answers as long as the data in the
problem are integers.

3. The equivalent result to ensure that the capacitated duopoly problem has integer MCP solutions fol-
lows from the second part of the results of the theorem above. If we assume 8 = é and since [ is
the only parameter in the denominator of the solutions for some of the cases, we can simplify the
conditions to ensure integer solutions. Namely, since case 1 has in the denominator 33, cases 2, 3,
6, and 8 have 23, we see that if 5 = é, then the solutions are all integer as long all the other data
(o, v1, 72, ¢, g5 ) are integer-valued, B¢, B¢®* are integers (from cases 2, 3, 4, 7, and 9),
{71 = 272 + a — 3B¢5*, =271 + 72 + a — 38¢***} are even numbers (from cases 2 and 3). These are
only sufficient conditions. For example let v; = vo = 1, ¢** = ¢5"® = 10 and « any integer at least 6.
The table below verifies that the solutions are integer-valued but that Sg¢"**, 5¢5*** are not integers
(they are %). The reason the solutions are integers is that it is case 4 each time and a weaker set of
conditions are needed, namely that —3(2¢1"** + ¢5®*) and —/5(¢{"** + 2¢5*®*) are integers. These values

are, respectively, —B(2¢]"™ + ¢§'™) = —§(30) = =5 = —B(¢I"™ + 2¢5'™) .
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Table 2: Example of Theorem 5, case 4 integer solutions

Theorem 5
# case o B8 a1 Y2 qrex g5 qr a5 Al 5
1 4 6 1 1 1 10 10 10 10 0 0
2 4 7 g 1 1 10 10 10 10 1 1
3 4 8 g 1 1 10 10 10 10 2 2
4 4 9 g 1 1 10 10 10 10 3 3
5 4 10 % 1 1 10 10 10 10 4 4

Example #3a
For a first example, the following parameters were used:
a=10,=27 =7 =4¢"" =™ =7

The continuous solution is
an=1gp=1xA=0X=0

which is by construction integer-valued. The DC-MCP formulation also achieves this solution for a range of
M values from {7,17,117,217,317,...,4917} noting that M = a+max {¢g***¢5***} = 17. It does not achieve
this solution for M = 2 as that value is too low. However, from Theorem 4, the upper bound of M = 17 is
not tight as demonstrated by the value of M = 7 that produces the same solution.

Example #3b
This is the same as Example #3a except that 5 = 2.5 instead of 2. The resulting continuous solution is g; =
0.8,g2 = 0.8, A1 = 0, A2 = 0 and the corresponding DC-LCP solution is again ¢ = 1,qo = 1,A\1 = 0,2 =0

with an objective function value of 2. The optimal solution and objective function value is stable over the
same range of M.

Example #3c

In this example the data were changed slightly to provide a more interesting case to consider relative to
weighted relaxing of complementarity. In particular,

a=10,=2.5,71 =3,7 =4,¢" =0.8,¢3'" = 3.2

and try different variations on the weights wy, in > ., ,w;[Hi(q1,q92, A1, A2)[. The table below shows a
summary of the results with * denoting optimal values.?

Table 3: Results of varying the weights for near complementarity

optimal obj.

Case Wy Wy Wi, Wxy qF a3 AT A5 function
continuous LCP n/a n/a n/a n/a 0.8 0.8 1 0 n/a
1 1 1 1 1 0 1 7 1 1.8
2 1 1 1000 1 0 3 0 0 3.0

The first row of numbers corresponds to the continuous-valued LCP with no integer restrictions. The
solution reported by GAMS is to take both energy production levels the same, at 0.8 which is the capacity for
player 1 but under the capacity for player 2. Consequently, player 1’s capacity price (dual variable) is positive

3The integer-constrained solutions were stable for {13.2,113.2,213.2,...,4913.2} where M = o + max{q{"®%, g"®*} = 13.2
for the last two rows of this table.
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and has a value of 1 whereas for the second player the value is 0. When equally weighting |H;(q1, g2, A1, A2)],
the solution in the next row (case 1) is not simply just rounding the production values g nor the capacity
prices A but rather a combination of adjusting all these values (relating to solving the associated LCP) to
achieve a lowest objective function value of 1.8. This solution shows that the integer constraints on an LCP
solution can induce non-obvious answers.

In the second case, it is desired to get the first capacity price A\] much closer to its continuous value of
1 so wy, is set equal to 1000 with the other weights unchanged. The result is that the DC-LCP solution for
A1 is now much closer to the continuous solution (0 vs. 5) but this weight changes both ¢5 and A} as well to
satisfy the complementarity conditions or come close to doing this.

3.4 An energy-related spatial price equilibrium with if-then logic on the flows (SG:
Energy angle)

The spatial price equilibrium problem (SPE) is a generalization of the classical linear programming trans-
portation problem [13, 14, 18]. In the SPE, given a bipartite network of spatially dispersed supply nodes
i € I and demand nodes j € J and set of connecting arcs a € A = {(¢,5) : i € I,j € J} for the resulting
complete network, the objective is to determine the vector of nonnegative flows = {z;; : i € I,j € J} such
that

0<W; (> aij | +eij (y) -0 (Z mz‘j) Lai; >0 (25)
; :

3

where ¥, (Z xij>, cij (v) ., (Z x¢j> are respectively, the inverse supply function (i.e., supply price), the
j i

transportation cost function, and the inverse demand function (i.e., demand price) as a function of the total
supply at node ¢ and total demand at node j, respectively, > x;; and ) x;;. Here
j i

Fij (z) ¥, fow +cij (2) — 0; (Z xij) (26)

is the resulting MCP function where F : R4l — RIAl. Thus, SPE in the form given above is an instance
of a MCP with only nonnegative variables x;;. In a spatially diverse set of regions, an equilibrium in the
flows between these regions means that the delivered price (supply plus transportation costs) must be greater
than or equal to the selling price with equality holding if there is positive flow on that arc. Conversely, if
the delivered price is strictly greater than the selling price, no flow results along arc (4,5). For volumetric
flows such as electricity, natural gas, or water where individual quanta such as electrons, methane or water
molecules are not tracked, the flow can reasonably be taken to be continuous-valued. However, a flow of
goods that is measured in discrete units (e.g., chairs), needs to be integer-valued. Mixtures of continuous
and discrete variables are also possible as might arise with a multi-commodity version of the problem. Thus,
(25) with integer restrictions on a subset of the flows x;; is an instance of a DC-MCP. The following sample
SPE with ¢ = 1,...,4 supply nodes and j = 1,...,5 demand nodes is taken from Chapter 4 of [13]. The
various functions and data are the following:

\I/i Z Lij
J

K40t [ Say 1)
J

9]‘ (Z a:ij> = KJD — ij inj (28)
i J
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with pf7p]D > 0,¢5 (z) = cijri; and

i/j 1. 2 3 4 5
1 10 20 30 5 6
cij = 2 3 15 12 5 6
3 17 40 5 3 7
| 4 50 23 28 12 4
H‘lg-i-p‘lg Zl‘lj 0—|—% <Z$1j>
J J
wl ’%g—’_pg Zl'lj 0"‘% ZSUQJ'
o _ J _ J
Vs 5. .S 1
Py K3 + p3 %:9313 —T+3 %:9333‘
K3+ pf 2T 0+ 1 (ij)
J J
wY —pp (Z :m) 29—-1 (Z «Til)
01 Ky — py (Z Cﬂiz) 46 —1 (Z $i2>
92 1 (3
93 = H?)D — p3D (Z J)ig) 15—-1 (Z .2?13)
04 7 7
05 kP —pP <Z a?i4) 13-1 <Z $i4>
I€5D — p5D <Z 177;5) 42 — 1 (Z $i5>

As given in [13], the (rounded) reported solution is

ij 1 2 3 4 5
1 0 150 0 5
z;=12 2010 0 0 0
3 0 0 10 10 15
4 0 0 0 0 15

These values when non-rounded are actually slightly different and are the following with an associated
complementarity sum of —7.72501F — 6:

i/j 1 2 3
1 0 14.9999940350495 0
zi; = | 2 19.9999990411316 10.0000054324367 0
3 0 0 10.0000007797335
4 0 0 0
[ i/ 4 5
1 0 5.00000867749416
2 0 0
3 10.0000007798807 14.9999947807364
4 0 14.9999969524887

For the three examples reported below, an M value of 1000 was used and tested to see that it produced
stable answers.

Example #4a

While it is fine to report the rounded values given the precision used, a natural question is what happens
if we want exact integers flow values? For example, suppose we wanted to take exactly 15 for the value of
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12 and so on. Clearly, one way would be to take the rounded valuesto check to see if they are solutions to
the SPE. A check using the DC-LCP MIP formulation shows that in fact in this case at least, rounding the
values leads to the correct, integer-only solution as reported above.

Example #4b

Changing c45 from a value of 4 to 100 is the next case considered. The flow pattern for the continuous LCP
to this problem dramatically changes as shown next.

i/j 1 2 3
1 0 12 0
zi; = | 2 19.5714286  12.5714286 0
3 0 0 9.5714286
| 4 0 0 0
[ i/j 4 5]
1 0 16.5714286
2 0 0
3 9.5714286 18
| 4 0 0 |

The solution taking all flows to be integer-valued is the following:

i/j 1 2 3 4 5
1 0 150 0 20
2 20 10 0 0 0
3 0 0 10 10 15
4 0 0 0 0 0

which fairly closely matches the solution from Example #4a with the exception of z15 = 20 (was 5 before)
and x44 = 0 (was 15 before). The total deviation from complementarity as reported via the objective function
was 1.5. This is different than just looking at the total complementarity between the reported solution above
and the associated F' values. That is 37, >~ @45 - Fij (i;) = 26.25.

Example #4c

In this third example, the data from Example #4b are used but an additional constraint of the if-then type
is used to demonstrate the flexibility of the proposed DC-MCP approach. Since the solution to Example
#4b shows that the energy supply node 4 has no flow from it, a supply planner trying to better balance the
supply-demand network could add constraints on top of the equilibrium conditions for better equity between
the supply nodes. Consider the following logic that such an energy planner might use to enforce some kind

of equity in the network:
if Z.’L‘ij S 5@ then inj Z 0.25 Z inj>Vi
J J i g

where §; is some minimum contractual threshold for supply guranteed to supply node ¢. This if-then condition

says that if the SPE flow is less than the contractual minimum, then the ith energy supply node gets at least
% = 25% of the total flows. Such conditions are implemented by adding the following constraints where the

M; are positive constants to be chosen:

0=y wiy < biM;€{0,1},i=1,2314 (29)
J

Ny +025Y Y wy; < Mi(1—3i),z':1,2,3,4 (30)
J i g
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Clearly many other if-then type constraints on the flows could also be tried. Using §; = do = 03 = 64 = 3,
the following is the DC-LCP solution reported by GAMS.

ij 1 2 3 4 5
1 0 12(was15) 0 0 20
;=12 20 10 0o 0 O
3 0 0 10 10 15
4 0 3(was0) 0 0 O

This output shows that only two flows were minimally affected: z1o and x4 to enforce these equity
constraints while at the same time minimizng the deviation from complementarity and preserving integer
flows.

4 Conclusions

In this paper we have presented a novel formulation based on a certain median function to solve discretely
constrained mixed complementarity problems in both general form (arbitrary upper and lower bounds) as
well the more traditional approach where the lower bounds are zero and the upper bounds are infinity. Such
problems seek to combine integer (discrete) solutions that are also equilibrium ones and have applications in
engineering and economics.

The median function is transformed via binary variables and appropriate constraints to arrive at an
easier-to-solve, mixed-integer, nonlinear program (MINLP) in general. When the complementarity functions
F; are linear (affine), the resulting formulation is a mixed-integer linear program (MILP). Several theoretical
results show the correspondence between the formulations presented and the original discretely constrained
MCP. Lastly, the approach is tested on a variety of illustrative examples.
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