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Abstract

The purpose of this paper is to establish a topological relation
between several classes of known generalized convex models extending
the approach proposed by Banker, Charnes and Cooper [6]. Using
some basic algebraic convex structures proposed by Avriel [4] and Ben-
Tal [9] we analyze the Painlevé-Kuratowski limit of the CES-CET and
Alpha-returns to scale models. It is shown that their topological limits
yield the B-convex and Cobb-Douglas production models. Along this
line some semi-lattice production models satisfying an a-returns to
scale assumption are proposed.

Keywords: Non-parametric production models, Kuratowski-Painlevé
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1 Introduction

Traditionally there exist two basic approaches to estimate a production tech-
nology over a sector of the economy. The first is based on the econometric
estimation of the production frontier, which involves a parametric specifi-
cation of some functional form to describe the frontier of the technology.
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The second approach is based upon operation research methods and non-
parametric models that do not specify a functional form of the production
technology. In their papers, Charnes, Cooper and Rhodes [15] and Banker,
Charnes, Cooper [6] show how to determine the efficient observed produc-
tion units in a sample of firms operating on the same sector of the economy.
In their approach the production set is derived from the convex hull of all
production vectors representing each firm. Using a linear programming the
measure of technical efficiency can be computed to compare the decision
making units and to determine the efficient ones. Implicitly this yields an
estimation of the production frontier.

From Charnes et al. [15] and Banker et al. [6], several extensions of the
non-parametric production model have been proposed. A piecewise Cobb-
Douglas envelopment was introduced by Charnes et al. [16] and Banker and
Maindiratta [7]. In Fére, Grosskopf and Njinkeu [19] a CES-CET (Constant-
Elasticity-Substitution-Transformation) was investigated. The point-wise
limit of the CES-CET model were analyzed in a production context by Post
23] from the transformations proposed in Aczél [1], Avriel [4] and Ben-Tal
[9]. A relaxation of the CES-CET model was proposed in Boussemart et al.
[10]. This model involves a structure of a-returns to scale where the returns
to scale of the technology can be either increasing or decreasing according to
the choice of some parameters. More recently, some classes of path-connected
semi-lattice production models were introduced by Briec and Horvath [13]
and extended by Briec and Liang [14]. These models are called B-convex
and are issued from the upper (or lower) limit of the convex hull of a finite
number of points.

It is worth mentioning that the aforementioned data envelopment tech-
niques rely on the transformation of input/output vectors. As advocated by
Post [23], data transformation is crucial because it limits the number of ob-
servations to be non attainable, that is, to avoid input/output combinations
to be far-off the envelopment of the data — this is particularly challenging
when the samples are of limited size. Also, data transformation allows a
more important quantity of data to be exploitable, and as a consequence,
accurate indicators of technical efficiency may be derived.

This paper shows that, given an observed set of decision making units, the
Painlevé-Kuratowski limit of a sequence of CES-CET models yields either a
B-convex or a Cobb-Douglas non-parametric estimation of the technology.
The same holds true for a sequence of non-parametric technology satisfying
an alpha-returns to scale assumption. The suitable sequence of generalized
means (power means) is derived from the transformation scheme suggested
by Ben-Tal [9]. To achieve these aims, some general convergence results are
investigated. To establish the final results, the convergence of the sequence
of the generalized convex hull of a finite number of points plays a crucial role.



The paper is organized as follows. Section 2 presents the standard DEA
model. The CES-CET and Cobb-Douglas DEA models are also presented.
Section 3 focuses on the notion of generalized convexity and power means.
Section 4 establishes some key results concerning the convergence of a gen-
eralized convex hull. A notion of limit set is also derived with a typology of
those limits. Section 5 deals with B-convex production technologies and Sec-
tion 6 exhibits the results for the limit of a-returns to scale models. Section
7 closes the paper.

2 The Non-Parametric Production Model

The mathematical tools presented in the Introduction can now be applied to
production models. Subsections 1, 2 and 3 are devoted to the exposition of
the basic concepts: the production technology, the methods used to estimate
the production frontier, and by the way, the technology set.

2.1 The Background of the Production Model

We first define the notations used in this section. Let R‘i be the non negative
d-dimensional Euclidean space. For z,w € Ri, we denote z < w <= z; <
w; Vi € [d] where [d] = {1, o ,d}. For all m,n € N, such that d = m + n,
a production technology transforms inputs x = (z1,...,2,,) into outputs
Yy = (y1,-..,yn). The set T C RT*" of all input-output vectors that are
feasible is called the production set. It is defined as follows:

T = {(a:, y) € RT*" : 2 can produce y} :

T can also be characterized by an input correspondence L : R} — 2RF and
an output correspondence P : R — 2" respectively defined by

Lly) ={z e R™: (z,y) € T},
and
Pz)={yeR": (z,y) € T}.

Finally, let us denote
K =RT x (=R%).

There are some assumptions that can be made on the production technology
(see Shephard [24]):

T1: T is a closed set.
T2: T is a bounded set, i.e for any z € T, (2 — K) NT is bounded.
T3: T is strongly disposable, i.e. T = (T + K) NR}*".



T1-T3 define a convex technology with freely disposable inputs and outputs.

The following subsection presents a classical way to estimate the production
technology.

2.2 Non-Parametric Convex and Non-Convex Tech-
nology

Following the works initiated by Farrell [20], Charnes et al. [15] and Banker
et al. [6], the production set is traditionally defined by the convex hull that
contains all the observations under a free disposal assumption. Suppose that
A={(z1,11), .-, (xe,y0)} T RT*" is a finite set of £ production vectors. Let
Co(A) denotes the convex hull of A. From Banker et al. [6], the production
set under an assumption of variable returns to scale is defined by

TDEA = (CO(A) + K) N RTJrn (21)

or equivalently, for any given vector t of size ¢, by

¢ ¢ ¢
Tppa = {(a:,y) eRT™ .z > Zthk,y < Ztkyk,t > O,Ztk = 1}-
k=1 k=1 k=1

This approach is the so-called DEA method (Data Envelopment Analysis)
that leads to an operational definition of the production set. This subset
represents some kind of convex hull of the observed production vectors. In
line with Charnes et al. [15], under an assumption of constant returns to
scale, the production set can also be represented by the smallest convex cone
containing all the observed firms. In such a case the constraint Z£=1 tr =1
is dropped from the above model. Technical efficiency can be measured by
introducing the usual concept of input distance function and finding the clos-
est point to any observed firms on the boundary of the production set. Along
this line, the problem of efficiency measurement can be readily solved by lin-
ear programming. Among the most usual measures of technical efficiency,
the Farrell efficiency measure (see Farrell [20] and Debreu [17]) is essentially
the inverse of the Shephard’s [24]. The input Farrell efficiency measure is the
map E; : RT™ — R, U {oo} defined as follows:

Ei(z,y) = inf {)\ >0: (\z,y) € T}. (2.2)

It measures the greatest contraction of an input vector until to reach the
isoquant of the input correspondence, and can be computed by linear pro-
gramming. In the output case, the output Farrell efficiency measure is the
map E, : RT™ — R, U {0} defined as:

E,(x,y) = sup {0 >0: (a:,@y) € T}. (2.3)
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It is also possible to exogenously fixed input and outputs to measure efficiency
8]. it is possible to provide a non-parametric estimation that does not pos-
tulate the convexity of the technology. It is the FDH approach developed by
Deprins, Simar and Tulkens [18] — FDH stands for Free Disposal Hull. The
FDH hull of a data set yields the following non-parametric production set:

Trpg = (A+ K)NR™,

or in a perhaps more explicit form,

¢ ¢ ¢
Tepg = {xéRT“:xE Zthk,yﬁztkyk,te {O,l}e,ztk: 1}-

k=1 k=1 k=1

The main difference with the convex non-parametric technology is that ¢ €
{0,1}*. The FDH technology is non-convex but it only postulates the free
disposal assumption. The Shephard distance function can also be computed
over the FDH production set by enumeration, see Tulkens and Vanden Eeck-
aut [25]. Ome can also consider mixed approaches combining both DEA
and FDH approaches (see Podinovski [22]). The next section presents the
parametric viewpoint to estimate the production set.

2.3 The CES-CET and Cobb-Douglas Models

This subsection focuses on a modification of the Constant Elasticity of Sub-
stitution (CES)-Constant Elasticity of Transformation (CET) model intro-
duced by Fére et al. [19] and extended by Boussemart et al. [10]. It consists
in two parts: the output part is characterized by a Constant Elasticity of
Transformation formula and the input part is characterized by a Constant
Elasticity of Substitution formula.

This CES-CET model can be seen as a generalization of the traditional
linear models proposed by Charnes et al. [15] and Banker et al. [6]. Moreover,
it admits as a limiting case the multiplicative model proposed by Charnes et
al. [16], which is also discussed in the next subsection.

To do that, let us fix d = m 4+ n. Suppose that » > 0 and let us consider
the map @, : RY — R% defined as:

®,(2) = (21,7, 2) - (2.4)

This function is an isomorphism from Ri to itself and its reciprocal is defined
on R? as:

@1 (z) = (275, (2.5)

If » < 0 the map ®, is an isomorphism from Ri + to itself.
For the sake of simplicity suppose that A = {(zy,yx) : k € [(]} C R}{™

Moreover, let us denote AET) the @, simplex defined by:



AP = {(tr,... ) €R, Yt =1}, (2.6)

kell]
Now, let us consider the following set:
TS = {(xy) 2> O () te®i(an),y < O te®i( teA(”}
keld] ke[l

(2.7)
Accordingly, the input Farrell efficiency measure may be computed as follows:

Ei(x,y) =inf A

s.t. Az > (Z thk,ir)% i=1,....,m (2.8)
kel

< (D k)T j=1....n
kel
Z t=1,t>0.
kel

It is then straightforward to convert the above program to a linear program.

Based on Charnes et al. [16], we now consider the piecewise Cobb-
Douglass (CD) model. Let us define the map &, : R?, — R%, defined
as:

Qy(2) = (In(z1),...,1n(zq)) . (2.9)

This function is an isomorphism from R?, to itself and its reciprocal is
defined on R%, by:

D1 (2) = (exp(z1),. .., exp(zq)) - (2.10)

The map ®;' is an isomorphism from ]R‘i + to itself. Again, in order to
simplify the notations, let us denote AEO) the ®( simplex defined by:

AP =L, A eRY [ =1} (2.11)
kel
Therefore, the Cobb-Douglas technology is defined by:
TCD:{<x7y)xZ Hx2k7 Z/S Hyli\ev)\eAg])} (212>
kell]



The program solving for the technical efficiency in the Cobb-Douglas case is:

D;(z,y) =inf A

st \Nle > H xz’“
kel

y< [ v (2.13)
kel

> Ae=1 >0
kel

Applying a log-linear transformation to this program yields a linear program.

3 Isomorphism of Vector Space Structures

This section introduces a notion of generalized convexity based on some par-
ticular algebraic operators. These preliminary properties were established
and analyzed in details by Ben-Tal [9].

3.1 Isomorphism of a Vector Space Structure

Let d be a positive natural number and let ® : X — R? be a bijective map,
where X is an arbitrary set. From Ben-Tal [9] we consider on X the algebraic

>
operators + and ? defined Vz,y € X and for all o € R by:

T

o e

y=o"1(2(z) + 2(y)) (3.1)
=0 (o P(2)). (3.2)

The subset X endowed with these algebraic operators has some properties
very similar to those of a vector space. Indeed, let K be an arbitrary
nonempty set and let ¢ : K — R be an isomorphism. One can define
over K the operations defined VA, u € K by

a - T

A= () + o) (3.3)
A= (p(N)p(w) .- (3.4)

From Ben-Tal [9] the set ¢(R) endowed with the algebraic operators T and
7 is a scalar field.

A vector space can then be constructed as the cartesian product of an
isomorphic transformation of the scalar field R, that is K¢, in the case where
the bijective map ® is defined for all u € R? and all x € X = K by:

®(x) = (o(z1),...,0(xq)) and &1 (u) = (gp_l(ul), . w_l(ud)) . (3.5)
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It follows that K = ¢ }(R) is endowed with a total order defined by:
¢
A = w() < o) (3.6)

Obviously (K d fr, g-0> is a vector space where the algebraic operators i

and © are those defined above. It is then clear that if B = {v1,...,vq} 18
a basis of R? then B = &~ }(B) = {® 7 !(vy),...,® 1(vy)} is a basis of the
%)

vector space (Kd, +, S‘0>

One can then define some convexity notion, from the algebraic operators
©
+ and ¥ defined over K. Notice that the scalar field the algebraic structure is
based upon may not be R. However, it is shown below that such a formulation
also yields a number of geometrical properties, in particular when ¢ is a
bijective endomorphism defined on R.

Definition 3.1.1 Let ¢ be a bijective map defined from a nonempty set K to
R. A subset C of K% is p-convez if for all z,y € C and all t1,t, € o1([0,1]),

with t 5ty = o 1(1) we have t; Tz 7 t, Ty € C.

Now, we can define a notion of convex hull given a finite number of points

in K.

Definition 3.1.2 Let ¢ be a bijective map defined from a nonempty set K
toR. Let A= {xy,...,7,} C K% The subset

is the p-convex hull of A.

The convex hull defined in 3.1.2 can be written in a mixed form. Such a
particularity will be of importance in the remainder of the paper. The -
convex hull of A Co¥(A) is said to be expressed in mixed form if, for s = ®(¢),
we have:

Co?(A4) = {@ 7 (Y si(wr) ) : 3 s = 1,520}, (3.7)
kell] kel
3.2 The Example of Power functions

In this subsection, the concepts developed above are applied to a special
transformation of a real scalar field, which is the usual power function.
For all r €]0, +o0], let ¢, : R — R be the map defined by:

AT iftA>0
SOT()‘> - { _|)\‘7‘ if A <0. (38>
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For all r # 0, the reciprocal map is ¢! = ¢1. Let Z be the set of integers.
If r € 2Z + 1, then p,.(z) = 2",V € R. In the following subsection, we
successively distinguish several cases. It is first quite straightforward to state
that: (i) o, is defined over R; (ii) ¢, is continuous over R; (iii) ¢, is bijective.
Throughout the section, for any vector x = (z1,...,24) € R? we use the
following notations:

O, (z) = (pr(21),. .., or(Ta)). (3.9)
If z € ]Rﬁlr, then
D, (z) = (21",...,24") =" (3.10)
It is then natural to introduce the following algebraic operation over R"™:
v 4y =7 (D,(x) + D, (y)) (3.11)
Az =0 (0, (V)2 (2)). (3.12)

Let us consider A = {x,...,2,} C R% The ¢,-convex hull of the set A is:

OOSDT(A) = { itk A T - itk = 1, tZO}

kel kel

IftAC ]Ri, then:

Let us focus on the case r €] — o0, 0[. The map © — 2" is not defined at
point x = 0. Thus, it is not possible to construct a bijective endomorphism
on R. Set K = {oco} UR\ {0}. For all r €] — 00, 0] we consider the function
@, defined by:

AT iftA>0
7 ={ (A A<
0 if A = +o0.
Clearly, the function @, is an isomorphism from K to R. Moreover, let us
construct the isomorphism @, : K¢ — R? defined by ®,(z1,...,24) =

(Prlw1), - Prlwa). r
For all r < 0, let us consider the algebraic operators + and * defined by:

Then (Kd, —T—,f) is a ®,-vector space. One can remark that if 7 < 0 then

P, = &_1(P),). Hence, if A C ]Rle, then we also have:

Co? (A) = 1 (Co? (271(A))).



Now, to depict the geometrical form of the convex hull induced by the power
function, it is useful to distinguish the cases r > 1 and r < 1. If r = 1, one
retrieves the standard convex hull. The curvature of the "facets” changes
with respect to r. This is is depicted in Figure 3.2.1 and 3.2.2, when r > 1
and r < 1 respectively. The shaded lines represents the usual convex hull,
i.e. when r = 1.

z’ z/
y

Co?r(A) 2 Co%r (A)

x2
1

T4

1

x
T3 3

0 > T 0 >z

Figure 3.2.1 Convex hull for r > 1. Figure 3.2.2 Convex hull for r < 1.

4 Power Functions and Limit Sets

This section introduces the notion of a limit set when » — g € R U
{—o0} U {oo}. In particular the geometric deformation of the ¢,-convex
hull with respect to r is studied. To simplify the notations, let us denote
Co"(A) = Co® (A) for all finite subsets A of RY.

The Kuratowski-Painlevé upper limit of the sequence of sets (Co"(A) ) en,
where A is finite, will be denoted by Co>®(A). By definition, a B-polytope is
a set of the form C'o™(A) for some finite subset of R?.

We will see that in Ri the upper-limit is in fact a limit and that the
elements of Co>®(A) have a simple analytic description. The Kuratowski-
Painlevé lower [upper] limit of the sequence of sets {A,}nen is denoted
Liy ooy [LSn—ooAn)]. For a set of points p for which there exists a se-
quence {p,} of points such that p, € A, for all n and p = lim, o pn, a
sequence {A, }nen of subsets of R™ is said to converge, in the Kuratowski-
Painlevé sense, to a set A if Ls,, oA, = A = Li,,_oA,, in which case we
write A = Lim,_A,. Our first statement, Lemma 4.1.1, gives a simple
algebraic description of C'o™(A); it has been extended to arbitrary sets by
Briec and Horvath [12].

4.1 Typology of Limit Sets

We denote by \/izl 2, the least upper bound of z1,...,z, € R%, that is:
¢
\/ xr = (max{z11,...,%01},...,max{T14,...,Tea}) .
k=1

10



The following result is an immediate adaptation of the result established
by Briec [11].

Lemma 4.1.1 Let A = {x1,..., 2} be a finite subset of RL. For all positive
real number r let A" = {xgr), e ,$y)} be a finite collection of £ vectors in
RY.

(a) If there exists an increasing sequence {rs}sen of positive real numbers
such that im,__,oo 7, = 00 and lim,__, x,(fs) =ux, withk=1,...,¢, then:

Prs

lim Z x,(fs) = \/ Tk
S§—00 ke[l

kel

(b) If for k =1,...,0 lim,__,, .T](:S) = 11, then

Co™(A) = Limy_,0eCo™ (A7) = { \/ texy mgxtk =1,t, > 0}.
ke(]

Our first result, Lemma 4.1.1, gives a simple algebraic description of
Co™>(A). All these properties are linked to the notion of B-convexity, defined
in Briec and Horvath [12]. A subset C' of R% is B-convex, if for all subset
A of C, Co®(A) C C. A similar result can be obtained in the case where
lim,__,., 7, = —o0. In such a case one should, however, assume that A is a
subset of R? ..

We denote by /\f;:1 z;, the least upper bound of z1, ..., z, € R? that is:

‘
/\ = (min{zyy,..., 21}, ..., min{zy4,...,204}).
k=1

The result is a straightforward consequence of that obtained by Adilov and
Yesilce [3], where a suitable notion of B™~!-convexity was introduced.

Lemma 4.1.2 Let A = {x1,...,x,} be a finite subset of R, . For all real

number r let A7) = {x&r), e ,xy)} be a finite collection of ¢ vectors in RSIH.

(a) If there exists a decreasing sequence {rs}sen of real numbers such that
(rs)

limg,_ o1 = —00 and lim,_ o2, =, for k=1,...,¢, then:
)
i 5= Ao
kel ke4]

(b) If for k=1,...,0 lim, x,(:‘“) =z, then

Limg_,ooCo0"™ (A(’"S)) = { /\ tpxy mkintk =1,t > 1} = Co >(A).
kel
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In the following lines, we consider the case where ry — 0. For this
purpose, let use denote

{Hﬂﬁk Z)\kzl,/\kzo}a
!

kel
for all subset A of Ri 4

Lemma 4.1.3 Let A = {z1,..., ¢} be a finite subset of R% . For all real
number r let A" = {xgr), o ,xy)} be a finite collection of ¢ vectors in R,

and let A\ € Rﬂ be an element of Ag,l)

(a) If there exists some X € RY and a decreasing sequence {rs}sen of positive

real numbers such that lim,__,o 75 = 07, lim,_, oo A"s) = X and lim,__, o :EEC ) =

Ty then:
: —1 (7'3) ('rs A
Jim @7 (3N (o)) = [L e
ke[l kele]
(b) If for k=1,... 0 lim,__,, x,(fs) = 13, then
Limy e Co™(AT) = { T] 2 : 3- A = 1A 2 0} = Col(4).

kele] k

Proof: (a) For all j € [d], we have

o (E e )] = (S wtat))™

ke[l keld]

Since Aél) is a closed set, \ € Aél). Hence, >, Ay = 1. Taking the logarithm
and applying the Lhospital rule for r, — 07 yields the desired result.
(b) We first remark that setting ¢, (tx) = g for all k € [(] yields

Co™(A) = {@rs—l(];m N (2)) ;Ak — 1,220},

We first establish that Co’(A) = {er[ﬂ o S A =1\ > 0} C
Lis0cCo0™(A). Let y = [I1ep oM with Ay, -+, A\ € [0, 1] and > kel Me =
1. Define y("s) € Co™ (A) by

g = 0,7 (M, (1), ()

Since 2\, - -+ 2" € RZ, we deduce from (a) that
lim y) = y.
S§— 00

12



This completes the first part of the proof. Next, we establish that Lss_,,,Co0"*(A) C

Co%(A). Take z € Ls, ,o,Co"™(A); there is an increasing sequence {s;}ien
and a sequence of points {z };en such that 2, € Co™1 (A1) and limy__, 2 =
z. Bach z being in Co" (A=), we can write

Z] = (I)Tsl_l <A171¢r51 (x(lrsz))_i_ .. +)\l7€q)rsl (xérsz))) .

Since Ay = (A1, ..., Are) € [0,1]° one can extract a subsequence (A, )gen that
converges to a point \* = (AI,...,\5) € [0,1]%. From (a) we deduce that
T = Hi:l xz’“ with 37, ¢y Ak = 1. The first and the second part of the proof
show that

LSy y0oC0"™ (AU)) € C0°(A) C Liy_youCo™ (AT)),

and this completes the proof since we always have the inclusion Li,_,.,Co" (A")) C
Ls,_,0sCo™(A"))., O
The following table provides a synthesis of the limit sets with respect to

the form of the vector space structure.

Table 4. 1: Typology of the limit sets

Convex Hull Limit

re — 0 Co(A) = { Ty ™ 1 A = 0,4 A = 1}

re oo | Co®(A) = { Vio e 02 0,V i = 1}

o =00 com(A) = { Nyt £ 2 0, Ayt = 1)

For all finite and nonempty set A contained in R¢, Co"(A) belongs to
K(R?), the space of nonempty compact subsets of R?, which is metrizable by
the Hausdorff metric

Dy (Ch,Cy) = inf {5 >0:C, C U B(x,e), and Cy C U B(a:,s)},

zeCy zeCq

where B(z,¢) is the ball of center x and radius . In the remainder, we
assume that A C Ri +- Notice, however, that the case where s — oo holds
true when A C R% (see Briec and Horvath [12]).

Lemma 4.1.4 Let 7 € {—00,0,00}. Let {rs}sen be a sequence of real num-
bers which converges to 7. For all finite nonempty subsets A of Ri+, the
sequence {Co™(A)}sen converges to Co™(A) in K(R?), with respect to the

Hausdorff metric.
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Proof: First, remark that since A C R% , Co"(A) is well defined for all
r € [—00,+00]. Choose § > 0 such that A C [0,6]¢ ; we have @, (A) C
[0,6%<*1]9 and therefore also Co(®, (A)) C [0,6?T1]%  Taking the in-
verse image by @, yields Co™(A) C [0,5]% all the terms of the sequence
{C0"*(A)}sen are contained in the compact set [0,6]¢. To conclude, recall
that on compact metric spaces, Kuratowski-Painlevé convergence of a se-
quence of compact sets implies convergence in the Hausdorff metric. O

It is noteworthy that in the three cases the limit set reduces to a singleton.
The following figures depict the geometric form of the string joining two
points with respect to the parameter r of the power function. Figure 4.1
depicts the case where x1 and x5 are not ordered.

ZEI

A

x2

> T

0

Figure 4.1 String joining z; and z2 when z; and z2 are not ordered.

The maximum-semi-lattice hull Co™ (z1,25) is the broken line joining the
points 1, B and xs. The minimum-semi-lattice hull Co™* (xy, z5) is the
broken line joining the points x;, A and x5. The intermediary strings corre-
sponding to —co < r < 1,r =1, 1 < r < oo are included in the rectangle
11 AxyB. In particular, the limit set in mixed form Co%(z, ) is between
the string » = 1 and r = —oo. Figures 4.2 and 4.3 depict two cases where x
and x, are ordered.
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0 T 0 > €T

Figure 4.2 25 under the ray spanned from z!. Figure 4.3 z3 upper the ray generated by ;.

In Figure 4.2 we consider the situation where z; < x5 and x5 is under the
ray spanned from z; that is {Az; : A > 1}. In the the case r = oo, the
limit set C'o™ (x1,x2) is the broken line joining the points x1, B and z5. If
r = —oo then the limit set Co~* (z1, x2) is the broken line joining the points
x1,A and xo. If » = 1, then one retrieve the usual convex hull between the
points x; and x,. The intermediary cases —oo < r < 1 and 1 < r < oo are
respectively represented between the string » = 1 and r = —o0 on the one
hand and between the string » = 1 and » = oo on the other hand. The string
C0° (x1,73) in the mixed case r — 0 can also be represented between the
string r = 1 and r = —o0.

Figure 4.3 depicts the case where ;1 < x5 and x5 is above the ray spanned
from x;. It follows that the geometric form of C'o™* (x1, z5) and C'o™ (z1, x2)
are significantly modified. The string Co~>° (x1,x2) is then the broken line
joining x1, B and xs. Moreover Co™ (x1, z5) is the broken line joining 1, A
and z5. Geometrically, comparing to Figure 4.3, the respective positions of
the maximum and minimum envelopments are reversed. The same holds
considering the intermediary cases —oo < r < 1 and 1 < r < co. Of course
the limit set Co® (z1, x5) could be represented between the string r = 1 and
r = —o0. Figure 4.2 and 4.3 show that the relative position of xy and x5 has
a strong implication on the curvature of the string joining them.

4.2 Some General Properties

Proposition 4.2.1 Let {C, },en, be a sequence of compact sets of points of

R which converges, in the Kuratowski-Painlevé sense, to a set C' of R?, that

is Limy,_0Cyn = C. Then for all closed subset K of RY, we have:
Lim, . (C, + K)=C+ K.

Proof: Suppose that z € Ls,,,..(C,, + K). We first prove that z € C' + K.
By hypothesis there is a sequence {z,, }ren such that z,, € C,, + K for all
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natural number k and limy_, 2,, = 2. By definition, for all £ there exists
(Unys Uny,) € Cp, x K with z,, = up, + vp,. Since {C}, }ren is a sequence of
compact subsets of R? its Kuratowski-Painlevé limit C' is closed, bounded
and therefore compact. However, on compact metric spaces, Kuratowski-
Painlevé convergence of a sequence of compact sets implies convergence in
the Hausdorff metric. Consequently, the sequence {u,, },en is bounded. More-
over, since {z,, }ren is a convergent sequence it is also bounded and it follows
that the sequence {v,, }ren is bounded. Therefore one can extract from the
sequence {y, , Un, tnen @ subsequence {unkl , Unk, tien Which converges to some
(uy,v,) € RY x RY By hypothesis u, € C and since K is closed v, € K.
Moreover, lim;__, Un,, + Uny, = Ui + Vs = 2. Hence, z € C'+ K which proves
the first inclusion. Conversely, if z € C' + K, there exists (u,v) € C' x K
such that z = u + v. Moreover, there exists a sequence {uy,t,en C C such
that lim, ,, u, = u. Hence z = lim, . (u, + v) and it follows that
2 € Liyoo(Cy, + K). Hence, we deduce that

Lsp—oo(Cph+ K) CC+ K C Lip 0o (Cp, + K).
Consequently, since Li,— 0o (Cy, + K) C LS00 (Cy, + K), we deduce that:

L$n—soo(Co 4+ K) = Lin—y00(Cp + K) = Limp—y00(Cp + K) = C + K. O

Given a subset C of RY, span(C') denotes the set homogeneously spanned
from C, equivalently span(C) = {\v:v € C, X € R}.

Proposition 4.2.2 Let {C, },en, be a sequence of compact sets of points of
R which converges, in the Kuratowski-Painlevé sense, to a set C' of R?, that
18 Lim,,_ooC,, = C'. Then, we have:

Lim,,_~span(C,,) = span(C).

Proof: Suppose that z € Ls,_,.span(C,,). We first prove that z € span(C).
By hypothesis there is a sequence {z,, }ren such that z,, € span(C,,) for all
natural numbers k£ and limy_, 2,, = 2. By definition for all £ there exists
(Unys Ay, ) € Cn, X R with z, = Ay, ty, . Since {C), }en is a sequence of com-
pact subsets of R? its Kuratowski-Painlevé limit C is closed, bounded and
thereby compact. However, on compact metric spaces, Kuratowski-Painlevé
convergence of a sequence of compact sets implies convergence in the Haus-
dorff metric. Consequently, the sequence {u,},en is bounded. Moreover,
since {z,, }ren 1S a convergent sequence it is also bounded and it follows
that the real sequence {\,, }ren is bounded. Therefore one can extract
from the sequence {u,,, Ay, }nen a subsequence {unkl>>‘nkl}leN which con-
verges to some (u,,\,) € R? x R. By hypothesis u, € C and )\, € R.
Moreover, lim;_, )\nkl Upy, = M, = z. Hence, z € span(C') which proves
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the first inclusion. Conversely, if z € span(C), there exists (u,A) € C' x R
such that z = Au. Moreover, there exists a sequence {u,}n,en C C such
that lim,,_ ., u, = u. Hence z = lim,_,. Au, and it follows that z €
Li,_span(C,,). Hence, we deduce that

Lsp—oospan(Cy,) C span(C) C Li,—oospan(Ch).
Consequently, since Li,—,o.span(Cy,) C Ls,—span(C,,), we deduce that:
Ls,_soospan(Cy,) = Lin—oospan(Cy,) = Lim,_,..span(C,) = span(C). O

Proposition 4.2.3 Let {C,}nen be a sequence of compact sets of points of
Ri which converges, in the Kuratowski-Painlevé sense, to a set C' of Ri,
that is Lim,,_ ,-.C,, = C. Let K = ]Rﬁlrl X (—]le?) with dy +dy = d. Then we
have:

Lim,—[(Cp + K) NRL] = (C+ K)NRE.

Proof: For the sake of simplicity, let us denote D, = C,, + K for all n
and D = C' + K. From Proposition 4.2.1, Lim,,_,, D, = D. Suppose that
2 € Lsyyoo(Dy, ﬂRi). We first prove that z € DﬁRi. By hypothesis there
is a sequence {z,, tren such that z, € D, N ]Ri for all natural numbers
k and limg_ o0 2n, = 2. Since z,, € D, NR%L, z, € D,,. It follows
that z = limg_, o 2n, € LSy—ooDy. Moreover, since Ri is closed then
z € R%. Hence, z € DN R, which proves the first inclusion. Suppose
now that z € DN Ri. By definition, for all n there exists z, € D, such
that lim, o2, = z. For all n, D, NRY # 0. Since R? is closed and
C,, is compact, it follows that D, N ]Ri is a nonempty closed subset of R?.
Consequently, for all natural numbers n, there exists some z, € D, N R‘i
such that:

lzn = Zull = min |z, —yll,
yeDnNRY
where || - || is the Euclidean norm. It is easy to show that, since z, € D,, =

C, + K, we have for all n and all i € [d] :

> Zn,i lf 1§Z§d1
Zni maX{O, Zn,i} if d1 +1<:< d1 + dg

Since z € R%, we have ||z — Z,|| < ||z — 2,]|. It follows that lim, . 2, = 2.
Hence, z € Liy—00(Dy N Ri). Therefore, we deduce that:

Lsn—oo(Dn NRY) € DNRYL C Liy, oo (D, NRY).
Consequently, since Li,, o0 (Dp, ﬂRi) C Lsp—yoo(Dy ﬂR‘i), we deduce that:

Lsn—s00(DnNRL) = Liy 0o (DaNRYL) = Lim, oo (D, NRL) = DNRL. O
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Proposition 4.2.4 Let {r;}sen be an increasing sequence on real numbers.
Let {T)}cn be a sequence of production sets of RT*™, closed and free
disposable for all natural number k. If T = Limy_,o,T"), then T is closed
and satisfies a free disposal assumption.

Proof: The Painlevé-Kuratowski limit of a sequence of sets is closed. There-
fore T' is also closed. Let K = R} x (=R ) be the free disposal cone. K
is closed, moreover R"*" is closed and convex. From Propositions 4.2.1 and
4.2.3 we have:

Limy oo | (T 4+ K) ORPH| = (T 4+ K) ORI

Since by hypothesis, T is free disposable for all s, (T"*) + K) N R =
7). Tt follows that

T = Limy oo T = Limg_u [(T(“) +K)N RT"} = (T + K)NR™™.
Thus T is free disposable which ends the proof. O

Notice that if the condition T2, holds for a sequence of production sets,
it may not be true for the limit set. Indeed, the Painlevé-Kuratowski limit
of a sequence of bounded sets may not be bounded.

5 B-convex Production Technologies and Painlevé-
Kuratowski Limit of CES-CET Models

5.1 B-convex Models

We come now to the introduction of B-convexity which was defined by Briec
and Horvath [12]. A subset L C R? is said to be a B-convex set, if Vu, z € L,
and all ¢ € [0,1] w V tz € L. The basic properties of B-convex sets are
analyzed in Briec and Horvath [12]. From this definition a set C' such that
Yu,z € C for all s,t >0, su V tz € C is called a B-convex cone.

Along this line, a notion of B-convex hull can be provided. Let A =
{z1,..., 2} CRY then the set

B(A) = { \/ tzn,t > 0, max {1} = 1}, (5.1)
=

is called the B-convex hull of A. Paralleling this definition of B-convexity,
inverse B-convexity (denoted by B~!-convexity) is obtained from usual con-
vexity making the formal substitution 4+ + min. It is shown in the remainder
of this section that B~!-convex sets can be derived from B-convex sets via a
suitable isomorphism. This mean that these notions are identical making a
lexical change based on the formal substitution max — min. Hence, all the
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results satisfy by B-convex sets can be transposed to B~!-convex sets via a
suitable isomorphism, see e.g. Adilov and Yesilce [3] and Adilov and Rubinov
2] for B~! maps and B maps, respectively. Let M C (R, U{+o00})? M is
B~!-convex, if Vu,z € M, and Vt € [1,+00] we have u Atz € M.

Inverse B-convex sets are isomorphically linked to B-convex sets. To see
that let ¢ : Ry — Ry, U {400} be the inverse map defined by ¢(a) = +.

A subset M C R%, is a B~l-convex set if, and only if, L = ¢~ ' (M) is a
B-convex set, where

O(z1,. .y 20) = (p(21), -, 0(2q)) - (5.2)

In other words, a subset M C (R, U {+00})? is B~!-convex if and only if

its inverse is B-convex. Though the respective geometric representation of B-

convex sets and B~!-convex sets are different, they are both linked through an

isomorphism over (R, U{+oc})?. We then provide the following definition.
For all A= {z1,...,2} C (Ryy U{+0c0})?, the set

B~ 1(A) = Sp2k, s > 0,min s = 1
( ) ké[\Z] hok kell] F

is called the inverse B-convex hull of A.

Accordingly, one can expose the B-convex non-parametric model intro-
duced by Briec and Horvath [13]. We consider a collection A = {(zy, yx) :
k=1,...,¢ } of ¢ observed firms. The subset of R7*™ defined by

Thax = (B(A) + K) NR}P*" (5.3)

is called a B-convex non-parametric estimation of the production technology.
One can equivalently write:

Thax = {(x,y) eRY™ x> \/ g,y < \/ tkymgleé[lg]itk = 1,t20}-
ke[l ke[l
(5.4)
Similarly, one can define a B~ !-convex production model defined by Briec
and Liang [14]. It is derived by analogy to the DEA model and the B-
convex structure proposed in the previous section. Let A = {(mk, k) k=
1,....¢ } C R a collection of ¢ observed production vectors. The subset

Tmin = { ) Rm+n : > 3 < ) i = 1}
(z,y) € RY r = /\Skxk y_/\skyk gél[i}lsk
kel kel

is called the B~!-convex non-parametric estimation of the production tech-

nology.
Note that if A C R7{™ then its B~'-convex hull B~!(A) is well defined and
one can equivalently write:

Twin = (B™'(A) + K) NR}*™. (5.5)
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Figure 5.1 B-convex estimation Figure 5.2 Inverse B-convex estimation

5.2 Painlevé-Kuratowski Limit
From Briec and Horvath [12] and Proposition 4.1.1, if Lim,_,rs = +00,
then:

B(A) = Lims_,o,Co"™ (A). (5.6)

Moreover, from Proposition 4.1.2 and from Adilov and Yesilce [3], if A C
RL, and if lim,__,, s = —00, then:

B '(A) = Lim,_,0,C0™ (A). (5.7)
Notice also that for all r € R\{0}
TS o = (Co'(A) + K) N R, (5.8)

From Figures 4.1 and 4.2, it is possible to depict the geometric form of the
production set wit respect to . An eyeball shows that when the parameter
r respectively tends toward 4+co and —oo, then the geometric deformations
yields figures 5.1 and 5.2.

Y y
A A

22 22

TS o (r> 1) TS o (r < 1)

21 21

- Z4 - Z4

Figure 5.3 CES enveloppement in the case r > 1 Figure 5.4 CES enveloppement in the case r < 1
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The following result establishes that the Painlevé-Kuratowski limit of
the CES-CET production technology is the B-convex technology when the
parameter r tends toward +o0.

Proposition 5.2.1 Let A = {(z1,y1), ..., (z¢,ye)} be a finite number of pro-
duction vectors of RT™™. Let Té%s be the CES piecewise estimation of the
production technology with respect to A. Suppose that {rs}sen is an increasing
sequence of real numbers such that lim,__, . ry = +00. Then:

T = Limg— oo Tk
Proof: From equation (5.8),
Lsr oo Tops = L —s00(CO"(A) + K) N R,
From equation (5.6) and Proposition 4.2.1:
Ls,_(Co"(A)+ K) =B(A) + K.
Hence, from Proposition 4.2.3:
Lim, 00 (Co"(A) + K) NRT™ = (B(A) + K) NRT™™ = Ty 0

In the next statement, it is established that the Painlevé-Kuratowski limit
of the CES-CET production technology is the B~!-convex technology when
the parameter r tends toward —oo. In addition, when the parameter r tends
toward 0, it is the piecewise Cobb-Douglas model. Notice that one should
assume that A C R7™.

Proposition 5.2.2 Let A = {(x1,11), ..., (@, y0)} be a finite number of pro-

duction vectors of RTI™. Let T((;%S be the CES piecewise estimation of the

production technology with respect to A.
(a) Suppose that {rs}sen is a decreasing sequence of real numbers such that
lim,_,or, = —00. Then:

Thain = Lims— 0T

(b) Suppose that {rs}sen is a sequence of real numbers such that lims_, 7y =

0. Then:

Tep = Limg— o T3

Proof: (a) From equation (5.7) and Proposition 4.2.1:
Lss—oo(Co™(A)+ K) =B ' (A) + K.
Hence, from Proposition 4.2.3
Lims—yoo(Co™ (A) + K) NRTT" = (B (A) + K) NRT™™ = T
(b) From Lemma 4.1.3 and Proposition 4.2.1:
Ls, 0o (C0™ (A) + K) = Co°(A) + K.
Hence, from Proposition 4.2.3

Limy— oo (Co™ (A) + K) NRT™ = (Co°(A) + K) NR™™ = Tpp.O

21



6 Limit of a-returns to scale Models

We investigate the modification of the Constant Elasticity of Substitution
(CES)-Constant Elasticity of Transformation (CET) model of Fére et al. [19],
extended by Boussemart et al. [10], by introducing the so-called a-returns
to scale model. It consists in two parts: the output part is characterized
by a Constant Elasticity of Transformation formula and the input part is
characterized by a Constant Elasticity of Substitution formula.

This model can be seen as a generalization of the traditional constant
returns to scale linear models proposed by Charnes et al. [15]. As in the
earlier section it will be shown that, it admits as a limiting case a variant of
the multiplicative model proposed by Banker and Maindiratta [7], which is
also discussed in the next subsection.

For the sake of simplicity, assume that A = {(zg,yx) : k € [(]} C RT{™
Now, let us consider the following set:

Tiﬁsﬁlz{(fcy 2> () te®y(an)),y < @) Ztkq>r<yk)),tzo},
kelf] kelf]

(6.1)
where qr > 0. This production model slightly extends the one proposed by
Boussemart et al. [10] because it allows negative power means. However,
it is assumed that r and ¢ have the same sign. Notice that, compared with
the CES-CET model, the variable returns to scale constraint ) t; = 1 is

ke[t
dropped. :
In the following, we consider the notion of a-returns to scale proposed
by Boussemart et al. [10]. We say that a technology T satisfies a-returns to
scale if for all A > 0,

(x,y) € T implies (A\z,\%) € T. (6.2)
Assuming that » and ¢ may be jointly negative yields the following result.

Proposition 6.0.3 Let A = {(:vk,yk)}kem C RTI™ be a set of € observed

production vectors. Suppose that qr > 0, the production technology Taﬁ)’h)a
defined in (6.1) satisfies a-returns to scale with o = q/r.

The proof is identical to the one given in Boussemart et al. [10]. Note that
the CES-CET model as defined by Fére et al. [19] does not satisfy ¢/r-returns
to scale because of the constraint Zizl t, = 1.

6.1 The Constant Returns to Scale Case

For all subset C' of R7"™, let us denote span, (C) = {tz: z € C,t > 0}. If
r = ¢, then by construction, we have:
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T = (span, (Co'(A)) + K) NR7+™, (6.3)

alpha
Briec and Horvath [13] propose a CRS B-convex model defined as follows:

Trflax = {(;C,y) € RTJFTL .y Z \/ tk‘xlmy S \/ tkyk,tZO} (64)
kel kel

Similarly, a B~!-convex production model may be defined following Briec
and Liang [14]. Tt is constructed by analogy to the DEA model and the
B-convex structure proposed in the previous section. The subset

TIfliIl = {(ZL’,y) S RT+” -z Z /\ Sk Tk, Y S /\ Sk Yk, S Z 0}
keld kel

is called the CRS B~!-convex non-parametric estimation of the production
technology. It is obtained by dropping the constraint ming s = 1 from the
initial model.

We have by construction:

T8, = (span, (Co™(4)) + K) AR, (6.5)
and
TS, = (span, (Com(A)) + K) ART*™, (6.6)

Proposition 6.1.1 Let A = {(z1,11),---,(Te,ye)} be a finite number of pro-
duction vectors of RT™™. Let T((J%S be the CES piecewise estimation of the
production technology with respect to A.

(a) Suppose that {rs}sen is an increasing sequence of real numbers such that
lim, o7, = 00. Then:

T¢ = Limg_,o 70"

max alpha

(b) Suppose that A C RTT™ and {rs}sen is a decreasing sequence of real

numbers such that lim,__,ors = —00. Then:
c . - ('rsﬂ"s)
Tmin - LZmS—)OOTalpha :

Proof: (a) From Proposition 4.2.4:
Lss_,oospan, (Co™(A)) = span_ (B(A)).
Hence, from Proposition 4.2.1:
Lss—oospan ((Co™(A)) + K) = span, (B(A)) + K.
Proposition 4.2.3 yields:
Lim,_,ocspan, ((Co™ (A))+K)NRY = (span (B(A))+K)NRT™" = Tppax.

(b) The proof is similar. O
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6.2 «-returns to Scale Case

We first notice that if ¢ = ar, then ®, = ®,P,. Hence, the constraint

2> () tey(an) (6.7)

kelq

can be rewritten:
2 > () (™). (6.8)
kell]
Let W, : RT x R} — R7Y x R’ be the map defined by ¥, (z,y) = (2%, y).
This map is an homeomorphism (a continuous bijective map whose reciprocal
. . . . . —~1 1
is also continuous) and its reciprocal is ¥, (z,y) = (z=,y). It follows that:

T = {(2,y) : Wa(x,y) € TEGD ). (6.9)
Hence:
T = w7 (1), (6.10)
Equivalently:
T = Wt ((Co (Wa(4)) + K) R, (6.11)

Let us consider the two following models:

Tr?lax = {(Z’,y) € RT+n T Z \/ tkéxkay S \/ tk yk,t Z 0} (612)
kel kel

and

1
T = {(:c,y) eERY™ x> /\ Sp Ty Y < /\ SkylmSZO}-

kell] kelf]
An exercise of calculus shows that:
To = (Vo™ (B(Va(4)) + K ) R (6.13)
and
Toim = (\I’a‘l(B*l(\Ifa(A))) + K) NRT, (6.14)

Suppose now that {r,}sen is an increasing sequence of real number such that
lim,__,, s = 00, then

Limy—s0eC0™ (U4 (A)) = B(T,(A)). (6.15)

If {rs}sen is a decreasing sequence of real number such that lim,_, o, 73 = 00,
then

Limg_,0cC0™ (Vo (A)) = B H (W, (A)). (6.16)

We can then deduce the following result.
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Proposition 6.2.1 Let A = {(x1,11), ..., (e, y0)} be a finite number of pro-

duction vectors of RT™™. For all v > 0, let Tiﬁg;) be a piecewise estimation
of the production technology with respect to A satisfying an assumption of
a-returns to scale.

(a) Suppose that A C R™ and that {rs}sen is an increasing sequence of

real numbers such that lim,__,. s = 00. Then:

T(ars,rs).

o .
T = L2m5—>00 alpha

max

(b) Suppose that A C R and that {rs}sen is a decreasing sequence of real

numbers such that lim,__,o rs = —00. Then:
o 1. (ars,rs)
Tmin - LZmS—)OOTalpha .

Proof: Let {C,,}sen be a sequence of compact convex sets of R which
converges in the Kuratowski-Painlevé sense to C' C RT*", then, since ¥, is
an homeomorphism, it follows that {W,, (Crs) }sen converges in the Kuratowski-
Painlevé sense to ¥, (C). Using Propositions 4.2.1 and 4.2.3, the proof of (a)
and (b) follow. O

7 Conclusion

In this paper, we have provided a generalization of the traditional DEA
models thanks to the seminal works of Avriel [4] and Ben-Tal [9].

The first generalization is based on the power mean (i.e. generalized
mean) initiated by Hardy, Littlewood and Polya [21]. Non-parametric tech-
nologies as well as CES-CET Cobb-Douglas technologies are obtained from
the generalized mean. Accordingly, linear programs related to those non-
parametric models are derived in order to compute technical efficiency.

The second generalization is built on some limiting cases of convex hulls
of isomorphisms due to Ben-Tal [9], the so-called B-convex sets introduced by
Briec and Horvath [13]. It is shown that a-returns to scale models (increasing
or constant returns to scale) are particular cases of technologies inherent to
semi-lattice structures being either B-convex sets or inverse B-convex sets.
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