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Québec – Nature et technologies.
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l’accès au travail et enquêterons sur votre demande.
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Abstract: The airline crew scheduling problem involves determining schedules for airline crew members
such that all the scheduled flights over a planning horizon (usually a month) are covered and the constraints
are satisfied. Because of its complexity, this problem is usually solved sequentially in two main steps: the
crew pairing followed by the crew assignment. However, finding a globally optimal solution via the sequential
approach may be impossible because the decision domain of the crew assignment problem is reduced by
decisions made in the pairing problem. This study considers the crew scheduling problem in a personalized
context where each pilot and copilot requests a set of preferred flights and vacations each month. We pro-
pose a model that completely integrates the crew pairing and personalized assignment problems to generate
personalized monthly schedules for a given set of pilots and copilots simultaneously in a single optimization
step. The model keeps the pairings in the two problems as similar as possible so that the propagation of
perturbations arising during the operation is reduced. We develop an integrated algorithm that combines
alternating Lagrangian decomposition, column generation, and dynamic constraint aggregation. We investi-
gate conditions for the convergence of the algorithm, and we conduct computational experiments on a set of
real instances from a major US carrier. Our integrated approach produces significant cost savings and better
satisfaction of crew preferences compared with the traditional sequential approach.

Keywords: integrated crew scheduling problem, column generation, dynamic constraint aggregation, alter-
nating Lagrangian decomposition
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1 Introduction

The airline crew scheduling problem is complex. For the airline industry, the crew costs are the largest after

the fuel costs (Barnhart et al. 2003). Hence, even slight improvements in the quality of the schedule can

have a significant financial benefit. Given a set of flights to be operated by the same aircraft fleet, defined

by departure/arrival stations and fixed departure/arrival dates and times, the crew scheduling problem

constructs individual schedules for a set of available crew members. Because of its complexity, this problem

is usually solved in two steps: crew pairing followed by crew assignment.

A pairing is a sequence of flights, connections, and rests starting and ending at the same crew base. Given

the scheduled flights, the crew pairing problem involves determining a set of feasible pairings such that the

cost of the pairings is minimized and each flight is covered exactly once.

In the crew assignment problem, the goal is to build monthly schedules from these pairings for each

individual crew member such that every pairing is covered exactly once while respecting all the safety and

collective agreement rules. There are three different approaches for this problem. The bidline approach, used

in some North American airlines, produces anonymous monthly schedules, which the crew members then

select in seniority order. The personalized approach with strict seniority, which is becoming more popular

in North America, sequentially maximizes the satisfaction of the employees in decreasing order of seniority.

The personalized approach with a global objective, which is often employed by European airlines and has

recently started to be used by American airlines, produces the monthly schedules simultaneously to maximize

the sum of the personal satisfactions without any advantages for seniority.

The sequential approach to crew scheduling considerably reduces the complexity of the process but may

lead to significantly suboptimal solutions since the schedule constraints and objectives are not taken into

account during the construction of the pairings. In fact, the pairing construction stage cannot determine

the best pairings for the crew assignment stage. Hence, it is difficult to maximize the satisfaction of the

preferences at the assignment stage, and we may not find the globally optimal solution of the crew scheduling

problem.

The integration of two or more other airline planning problems involving crew scheduling has been studied;

see the recent survey by Kasirzadeh et al. (2017). Cordeau et al. (2001) and Mercier et al. (2005) proposed

an algorithm based on column generation (CG) and Benders decomposition (BD) for integrated aircraft

routing and crew pairing. Integrated flight scheduling, aircraft routing, and crew pairing was considered by

Klabjan et al. (2002). Cohn and Barnhart. (2003) developed an extended crew pairing model that integrates

crew scheduling and maintenance routing decisions. Sandhu and Klabjan (2007) introduced a model that

completely integrates the fleeting and crew pairing stages. They proposed two approaches, the first based on

a combination of Lagrangian relaxation and CG and the second a BD approach. Integrated aircraft routing,

crew scheduling, and flight retiming was studied by Mercier and Soumis (2007). Papadakos (2009) introduced

a set covering model for integrated fleet assignment, maintenance routing, and crew pairing and a method

based on BD combined with CG. Gaoet et al. (2009) studied the integrated fleet and crew robust planning

problem, providing fleet assignment solutions. Shao et al. (2015) considered integrated fleet assignment,

aircraft routing, and crew pairing. Cacchiani and Salazar-González (2016) proposed two mixed integer linear

programming models for integrated fleet assignment, aircraft routing, and crew pairing.

In recent decades, various models and methods have been introduced for the crew scheduling problem.

Sequential approaches may lead to poor solutions, but only a few researchers have investigated integrated

models. Zeghal and Minoux (2006) proposed an integer linear programming model using clique constraints

for integrated pairing and bidline assignment. They consider small problems with 59 to 210 flights and a

few flights per pairing. Guo et al. (2006) described a partially integrated crew scheduling approach based on

pairing-chain generation. They construct a series of pairing chains containing weekly rests and then adjust

these pairings to take into account the crew requests and prescheduled activities. Saddoune et al. (2012)

developed a model and algorithm based on CG and dynamic constraint aggregation (DCA) for integrated

crew pairing and assignment, where the objective is to minimize the total cost and the number of pilots.
Kasirzadeh (2015) presented a heuristic algorithm based on CG and DCA for integrated crew pairing and

personalized assignment.
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Zeighami and Soumis (2017) proposed an integrated model for the crew pairing and personalized assign-

ment problems and a method based on BD and CG. They considered a set of vacation requests (VRs) for

each pilot and copilot each month. The pairings are generated by the Benders master problem, which is

composed of a CG master problem (MMP) and a set of CG subproblems (MSP). The monthly schedules

for pilots and copilots are generated by the Benders subproblems, which consist of a CG master problem

(SMP) and a set of CG subproblems (SSP). The Benders cuts contain pairing variables. The challenge is

that the dual values of the unknown pairings from SMP do not exist, and for known pairings there are no

arcs corresponding to pairings in the MSP to transfer the information on the Benders cuts from the restricted

MMP to the MSP. To overcome this difficulty, they proposed weak Benders cuts that do not take into account

the dual variables corresponding to the pairings. They proved that with these weak Benders cuts and the

suggested dual solution of the Benders subproblems, the Benders approach reaches optimality. In a more

general airline crew scheduling problem, each pilot and copilot can choose a set of preferred flights (PFs) from

the monthly schedule. Since the information on PFs is included in the pairings and in the proposed weak

Benders cuts of Zeighami and Soumis (2017), the dual value of each pairing is zero, and it is not possible to

transfer information on the PFs from the Benders subproblems to the master problem. Thus, Zeighami and

Soumis (2017) cannot deal with PFs. The aim of this study is to fill this gap.

We consider the integrated pilot and copilot crew pairing and personalized crew assignment problems in

a personalized context with a global objective. Each flight must be covered by one pilot and one copilot, and

they request a set of VRs and PFs each month. The pilots and copilots have different schedules to maximize

the satisfaction of their preferences. However, to reduce the propagation of perturbations arising during the

operation, their pairings must be as similar as possible. We therefore optimize the schedules for the pilots and

copilots simultaneously, taking their preferences into account; see Figure 1. For simplicity, we use the term

integrated pilot and copilot problem to refer to the integrated pilot and copilot crew pairing and personalized

crew assignment problem.

Integrated pilot problem Integrated copilot problem

Linking constraints

Integrated crew pairing and crew assignment model for pilots and copilots within a comprehensively  
integrated framework Solved using alternate Lagrangian decomposition 

Optimize pairings

Generate schedules

Optimize pairings

Generate schedules

Figure 1: Integrated pilot and copilot problems optimized simultaneously within a comprehensively integrated framework

The contributions of this study are as follows: we introduce a novel integrated crew pairing and person-

alized assignment model to generate personalized monthly schedules for a given set of pilots and copilots

simultaneously. To decrease the propagation of perturbations, we keep the pairings in the two problems as

similar as possible. To solve this integrated model, we develop an algorithm based on alternating Lagrangian

decomposition (ALD), CG, and DCA. The approach uses Lagrangian decomposition in an alternating fashion

by proposing a new way to update the Lagrangian multipliers. The solution process iterates between pilots

and copilots by estimating the effects of decisions made in one problem on the other. Also, we study the

conditions for convergence. The computational results reveal that our approach outperforms the sequential

approach in terms of cost savings and the satisfaction of crew preferences. Moreover, the computational time

required is similar.

The remainder of this paper is organized as follows. Section 2 gives the problem statement, and Sec-

tion 3 gives the mathematical formulation. The algorithm is outlined in Section 4, and Section 5 gives our

experimental results and observations. Finally, Section 6 provides concluding remarks.
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2 Problem statement

In this section, we give the statement of first the crew pairing problem and then the personalized crew

assignment problem. To define a pairing and a schedule we use the subset of feasibility rules given by

Zeighami and Soumis (2017).

Each flight is defined by a flight number, departure/arrival airports, and fixed departure/arrival dates

and times. Consider a set of flights and crew bases that must be operated by the same aircraft fleet over

a planning horizon (usually one month). The crew pairing problem finds a set of minimum-cost pairings

such that each flight is covered by exactly one pairing. A pairing is a sequence of one or more duties and

overnight stops. A duty is a working day for a crew member and consists of a sequence of consecutive flights

or deadheads separated by connection periods. A deadhead is a flight where the crew travels as passengers

to be relocated. A pairing is feasible if it satisfies the following rules. There is a maximum of 5 landings

per duty. The briefing and debriefing times at the beginning and end of each duty are 60 and 30 minutes,

respectively. The maximum pairing duration is 4 days, the maximum number of duties per pairing is 4,

the minimum connection time between two consecutive flights in a duty is 30 minutes, and the minimum

connection time between two consecutive duties is 9.5 hours. A crew member must work 4 to 8 hours in a

duty, a minimum of 4 hours is paid even if they are not worked, and the length of a duty cannot exceed 12

hours. The cost of a pairing has a complicated structure with three components: the cost of waiting times,

the deadheading cost, and the total cost of the duties in the pairing. We use the pairing cost of Saddoune

et al. (2012).

Pilots and copilots are trained for a specific aircraft fleet, and they are associated with a crew base. All

pairings assigned to a pilot or copilot must start and end at his/her base. A base is a large airport where

pilots and copilots are stationed (with an equal number of each rank); we assume that the number at each

base is fixed. In our test, each pilot and copilot requests a set of PFs and VRs per month. A schedule is

a sequence of pairings separated by rest periods. We build monthly schedules that cover all the pairings

previously built, and each flight must be covered by one pilot and one copilot. A schedule is feasible if it

satisfies the following safety and collective agreement rules. There is a maximum of 85 flying hours per

month and a maximum of 6 consecutive working days. In each schedule, the pairings are separated by two

different rest times: the day-off rest and the rest between two consecutive pairings. The minimum rest time

between any two consecutive pairings is 8 hours. A penalty cost is associated with each unsatisfied VR, and

a negative cost is associated with each satisfied PF. The objective function maximizes the number of satisfied

VRs and PFs.

3 Mathematical formulation

In this section, we present our integrated crew pairing and personalized crew assignment model for a given

set of pilots and copilots within a completely integrated framework. The model constructs the pairings and

monthly schedules for each pilot and copilot in a single step directly from flights instead of pairings. We

keep the pairings in the two problems as similar as possible, while satisfying the feasibility rules impacting

the pairings and monthly schedules. We use the following notation. Let F be the set of scheduled flights to

be covered. Let the set of pilots be L and the set of copilots O. We denote by Vl the set of VRs for pilot

l ∈ L and by Vo the set of VRs for copilot o ∈ O. Let Sl be the set of feasible schedules for pilot l ∈ L and

So the set of feasible schedules for copilot o ∈ O. The binary variable xs is equal to 1 if schedule s ∈ Sl is

allocated to pilot l ∈ L and 0 otherwise, and ys is equal to 1 if schedule s ∈ So is allocated to copilot o ∈ O
and 0 otherwise. The variable rv is 1 if VR v ∈ Vl is satisfied for pilot l ∈ L and 0 otherwise, and zv is 1 if

VR v ∈ Vo is satisfied for copilot o ∈ O and 0 otherwise. Let cv be the penalty cost for unsatisfied VR v ∈ Vl
(or v ∈ Vo). The binary constant esf is equal to 1 if flight f ∈ F is covered by schedule s ∈ Sl (or s ∈ So).
The binary constant bsv is equal to 1 if VR v ∈ Vl (or v ∈ Vo) is satisfied by schedule s ∈ Sl (or s ∈ So). Let

ns be the number of PFs in schedule s ∈ Sl (or s ∈ So), and let B be the bonus cost (a negative cost) for

covering each PF. We denote by cp the cost of pairing p. Let cs be the cost of schedule s ∈ Sl (or s ∈ So),
where cs =

∑
p∈Ps

cp +Bns, and Ps is the set of all pairings covered by schedule s. Let A be all the feasible
connection arcs between two successive flights. For every connection arc (i, j) ∈ A and every schedule s,
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we set the binary constant asij to 1 if (i, j) between flights i and j is covered by s. The variable uij is 1 if

(i, j) ∈ A is covered by the pilot problem or copilot problem but not both, and 0 otherwise. Let Rij be the

penalty cost for (i, j) ∈ A if uij is equal to 1. The value of the penalty cost Rij is inversely proportional to

the connection time between flights i and j. This forces the model to include these flights in the same pairing

in both the pilot and copilot problems where possible.

Using this notation, the integrated model is as follows:

min
∑
l∈L

∑
s∈Sl

csxs +
∑
l∈L

∑
v∈Vl

cvrv +
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv +
∑

(i,j)∈A

Rijuij (1)

Integrated pilot constraints:∑
l∈L

∑
s∈Sl

esfxs = 1 ∀f ∈ F (2)

∑
s∈Sl

bsvxs + rv = 1 ∀l ∈ L,∀v ∈ Vl (3)

∑
s∈Sl

xs ≤ 1 ∀l ∈ L (4)

Linking constraints: ∑
l∈L

∑
s∈Sl

asijxs −
∑
o∈O

∑
s∈So

asijys ≤ uij ∀(i, j) ∈ A (5)

∑
o∈O

∑
s∈So

asijys −
∑
l∈L

∑
s∈Sl

asijxs ≤ uij ∀(i, j) ∈ A (6)

Integrated copilot constraints:∑
o∈O

∑
s∈So

esfys = 1 ∀f ∈ F (7)

∑
s∈So

bsvys + zv = 1 ∀o ∈ O,∀v ∈ Vo (8)

∑
s∈So

ys ≤ 1 ∀o ∈ O (9)

xs ∈ {0, 1} ∀l ∈ L,∀s ∈ Sl (10)

rv ∈ {0, 1} ∀l ∈ L,∀v ∈ Vl (11)

uij ∈ {0, 1} ∀(i, j) ∈ A (12)

ys ∈ {0, 1} ∀o ∈ O,∀s ∈ So (13)

zv ∈ {0, 1} ∀o ∈ O,∀v ∈ Vo (14)

The objective function (1) finds a trade-off between maximizing the number of satisfied VRs and PFs and

minimizing the total cost of the pairings and the dissimilarity of the pilot and copilot pairings. Set-partitioning

constraints (2) and (7) ensure that each flight is covered by exactly one pilot and one copilot. Constraints (3)

and (8) impose the VRs for each pilot and copilot respectively. Constraints (4) and (9) guarantee that at most

one schedule is chosen for each pilot and copilot respectively. Linking constraints (5) force variable uij to be 1

if (i, j) ∈ A is covered only in the pilot problem. Linking constraint (6) forces variable uij to be 1 if (i, j) ∈ A
is covered only in the copilot problem. The integrality conditions are defined by constraints (10)–(14).

Remark 1 The presence of differently covered connection arcs in the two problems leads to different pairings.
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4 Solution methodology

In this section, we describe our algorithm. The integrated model (1)–(14) contains a large number of linking

constraints; see Table 3. To handle these constraints, we propose a solution approach based on ALD. The

algorithm iterates between two Lagrangian subproblems, the first for the pilots and the second for the copilots.

In both subproblems, the number of variables grows exponentially as the number of flights increases, so we use

a CG method. However, because of degeneracy, CG becomes inefficient when the number of set partitioning

constraints is large and the columns are dense (more than 8–12 nonzero elements per column; see Elhallaoui

et al. (2005)). In our problem, there are between 30 and 45 nonzeros per column. To overcome this difficulty

and accelerate the solution process, we combine CG with DCA. In the following subsections, we explain our

approach and then describe how to apply Lagrangian decomposition to model (1)–(14). Finally, we describe

the integrated approach.

4.1 Column generation

CG (Barnhart et al. 1998) is an iterative method for large problems with many variables. CG decomposes the

main problem into a restricted master problem (RMP) and several pricing problems. The RMP is a restriction

of the master problem and contains a subset of the columns. New variables for the master problem are then

generated at each iteration by solving pricing problems, with the goal of improving the RMP objective

function. At each CG iteration, we solve the RMP using an LP solver to produce primal and dual solutions.

Based on the dual solution, we solve the pricing problems to find negative-reduced-cost variables. We then

add these variables to the current RMP. We iterate until no negative-reduced-cost variables are identified:

the current RMP primal solution is then optimal for the master problem. In our case, each pricing problem

corresponds to a resource-constrained shortest path problem that is solved using a label-setting algorithm

(Desrochers and Soumis. 1988).

4.1.1 Pricing problems

There is one pricing problem for each pilot and copilot, defined on a directed acyclic time-space network.

The network has six node types: source, sink, departure, arrival, midnight, and waiting. The source and sink

nodes represent the start and end of the schedules. Each flight is defined by departure and arrival nodes, and

there is a waiting node for each departing node. The midnight nodes are used to define the start and end of

each day. The network has twelve arc types: start of schedule, end of schedule, flight, deadhead, VR, rest,

wait time, start of duty, start of pairing, day off, post-pairing, post-pairing rest. The start-of-schedule arc

connects the source node to the first midnight node of the horizon. Each flight arc and deadhead arc is defined

by a departure/arrival node and fixed departure/arrival dates and times. A deadhead arc has a fixed cost for

each occurrence of deadheading in a pairing and a variable cost that depends on the length of the deadhead.

A short-rest arc links the arrival node of a flight to the departure nodes of all the flights at the same base

if the time interval is between the minimum and the ideal maximum rest time. If the waiting time exceeds

the ideal maximum rest time, a long-rest arc connects the arrival node of the flight to the earliest waiting

node. Waiting arcs either link two consecutive waiting nodes to extend the long-rest duration or connect two

consecutive flights in a duty. An empty arc links each waiting node to its corresponding departure node. A

rest arc links an end-of-pairing node at the base to the start node of a pairing whose departure time is greater

than or equal to the arrival time plus the minimum rest time (8 hours in our tests). A start-of-day-off arc

links an end-of-pairing node to the first midnight node at the base to start a day off. A day-off arc connects

a pair of consecutive midnight nodes at the base. A VR arc links two midnight nodes covering between one

and ten days. To ensure schedule feasibility, eight resources are used: maximum pairing duration, maximum

number of duties in a pairing, maximum number of landings per duty, maximum working time per duty,

maximum total duty duration, minimum number of days off, maximum number of consecutive working days,

and maximum credited flying time.

4.1.2 Labeling algorithm

The pricing problems are solved using a labeling algorithm. Every feasible schedule corresponds to a path

from the source node to the sink node in the above network. The feasibility constraints on the schedules are
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enforced via resource constraints in the network. For each feasibility constraint, there is a resource window at

each node, and the value of every constrained resource must be within this interval. Resources are consumed

on arcs of the network. The cost of a feasible path corresponding to a schedule from the source node to the

sink node is the sum of the arc costs on the path. The arc costs are updated during the solution process based

on the dual variables for the master problem constraints. A label is associated with each partial path starting

from the source node. Each label has a set of resource components and a cost component. The resource

components determine the value of the resources at the last node of the partial path, and the cost component

calculates the reduced cost of this path. To reduce the time for the path generation, we eliminate labels using

a dominance rule: label L1 is dominated by label L2 if the resource components and cost component of L1

are less than or equal to the corresponding components of L2. We use a heuristic and an exact version of the

labeling algorithm. The heuristic version considers a subset of the resource components with the reduced-cost

component in the dominance rule. If no negative-reduced-cost paths are found, the exact version uses all the

resource components.

4.2 Dynamic Constraint Aggregation

DCA (Elhallaoui et al. 2005) is a new version of CG that reduces the number of set-partitioning constraints

in the RMP by aggregating some of them. The approach aggregates clusters of the RMP set-partitioning

constraints and retains one representative constraint for each cluster. DCA relies on an aggregated restricted

master problem (ARMP) that considers smaller subsets of variables and constraints compared to traditional

RMP. This new version speeds up the solution process. At the beginning of DCA, a partition is defined with

respect to an initial set of clusters that is provided by a planned solution. During the CG solution process,

this aggregation can change dynamically. A column is said to be compatible with the current partition if,

for each cluster of the partition, it covers either all of the cluster’s tasks or none. Otherwise, this column

is incompatible. A newly generated column can be added to ARMP if it is compatible with the current

partition. An incompatible column can be added to the ARMP only if the partition is modified. The ARMP

is solved using the simplex algorithm to produce a primal solution and a dual solution for the aggregated

constraints. To compute the dual values for each set partitioning constraint of the original problem, we use

a dual variable disaggregation procedure. A modified version of DCA was developed by Elhallaoui et al.

(2010) with multiple phases (MPDCA). MPDCA defines an incompatibility number (r) with respect to the

current partition for each column. It estimates the minimum number of additional clusters needed to make

an incompatible column compatible. In phase k, only the incompatible variables with r ≤ k are priced out.

At the beginning of the solution process, we set the phase number to 0. We solve the ARMP and calculate

the optimal primal and disaggregated dual solutions and the incompatibility number for each column. All

variables with 0-incompatibilities for 0 ≤ k are priced out by solving the pricing problems. When there is

no negative-reduced-cost column, the algorithm continues to phase (k + 1) or stops if k is the last phase.

If negative-reduced-cost columns are found, we determine whether or not the current partition must be

modified. If no change is required, we add some or all of the compatible columns to the ARMP, and the

MPDCA moves to its next iteration. Otherwise, we perform a test to determine whether or not the current

partition should be changed. We update the partition if the reduced cost of the least-reduced-cost compatible

column is greater than or equal to the reduced cost of the least-reduced-cost incompatible column times a

predetermined multiplier.

4.3 Alternating Lagrangian decomposition

To reduce the complexity of the solution process, model (1)–(14) can be decomposed into two subproblems

via Lagrangian decomposition (Guignard and Kim. 1987) and solved by combining CG and DCA. The

two subproblems are called ALD-pilot and ALD-copilot. The classical Lagrangian decomposition using

subgradient or bundle methods usually needs many iterations to reach an optimal solution. We use Lagrangian

decomposition in an alternating fashion by proposing a new way to update the Lagrangian multipliers. The

algorithm iterates between ALD-pilot and ALD-copilot by estimating the effect of decisions made in one

problem on the other. Without loss of generality, we first solve the integrated pilot model (2)–(4) considering

the first two terms of function (1) as the objective function; let x̄s (s ∈ Sl, l ∈ L) be the optimal solution.

Let A1
L = {(i, j) ∈ A|∑l∈L

∑
s∈Sl

asij x̄s = 1} and A0
L = {(i, j) ∈ A|∑l∈L

∑
s∈Sl

asij x̄s = 0} be the set of
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connection arcs that are covered and uncovered, respectively. The resulting linking constraints (5)–(6) are

1−
∑
o∈O

∑
s∈So

asijys ≤ uij ∀(i, j) ∈ A1
L ⊆ A (multipliers (λij)pilot ≥ 0) (15)

∑
o∈O

∑
s∈So

asijys − 1 ≤ uij ∀(i, j) ∈ A1
L ⊆ A (16)

0−
∑
o∈O

∑
s∈So

asijys ≤ uij ∀(i, j) ∈ A0
L ⊆ A (17)

∑
o∈O

∑
s∈So

asijys − 0 ≤ uij ∀(i, j) ∈ A0
L ⊆ A (multipliers (πij)pilot ≥ 0) (18)

Lemma 1 Constraints (16) and (17) are redundant for the integrated copilot problem.

Proof. Proof. Clearly 0 ≤ ∑
o∈O

∑
s∈So

asijys ≤ 1, so −1 ≤ ∑
o∈O

∑
s∈So

asijys − 1 ≤ 0 and −1 ≤
−∑

o∈O
∑
s∈So

asijys ≤ 0. Since uij ≥ 0, constraints (16) and (17) are redundant.

Let (λ)Pilot = {(λij)pilot ≥ 0|(i, j) ∈ A1
L} and (π)Pilot = {(πij)pilot ≥ 0|(i, j) ∈ A0

L} be Lagrangian

multipliers associated with constraints (15) and (18), respectively, and calculated from the pilot problem as

explained in Section 4.3.1. The Lagrangian decomposition is obtained by dualizing these linking constraints.

The resulting copilot subproblem is

ALD-copilot (λ, π)Pilot = min
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv +
∑

(i,j)∈A

Rijuij+

∑
(i,j)∈A1

L

(λij)pilot(1−
∑
o∈O

∑
s∈So

asijys − uij) +
∑

(i,j)∈A0
L

(πij)pilot(
∑
o∈O

∑
s∈So

asijys − 0− uij)

subject to (7)–(9) and (12)–(14).

(19)

After we solve ALD-copilot and fix variable ys in model (1)–(14), the resulting linking constraints (5)–(6) are∑
o∈O

∑
s∈So

asijxs − 1 ≤ uij ∀(i, j) ∈ A1
O ⊆ A (20)

1−
∑
o∈O

∑
s∈So

asijxs ≤ uij ∀(i, j) ∈ A1
O ⊆ A (multipliers (λij)copilot ≥ 0) (21)

∑
o∈O

∑
s∈So

asijxs − 0 ≤ uij ∀(i, j) ∈ A0
O ⊆ A (multipliers (πij)copilot ≥ 0) (22)

0−
∑
o∈O

∑
s∈So

asijxs ≤ uij ∀(i, j) ∈ A0
O ⊆ A (23)

Here A1
O = {(i, j) ∈ A|∑o∈O

∑
s∈So

asij ȳs = 1} and A0
O = {(i, j) ∈ A|∑o∈O

∑
s∈So

asij ȳs = 0} are the sets

of connection arcs that are covered and uncovered by ALD-copilot respectively, and ȳs (s ∈ So; o ∈ O) is the

optimal solution.

Lemma 2 Constraints (20) and (23) are redundant for the integrated pilot problem.

The proof is similar to that for Lemma 1.

Now let (λ)Copilot = {(λij)copilot ≥ 0|(i, j) ∈ A1
O} and (π)Copilot = {(πij)copilot ≥ 0|(i, j) ∈ A0

O} be

Lagrangian multipliers associated with constraints (21) and (22), respectively, and calculated from ALD-

copilot. The resulting pilot subproblem is
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ALD-pilot (λ, π)Copilot = min
∑
l∈L

∑
s∈Sl

csxs +
∑
l∈L

∑
v∈Vl

cvrv +
∑

(i,j)∈A

Rijuij+

∑
(i,j)∈A1

O

(λij)copilot(1−
∑
l∈L

∑
s∈Sl

asijxs − uij) +
∑

(i,j)∈A0
O

(πij)copilot(
∑
l∈L

∑
s∈Sl

asijxs − 0− uij)

subject to (2)–(4) and (10)–(12).

(24)

4.3.1 Lagrangian multipliers

To compute the Lagrangian multipliers, we introduce the concept of an arc reduced cost to benefit from

information connecting the two problems. In a traditional CG, the arc reduced costs are not directly available,

and we require additional information from the pricing problem to compute them. Consider two consecutive

flights i and j. We calculate the arc reduced cost on the arc (i, j) between these two flights using the following

formula:

c̄ij = Πj −Πi. (25)

Here Πi and Πj are the minimum costs from the source node to the arrival node of flight i and the departure

node of flight j, respectively. Πi and Πj are calculated using the labeling algorithm described in Section 4.1.2.

Consider the example shown in Figure 2 (for clarity, some arcs and labels are truncated or omitted). Assume

that we have three pilots: A,B, and C. Without loss of generality, we assume that in the optimal solution

of ALD-pilot, flights i, j, and k are covered by pilot A; flights m,n, o, and p are covered by pilot B; and

flights q, s, and r are covered by pilot C. Let ΠA
i and ΠA

j respectively be the minimum cost from the source

node to the arrival node of flight i and the departure node of flight j, obtained from the pricing problem

corresponding to pilot A. The arc reduced cost on (i, j) is then given by Π̄A
j − Π̄A

i ; see Figure 3.

• The final solution for the co-pilots can be found in the file Data/NW 727/CoPilots/solution/solution x,
where x = 2N � 1.

As you can see at the moment, in each iteration we just use the new set of obtained pairings for
each problem as input file (initial solution) for other problem. But now, we would like to send more
information, arc reduced cost , between these two problems (see Figure ??). For this purpose, we
need to make following modifications in this code:

Related to each connection arc ij between two successive flight i and j, we need to define a
parameter, �ij � 0, that must be updated during solution process.They called ”Lagrangian multi-
pliers”. Initial value of these parameters are equal to 0. To calculate value of these parameters in
each iteration we must do following steps:

1. Calculate minimum label cost on each departure and arrival node:
As you know, in GENCOL the subproblems are solved by labeling algorithm. In each iteration
of the algorithm after solving each problem (pilot or copilot problem), we must calculate
minimum label cost on each departure and arrival node by using labeling algorithm as it is
included in GENCOL.

Let us start with the pilot problem. For the sake of more clarity, the following example is given
as shown in Figure ?? (for clarity reasons, some arcs and labels are truncated or omitted).
Assume that we have three pilots at the same base: pilot A, B and C. Without loss generality,
we assume that in the optimal solution of the pilot problem, pilot A is covered flights i, j and
k. Pilot B is covered flights m, n, o and p. Finally, pilot C is covered flights q, s and r. We
denote minimum label cost on each node by ⇧. For example notations ⇧̄A

i and ⇧A
i indicate

the minimum label cost on departure and arrival flight i that obtained by pilot A, respectively.

Pilot A

di

⇧̄A
i

ai

⇧A
i

dj

⇧̄A
j

aj

⇧A
j

dk

⇧̄A
k

ak

⇧A
k

Sink
flight i flight kflight j

Pilot B

di
ai dj

⇧̄B
n

aj dk
ak dk

ak

Sink
flight m flight oflight n flight p

Pliot C

di
ai dj

aj dk

⇧̄C
r

ak

Sink
flight q flight rflight s

DepartureNode legends: Arrival

Arc legends: Flight leg Connection Start/End of schedule

Figure 2: Finding label on each departure and arrival node for each pilot in the pilot problem.

2

Figure 4: Finding minimum label cost on each departure and arrival node for each pilot.

Pilot A

di

⇧̄A
i

ai

⇧A
i

dj

⇧̄A
j

aj

⇧A
j

dk

⇧̄A
k

ak

⇧A
k

Sink
flight i flight kflight j

Pilot B

dm

⇧̄B
m

am

⇧B
m

dn

⇧̄B
n

an

⇧B
n

do

⇧̄B
o

ao

⇧B
o

dp

⇧̄B
p

ap

⇧B
p

Sink
flight m flight oflight n flight p

Pilot C

dq

⇧̄C
q

aq

⇧C
q

ds

⇧̄C
s

as

⇧C
s

dr

⇧̄C
r

ar

⇧C
r

Sink
flight q flight rflight s

DepartureNode legends: Arrival

Arc legends: Flight leg Connection Start/End of schedule

Figure 5: Finding label on each departure and arrival node for each pilot in the pilot problem.

solution); see Figure 6. Let ⇧A
i and ⇧̄B

n be minimum label cost on arrival flight i and departure
flight n that has obtained by pilot A and B, respectively. Arc reduce cost on this connection
arc calculate using the following formula: ¯̄cni = ⇧̄B

n - ⇧A
i .

3. Calculate Lagrangian multipliers
Now, before starting each iteration we must calculate the Lagrangian multipliers using the

4

Figure 2: Finding minimum cost from source node to each departure and arrival node in pilot pricing problems
In our data files there are two different preferred vacation for each pilot and copilot, while in
Atoosa’s data files there is one preferred vacation for pilots and co-pilots.

Pilot

di ai dj aj dk ak
Sink-Pilot A

flight i flight kflight j
¯̄cij = ΠA

j −ΠA
i

¯̄cjk = ΠA
k−ΠA

j

dm am dn an do ao dp ap
Sink-Pilot B

flight m flight oflight n flight p
¯̄cmn = ΠB

n−ΠB
m

¯̄cno = ΠB
o −ΠB

n
¯̄cop = ΠB

p −ΠB
o

¯̄cin = ΠB
n−ΠA

i

dq aq ds as dr ar
Sink-Pilot C

flight q flight rflight s
¯̄cqs = ΠC

s −ΠC
q ¯̄csr = ΠC

r −ΠC
s

¯̄cnr = ΠC
r −ΠB

n

DepartureNode legends: Arrival

Arc legends: Flight leg Connection arc Start/End of schedule

Figure 4: Adding Lagrangian multipliers to the subproblems of pilot problem.Figure 3: Calculate arc reduced cost on each connection arc in pilot pricing problems
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Remark 2 There is one pricing problem for each pilot (or copilot), so arc (i, j) ∈ A may exist in more than

one pricing problem. Therefore, there is more than one way to calculate the arc reduced cost on (i, j) ∈ A.

We use the pilot (copilot) who covered the first flight and the pilot (copilot) who covered the second flight

related to this arc in the optimal solution.

Let (c̄ij)
k
pilot be the arc reduced cost of (i, j) ∈ A obtained by ALD-pilot at iteration k. We pay a minimum

penalty cost to ALD-copilot to have pairings similar to those obtained by ALD-pilot. For each (i, j) ∈ A,

we calculate the Lagrangian multipliers as the minimum of the arc reduced cost (c̄ij)
k
pilot and the penalty

cost Rij . The Lagrangian multipliers for ALD-pilot (ALD-copilot) at iteration k are computed as follows:

(λij)
k
pilot = min{max{(c̄ij)kpilot, 0}, Rij} ∀(i, j) ∈ A1

L (26)

(πij)
k
pilot = min{max{(c̄ij)kpilot, 0}, Rij} ∀(i, j) ∈ A0

L (27)

The Lagrangian multipliers can be considered dual information. Before we solve ALD-copilot, we must project

the calculated multipliers on each connection arc in ALD-pilot onto the corresponding arcs in the copilot’s

pricing problems. We then solve ALD-copilot using CG combined with DCA. Since (λij)pilot is negated in the

arc covering term of ALD-copilot (i.e., (λij)pilot(1 −
∑
o∈O

∑
s∈So

asijys − uij)) we add the value −(λij)pilot
on the arc (i, j) in all the ALD-copilot’s pricing problems that include this arc. On the other hand, since

(πij)pilot is positive in the arc covering term of ALD-copilot (i.e., (πij)pilot(
∑
o∈O

∑
s∈So

asijys − 0 − uij))
we add the value +(πij)pilot on the arc (i, j) in all the ALD-copilot’s pricing problems that include this

arc; see Figure 4. In fact, we add a bonus cost −(λij)pilot to (i, j) ∈ A in ALD-copilot’s pricing problems

if the arc is covered by ALD-pilot, and otherwise we add the penalty cost +(πij)pilot; see Figure 4. This

encourages ALD-copilot to cover the connection arcs that are covered by ALD-pilot. The same strategy is

used for ALD-pilot.

Notice 1: To do some testing, we would like to know the cost of second term of objective
function at each iteration.

Notice 2: As you know for connecting two successive flight legs there is more than one arc,
so for simplifying we can consider the first arc between two successive flight legs as connection
arc.

5. This process continues
The same strategy must be done for the copilot problem. I mean, after solving the copilot
problem we must calculate Lagrangian multipliers on each arc. Then before starting to solve
the pilot problem, the calculated Lagrangian multipliers value on each arc must be projected
on the corresponding arcs in the pilot’s subproblems. Then solve the pilot problem again to
obtain an updated new Lagrangian multipliers. Then solve copilot problem again with these
new Lagrangian multipliers.

Copilot

di
ai dj

aj dk
ak

Sink
flight i flight kflight j

��ij ��jk

dm
an dn

an do
ao dp

ap

Sink
flight m flight oflight n flight p

��mn ��no ��op

+⇡in

dq
aq ds

as dr
ar

Sink
flight q flight rflight s

��qs ��sr

+⇡nr

DepartureNode legends: Arrival

Arc legends: Flight leg Connection Start/End of schedule

Figure 9: Calculate arc reduce costs in the pilots’ subproblems.

6. This process continues until a stopping criterion is satisfied; the criterion is the maximum
number of iterations. Let us say N iterations.

7. Also, instead of pilot and copilot vacation data sets that Atoosa has used (she put name of her
files personalizedEmployees.in), we would like to use pilot and copilot vacation data sets that
we have used in our BENDER process. I put a file named vahid personalizedEmployees.in
which contains our data files in sub-directory of each fleet (NW 727, NW DC9 and NW D94).
In our data files there are two di↵erent preferred vacation for each pilot and copilot, while in
Atoosa’s data files there is one preferred vacation for pilots and co-pilots.

7

Figure 4: Projection of Lagrangian multipliers for pilot onto corresponding arcs in copilot pricing problems

Remark 3 Let ( ¯̄Cij)
k
copilot be the Lagrangian arc reduced cost of ALD-copilot, calculated via

( ¯̄Cij)
k
copilot =

{
(c̄ij)

k
copilot − (λij)

k
pilot, if (i, j) ∈ A1

L

(c̄ij)
k
copilot + (πij)

k
pilot, if (i, j) ∈ A0

L.

Since (λij)
k
pilot and (πij)

k
pilot are known, we can calculate (c̄ij)

k
copilot at each iteration to update the Lagrangian

multipliers. The same is true for ALD-pilot.

We now have all the ingredients to derive an iterative algorithm for model (1)–(14).

4.4 Algorithm

In this section, we describe the integrated approach (INT). INT solves the Lagrangian subproblems by alter-

nating between CG and DCA and transferring primal and dual information between the two subproblems.
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Figure 5 illustrates the INT approach; the green line represents the Lagrangian terms in the objective function

of ALD-copilot obtained via the Lagrangian multipliers from ALD-pilot.

Pilot problem Copilot problem

Cost

Pairings

Figure 5: Schematic of INT approach

Primal information : To apply DCA to each subproblem we need to define a set of clusters as an initial

partition. We define a cluster as a nonempty subset of consecutive flights. A partition is a set of clusters that

covers all the flights; in our case, a cluster is a pairing. At each INT iteration, we use the optimal solution

obtained by ALD-pilot as an initial partition for ALD-copilot, and vice versa.

Dual information : At each INT iteration, to estimate the effect of decisions made in ALD-pilot on ALD-

copilot and define the Lagrangian terms in the objective function, ALD-copilot calculates the multipliers

(λ, π)pilot and information about the coverage of each (i, j) ∈ A (A1
l , A

0
l ) from ALD-pilot. ALD-pilot must

do likewise.

Figure 6 gives a flowchart for INT. INT starts with the set of initial pairings constructed by Zeighami

and Soumis (2017) as an initial partition. The initial values of the multipliers are 0. The algorithm starts

by solving ALD-pilot using CG and DCA and constructs personalized monthly schedules for the pilots. It

then solves ALD-copilot using CG and DCA and taking into account the primal and dual information from

ALD-pilot, and it constructs personalized monthly schedules for the copilots. It alternates between the two

subproblems until the relative difference between the lower and upper bounds is less than or equal to a

predetermined threshold.

(Lagrangian subproblem # 2) 
Solve ALD-copilot 
using CG and DCA

(Lagrangian subproblem # 1) 
Solve ALD-pilot 

using CG and DCA

Initial pairings

Stopping 
criterion?

Yes

No

Subproblems (pricing problems) 
(Resource constrained shortest path problem) 

(solve using a labeling algorithm )

Master problem 
(Solve using CPLEX)

Add new columns

Negative 
reduced cost?

Optimal 
solution

No

Yes

Dual variables

Solution found

(Information from ALD-pilot) 
 Primal information: New pairings for ALD-copilot 
Dual information: Calculate Lagrangian multipliers

(Information from ALD-copilot) 
 Primal information:  New pairings for ALD-pilot 
Dual information: Calculate Lagrangian multipliers

Figure 6: Flowchart of INT approach

4.4.1 Lower and upper bounds

Computing lower and upper bounds allows us to assess the quality of the solutions generated by the INT

approach. The upper bounds can be computed at each iteration by using the solutions of ALD-pilot (x̄s, r̄v)

and ALD-copilot (ȳs, z̄v) that are calculated during INT. Clearly, (x̄s, r̄v) satisfies constraints (2)–(4) and

(ȳs, z̄v) satisfies constraints (7)–(9). By substituting x̄s and ȳs into linking constraints (5) and (6), we obtain

a value of variable uij that is feasible for model (1)–(14). Using this feasible solution, i.e., (x̄s, r̄v, ȳs, z̄v, ūij),

we compute an upper bound. To compute lower bounds we need the following definition.
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Definition 1 Let C(ys, zv) be the cost function of ALD-copilot and P (x∗s, r
∗
v) the optimal cost of ALD-pilot

considering the first two terms of objective functions (19) and (24), respectively. Let L(ys)(λ,π)pilot be the cost

function of the Lagrangian term obtained by solving ALD-copilot with respect to the Lagrangian multipliers

obtained from ALD-pilot. Let LB(ys, zv)(λ,π)pilot = P (x∗s, r
∗
v) + L(ys)(λ,π)pilot + C(ys, zv).

Proposition 1 LB(ys, zv)(λ,π)pilot is a lower bound on the optimal objective function value of model (1)–(14).

Proof. Proof. C(ys, zv) is the cost of the integrated copilot problem, and P (x∗s, r
∗
v)+L(ys)(λ,π)pilot (the green

line in Figure 5) is a lower bound on the cost of the integrated pilot problem and the penalty cost of the

dissimilarity of pairings between the two problems. Therefore, LB(ys, zv)(λ,π)pilot is a lower bound on the

optimal objective function value of model (1)–(14); see Figure 5.

Definition 2 Let P (xs, rv) be the cost function of ALD-pilot and C(y∗s , z
∗
v) the optimal cost of ALD-copilot

considering the first two terms of objective functions (24) and (19), respectively. Let L(xs)(λ,π)copilot be the

cost function of the Lagrangian term obtained by solving ALD-pilot with respect to the Lagrangian multipliers

obtained from ALD-copilot. Let LB(xs, rv)(λ,π)copilot = P (xs, rv) + L(xs)(λ,π)copilot + C(y∗s , z
∗
v).

Proposition 2 LB(xs, rv)(λ,π)copilot is a lower bound on the optimal objective function value of

model (1)–(14).

Proof. Proof. See the proof of Proposition 1.

In the following two propositions, we show that INT converges to an optimal solution of model (1)–(14)

if the similarity of the pairings between the two problems is 100%.

Proposition 3 The following model is equivalent to the ALD-copilot model (19):

min
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv +
∑

(i,j)∈A1
L

(λij)pilot(1−
∑
o∈O

∑
s∈So

asijys) +
∑

(i,j)∈A0
L

(πij)pilot(
∑
o∈O

∑
s∈So

asijys − 0)

subject to (7)–(9) and (12)–(14).
(28)

Proof. Proof. Since A = A1
L ∪A0

L,
∑

(i,j)∈AL
Rijuij =

∑
(i,j)∈A1

L
Rijuij +

∑
(i,j)∈A0

L
Rijuij . Also,∑

(i,j)∈A1
L

(λij)pilot(1−
∑
o∈O

∑
s∈So

asijys − uij) =
∑

(i,j)∈A1
L

(λij)pilot(1−
∑
o∈O

∑
s∈So

asijys)−
∑

(i,j)∈A1
L

(λij)pilotuij (29)

and ∑
(i,j)∈A0

L

(πij)pilot(
∑
o∈O

∑
s∈So

asijys − 0− uij) =
∑

(i,j)∈A0
L

(πij)pilot(
∑
o∈O

∑
s∈So

asijys)−
∑

(i,j)∈A0
L

(πij)pilotuij . (30)

By (29) and (30), the following model is equivalent to the ALD-copilot model (19):

min
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv +
∑

(i,j)∈A1
L

(Rij − (λij)pilot)uij +
∑

(i,j)∈A0
L

(Rij − (πij)pilot)uij+

∑
(i,j)∈A1

L

(λij)pilot(1−
∑
o∈O

∑
s∈So

asijys) +
∑

(i,j)∈A0
L

(πij)pilot(
∑
o∈O

∑
s∈So

asijys − 0)

subject to (7)–(9) and (12)–(14).

(31)

From equations (26) and (27) we have Rij ≥ (λij)pilot and Rij ≥ (πij)pilot, so Rij − (λij)pilot ≥ 0 and

Rij − (πij)pilot ≥ 0. Model (31) is a minimization problem, so in the optimal solution
∑

(i,j)∈A1
L

(Rij −
(λij)pilot)uij =

∑
(i,j)∈A0

L
(Rij − (πij)pilot)uij = 0. This completes the proof.
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Remark 4 We have an equivalent result for the ALD-pilot model (24).

Proposition 4 The solution calculated by INT is an optimal solution for model (1)–(14) if the similarity of

the pairings between the two problems is 100%.

Proof. Proof. It suffices to show that the cost of the lower bound obtained by INT is equal to the cost

of the upper bound. Let (x̄s, r̄v, ȳs, z̄v) be an INT solution in which the similarity of the pairings between

the two problems is 100%. Hence,
∑

(i,j)∈A1
L

(λij)pilot(1 −
∑
o∈O

∑
s∈So

asij ȳs) = 0 and
∑

(i,j)∈A0
L

(πij)pilot
(
∑
o∈O

∑
s∈So

asij ȳs − 0) = 0 (or
∑

(i,j)∈A1
O

(λij)copilot(1 −
∑
l∈L

∑
s∈Sl

asij x̄s) = 0 and
∑

(i,j)∈A0
O

(πij)copilot
(
∑
l∈L

∑
s∈Sl

asij x̄s − 0) = 0), and from Lemma 3 the cost function of INT at the relevant iteration is

ALD =
∑
l∈L

∑
s∈Sl

csx̄s +
∑
l∈L

∑
v∈Vl

cv r̄v +
∑
o∈O

∑
s∈So

csȳs +
∑
o∈O

∑
v∈Vo

cv z̄v. (32)

Clearly, (x̄s, r̄v) satisfies constraints (2)–(4) and (ȳs, z̄v) satisfies constraints (7)–(9). Substituting (x̄s, ȳs)

into the linking constraints (5)–(6) in model (1)–(14) gives uij = 0. If we put this solution into (1)–(14), the

cost is

Z =
∑
l∈L

∑
s∈Sl

csx̄s +
∑
l∈L

∑
v∈Vl

cv r̄v +
∑
o∈O

∑
s∈So

csȳs +
∑
o∈O

∑
v∈Vo

cv z̄v. (33)

Hence, ALD = Z.

4.5 Integer solution

To obtain integer solutions, the CG is embedded in a branch-and-bound framework. We use two branching

heuristics, column fixing and inter-task fixing. In the column fixing strategy, we fix to 1 all the variables

with a fractional value greater than a predetermined threshold (0.85 for our tests). If no suitable variable

exists, we apply inter-task fixing. For each ordered pair of flights f1 and f2, let rf1f2 =
∑
s∈S(f1,f2) xs be

the total flow between the pair. Here S(f1, f2) is the subset of schedules covering flight f2 immediately

after f1. We select the maximum fractional values, rf1f2 . By setting rf1f2 = 1 we force these two flights to

be covered consecutively in the same schedule. The numerical results show that the solutions produced with

this heuristic branching are close to optimality; see Table 6.

5 Computational experiments

We carried out computational experiments on four instances derived from a one-month flight schedule for

a major North American airline. The characteristics of the instances are summarized in Table 1. They all

contain three crew bases. Each pilot and copilot requests two vacations and a set of PFs each month. The

number of pilots and copilots per base is equal and given in Table 2. For example, the last instance contains

5613 flights, 49 airports, 145 pilots and 145 copilots, 290 VRs for pilots and 290 VRs for copilots, and 2500

PFs for pilots and 2500 PFs for copilots. The pairing and schedule feasibility are restricted by the rules

stated in Section 2. To compare the performance of INT with the traditional sequential approach (SEQ),

we solve each of the instances of Table 1 with both methods. SEQ first solves the crew pairing problem of

Zeighami and Soumis (2017) and then the personalized crew assignment problem using CG for a given set

of pilots and copilots independently. To define a sequential model for the personalized pilot crew assignment

problem, we replace constraint (2) with
∑
l∈L

∑
s∈Sl

espxs = 1 ∀p ∈ P by considering constraints (3)–(4)

and (10)–(11) and the first two terms of function (1) as the objective function, where P is the set of pairings

constructed by the crew pairing problem. The copilot problem is defined similarly. Table 3 reports the

number of constraints for each instance for SEQ and INT. For example, for SEQ and the fourth instance, the

crew pairing model has 5616 constraints, the pilot assignment model has 1514, and the copilot assignment

model has 1514. In INT for the same instance, there are 6051 pilot and copilot constraints, 152187 linking

constraints, and 164289 constraints in total.
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We conducted our tests on a Linux computer with an Intel Core i7-1770 CPU clocked at 3.40 GHz, using

a single processor. Our implementation is coded in C++ using the commercial GENCOL column generation

library, version 4.5. The RMPs are solved by CPLEX 12.4. In practice, when CG gets close to the optimal

value, new columns with negative reduced costs have little or no effect on the optimal value of the RMP. We

therefore stop the CG when the optimal value of the RMP improves by less than 0.01% over 25 iterations

for small problems and 15 for large problems. We chose these parameter values based on the results of

preliminary tests. Also, we use the improved version of DCA, i.e., MPDCA, as described in Section 4.2.

MPDCA is exact when the final phase number k is sufficiently large to ensure the pricing of all feasible

columns. Because of the complexity of ALD-copilot and ALD-pilot, we use three phases of DCA (k = 2).

We also ran a test with k = 3, and it gave no significant improvement over k = 2.

Table 1: Instance characteristics

# No. preferred vacations No. preferred flights

Instance Flights Airports Bases Pilots Copilots Pilots Copilots

1 1013 26 3 66 66 600 600
2 1500 35 3 68 68 750 750
3 1854 41 3 94 94 850 850
4 5613 49 3 290 290 2500 2500

Table 2: Number of pilots and copilots per base

Base 1 Base 2 Base 3 Total

Instance No. Pilots No. Copilots No. Pilots No. Copilots No. Pilots No. Copilots No. Pilots No. Copilots

1 7 7 20 20 6 6 33 33
2 10 10 9 9 15 15 34 34
3 10 10 30 30 7 7 47 47
4 42 42 78 78 25 25 145 145

Table 3: Number of constraints

Sequential model Integrated model

Instance Pairing problem Pilot problem Copilot problem Pilot problem Copilot problem Linking constraints Total

1 1016 287 287 1112 1112 32104 34328
2 1503 405 405 1602 1602 35784 38988
3 1857 440 440 1995 1995 40789 44779
4 5616 1514 1514 6051 6051 152187 164289

5.1 Solution process of integrated approach

In this experiment, we study the solution process of INT at each iteration. Table 4 reports the similarity

percentage of the pairings for the two problems, the percentage of satisfied VRs and PFs, the CPU time, and

the gap at each iteration for each instance.

Using SEQ to solve these problems produces the same pairings for the pilots and copilots. INT produces

the same pairings in all instances except the second. The percentage of dissimilarity for the second instance

is only 0.35%. The good performance of INT is in part explained by the fact that for all four instances the

similarity percentage increases after each iteration while the percentage of satisfied VRs and PFs slightly

decreases.

The reported CPU time is the total effort needed to solve each instance at each iteration. For all the

instances, most of the CPU time is spent on the first iteration, and this can be explained as follows. First,

choosing a good initial solution has a positive influence on the performance of DCA; it can result in fewer

CG iterations and hence a lower CPU time. We warm-start the pilot and copilot problems after the first

iteration. After solving each problem we use the current optimal pairings as the initial solution for the other

problem; see Section 4.3. Second, using good initial columns reduces the CPU time of CG. We use the optimal
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solution of the current iteration of ALD-pilot as the initial solution for the next iteration of this problem.

When adding initial columns to the master problem of CG, we take into account that some of these columns

will subsequently be removed by DCA if they are not compatible with the pairings found by ALD-copilot.

They can be re-introduced when the initial partition is reconsidered by DCA. The same strategy applies to

ALD-copilot. In particular, the computational times are reduced considerably after the first iteration. The

CPU times are typically divided by a factor of three on each instance.

The gap corresponds to the relative difference between the values of the lower bound and upper bound

obtained by INT for the global objective. The results show that the percentage gaps are between 0.00% and

0.01%, and this justifies the use of INT.

INT reaches a (nearly) optimal solution in three or four iterations for the large and complex problem.

For example, in the third instance, the similarity is 91.35% at the first iteration and 100% at the end of the

fourth iteration. The percentage of satisfied VRs is unchanged for the pilots and 0.04% lower for the copilots.

The percentage of satisfied PFs is 0.15% lower for the pilots and 0.43% lower for the copilots. The global

optimality gap is 1.52% at the first iteration and 0% at the last iteration.

Table 4: Solution process of INT

Pilots Copilots

Instance Iteration Similarity
percentage

Satisfied
VRs (%)

Satisfied
PFs (%)

Satisfied
VRs (%)

Satisfied
PFs (%)

CPU (min) Gap (%)

WT 82.14 96.96 37.66 98.48 39.00 3.37 -

1 92.44 96.96 37.66 98.48 38.66 3.55 1.45
1 2 97.61 96.96 37.16 98.48 38.50 1.24 0.20

3 100.00 96.96 37.00 98.48 38.00 1.05 0.00

WT 83.49 92.64 43.65 97.05 41.73 12.02 -

1 89.50 92.64 43.65 97.05 41.50 12.15 1.75
2 2 95.22 92.64 43.55 97.05 41.46 4.06 0.45

3 98.00 92.64 43.33 97.05 41.46 3.52 0.12
4 99.65 92.46 43.33 97.05 41.06 3.41 0.01

WT 81.75 84.00 50.75 82.97 51.17 26.23 -

1 91.35 84.00 50.75 81.95 50.90 26.40 1.52
3 2 97.43 84.00 50.72 81.95 50.88 7.17 0.18

3 99.27 84.00 50.70 81.95 50.88 7.26 0.05
4 100.00 84.00 50.70 81.91 50.47 6.55 0.00

WT 80.15 98.62 50.12 98.62 50.68 1206.45 -

1 96.47 98.62 50.00 98.62 50.56 1224.33 0.22
4 2 99.96 98.27 49.40 98.62 50.28 175.23 0.03

3 100.00 98.27 49.40 98.62 50.28 150.38 0.00

5.2 Impact of Lagrangian multipliers on the similarity of pairings

To highlight the impact of the Lagrangian multipliers on the similarity percentage, we solve each problem

using CG and DCA without transferring these values (labeled WT in Table 4). The results clearly show that

there is a significant reduction in the similarity percentage when we ignore the Lagrangian multiplier values.

For example, for the first iteration of the largest instance, the similarity percentage is 80.15% without the

Lagrangian values and 96.47% at the first iteration with them. That is an improvement of 16.32% at the

first iteration while the percentage of satisfied PFs and VRs decreases by less than 1%.

5.3 Computational time, iterations, and cost for integrated and sequential approaches

In Table 5, we compare the total CPU time (in minutes) to solve each of the four instances with the two

approaches. For SEQ, the total CPU time consists of the time to solve the pairing problem and the time

to solve the pilot and copilot assignment problems. For INT, the total CPU time consists of the time to

compute the initial partition, i.e., the time to solve the crew pairing problem of Zeighami and Soumis (2017),



Les Cahiers du GERAD G–2018–37 – Revised 15

and the time to solve ALD-pilot and ALD-copilot. We report the total solution cost obtained with both

approaches. This includes the cost of the pairings, bonuses for satisfied PFs, penalties for unsatisfied VRs,

and the cost associated with the similarity percentage. The last two columns of Table 5 give the ratios of the

CPU times of INT and SEQ and the percentage cost savings achieved by the INT solutions. These results

show that INT can yield significant cost savings: between 12.76% and 24.20%, with an average of 18.89%.

Just a few iterations suffice to find a good solution, and the computational time is close to that for SEQ:

1.65 times longer on average.

Table 5: Computational Time and Cost for Integrated and Sequential Approaches

SEQ approach INT approach

Instance CPU (min) Cost CPU (min) Cost Number of
iterations

CPU
INT/SEQ

Cost saving
by INT (%)

1 5.47 1551144 11.42 1250844 3 2.08 19.35
2 19.56 1903930 36.28 1660930 4 1.85 12.76
3 61.50 2442300 80.15 2047500 4 1.30 19.28
4 1393.58 3672890 1943.52 2783900 3 1.39 24.20

Average 1.65 18.89

5.4 Computational gap in integrated and sequential approaches

In this experiment, we study the optimality gap of each instance. The gap is the percentage difference between

the best lower bound and the best integer solution obtained by CG. To find a lower bound, we stop CG at

each branching node if the optimal value of the RMP improves by less than 0.01% over 25 iterations for small

problems and 15 for large problems. The lower bound improves during the branch and bound process since

we explore many nodes. To obtain integer solutions, we use the branching heuristics discussed in Section 4.5.

Table 6 gives the results of this experiment. For SEQ, three optimality gaps are reported: the crew pairing

gap corresponds to the crew pairing problem, and the pilot and copilot gaps correspond to the pilot and

copilot assignment problems. For INT, two optimality gaps are reported, for ALD-pilot and ALD-copilot.

The percentage gaps are small, indicating that the two approaches produce good solutions. On average the

percentage gap for SEQ varies between 0.18 and 0.47, and that for INT varies between 0.03 and 0.10.

Table 6: Optimality gap (%) for integrated and sequential approaches

SEQ approach INT approach

Instance Pairing problem Pilot problem Copilot problem ALR-pilot problem ALR-copilot problem

1 0.07 0.10 0.00 0.02 0.00
2 1.86 0.00 0.22 0.06 0.05
3 0.88 0.55 0.21 0.00 0.00
4 0.10 0.38 0.30 0.06 0.35

Average 0.47 0.25 0.18 0.03 0.10

5.5 Comparisons of pairing costs and coverage of VRs and PFs

In this experiment, we study the performance of INT and SEQ in terms of pairing costs and the percentage

of satisfied VRs and PFs. The objective function (1) finds a trade-off between maximizing the number

of satisfied VRs and PFs and minimizing the total cost of the pairings and their dissimilarity. Table 7
reports the total pairing cost obtained by the two approaches. On average, INT increases the pairing cost

by only 0.55% above that of SEQ. This increase might be necessary to increase the number of satisfied VRs

and PFs. However, to force the model to stay close to the SEQ pairing cost, we can add the constraints∑
l∈L

∑
s∈Sl

(
∑
p∈Ps

cp)xs ≤ (1 + ε)N and
∑
o∈O

∑
s∈So

(
∑
p∈Ps

cp)ys ≤ (1 + ε)N in model (1)–(14), where

N is the pairing cost obtained by SEQ. Tables 8 and 9 give the results: INT performs significantly better

than SEQ. On average, INT increases the coverage of VRs by 43.50% for the pilots and 38.49% for the

copilots. On average, it increases the coverage of PFs by 14.85% for the pilots and 12.67% for the copilots.

These improvements can be explained by the fact that SEQ does not take into account the crew assignment



16 G–2018–37 – Revised Les Cahiers du GERAD

constraints and objective during the construction of the pairings. The pairings generated by the pairing

problem may not be suitable for the objective of the assignment problem, so it is difficult to maximize the

satisfaction of VRs and PFs in SEQ.

Remark 5 A (co)pilot may request flights that have conflicts in the departure or arrival times. Therefore, it

is difficult to satisfy a high percentage of the PFs.

Table 7: Comparisons of pairing cost

Instance SEQ approach INT approach Improvement by INT

1 1274922 1280044 - 0.40
2 1678746 1688880 - 0.60
3 1952742 1967500 - 0.75
4 2966890 2980900 - 0.47

Average - 0.55

Table 8: Comparisons of satisfied VRs (%)

SEQ approach INT approach Improvement by INT (%)

Instance Pilot problem Copilot problem Pilot problem Copilot problem Pilot problem Copilot problem

1 45.00 60.00 98.00 98.00 53.00 38.00
2 42.00 52.00 92.00 97.00 50.00 45.00
3 42.00 39.00 84.00 81.00 42.00 42.00
4 68.96 69.65 98.26 98.26 29.30 28.97

Average 43.50 38.49

Table 9: Comparisons of satisfied PFs (%)

SEQ approach INT approach Improvement by INT (%)

Instance Pilot problem Copilot problem Pilot problem Copilot problem Pilot problem Copilot problem

1 26.00 28.00 37.00 39.00 11.00 11.00
2 28.00 30.00 43.00 41.00 15.00 11.00
3 32.00 34.00 52.00 50.00 20.00 16.00
4 36.00 37.60 49.40 50.28 13.40 12.68

Average 14.85 12.67

6 Conclusion

We have introduced an integrated crew pairing and personalized crew assignment model to generate person-

alized monthly schedules for a given set of pilots and copilots simultaneously. Each pilot and copilot requests

a set of preferred flights and vacations each month. Our model keeps the pairings in the two problems as

similar as possible to reduce the propagation of perturbations. We have presented an integrated approach

based on ALD, CG, and DCA. This novel approach uses Lagrangian decomposition in an alternating fashion.

It introduces a new way to update the Lagrangian multipliers by estimating the effect of decisions made in

one problem on the other. We proved that our approach finds an optimal solution when the sets of pairings

are identical. We studied real-world instances from a major US carrier, and the results show that a few

iterations suffice to find a (nearly) optimal solution for the large and complex problem. Also, the integrated

approach yields significant improvements over the sequential approach in terms of satisfied VRs and PFs.
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