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Abstract: Synchronization of workers and vehicles plays a major role in many industries such as logistics,
healthcare or airport ground handling. In this paper, we focus on operational ground handling planning and
model it as an archetype of vehicle routing problems with multiple synchronization constraints, coined the
abstract vehicle routing problem with worker and vehicle synchronization (AVRPWVS). The AVRPWVS
deals with routing workers to ground handling jobs such as unloading baggage or refueling an aircraft, while
meeting each job’s time window. Moreover, each job can be performed by a variable number of workers. As
airports span vast distances and due to security regulations, workers use vehicles to travel between locations
and can choose each vehicle for transport. Furthermore, each vehicle can carry several workers as well as
the driver. We propose two mathematical multi-commodity flow formulations based on time-space networks
to efficiently model five synchronization types including movement and load synchronization. Moreover, we
develop a branch-and-price heuristic that employs both conventional variable branching and a novel variable
fixing strategy. We demonstrate that the procedure achieves results close to the optimal solution in short
time when compared to the two integer models.

Keywords: Vehicle routing with multiple synchronization constraints, column generation, branch-and-price,
variable fixing
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1 Introduction

Many industries require workers, trucks, trailers or mini-vans to jointly complete tasks and jointly move
between locations. Prominent examples for such industries include logistics and transportation, medical,
maintenance or airport ground handling services. Despite its importance in the real world, the synchronization
of various units is very rare in the vehicle routing problem (VRP) literature (see Lahyani, Khemakhem, and
Semet (2015) and Drexl (2012)) especially when it comes to movement and load synchronization.

In this paper, we propose a branch-and-price procedure for vehicle routing problems with synchronization
constraints, namely we focus on column generation for the abstract vehicle routing problem with worker and
vehicle synchronization (AVRPWVS). The AVRPWYVS deals with workers and vehicles in an airport ground
handling setting and aims at minimizing job delays and worker and vehicle routing costs. At an airport,
ground handling operations encompass jobs for airplanes stationed at parking positions, e.g. unloading
bags, cleaning or refueling the aircraft. Jobs need to be conducted in a certain sequence, e.g. unloading
of inbound and transfer baggage needs to be finished before outbound and other transfer baggage can be
loaded. Furthermore, to ensure punctual flight operations, jobs have to be finished within time windows
and can only be started once all required workers have arrived at the plane’s parking position. Workers
use vehicles to drive from one parking position to another due to larger distances and security regulations
at airports. Therefore, workers need to synchronize with vehicles in time and space. The AVRPWVS is a
special case of the vehicle routing problem with worker and vehicle synchronization (VRPWVS) presented in
Fink et al. (2016) and is an archetype of the class of vehicle routing problems with multiple synchronization
constraints (VRPMS) meaning that the AVRPWYVS covers all five synchronization types introduced by Drexl
(2012). Another example for an archetype of VRPMSs is the Vehicle Routing Problem with Trailers and
Transshipments (VRPTT) introduced by Drexl (2007).

This paper represents the first column generation research on an VRPMS archetype. We make two
major contributions: First, we present two multi-commodity flow formulations based on non-trivial network
representations with time discretization that efficiently model all five synchronization constraints. Second, we
present a novel branch-and-price heuristic (BAPH) that combines branch-and-price with heuristically fixing
sums of specially modified columns. Moreover, the BAPH can easily be extended to an exact branch-and-price
procedure.

The paper is structured as follows. In Section 2, we outline the AVRPWVS. We provide an overview
of related literature in Section 3, and propose two multi-commodity flow formulations of the AVRPWVS in
Sections 4 and 5. We describe the BAPH in Section 6 and present computational results (Section 7). Finally,
we summarize our work and propose areas for future research in Section 8.

2 Problem description

In this paper, we chose the AVRPWVS as an example for a VRPMS archetype, but it should be noted
that our research can also be a starting point for other branch-and-price approaches for VRPMSs. In the
following, we outline the AVRPWVS.

At airports, all aircaft are associated with a set of ground handling jobs such as refueling or baggage
loading. Each plane can only depart when all ground handling jobs have been completed. The number of
jobs and their processing times depend on the aircraft type, airline, destination and number of passengers.

Each job requires a certain minimum number of workers to be started. To shorten a job’s processing
time, additional workers can be assigned to the job. We assume that a job can start only when all assigned
workers have arrived at the respective aircraft’s parking position. Processing a job cannot be interrupted,
nor can the number of assigned workers be altered during the job’s processing. Each worker’s availability is
determined by the worker’s shift. Additionally, each worker is located at a depot at the beginning and at the
end of the shift.

Workers use vehicles to move from one location such as a gate or depot to another location. Hence, both
workers and vehicles are passive units on their own. They can only move when they team up. This movement
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synchronization is not required if the distance between two job locations is zero, i.e. the jobs are located at
the same parking position. The number of workers that can be seated on a vehicle is limited by the vehicle
capacity and it should be noted that every worker can drive or be a passenger on any vehicle. Once a vehicle
arrives at a plane’s parking position, workers either embark, disembark or remain seated on the vehicle. A
vehicle can only move if at least one worker at the same position as the vehicle uses the vehicle. At the
beginning of the day, all vehicles are located at the depot.

The goal of operational ground handling planning is to minimize the delay of jobs such that all aircraft
can operate on time. While this is the major goal, minimizing the travelling of workers and vehicles as well
as worker’s waiting time on the airport apron also play a role.

3 Literature review

The AVRPWYVS is a special case of the VRPWVS because it excludes worker qualifications and different
vehicle capacities. Moreover, the AVRPWVS belongs to the class of NP-hard problems as it generalizes
the NP-hard vehicle routing problem with time windows (VRPTW) (see Lenstra and Kan (1981)). The
AVRPWYVS shares the major properties with the VRPWVS: It belongs to the class of vehicle routing problems
with multiple synchronization constraints (VRPMSs, see Drexl (2012)), is characterized best by its active
load synchronization and movement synchronization en route and covers all five synchronization constraints
which marks it as a VRPMS archetype. To the best of our knowledge, we are the first to propose a branch-
and-price procedure for a VRPMS archetype. For a general introduction to branch-and-price, see Barnhart
et al. (1998) or Desrosiers and Liibbecke (2005). In this chapter, we first describe the five synchronization
types and how the AVRPWYVS covers them in Section 3.1. Second, we present related column generation
approaches for VRPs with movement synchronization en route and at the depot in Section 3.2.

3.1 The five synchronization types in the AVRPWVS

Drex] (2012) introduced five synchronization types to characterize VRPMSs. In the following, we briefly
describe each synchronization type and how they appear in the AVRPWVS. When we refer to the term unit,
we mean a worker or vehicle. We define a task (used as synonym for the term job) as a service that has to
be done (e.g., loading bags off an aircraft).

Resource synchronization entails that the supply of a given resource by all units is limited. In the
AVRPWYVS, vehicle capacity is limited for example when workers want to travel on vehicles from the start
depot to a parking position. When multiple units coordinate their operation in time or space, operation
synchronization is required. For example, prior to workers starting from the depot to a parking position,
they need to embark on one out of many vehicles. Movement synchronization prevails when two different sorts
of units require each other to travel from one location to another. For instance, workers and vehicles need to
synchronize in time and space when they travel from the depot to a parking position. Task synchronization
is required when more than one unit is used and means that each job has to be started at the same time
by each unit. In the AVRPWYVS, each job is completed exactly once by a given number of workers. Load
synchronization ensures that, whenever any type of load is transferred between different units, no load gets
lost and that the right amount of load is delivered to a customer. As described in Fink et al. (2016),
we can extend load synchronization to differentiate between active load (e.g. workers) and passive load
(e.g. baggage). The AVRPWYVS covers active load synchronization because the amount of workers that
switch vehicles is synchronized. Finally, note that our modelling approaches in Sections 4 and 5 consider
both operation and load synchronization implicitly: embarking and disembarking of workers is not explicitly
modelled, neither is the changing of vehicles by workers. However, we explicitly model resource, movement
and task synchronization.
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3.2 Related column generation approaches for VRPs with movement synchronization

In the following, we briefly outline related column generation approaches for VRPs with movement synchro-
nization.

Tilk et al. (2015) present an exact branch-and-price procedure for the active-passive vehicle-routing prob-
lem which was first introduced by Meisel and Kopfer (2014). This problem entails pickup-and-delivery
requests that require a joint operation of active vehicles and passive vehicles, which in turn can be combined
at each customer location. It is the first exact procedure for a VRP with movement synchronization en
route. However, the active-passive vehicle routing problem does not entail load synchronization and is thus
no VRPMS archetype.

Visser (2015) analyses a simultaneous vehicle routing and crew scheduling problem arising in the distri-
bution of goods from a depot to customers using trailers, trucks and drivers. A truck and driver combination
can switch trailers only the at the depot. The author investigates the performance of construction heuristics
and column generation methods with exact and heuristic pricing. To obtain an integral solution, the author
solves the masterproblem as an integer linear program once column generation terminates.

Hollis, Forbes, and Douglas (2006) consider a combined vehicle and crew routing and scheduling problem
to solve the urban mail distribution problem of Australia Post. They model the problem as a pick-up-and-
delivery problem (PDP) with a time horizon of 24 hours, multiple depots and a heterogeneous set of drivers
that needs to be synchronized with a heterogeneous set of vehicles at several locations. Therefore, movement
synchronization en route prevails. The authors solve the problem in two steps. First, they determine feasible
vehicle routes by solving a path-based MIP model with heuristic column generation and second, they generate
worker and vehicle schedules that fit to the routes again by heuristic column generation.

In their work, Xiang, Chu, and Chen (2006) describe a dial-a-ride problem with movement synchronization
of workers with vehicles only at depots. The authors solve the problem using a heuristic and demonstrate
that it finds solutions with a small gap to a lower bound obtained by column generation.

4 Multi-commodity flow formulation |

In the following, we introduce the notation, the time-space network representation and a first multi-commodity
flow formulation (MILP I) of the AVRPWVS.

4.1 Notation
4.1.1 Jobs and time

We define a set of ground handling jobs J that can only start when all workers have arrived and that cannot
be interrupted. Neither can a worker leave during the processing of the job. Each job h € J = {1,...,n} has
several possible start times 7715 ={ES,...,LS,} with ES}, representing the earliest and LS}, representing
the latest start of a job. The possible earliest arrival and latest departure times for a worker and a vehicle
at job h are given as 7;;4 ={FAp,...,LDy} where EA, = ES}, — 7 and LDy, = LSy + pj'®* + 7. 7 denotes
a non-negative integer and p;*** the longest processing time of job h. Each job h is executed exactly in one
mode m € M} where m stands for the number of workers assigned to job h and is related to a processing
time pp,m. In addition, we define the start depot as a dummy job 0 and denote the set of ground handling
jobs and the start depot as J°. Likewise, the end depot is modelled as a dummy job n + 1 and the set of
ground handling jobs and the end depot is defined as J"!. Eventually, the set of all jobs is given as J%"+1!.
Precedence relationships prevail because certain jobs (e.g. loading baggage) can only be started after other
jobs (e.g. unloading baggage) have been completed. We define the set of all precedence relationships as

ECcTxJ.
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4.1.2 Vertices

We propose a set of vertices V, where each vertex i(h,t,type) € V is defined by job h € J, a discrete time
te ’771‘4 and a type indicating if the vertex is an arrival or departure vertex. We define V", and foep as the
sets of arrival or departure vertices of job h. The start depot job 0 features several departure time vertices
and the end depot several arrival vertices. Similar to jobs, we denote the set of all vertices including start
and end depot vertices as V%!, Throughout the paper, we use indexes i and j to denote vertices, and
indexes g and h for jobs.

4.1.3 Arcs

An arc (i,j) € A connects two vertices ¢ and j, and we do not include any arc from a vertex to itself. We
further cluster the set of all arcs A into four arc types: processing, transitioning, waiting and travel arcs
denoted by the sets APTo¢, Atrans - Await and Atrevel respectively. Workers can either work on a job, which
means they must be routed across a processing arc, or not work on a job, which means that they are routed
across a transition arc to get from an arrival to a departure type vertex in the same time and location.
Workers may also wait at a parking position using waiting arcs or travel to other job locations using travel
arcs. We name waiting arcs between arrival vertices ”arrival waiting arcs® denoted as AF™w%* and waiting
arcs between departure vertices ”departure waiting arcs“. Travel arcs with a travel duration > 0 are denoted
as Arevel> and travel arcs with zero travel duration as A!?°¢0, In addition, we define the set of all travel
arcs pointing to vertex i as A" and all travel arcs pointing from i as A **"°“_ Finally, we define
the set of all travel arcs pointing from the start depot as A!"evelstart and all travel arcs pointing to the end
depot as Atr@vebend Table 1 shows an overview of all used sets of arcs.

Table 1: Arcs
Arc set Description
A , Set of all arcs
Aproc ptrans fwait  ptravel  Qet of processing, transition, wait or travel arcs
Atravel,> Set of travel arcs with a travel duration greater than 0
Atravel,0 Set of travel arcs with a travel duration equal to 0

Atravelstart Set of travel arcs pointing from the start depot 0

Set of travel arcs pointing to the end depot n + 1
AL Set of arcs pointing to vertex @

P
travel,end
A,

K]
Aout Set of arcs pointing from vertex &
A ) Set of all arcs for vehicles (excluding processing and departure waiting arcs)
Akywait Set of all waiting arcs for vehicles (i.e. arrival waiting arcs)

Each arc has a weight representing time. The weight of a processing arc (i, 7), p;¢, equals the processing

time pflofn for a job h and a mode m. For a transition arc, the weight is 0 and for a waiting arc, the weight
is 1 indicating the length of time between two points in in time. Finally for a travel arc, the weight equals
the travel duration d; ;.

4.1.4 Workers and vehicles

We define the set of ground handling workers as W = {1, ..., W} and the set of vehicles as £ = {1, ..., K}.
The capacity of each vehicle is given as cap.

4.1.5 Decision variables

We use the following decision variables:

e Worker routing: 7, ; . is 1, if worker w goes from vertex ¢ to j
e Vehicle routing: :ci i s L if vehicle k goes from vertex ¢ to j

e Job start and mode: yp ¢ is 1, if job h starts with m workers in time ¢



Les Cahiers du GERAD G-2016-63 5

4.2 Network representation

We define the worker network G¥Y = (V, A) based on the set of all vertices V and the set of all arcs A (see
Figure 1). The vehicle network is similar to the worker network but features a special set of arcs A* which
excludes both processing and departure waiting arcs from the set of all arcs. The resulting vehicle network
GK = (V, AF) can be seen in Figure 2. An example for an excluded departure waiting arc in the vehicle
network is the lack of a connection between the departure vertices (g,t1) and (g,t2), and an example for an
excluded processing arc is the lack of a link between arrival vertex (g,t;) and departure vertex (g, t2).

Job g Job h

Arrival Departure Arrival Departure

\, ....... o
\ _______ -

~

\ ______

@ Vertex

.......... » Waiting arc
————— > Transition arc
- - -» Processing arc

— Travel arc

Figure 1: Part of a worker network

Job g Job h

Arrival Departure Arrival Departure

@ Vertex

.......... » Waiting arc

----= Transition arc

(o -ale)—
@ _______ () | e
()=o)~

/
©
HOOE

Figure 2: Part of a vehicle network

4.3 Model formulation

Before we present the model, let us define the parameters for the objective function. Remember that the
main goal of operational ground handling planning is to minimize the delay of jobs, but we also want to
minimize workers’ and vehicles’ route costs. Consequently, we define the objective function weight « for the
delay of jobs, 8 for worker and  for vehicle routes. We attain weight o}, to job h based on the job’s aircraft
size because the larger an aircraft, the more passengers are likely to suffer from job delays. The cost the tour
of worker w is defined as

Cy = Z dij T it Z Dii’ Ty it Z Leay, g (1)

(i,5) € Atravel (i,j)€Aproc (i,5)€Await
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including the cost for traveling, processing and waiting. The cost the tour of vehicle k is given as

Clle{ = Z dij- Ill;zg (2)

(7/7_]) EAtravel

including only the cost for travelling. For the vehicle route, we explicitly do not minimize the waiting time,
as a high vehicle waiting time can result in less vehicle movements. In the following, we outline the MILP I:

Minimize « - Z op - Z Z t-l-pflozl “Ynmt — ESp) + 8- Z Co+7- Z Cllc( (3)

heJ meMy, teT? wew kex
subject to

Job constraints:

S0 thma=1 Vhed (4)

meMy, teT,?
= S
Z xw Jyi(h,t,arr),j(h, t+p7°b Jdep) M Yh,m,t Vhe \77 m E Mhat € 771 (5)
weWw
SN ) e < DDty V(g h) € € ©)
meMgy teTS meEMy teT,S

Worker constraints:

Yoooowl= D>, ahy =1 Vwew (7)

(i,j)eAtra,veLsta,ri (i7j)eAt7‘auel,end
w _ w .
Z Ty i = Z Ty i VweW,ieV (8)
(J,i)eAin (i,5)€AQut

Vehicle constraints:

> TR = > af, ;<1 Vkek (9)

(i,j)€Atravel,start (4,j) € Atravel,end
Z xllé_]z = Z miz] VkeK,ieV (10)
(GriyeA;™ " (i,5) € AZUEF

Movement synchronization constraints:

Z xl};” < Z acg” v (i,7) € Atravel> (11)
kek wEW
doal ;<> cap-af,; Y (i,j) € Afreveh> (12)
weW kek

Variable declarations:

wme{o 1} VweW,(i,j)e A (13)
xy ., €1{0,1} Vkek,(,j) e Ar (14)
Yn.m.t € {0,1} Yhe " me My, teT? (15)

The objective of the model (3) is to minimize the weighted delay caused by a deviation of a job’s end
time from its earliest start plus the costs of a worker and a vehicle route, each weighted with its respective
weight. Constraints can be clustered into job (4) — (6), worker (7) — (8), vehicle (9) — (10) and movement
synchronization constraints (11) — (12) as well as variable declarations (13) — (15).
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Job constraints (4) — (6): Each job is started once in one mode (4). Constraint (5) ensures that all workers
use the same processing arc and connects the worker routing with the job variable (5). Constraint (6)
represents the precedence relationship between pairs of jobs. To tighten the formulation, we henceforth use the
precedence constraint proposed by Christofides, Alvarez-Valdés, and Tamarit (1987) instead of constraint (6):

Yg,m,t + Z Yh,m,u < 1 v (g7 h) S gvt € 7;Sa me Mg (16)

uEThs:u<t+p§?gL

Worker constraints (7) — (8): Constraint (7) enforces that each worker leaves and returns to the depot.
Flow conservation of workers at every vertex other than the depot vertices is expressed by constraint (8).

Vehicle constraints (9) — (10): Constraint (9) enables vehicles to either leave or stay at the depot. If vehicles
leave the depot, they also need to return. Constraint (10) represent the vehicle flow conservation constraints.

Movement synchronization constraints (11) — (12): For each travel arc that workers and vehicles share,
the number of vehicles is at least as high as the number of workers to guarantee that there is always at least
one driver per vehicle (11) and the number of workers is lower or equal to the capacity of all vehicles on
the same arc (12). Movement synchronization is only needed when the travel time on a travel arc is greater
than zero.

5 Multi-commodity flow formulation Il

In the following, we introduce a second model formulation (MILP II) for the AVRPWYVS. It is inspired by
Haase, Desaulniers, and Desrosiers (2001) and features worker routes but no explicit vehicle routes. In fact,
the flow of vehicles is covered by both an extended worker network including vehicle travel (outlined below)
and by additional vehicle flow variables capturing vehicles’ waiting and travel of zero distance at the same
parking position.

5.1 Notation

We now present additional notation necessary for the MILP II.

5.1.1 Additional arcs

To capture vehicle travel between locations with a travel duration greater than zero, we distinguish between
worker travel arcs A"*¢b% and combined worker and vehicle travel arcs A@vebwtv - Consequently, each
travel between vertex i and j now features both a worker travel arc and a parallel vehicle and worker travel
arc. We denote the set of all travel arcs as A!ravel = Atravelwtov y gtravelw anq the set of all travel arcs
with costs greater than zero as A!"%v¢:>_ Figure 3 illustrates the new set of worker and vehicle arcs in the
so-called extended worker network. We denote the subset of worker and vehicle travel arcs that are parallel

to the worker travel arc (i, j) as AZ%QZ’“’%

5.1.2 Additional decision variables

The travel of vehicles between locations with travel duration greater than zero is captured using the new set
of travel arcs as introduced above. The vehicle flow “at the same location” is modelled by a new decision
variable v; ; € [0, K]. v;; is defined for all vehicle arcs A® = Akwait | gtravel,0 i e for waiting and zero
travel at a location where the vertices i and j belong to a new set of vehicle vertices V*. We define the set
of vehicle vertices VX for each job h € J, i.e. not for the start or end depot. Moreover, each vehicle vertex
1 is only given by its job h and its time ¢, but not by an arrival or departure type.

To sum it up, we map the vehicle network as in Figure 2 to the extended worker network and to the new
flow variable v; ;. Consequently, we can remove the vehicle routing decision variable acl,;l ; as it is no longer
needed.
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Job g Job h

Arrival Departure Arrival Departure

@ Vertex

.......... » Waiting arc
---- Transition arc
- - -» Processing arc
— Travel arc w

Travel arc w+v

Figure 3: Part of an extended worker network

5.2 Model formulation

To account for the additional worker and vehicle travel travel arcs A7evelw+v the cost of a route of worker
w can now be defined as

wH+v W arc w W
Cw - Z dla] . xw,i,j + Z pz,J : w 7;7]‘ + Z 1 ° xw,i,j (17)
(i,5)€Atravel (i,5)€Aproc (4,§) € Await

We now present the MILP II:

Minimize o - Z oy, - Z Z t—|—piozl “Yhomit — ESp) + 8- Z cwty (18)

heJg meMy, teT,? weWw
subject to

Job constraints:

SN thma=1 Vhed (19)

mEMp teT,S

> E htare) (it ton o dep) = T Yhmot VheJ, meMpteTy? (20)
wew
yg,m,t + Z yh,m,u S ]- V (97 h) € g7t € 7-931 m e Mg (21)

weT,S u<t+piol,

Worker constraints:

Z Tupij = Z Tyij =1 YweWw (22)

(4,j) € Atravel.start (i,j)€Atravel.end
w _ w .
Z Lw,ji = Z Lap,i,j YweW,ieV (23)
(1) €A™ (i,5)€A™

Vehicle flow constraints:

> Tuij <K (24)

(i,j)EAtr‘“"il ,2wHv,start
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Z Z T g T Z Vi

WEW (ji)e Ay etz Ga)eAk,,
=3 > oyt Y, Vi VieV* (25)
WEW (i jye AlTareh> vt (g)eAF .

Movement synchronization constraints:

Z Ty i < Z Z Ty i (cap —1) Y (i,j) € Atravel,>.w (26)

. t L,>,w+
wWEW WEW (i j)g AlTavel>

Variable declarations:

vi; € [0,K] Y (4,5) € AF (28)
Y € {0,1} VheJ" me My, teT (29)

The objective of the model (18) is similar to the objective of the MILP T (3) except that we remove the
vehicle routes and use extended worker routes. Note that the objective function value of an optimal solution
of the MILP II is equal to that of the MILP I because a worker route features vehicle travels in its cost (see
Equation 17).

Job and worker constraints (19) — (23): Job constraints remain unchanged and worker constraints as well
except that the set of all arcs and the set of travel arcs now encompasses also worker and vehicle arcs.

Vehicle flow constraints (24) — (25): The number of vehicles that leave the depot must be less or equal to
K as defined in constraint (24). Constraint (25) ensures that the vehicle flow coming into each vehicle vertex
equals the flow leaving the vehicle vertex.

Movement synchronization constraint (26): To synchronize workers and vehicles, we use constraint (26) to
ensure there is enough vehicle capacity. Note that we can only offer a capacity of cap — 1 on a worker and
vehicle arc as one capacity unit is already reserved for the worker driving the vehicle. As a consequence, we
need no constraint enforcing at least one worker per vehicle, as this is given by the worker and vehicle arc.

Constraints (27) — (29) define the decision variables.

6 Branch-and-price

We propose a branch-and-price heuristic (BAPH) procedure for the AVRPWVS as column generation is
renown as an efficient approach for solving VRPs (see Desrosiers and Liibbecke (2005), Grgnhaug et al. (2010)
or Desaulniers (2010)). To perform column generation, we reformulate the MILP II as a set-partitioning mas-
ter problem (MP) in Section 6.1 and define the pricing subproblem in Section 6.2. Column generation (CG)
solves a linear relaxation and is an iterative approach that in each iteration considers only a subset of all
feasible columns or routes in the MP, which is why it is called restricted master problem (RMP). While
the RMP guides the generation of new columns, the creation of new columns is achieved by an auxiliary
problem, the pricing or subproblem (SP). In each iteration, the RMP is solved with a given set of columns
as a linear program (LP). Then, the dual values of the RMP are used in the SP to generate new routes.
The SP either finds a new column with negative reduced cost that is thereafter added to the RMP or the
procedure terminates and a valid lower bound of the minimization problem is found. To solve the SP, we
use a dynamic program labelling algorithm given in Section 6.3. Section 6.4 describes several acceleration
strategies we implemented to speed up the procedure. Finally, Section 6.5 outlines how we obtain integral
solutions.
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6.1 Set-partitioning master problem formulation

We reformulate the MILP II as a set-partitioning model using Dantzig-Wolfe decomposition (see e.g. Liibbecke
and Desrosiers (2005)). Let r denote a worker route or column and R the set of all columns. For each route r
we define the following notation:

fr: binary variable equal to 1, if the route r is selected

di,j,»: binary parameter equal to 1, if the arc from 4 to j is used in route r

6;; »+ binary parameter equal to 1, if the worker travel arc from i to j is used in route r

5;”;” : binary parameter equal to 1, if the worker and vehicle travel arc from i to j is used in route r

C7: cost of route r as given in (17)

We can now define the MP as follows:

Minimize o - Z op - ( Z Z (t +pi:'fn) “Ynmit — ESp)+ B+ Z Cr - fr (30)
heJ (n+1) meMp, teT,3 reR
subject to
Yo ghma=1 VheJ (31)
mEMn teT,S
Z 5i(h,t,arr),j(h,t+phml,dep),'r : fr =M Ynhm,t vV he j, m e Mhat € 7715 (32)
reER
Ygmt + > Ynmou <1 V(g,h) €EtETS me M, (33)

w€T,S u<t+pil,

=W (34)

reER

> > St f < K (35)

réR (i)j)eAtT‘aUel,>,w+U,start

PO D D DL

TER (ji)eAlarel ety Af

i,in

= Z Z R Z Vi, VieVk (36)
i

TER (L eAT T

iout

N oo <> Y (cap—1) - f, V (i, §) € Afreveb=w (37)
reR reR

fr€{0,1} VreR (38)
vij € [0, K] Y (i,5) € AF (39)
Yn.m.t € {0,1} Vhe " me My, teT? (40)

The objective function (30) corresponds to that of MILP IT (18) as it includes only extended worker routes.

Constraints (31) — (33) correspond to constraints (19) — (21) in the MILP II. Constraints (34) and (35)
limit the number of workers and vehicles in the problem. The vehicle flow constraint (25) from MILP 1T is
mapped to constraint (36). Constraint (37) corresponds to constraint (26) in MILP IT and constraints (38)

0 (40) define the decision variables.

6.2 Pricing problem

To generate new columns, we solve a worker subproblem or pricing problem which corresponds to a shortest
path problem with resource constraints (SPPRC) on the extended worker network. For a general introduction
into SPPRCs, see Irnich and Desaulniers (2005).
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The SPPRC aims at finding the route 7 with the lowest reduced cost, where the reduced cost of a route is
defined as the sum of the reduced costs of its arcs. The dual multiplier for constraint (32) is given as 32

h,m,t*
35) . (36) (37)

and T gy Table 2 summarizes the reduced cost per arc type.

Likewise, we set 739 7l

Table 2: Reduced cost per arc type

Arc Reduced cost

(i, t,ar7), (s L+ Prm, dep)) € AP Bopij =m0,

(i, ) € Atravel,>W+V B2 dg ™ = 4 a0
(i, §) € Atravel,>W B-dij- Wz(,?f)

6.3 Subproblem dynamic programm

We solve the pricing problem with a dynamic program labelling algorithm. Generally speaking, such an
algorithm iteratively builds new paths starting from a source to a sink. All relevant information of a path
is stored in a label (see Section 6.3.1) for each of the path’s vertices. In order to not enumerate all paths,
the labelling algorithm discards paths that are not useful by using a dominance rule (see Section 6.3.2). The
whole algorithm is described in Section 6.3.3.

6.3.1 Label definition

A labelling algorithm generates labels for each partial or complete path. In each label I, we store the current
vertex, the parent label id, the cumulative reduced cost of the partial or full path and the last time a transition
arc was used on the path (called ”last idle time*) . The reason why we store the last idle time in a label is to
avoid cycling. The extended worker network in Figure 3 does not permit starting a job twice for one route
due to tight time windows. However, it is possible that a cycle of zero length occurs because workers may
use a transition arc in combination with a zero travel arc enabling a return to the same vertex at zero cost.
To avoid this, we save the last idle time and include it as a dominance criterion in our dominance rule.

6.3.2 Dominance rule

We store all non-dominated labels of one vertex 7 in a container of labels called bucket F;. To examine the
dominance of a new label at vertex ¢, we compare it to each label in F;. A label [ dominates a label I’ if the
reduced cost of label [ is equal or lower than that of I’ and if the last idle time of [ is equal or lower than that
of I, with at least one of the two inequalities being strict.

6.3.3 Labelling algorithm

Having outlined both the label definition and the dominance rule, we now explain the labelling algorithm
(see Algorithm 1). Before starting, the set of all vertices V is sorted by ascending time. As a first tie breaker,
we give arrival vertices precedence over departure vertices with the same time. A second tie breaker is the
job id. Moreover, the procedure initializes a start label [y, the bucket for start vertex 0, Fy, and the set of
same time vertices Ys@meTime,

It then iterates through each vertex ¢ € V and distinguishes between two cases: first, if the time associated
with vertex i is equal to that of the last examined vertex, it scans vertex i and moves i into the set of
undominated vertices with the same time V*@meTime if j is not dominated by any label in F; and if i is
not already in V#@™eT¥me  Gecond, if the time of the currently analysed vertex 4 is higher than that of the
last analysed vertex, the labelling algorithm examines each vertex in set Vs@meTime  To scan or examine a
vertex, we use the method extendVertex() that is illustrated in Algorithm 2. When we use extendVertex()
to extend vertex ¢, the method generates for each arc (,j) pointing from ¢ a new label [;. The method
then determines if /; is allowed to enter F}; using the dominance rule. Once all vertices 7 are examined, we
recursively build shortest paths.
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Algorithm 1 Labeling algorithm

1: lp + (0,0,0,0) //initialize label Iy

2: Fo < lo //initialize Fo with lo

3: ysemeTime G / /initialize set of same time vertices as empty
4: for i € V do

5:  if sameTimeAsLastVertex(i) then

6: extendVertex (i) // Extend label

7. else

8: while ysemeTime - () do

9: removeVertex(i) //Remove i from the set of vertices with the same time
10: extendVertex(i) // Extend label i

11: end while

12: end if

13: end for

14: findShortestPaths(F) //use label buckets to recursively find shortest paths

Algorithm 2 ExtendVertex() method
1: for l; € F; do
2: for j € SUCCESSORS,; do
3: lj < (j,ls, reducedCost, travelCost, lastTimeldle)
4: checkDominance(l;, Fy) //Check dominance based on reduced cost and last time idle and potentially add new label to
bucket
if l; € F; & sameTimeAsLastVertex(i) then
Vsu.'meTime «— ]

5
6:
T end if
8
9

end for
. end for

6.4 Acceleration Strategies

We apply several acceleration strategies to reduce the runtime of the CG both in the SP and the RMP.

6.4.1 Stabilization of dual vector

As introduced by Wentges (1997), we use dual variable stabilization in order to reduce the well-known
oscillation of the dual variables passed from the master to the subproblem. It combines the latest dual
vector 7'®* with the so far best dual vector 7°¢** so that the duals employed in the current iteration are
oW = g . gbest (1 — @) - wlast where @ denotes the weight assigned to the best dual vector.

6.4.2 Dynamic constraints

In the RMP, the capacity constraint (26) is constructed for each worker and vehicle travel arc with a positive
distance resulting in a very large number of constraints. However, only few travel arcs are likely to be used
and therefore only few capacity constraints are binding. Thus, we use dynamic constraints as proposed by
Desaulniers, Desrosiers, and Solomon (2002). We start with an RMP excluding constraints (26) and add
only those constraints to the RMP that are needed when appending new columns to the RMP.

6.4.3 Adding multiple columns

To speed up column generation, adding multiple columns per iteration can help. However, one needs to chose
the type and number of columns wisely, as many non-useful columns in the RMP may increase the runtime
of the procedure by leading the duals astray. Therefore, we add several task-disjoint columns to the RMP
in each iteration (see Desaulniers, Desrosiers, and Solomon (2002)). Two columns are task-disjoint, if they
cover different jobs. For example, let column r; process the jobs 1,2,4, column ry process the jobs 3,5,6
and column r3 process the jobs 1,3,5. Then columns r; and 7o are disjoint, but r3 is not. We aim at a set
of disjoint columns that covers all jobs ideally m times.
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6.5 Integer solutions

To obtain integer solutions, we propose a branch-and-price heuristic (BAPH) that combines branching on
the number of vehicles and on jobs with fixing of routes. The novel aspect of the BAPH is that we do not
fix single columns, which has often lead to successful heuristic procedures (see for instance Joncour et al.
(2010)), but rather a sum of specially modified routes.

Figure 4 shows an overview of the BAPH. Until there is no unexplored node any more or until a given
time limit is reached, the BAPH procedure iteratively runs column generation (CG) that is adjusted based
on the currently selected node. In a node, we store information of a (partial) solution such as the lower
and upper bound on the number of vehicles, forbidden processing arcs or fixed sums of routes. We employ
a depth-first search. During the course of the BAPH, we first aim at an integral number of vehicles and
integral job variables, which we achieve through branching (see Section 6.5.1) and which corresponds rather
to a traditional branch-and-price approach. When the variables for the number of vehicles and for jobs are
integral, we have the option to either branch on travel arcs which would result in a fully fledged branch-and-
price procedure or to fix columns. We found that fixing sums of specially modified routes (see Section 6.5.2)
and then handing the solution to a MIP solver (see Section 6.5.3) and thus solving the problem heuristically
yields good results at a comparability low runtime. Naturally, extending the BAPH to a an exact branch-
and-price procedure is straightforward as only branching on travel arcs is required. In the following, we
describe the three major components of the BAPH in more detail.

Stop

Start Init —

limit?

Select
node and
run CG

ntegral
vehicles Branch
and and create
jobs? nodes
Fix routes

Solve
as MIP
and save

Figure 4: BAPH illustration
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6.5.1 Branch

We employ a branching hierarchy that first ensures an integral number of vehicles and second integral job
variables. The number of employed vehicles k is an auxiliary variable not explicitly shown in the RMP, it
is defined as k = ) > oWt . f.. Let k equal the number of vehicles and Uh,m,+ the value

Vs
r€R (i,j)EAtravel,wtv,start

of the variable for job h at mode m starting in time t. When k is fractional, we branch on this variable by

imposing Y > 5%’7.’-fr < | k| on one branch and ) > 5?;",1.’-fr > [k] on
rER (i,j)€Atravel,wtv,start rER (i,j)€Atravel,wtv,start

the other. We enforce the lower or the upper bound by adding an additional constraint to the RMP. When

the value of the job variable §p, ¢ is fractional, we impose > > Yn,m,t =0 in one branch and
neEMpn<mueT,5:u<t

> > Yn,m,t =0 in the other. We enforce the branching by removing all columns violating the
neMp:n>m ueThs:u>t

latter equations from the RMP. In addition, we eliminate the respective processing arcs from the subproblem.

6.5.2 Fix routes

When both the number of vehicles and jobs are integral, we start to iteratively fix routes using the following
three-step process: First, we select a route using some selection strategy. Second, we create all modifications
of the selected route. Third, we set the sum of all modified routes plus the selected route equal or greater
than one in the RMP. We now illustrate each step in more detail: i) We select the route with a variable value
closest to 0.5. ii) Given a selected route 7, we create its set of modified routes R”. R™ not only includes 7
itself but also all possible route modifications of 7. A route modification is defined as creating a copy of 7
named 77/, selecting a travel arc of 7 and replacing the travel arc with its parallel travel arc. Le. if the selected
travel arc (i,j) is a worker travel arc (i,j) € A" then we replace (i,7) with its parallel worker and
vehicle travel arc (i,5) € A" *vel-w+v  Creating modifications of the selected tour 7 has the advantage that for
each worker travel arc, there exists at least one route with a parallel worker and vehicle travel arc. In other
words, creating modified routes ensures movement synchronization. iii) Finally, we add a new constraint to

the RMP such that > f" > 1. We stop fixing when all routes in the RMP that are part of the basis belong
reR”
to a set of fixed routes.

6.5.3 Solve as MIP

Given an integral number of vehicles and jobs as well as a maximum number of fixed sums of routes, we solve
the RMP with all its columns as a MIP using CPLEX and save the solution in the pool of integral solutions.

When the procedure terminates, the best feasible integral solution of all generated integral solutions is
returned.

7 Computational study

In this section, we report results of our computational experiments. We investigate the performance of the
two MILPs in terms of runtime, integrality gap and number of branch-and-bound nodes. Then, we compare
the BAPH with the better performing MILP II solving it both for 1% and a zero optimality gap. Finally,
when testing the BAPH, we examine the various implemented acceleration strategies.

All experiments are run on a Windows 7 platform with a 3.4 GHz CPU and 12 GB RAM and on a single
thread. The MILP as well as the LP of the BAPH are solved with the off-the-shelf solver IBM CPLEX 12.6.
The BAPH and the MILPs are implemented in the programming language Java.

7.1 Data instances

During the whole computational study, we employ data from Munich International Airport from 2012 for a
regular day of operation entailing 745 aircraft that arrive and leave during the course of the day. It is the
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same dataset as used in Fink et al. (2016). The data comprises more than 100 parking positions for aircraft,
80 vehicles with a capacity of 5 workers and a workforce of 100 workers working in parallel during peak hours.
Depending on the aircraft type, the number of workers per job ranges between 2 — —5 and the processing
ime of the job between 15 — —35 minutes.

Instances are generated by randomly selecting a point in time and then choosing a given number of aircraft
in a given time interval, e.g. selecting 10 aircraft in a time interval between 8 and 9 a.m. We associate each
airplane with two jobs, namely unloading and loading baggage because the given workforce data is tailored
to these two jobs. Other jobs could easily be added in the model. Each instance set contains 8 individual
instances. Table 3 shows the instance sets with the number of workers and vehicles. It should be noted
that we solve instances up to 32 jobs due to runtime limitations and while not removing any arcs from the
network. Larger problem instances can be solved with the BAPH when removing arcs at the cost of achieving
worse solutions. However, this is not part of this paper but can be a subject of future research.

Table 3: Overview of the instance sets

Instance set No. jobs No. workers No. vehicles

1 4 3 2
2 6 4 3
3 8 [ 4
4 10 8 5
5 12 10 6
6 16 12 8
7 20 14 10
8 24 16 12
9 28 18 14
10 32 20 16

7.2 Algorithm settings

We set the objective function weights @ = 0.8, 8 = 0.1, v = 0.1 as we foremost want to minimize the job
delay. The delay weight per job is set according to the associated aircraft type. For small aircraft such as an
Airbus A320 we set o5, = 1.0, for medium aircaft such as an Airbus A330 we set o5, = 1.1, for a large aircraft
such as a Boeing B777 we set o, = 1.2 and for very large aircraft such as an Airbus A380 we set o, = 1.3.
The runtime limit of the MILP models and of the BAPH is 3, 600 seconds. Moreover, we aim for a maximum
of three integral solutions in the BAPH because during pretests we found that after three feasible integral
solutions, the BAPH did not achieve significantly better solutions. Therefore, when we report the BAPH
overall runtime, it is either determined by the time when the BAPH finds the third feasible integral solution,
by the runtime limit or by the precedure stopping because there exists no unexplored node any more. We
set the weight for the dual stabilization as 8 = 0.5.

7.3 MILP testing

The goal of the MILP testing is to compare both flow formulations regarding the number of branch-and-
bound nodes and runtime and see which formulation performs better. In addition, we want to look at the
integrality gap, which is the same for both formulations. Table 4 shows for both flow formulations MILP
I and MILP II the average runtime in seconds to solve the MIP (Time) as well as the average number of
branch-and-bound nodes used by CPLEX (No. nodes). Moreover, we present the share of instances for which
the MILP IT was faster (II faster) and the average integrality gap (GAP).

Table 4: Results for MILP comparison

No. iobs MILP 1 MILP 1II Comparison GAP
- Time(s) No. nodes Time(s) No. nodes  II faster(%) GAP(%)

4 1.07 6.63 1.20 5.25 37.50 2.83

6 20.19 135.25 11.20 156.00 100.00 2.56

8 231.16 527.25 88.65 385.63 75.00 1.78

10 2,720.05 1,126.75 1,499.74 1,950.63 75.00 2.40

Average 743.12 448.97 400.20 624.38 71.88 2.30
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The MILP II shows lower average runtimes than the MILP I for all instance sets except 4 jobs and
is overall faster for 71.88% of all instances. The integrality gap is on average 2.30% which means that in
particular for the larger 10 jobs instances, closing the gap via branch-and-bound requires a growing number
of branch-and-bound nodes. Note that the MILP I reaches the runtime limit for 5 of all 8 instances with 10
jobs, the MILP II only for 2.

7.4 MILP and BAPH comparison

In this section, we compare the MILP IT with the BAPH regarding both runtime and objective function value.
Table 5 shows runtime (Time) and objective function value (Obj) of the MILP II given a zero optimality
gap (0% GAP), a 1% optimality gap (1% GAP), and the BAPH. In addition, we show the difference of the
BAPH compared to the MILP II 0% (vs 0%) and the 1% (vs 1%). We indicate instance sets for which we
could not find at least one optimal solution with a “-”.

Table 5: Results for BAPH vs MILP Il testing

No. iobs 0% GAP 1% GAP BAPH Difference

- J Time(s) Obj Time(s) Obj Time(s) Obj vs 0%(%)  vs 1%(%)
4 1.20 71.81 1.16 71.87 2.07 71.96 0.21 0.12
6 11.20 115.51 9.10 115.79 3.94 115.65 0.12 -0.12
8 88.65 165.56 60.45 165.88 9.66 165.81 0.15 -0.04
10 1,499.74 201.15 1,149.58  201.69 83.05 203.59 1.20 0.93
12 - — 2,968.89  242.87 623.66 241.75 — -0.47

We can observe that the objective function value of the MILP IT 1% is slightly worse than that of the
MILP IT 0%, but that the runtime of the MILP II 1% is much lower. Contrasting the BAPH and the MILP
II, we can remark that the BAPH runs only for a fraction of the time of the MILP II (both the optimal
and 1% version) except for the smallest instances with 4 jobs while achieving an average objective function
value that is very close to the optimal solution: the average difference between the MILP II at 0% and the
BAPH ranges between 0.12% and 1.20%. Comparing the MILP at 1% and the BAPH we can see that the
BAPH finds better solutions for the instance sets with 6,8 and 12 jobs on average, and for 58% of all tested
instances. Note that the MILP II 0% again reaches the runtime limit for 2 10 jobs instances and the MILP
1T 1% does likewise for 6 12 jobs instances and for 2 10 jobs instances.

7.5 BAPH testing

The goal of the BAPH testing is to demonstrate that the BAPH finds good solutions at a comparably short
runtime also for larger problem instances and that the implemented acceleration strategies are efficient.

7.5.1 BAPH testing: runtime and solution quality

In Table 6, we present the LP objective function value (LP obj) obtained by running the CG without early
termination. For the BAPH, we report the first found integral solution’s objective function value (Int obj f.)
and runtime (Time f.), as well as the best integral solution’s objective function value (Int obj) and runtime
(Time). Moreover, we report the number of feasible integral solutions found by the BAPH (Sol) and the
integrality gap (GAP) between LP and MIP obj.

Table 6: Results for BAPH testing: runtime and solution quality

No. jobs LP obj Time f.(s) Intobjf. Time(s) Intobj Sol GAP (%)

4 69.78 0.64 72.02 2.07 71.96 2.38 3.03
6 112.55 3.05 115.76 3.94 115.65 3.00 2.67
8 162.61 5.83 165.88 9.66 165.81 3.00 1.92
10 196.33 52.76 203.70 83.05 203.59 3.00 3.57
12 234.35 52.82 241.85 623.66 241.75 3.00 3.06
16 299.92 101.20 310.56 280.97 310.07 3.00 3.27
20 372.28 436.89 387.58 806.69 387.19 3.00 3.85
24 439.61 928.11 460.14 2,037.29 460.14 2.75 4.46
28 506.69 1,664.94 529.24 3,268.64 528.77 2.13 4.17

32 580.48 2,139.50 605.09 3,600.00 605.09 1.25 4.07
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We can see that the runtime of the BAPH increases with the problem size until it reaches the runtime
limit of 3,600 seconds for each 32 jobs instance. Moreover, for the largest instance sets with 24,28 and 32
jobs, the average number of found solutions decreases due to the runtime limit. For all other instance sets
except for 4 jobs, the procedure stops at three found integral solutions. Also note that when comparing Int
obj with Int obj f., we can observe that the average objective function value is better than the objective
function value of the first found solution, which indicates that continuing the search for an integral solution
after having found a first solution makes sense. However, the improvement in objective function value comes
at the cost of a large runtime increase: the runtime until three solutions are found is often more than double
that of the time to find the first feasible solution. Therefore, if one wants to find good solutions quickly,
running the BAPH until the first solution is a viable option. The gap between the lowest found LP solution
and the best MIP solution stays in a average range of 1.92% to 4.46%. Given that the average integrality
gap in Table 4 equals 2.30%, we can conclude that the BAPH finds solutions with a objective function value
close to the optimum also for larger instances.

7.5.2 BAPH testing: acceleration strategies

Table 7 shows runtime (Time) and objective function value (Obj) of the best found integral solution by the
BAPH and distinguishes between several configurations: the original configuration (Original), the original
configuration without stabilization (W /O stab, see Section 6.4.1), the original configuration without dynamic
constraints (W/O dynamic, see Section 6.4.2) and the original configuration without adding several disjoint
columns (W/O disjCols, see Section 6.4.3). In the latter case, we instead add in each iteration the 10
columns with the lowest reduced cost. Note that for the largest three instance sets with 24,28 and 32 jobs,
the comparison of configurations is futile because not all instances could be solved by each configuration
(indicated by a “-”). Instead, Table 8 presents the share of solved instances by the various configurations for
the largest three instance sets.

Table 7: Results for BAPH testing: acceleration strategies

No. iobs Original ‘W/O stab ‘W /O dynamic ‘W /O disjCol

- J Time(s) Obj Time(s) Obj Time(s) Obj Time(s) Obj
4 2.07 71.96 0.93 71.84 1.09 71.84 1.94 72.37
6 3.94 115.65 3.02 115.80 2.59 116.02 2.67 116.32
8 9.66 165.81 17.04 165.63 8.73 167.43 17.04 169.01
10 83.05 203.59 66.63 205.81 62.76 208.61 235.83 204.85
12 623.66 241.75 574.79 247.96 509.85 249.01 978.24 252.02
16 280.97 310.07 182.79 312.88 536.01 312.51 464.32 313.90
20 806.69 387.19 1,469.86 389.62 1,784.99 389.40 2,523.01 397.66
24 2,037.29 460.14  2,563.15 459.75 — - — —
28 3,268.64  528.77 - — - — - —
32 3,600.00 605.09 - — — — - —
Average 4-20 258.58 213.72 330.72 215.65 415.14 216.40 603.29 218.02

Overall, Table 7 demonstrates that the original configuration performs best in terms of both average
runtime and solution value for instances up to 20 jobs where all four configurations can solve all instances.
Furthermore, the configuration without stabilization finds only slightly worse results in slightly greater run-
time and the configuration without adding several columns performs worst. Considering the objective function
value for single instance sets, the original configuration performs best for 6,10,12,16 and 20 jobs instances
and finds the solution with the best objective function value for 54% of all tested instances up to 20 jobs. In
the remaining instance sets, it is outperformed only by a small margin by the configuration without stabi-
lization. Moreover, the two configurations without dynamic constraints and without adding several columns
perform worst. Looking at the runtime for single instance sets, the original configuration is fastest for the
instance sets with 20 and 24 jobs. For small and medium sized instances except for 8 jobs instances, the
configuration without stabilization and partly the configuration without dynamic constraints find solutions
faster.

Table 8 shows that for 24 jobs, the original and the configuration without stabilization can find integral
solutions for all instances, and that the two configurations can still solve 50% of all 32 jobs instances. The
other two configurations drop to 62.50% for 24 jobs and cannot find a single feasible integral solution for any
32 jobs instance.



18 G-2016-63 Les Cahiers du GERAD

Table 8: Results for BAPH testing: share of largest instances solved

Share of instances with feasible solution in runtime limit (%)

No. jobs Original W/O stab W/O dynamic W/O addCols
24 100.00 100.00 62.50 62.50
28 100.00 62.50 0.00 37.50
32 50.00 50.00 0.00 0.00

8 Conclusion

In this paper, we investigate the AVRPWVS as an example and archetype of the class of VRPMSs. The
AVRPWYVS deals with routing workers to jobs at different locations, determining jobs’ start times and
modes while synchronizing the worker with vehicle routes. This work focuses on the application airport
ground handling, but the AVRPWVS can also be applied to other industries such as logistics or healthcare.

We present two multi-commodity flow formulations based on a time-space network, the MILP I and MILP
II. Both MILPs achieve the same integrality gap of on average 2.30%, but the MILP II performs better in
terms of runtime. In addition, we develop a branch-and-price heuristic (BAPH) that, besides conventional
variable branching, features a novel concept of fixing sums of modified routes. We demonstrate that the
BAPH finds solutions close to the optimal solution at a comparably short runtime.

There are several possibilities for future research. First, one could investigate an extension of the BAPH to
an optimal branch-and-price procedure by branching on travel arcs. Furthermore, the novel fixing approach
could be applied to other VRPMSs with movement synchronization and one could apply the BAPH to the
original VRPWVS by incorporating several subproblems for workers and vehicles. Moreover, an investigation
of runtime and objective function value of the BAPH when removing arcs could be a possible path for future
research.
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