
Les Cahiers du GERAD ISSN: 0711–2440

Efficient solution of quadratically constrained
quadratic subproblems within a direct-search
algorithm

N. Amaioua, C. Audet,
A. R. Conn, S. Le Digabel

G–2016–45

June 2016
Revised: November 2016
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Abstract: The Mesh Adaptive Direct Search algorithm (MADS) is an iterative method for constrained
blackbox optimization problems. One of the optional MADS features is a versatile search step in which
quadratic models are built leading to a series of quadratically constrained quadratic subproblems. This
work explores different algorithms that exploit the structure of the quadratic models: the first one applies
an l1 exact penalty function, the second uses an augmented Lagrangian and the third one combines the
former two, resulting in a new algorithm. These methods are implemented within the NOMAD software
package and their impact are assessed through computational experiments on 65 analytical test problems
and 4 simulation-based engineering applications.
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with Hydro-Québec and Rio Tinto.



Les Cahiers du GERAD G–2016–45 – Revised 1

1 Introduction

We consider the following constrained optimization problem:

min
x∈X

f(x)

subject to cj(x) ≤ 0, j ∈ J1,mK
(1)

where m is a positive integer, X is a subset of Rn, f and (cj)j∈J1,mK are real-valued functions, possibly

evaluated by a computer simulation, seen as a blackbox with the following characteristics: function evaluations

take a long time to compute, the simulation may fail for some input values, the derivatives are not available

and their approximations may be unreliable. The set X is often defined by bound on the variables.

Derivative-free optimization (DFO, [19]) algorithms are designed to handle this type of problems. DFO

methods do not use or try to approximate derivatives of the problems. Instead, they either rely on a direct

search approach which uses a discretization of the solution space and generates directions to test trial points,

or they use model-based methods by constructing polynomial approximations to mimic the functions over

some specified trust-region.

The present work focuses on the Mesh Adaptive Direct Search algorithm (MADS) [4] with quadratic

models [18]. MADS principally relies on a pair of steps, called the search and the poll, to explore the space

of variables and a third step to update its parameters. Both the search and the poll are complementary:

the search allows local and global exploration while the poll is local and ensures convergence. We consider

a model-based approach in the search step that has no impact on the theoretical convergence analysis of

MADS, but improves its practical performance. At each iteration k, the search builds local quadratic models

near the current iterate xk for the objective function f and for each of the m inequality constraints. This

leads to a quadratically constrained quadratic subproblem over an infinity norm trust-region:

min
x∈X

fk(x)

subject to ckj ≤ 0, j ∈ J1,mK∥∥x− xk∥∥∞ ≤ ∆k

(2)

where the scalar ∆k ≥ 0 defines the trust-region, fk is the quadratic model of the objective function near

the current iterate xk and the (ckj )j∈J1,mK are the quadratic models of the m inequality constraints.

In [18], to solve Problem (1), a series of subproblems of the type (2) are created and each of them is

solved with a new instance of MADS. The paper concludes by stating that the quadratic structure of the

subproblems is not exploited and that a blackbox optimization solver is certainly not the appropriate choice

to solve a quadratically constrained quadratic problem. The main purpose of this paper is to test dedicated

algorithms to solve Problem (2). We choose two widely known methods from the literature: the l1 exact

penalty function and the augmented Lagrangian methods. A new approach combining the strengths of both

methods is introduced and called the l1 augmented Lagrangian: it uses an l1 penalty term instead of the

squared one used in the standard augmented Lagrangian.

This paper is organized as follows. Section 2 describes the MADS algorithm and in particular, its mech-

anisms to build and use quadratic models. The section also summarizes several methods from the literature

handling quadratic subproblems. Section 3 presents the l1 exact penalty function algorithm and Section 4

gives a description of the augmented Lagrangian method. Section 5 introduces the new l1 augmented La-

grangian method and describes implementation choices. Section 6 compares the results of the three algorithms

on a set of 61 analytical and 4 simulation-based test problems and Section 7 concludes with recommendations.
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2 Literature review

The MADS algorithm is an iterative method that uses a discretization of the solution space called the mesh

to select and evaluate new trial points. Each iteration of MADS consists of two main steps: the search and

poll, followed by a parameter update step.

The poll and update steps are critical to the convergence proof of MADS [4], but the search is optional

and more flexible: it can be omitted or defined by the user. A frequently used search strategy [18] is to

automatically construct quadratic models to try and find a promising trial point. If the search succeeds, i.e.

the selected trial point improves upon the current iterate, then this trial point becomes the new iterate and

the poll step is skipped. On the contrary, if the search fails, the poll step becomes mandatory. Other types

of search step such as VNS [3] and surrogate-based [7, 9] are not the topic of the present paper.

The poll is used to choose mesh points near the current iterate and to evaluate their objective and

constraint values. On the one hand, if the poll fails to find a better solution, the update step will reduce the

mesh size (the parameter that scales the space discretization) and the poll size (maximum distance allowed

between a trial point and the current iterate) in order to concentrate near the current iterate. On the

other hand, once a better solution is found, the poll step terminates and the update step increases the mesh

size. The diagram in Figure 1 represents a description of the MADS algorithm with a search step based on

quadratic models.

Figure 1: An overview of the MADS algorithm with a search step based on quadratic models.

The quadratic models constructed in the search step are also used in the poll step: the poll produces

a list of trial mesh points, and instead of sending them directly to be evaluated, quadratic models of the

objective function and of the constraints are used to sort the trial points, so that the most promising ones

are evaluated first. This approach is used in conjunction with the opportunistic strategy: as soon as a

better solution than the current iterate is found, the poll step stops without executing the simulation at the

remaining trial points. Using quadratic models in both the search and poll steps greatly improves the MADS

performance, as reported in [18].

At each iteration of MADS, a quadratic subproblem of the form (2) is constructed and solved within the

search step. The resulting solution is projected on the mesh to provide a starting point that satisfies the

convergence requirements of MADS. The subproblem is similar to those arising in trust-region methods called

trust-region subproblems. Since the early eighties, many algorithms have been developed specifically to solve

this kind of quadratic problems. The Moré & Sorenson algorithm (MS) [40] is one of the first algorithms used

specifically for quadratic problems subject to an ellipsoidal constraint. It is based on solving the optimality

conditions via the Newton algorithm with backtracking. The downside of this algorithm is that it uses
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Cholesky factorizations that become expensive for large matrices. Later, the Generalized Lanczos Trust-

Region algorithm (GLTR) [23] was implemented by using the MS algorithm on Krylov subspaces. However,

GLTR could not handle hard cases (see chapter 7 in [17]) of the trust-region subproblems. The same

principle is applied by the Sequential Subspace Method (SSM) [28] that creates four dimensional subspaces

instead of using the Krylov subspaces. Even if the SSM algorithm handles the hard case of the trust-region

subproblem, it still solves quadratic problems over a sphere. The Gould-Robinson & Thorne algorithm [25]

improved the MS algorithm by using some high dimensional polynomial approximations that allow the Newton

method to converge in fewer iterations. Another algorithm, that treats specifically quadratic problems over

a convex quadratic constraint, is the Rendl & Wolkowicz algorithm [21, 46] which rewrites the problem

into an eigenvalue subproblem that can be handled by the Newton method combined with Armijo-Goldstein

conditions. This algorithm is suitable for large-scale matrix problems.

All the algorithms above are used for a quadratic objective over a unique constraint defining the trust-

region. In our case, Problem (2) is additionally constrained by m quadratic constraints and, recently, one

method was developed specifically for this kind of problems using an extension of the Rendl & Wolkowicz

algorithm [44]. Solving Problem (2) can also be done by nonlinear optimization tools such as exact penalty

functions and augmented Lagrangians. These two approaches are discussed further in the next two sections.

3 The l1 exact penalty function (l1EPF algorithm)

The l1 exact penalty function starts by transforming Problem (2) into the following bound-constrained

problem:

min
x∈X

fk(x) + 1
µ

m∑
j=1

max(0, ckj (x))

subject to
∥∥x− xk∥∥∞ ≤ ∆k

(3)

where µ ∈ R+ is the penalty coefficient. This method was introduced by Zangwill in [52] and Pietrzykowski

showed in [49] that, for µ sufficiently small, if the objective function and the constraints are continuously

differentiable, any local minimum of a nonlinear problem would also be a minimizer of the l1 penalty function

of that problem. In [35] and [52], it is shown that, in the convex case, there exists a threshold µ0 such as

when µ is smaller than µ0, a minimizer of the l1 penalty function would also be a minimizer of the nonlinear

problem. Charalambous [10] generalizes this results under second order conditions. In [11], Coleman and

Conn explore optimality conditions of the l1 penalty function. For our implementation, we concentrate on

the approach provided by Coleman and Conn in [12, 13].

The objective function of (3) is not differentiable on the boundary of the domain defined by ck(x) ≤ 0.

We introduce two subsets of indices at some point x̃ ∈ X :

Aε =
{
j ∈ J1,mK : |ckj (x̃)| ≤ ε

}
and Vε =

{
j ∈ J1,mK : ckj (x̃) > ε

}
. (4)

The set Aε contains the indices of ε-active constraints at x̃, and Vε regroups all the indices of the ε-violated

constraints at x̃. The remaining constraints whose indices are in {j ∈ J1,mK : ckj (x̃) ≤ −ε} (ε-satisfied) do

not contribute locally to the objective function due to the l1 term. Thus, for some neighborhood N (x̃) ⊆ X
of x̃, Problem (3) may be rewritten as:

min
x∈N (x̃)

pk(x, µ) + 1
µ

∑
j∈Aε

max(0, ckj (x))

subject to
∥∥x− xk∥∥∞ ≤ ∆k

(5)

where the penalty function pk(x, µ) := fk(x)+ 1
µ

∑
j∈Vε

max(0, ckj (x)) is differentiable at x ∈ N (x̃). The second

part of the objective function of (5) is not locally differentiable. In order to overcome this difficulty, we would
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like to find a descent direction h ∈ Rn that would prevent any change in the ε-active constraints up to the

second order while minimizing the variation in the penalty function:

min
h∈Rn

∇xpk(x̃, µ)>h+ 1
2h
>∇xxpk(x̃, µ)h

subject to ∇ckj (x̃)>h+ 1
2h
>∇2ckj (x̃)h = 0, j ∈ Aε.

(6)

Solving (6) approximately is detailed by Coleman and Conn in [13] and this process circumvents the

differentiability issues and explores a subspace where all the constraints are far from being satisfied. We

call h a range space minimization direction and it is used to reduce the penalty function while keeping the

ε-active constraints constant. That is why each time x̃ + h is close to a point x∗ that satisfies second-order

sufficiency conditions, a null space minimization direction v is also needed and is used to improve the action

of the ε-active constraints:

φkAε(x̃+ h+ v) = 0 (7)

with φkAε(x) = [ckj (x)]j∈Aε the vector of ε-active constraints values at x. Using a Taylor expansion up to the

first order, the expression becomes:

φkAε(x̃+ h) + JkAε(x̃)>v ≈ 0 (8)

with JkAε(x) = [∇ckj (x)]j∈Aε the matrix of ε-active constraints gradients. Then v can be computed by solving

the linear system:

JkAε(x̃)>v = −φkAε(x̃+ h). (9)

When v is computed, the iterate is updated along the direction h+v with a stepsize of 1 only if it presents

a sufficient decrease. Algorithm 1 summarizes the inner iteration of the l1EPF algorithm.

Algorithm 1 l1EPF algorithm (inner iteration) [13]
1: Initialization of ε, x, Aε and Vε
2: If the stopping criteria are met: STOP

Otherwise go to 3
3: Compute h (by approximately solving (6))
4: if x is close to a point satisfying the 2nd order sufficiency conditions then
5: Compute v (by solving (9))
6: if x+ h+ v decreases p sufficiently then
7: x← x+ h+ v
8: else
9: Update ε, Aε and Vε

10: Compute h (by approximately solving (6))
11: Compute the step size β (Line-search algorithm)
12: x← x+ βh
13: end if
14: else
15: Compute the step size β (Line-search algorithm)
16: x← x+ βh
17: end if
18: Go to 2.

Algorithm 1 provides an overview of the methodology used to select a descent direction (See [13] for

the complete description). A line-search algorithm tailored for piecewise differentiable functions is described

in [13]. The overall algorithm tries simply, at each iteration, to find a minimizer of the penalty function for a

fixed value of µ (Algorithm 1) and then proceeds to reduce µ if the selected minimizer is infeasible for (2) in

order to put more weight on the constraints. Algorithm 2 describes the outer iteration of the l1EPF method.
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Algorithm 2 l1EPF algorithm (outer iteration) [13]
1: Initialization of µ and x
2: while x is not feasible do
3: Minimize p to find new iterate x (Algorithm 1)
4: Update: µ = µ/10
5: end while

4 Augmented Lagrangian (AugLag)

The augmented Lagrangian method was introduced by Powell [45] and Hestenes [30] in the late sixties. Since

that time, the method was widely studied, improved and supported by convergence analyses [27, 43] and

different versions of the algorithm were implemented. A well-known implementation is the LANCELOT

package [14, 16]. When using slack variables in the implementation, it is possible to exploit the struc-

ture of these variables to increase the efficiency of the algorithm [15, 20]. An augmented Lagrangian for

constrained blackbox problems is designed in [26]. The paper [8] introduces a derivative-free trust-region al-

gorithm (DFTR) that uses the augmented Lagrangian approach to solve quadratically constrained quadratic

subproblems and provides a method to update the trust-region radius. In the present work, we follow the

approach described in [2] which is similar to the LANCELOT implementation.

First, slack variables s ∈ Rm are added to Problem (2):

min
x∈X , s∈Rm

fk(x)

subject to ckj (x) + sj = 0, j ∈ J1,mK∥∥x− xk∥∥∞ ≤ ∆k,
sj ≥ 0, j ∈ J1,mK

(10)

and the bound constrained augmented Lagrangian is defined as follows:

min
x∈X , s∈Rm

Lka(x, s, λ, µ) = fk(x)−
m∑
j=1

λj(c
k
j (x) + sj) + 1

2µ

m∑
j=1

(ckj (x) + sj)
2

subject to
∥∥x− xk∥∥∞ ≤ ∆k,
sj ≥ 0, j ∈ J1,mK

(11)

where λ ∈ Rm and µ ∈ R+. The augmented Lagrangian algorithm solves (11) at each iteration l of the outer
algorithm for fixed values λl and µl to compute the next iterate (xl+1, sl+1). The index l counts the outer

iterations of the augmented Lagrangian method while the index k characterizes the subproblem (2). The

outer iteration proceeds to update one of the parameters λl or µl: when all the constraints values are below

a given tolerance value, ηl, the iterate is judged locally feasible and the algorithm proceeds to update the

multipliers λl. In the other case, the penalty parameter µ is reduced in order to give more importance to

the constraints and try to satisfy them on the next iteration. Algorithm 3 gives an overview of the outer

iteration of the augmented Lagrangian method:

To compute the next iterate in step 3 of Algorithm 3, a quadratic model is used to approximate (11) at

each iteration l of the outer loop:

min
dx∈Rn, ds∈Rm

∇xLka(xl, sl, λl, µl)>dx + 1
2d
x>∇xxLka(xl, sl, λl, µl)dx+

∇sLka(xl, sl, λl, µl)>ds + 1
2d
s>∇ssLka(xl, sl, λl, µl)ds

subject to
∥∥xl + dx − xk

∥∥
∞ ≤ ∆k,

sl + ds ≥ 0,
‖dx‖∞ ≤ δl,
‖ds‖∞ ≤ δl

(12)
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Algorithm 3 Augmented Lagrangian to solve Problem (10): outer iteration [2]

1: Initializations: l = 0, λl, µl, ηl, xl, sl

2: If the stopping criteria are met: STOP
Otherwise go to 3

3: Compute the next iterate: (xl+1, sl+1) by solving (11)
for fixed values of λl and µl (Algorithm 5)

4: if
∥∥c(xl+1) + sl+1

∥∥
∞ ≤ η

l then

5: λl+1 ← λl − 1
µl

(ck(xl) + sl)

6: ηl+1 ← ηl(µl)0.9

7: else
8: µl+1 ← µl

10

9: ηl+1 ← (µl+1)0.1

10
10: end if
11: l← l + 1
12: Go to 2.

with δl the trust-region of the model. To simplify, let d ∈ Rn+m be the concatenation of dx and ds (d> =

[dx>ds>]) and y ∈ Rn+m the concatenation of x and s (y> = [x>s>]). Since the constraints of (12) form a

box B, it is possible to define lower and upper bounds l ∈ Rn+m and u ∈ Rn+m and define the feasible set:

B = {d ∈ Rn+m : l ≤ d ≤ u}. (13)

Problem (12) is rewritten as:

min
d∈B

∇yLka(yl, λl, µl)>d+ 1
2d
>∇yyLka(yl, λl, µl)d. (14)

Solving (14) relies on an iterative method developed by Moré & Toraldo to treat box constrained quadratic

problems (see [2, 41]). We chose this approach due to some preliminary results on unconstrained prob-

lems that favored this trust-region method over the line-search method used in the previous section. The

Moré & Toraldo algorithm manipulates the active-set A(d̃) = {i ∈ J1, n+mK : d̃i = `i or d̃i = ui} to look for

a descent direction p that would be used to update its current iterate d̃ via a line-search. In the first stage

of the algorithm, a promising face containing d̃ is selected via a projected gradient method. A face of B is

defined as a set of vectors for which active-set A(d̃) coordinates coincide with d̃:

F = {w ∈ B : wi = d̃i for i ∈ A(d̃)}. (15)

The second part of the Moré & Toraldo method concentrates on finding a descent direction p on the

selected face with a conjugate gradient algorithm and update d̃. Algorithm 4 summarizes the Moré & Toraldo

method to compute the solution d to (14):

Algorithm 4 algorithm PG/CG [41]
1: while no solution d is found do
2: Use the projected gradient (PG) method to select a promising face of the

feasible set B.
3: Use the conjugate gradient (CG) method to explore the selected face and

find a descent direction p.
4: Use a projected line-search alongside p to choose the next iterate d.
5: end while

Once a direction d is computed, the inner iteration of the augmented Lagrangian method uses a typical

trust-region approach: the ratio r (defined in Step 4 of Algorithm 5) determines whether the model fits the

augmented Lagrangian function well. If the ratio is close to 1, the model fits the function well and, in that

case, the trust-region radius must increase. On the contrary, if the ratio is negative or close to zero, the

trust-region must be reduced. The ratio r also allows one to decide if the iterate x gets updated or not.

Algorithm 5 describes the inner iteration of the augmented Lagrangian method.
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Algorithm 5 Augmented Lagrangian: inner iteration [2]
1: Initializations: 0 < ε1 ≤ ε2 < 1, d and 0 < γ1 < 1 < γ2
2: If the stopping criteria are met: STOP

Otherwise go to 3
3: Solve (14) to find d

4: Compute the ratio : r =
Lka(yl + d, λl, µl)− Lka(yl, λl, µl)

∇Lka(yl, λl, µl)>d+ 1
2
d>∇2Lka(yl, λl, µl)d

5: if r ≥ ε1 then
6: xl ← xl + d
7: if r ≥ ε2 then
8: δ ← γ2 max(‖d‖∞ , δ)
9: end if

10: else
11: δ ← γ1 ‖d‖∞
12: end if
13: Go to 2.

5 Augmented Lagrangian with l1 penalty term (l1AugLag)

The present section proposes a new method that combines the algorithms from the previous two sections.

Since the constraints in Problem (2) are quadratic rather than general nonlinear, the augmented Lagrangian

loses the quadratic structure of the subproblem due to the squared penalty term. The idea is to replace

this part with a l1 penalty term in order to get a piecewise quadratic function. We define the l1 augmented

Lagrangian problem in the following manner:

min
x∈X

fk(x)−
m∑
j=1

λjc
k
j (x) + 1

µ

m∑
j=1

max {0, ckj (x)}

subject to
∥∥x− xk∥∥∞ ≤ ∆k.

(16)

By using the same definition as in Equation (4) of ε-active and ε-violated sets for a point x̃ = xl (at

iteration l of the outer approximation), it is possible to restrict the analysis of Problem (16) in a neighborhood

N (xl) ⊆ X of xl (same approach as in (5)):

min
x∈N (xl)

Dk(x, λ, µ) + 1
µ

∑
j∈Aε

max {0, ckj (x)}

subject to
∥∥x− xk∥∥∞ ≤ ∆k

(17)

where Dk(x, λ, µ) = fk(x)−
m∑
j=1

λjc
k
j (x)+ 1

µ

∑
j∈Vε

ckj (x) is differentiable, but the second term involving Aε is not.

This is similar to the l1 exact penalty approach: At each iteration l, we need to handle the differentiability

issues by concentrating on computing a direction that minimizes the variation in the l1 augmented Lagrangian

expression and keeps the ε-active constraints from varying for fixed values of λ and µ:

min
h∈Rn

∇xDk(xl, λl, µl)>h+ 1
2h
>∇xxDk(xl, λl, µl)h

subject to ∇ckj (xl)>h+ 1
2h
>∇2ckj (xl)h = 0, j ∈ Aε.

(18)

To further satisfy the ε-active constraints, we can use (9) to compute a null space minimization direction v.

Algorithm 1 still applies: we just have to compute the range space minimization direction h in Steps 3 and 10

by solving (18) instead. The outer iteration algorithm has to update either λ or µ which is why the l1 exact

penalty approach alone is not preferred. Instead, we can use a method similar to the outer iteration algorithm

of the augmented Lagrangian: we can keep updating the penalty parameter µ in the same way, but the λ

update needs some adjustment. We can determine how to update λ by using the optimality test:

∇kxL(xl, λl) = 0 (19)
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with L(x, λ) = f(x) −
m∑
j=1

λjc
k
j (x), the Lagrangian of Problem (2). So, at iteration l, if xl+1 is a minimizer

of (17), then there exists a vector λ̄ for which:

∇fk(xl+1)−
m∑
j=1

λj∇ckj (xl+1) +
1

µ

∑
j∈Vε

∇ckj (xl+1)−
∑
j∈Aε

λ̄j∇ckj (xl+1) = 0. (20)

If we define λl+1 to be:

λl+1 =


λlj + λ̄j , if j ∈ Aε
λlj − 1

µ , if j ∈ Vε
λlj , if j 6∈ Aε ∪ Vε

(21)

then the optimality test (19) becomes:

∇xL(xl+1, λl+1) = ∇fk(xl+1)−
m∑
j=1

λl+1
j ∇ckj (xl+1)

= ∇fk(xl+1)−
∑

j 6∈Aε∪Vε
λlj∇ckj (xl+1)

−
∑
j∈Vε

(λlj − 1
µ )∇ckj (xl+1)−

∑
j∈Aε

(λlj + λ̄j)∇ckj (xl+1)

= ∇fk(xl+1)−
m∑
j=1

λj∇ckj (xl+1) + 1
µ

∑
j∈Vε
∇ckj (xl+1)

−
∑
j∈Aε

λ̄j∇ckj (xl+1)

= 0

(22)

which confirms our update method of λ. The only remaining issue is how to compute λ̄. Equation (20) is

rewritten as:

∑
j∈Aε

λ̄j∇ckj (xl+1) = ∇fk(xl+1)−
m∑
j=1

λj∇ckj (xl+1) +
1

µ

∑
j∈Vε

∇ckj (xl+1). (23)

By using matrix notations, Equation (23) becomes:

JkAε λ̄ = ∇Dk(xl+1, λl+1, µl+1) (24)

where JkAε is the matrix of ε-active constraint gradients defined in Section 3. By using a QR decomposition,

there exists an orthogonal matrix Q and an upper triangular matrix U such that:

JkAε = QR = [Q1 Q2]

[
U
0

]
= Q1U (25)

where the number of columns of Q1 is the same as the number of rows of U and corresponds to the number

of ε-active constraints near x̃. We can use this to transform (24) into:

U λ̄ = Q>1 ∇Dk(xl+1, λl+1, µl+1). (26)

It is now easy to get λ̄ by using a backward substitution algorithm. Algorithm 6 displays the outer iteration

of the l1AUGLAG method:
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Algorithm 6 l1 augmented Lagrangian: outer iteration

1: Initializations: l = 0, λl, µl, ηl, xl, sl

2: If the stopping criteria are met: STOP
Otherwise go to 3

3: Compute the next iterate: xl+1 by minimizing (17)
for fixed values of λl and µl.

4: if ckj (xl+1) ≤ ηl for all j ∈ Vε then

5: λl+1 ←


λlj + λ̄j , j ∈ Aε
λlj −

1
µ
, j ∈ Vε

λlj , j 6∈ Aε & j 6∈ Vε
6: ηl+1 ← ηl(µl)0.9

7: else
8: µl+1 ← µl

10

9: ηl+1 ← (µl+1)0.1

10
10: end if
11: l← l + 1
12: Go to 2.

6 Computational results

In this section, we introduce three sets of test problems for the comparison between five variants of NOMAD:

each version uses a different approach to solve Subproblem (2). The results of this comparison are detailed

in Subsections 6.2, 6.3 and 6.4.

6.1 Test problems

We use three sets of optimization problems of the form (1): the first set is composed of 42 unconstrained

problems, the second consists of 19 constrained problems and the third contains 4 simulation-based applica-

tions: two MDO problems called AIRCRAFT RANGE and SIMPLIFIED WING, a structural engineering

design problem of a welded beam called WELDED and a blackbox optimization problem (LOCKWOOD)

which minimizes the cost of managing wells in the Lockwood Solvent Groundwater Plume Site (Montana)

that prevents the contamination of the Yellowstone River. Table 1 regroups the name, dimension and number

of constraints of the 65 test problems.

We implemented the three methods of Sections 3, 4 and 5 into the NOMAD package [34]

(www.gerad.ca/nomad) and compare five algorithmic variants. The first variant is denoted MADS and uses

the current version of NOMAD (version 3.7) to solve Subproblem (2). The three variants l1EPF, AUGLAG and

l1AUGLAG respectively use the l1 exact penalty function, the augmented Lagrangian and the l1 augmented

Lagrangian to treat (2). Finally, the last variant uses the IPOPT package [51] which is software for nonlinear

optimization. The tests were conducted on a Linux machine with an Intel(R) Core(TM) i7-2600 (3.40 GHz)

processor.

To compare these five methods, we rely on the Moré & Wild performance and data profiles [42] by

considering the following formula as the main convergence test:

f(xf )− f(x) ≥ (1− τ)(f(xf )− f∗) (27)

where τ is the convergence precision, f∗ is the best solution found by all solvers for a specific problem and

a given budget (of either evaluations or time) and xf is the first feasible point of the problem found by any

solver. If a solver cannot find a feasible solution, the convergence test will always fail which will favor all the

solvers that find at least one feasible point. Performance profiles show the ratio of solved problems according

to a performance ratio α defined as the upper bound of the number of evaluations needed to satisfy the

convergence test. These profiles allow one to compare the relative performances of the algorithms. Data

profiles, on the other hand, indicate which algorithms is best for a fixed number of function evaluations: they

show the ratio of solved problems to groups of n+ 1 function evaluations.

http://www.gerad.ca/nomad
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Table 1: Description of the test problems.

Unconstrained Constrained

Name n m Source Name n m Source Name n m Source

ACKLEY 10 0 [29] POWELLSG 12 0 [24] CRESCENT10 10 2 [5]
ARWHEAD 10 0 [24] POWELLSG 20 0 [24] DISK10 10 1 [5]
ARWHEAD 20 0 [24] RADAR 7 0 [39] G1 13 9 [38]
BDQRTIC 10 0 [24] RANA 2 0 [32] G2 10 2 [38]
BDQRTIC 20 0 [24] RASTRIGIN 2 0 [29] G2 20 2 [38]
BIGGS6 6 0 [24] RHEOLOGY 3 0 [6] G4 5 6 [38]
BRANIN 2 0 [29] ROSENBROCK 2 0 [32] G6 2 2 [38]
BROWNAL 10 0 [24] SCHWEFEL 2 0 [47] G7 10 8 [38]
BROWNAL 20 0 [24] SHOR 5 0 [36] G8 2 2 [38]
DIFF2 2 0 [18] SROSENBR 10 0 [24] G9 7 4 [38]
ELATTAR 6 0 [36] SROSENBR 20 0 [24] G10 8 6 [38]
EVD61 6 0 [36] TREFETHEN 2 0 [32] HS44 4 6 [31]
FILTER 9 0 [36] TRIDIA 10 0 [24] HS64 3 1 [31]
GRIEWANK 2 0 [29] TRIDIA 20 0 [24] HS93 6 2 [31]
GRIEWANK 10 0 [29] VARDIM 10 0 [24] HS108 9 13 [31]
HS78 5 0 [36] VARDIM 20 0 [24] HS114 9 6 [36]
OSBORNE2 11 0 [36] WATSON 12 0 [32] MAD6 5 7 [36]
PBC1 5 0 [36] WONG1 7 0 [36] PENTAGON 6 15 [36]
PENALTY1 10 0 [24] WONG2 10 0 [36] SNAKE 2 2 [5]
PENALTY1 20 0 [24] WOODS 12 0 [24]
POLAK2 10 0 [36] WOODS 20 0 [24]

Simulation-based MDO applications

AIRCRAFT RANGE 10 10 [1, 48] SIMPLIFIED WING 7 3 [50] WELDED 4 6 [22]
LOCKWOOD 6 4 [33, 37]

6.2 Unconstrained test set

Problems of the first test set are unconstrained. It implies that penalty parameters and Lagrange multipliers

are not necessary and our methods reduce to their inner iterations: the l1EPF and l1AUGLAG become

an iterative line-search method that uses matrix decompositions to select the descent direction, while the

AUGLAG method solves a trust-region subproblem with a combination of projected and conjugate gradient

methods.

Figure 2(a) regroups performance profiles for the unconstrained set with τ = 10−3. It is difficult to set a

winner apart from this graph: for example, IPOPT starts slowly, but emerges on top for a performance ratio

α = 3. Figures 2(b) and 2(c) represent performance and data profiles for the first set of problems with a

precision τ = 10−7. AUGLAG clearly outperforms the other methods in this case.

Figure 2(d) regroups time data profiles: they show the ratio of solved problems with precision τ = 10−7

for a given time budget. This figure takes into account the effort deployed to solve the quadratic subproblems

and confirms the superiority of AUGLAG for unconstrained optimization. We conclude that a trust-region

is preferable to a line-search method to solve the augmented Lagrangian subproblem in the absence of

constraints in Problem (2).

Even if the l1EPF and l1AUGLAG reduce to the same inner iteration, we can see that there are dif-

ferences in the profiles because these algorithms choose different starting points for the subproblem. This

implementation choice was done after several preliminary tests on constrained problems and was kept for

the unconstrained case. Still, the variations between l1EPF and l1AUGLAG are small and the two methods

seem equivalent.

6.3 Constrained test set

The problems of the second set are constrained. Figure 3 shows performance and data profiles for precisions

τ = 10−3 and τ = 10−7. For this set of problems, all the new methods outperform MADS, especially

l1AUGLAG which gives the best results and solves almost 95% of the problems while the MADS-based NOMAD
solves only 75% when τ = 10−7 as illustrated in the performance profiles of Figure 3(a).
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(a) Performance profiles for τ = 10−3. (b) Performance profiles for τ = 10−7.

(c) Data profiles for τ = 10−7. (d) Time data profiles for τ = 10−7.

Figure 2: Performance and data profiles on the unconstrained test set.

Figure 3(d) represents time data profiles for the second set of test problems: using IPOPT to solve

subproblems seems to be efficient timewise, but still, the figure confirms that l1AUGLAG is the best approach

for the constrained case.

6.4 Simulation-based applications

For the last set, we create 50 different instances for each of the four applications: for a given problem, a Latin

hypercube sampling generates 50 starting points and each of these instances is solved by the five variants of

NOMAD. Some of these starting points are feasible, others are not. These simulated-based problems tend

to be timewise computationally expensive: the 750 tests of AIRCRAFT RANGE, SIMPLIFIED WING and

WELDED ran for over five days and the 250 runs of LOCKWOOD, took almost two weeks of execution time.

For each application, we draw data and performance profiles to compare the different methods (we consider

that all the instances are different problems). It is important to carefully select an appropriate value of the

precision parameter τ for each problem since, on one hand, if τ is too small, the profiles tends to pile up with

a small proportion of problems solved. On the other hand, if τ is too large, the curves converge to 100%

problem solved quickly. For clarity, we chose values of τ as the power of 10 that spreads out as much as

possible the profiles.
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(a) Performance profiles for τ = 10−3. (b) Performance profiles for τ = 10−7.

(c) Data profiles for τ = 10−7. (d) Time data profiles for τ = 10−7.

Figure 3: Performance and data profiles on the constrained test set.

In Figures 4 and 5, we can immediately see that l1AUGLAG is the best approach for the

AIRCRAFT RANGE and LOCKWOOD problems. But, while l1EPF and IPOPT seem to give good re-

sults on the AIRCRAFT RANGE application (they are even overlapping l1AUGLAG for α ≤ 1.3), AUGLAG
and MADS are more efficient on the LOCKWOOD problem.

In Figure 6, MADS shows some good results when α ≤ 4.5 and the budget is limited to 300 (n + 1)

evaluations. When we allow more evaluation budget, l1AUGLAG can almost reach 80% of problems solved.

In Figure 7, the AUGLAG approach outperforms the rest of the algorithms with IPOPT coming last again.

These profiles suggest that IPOPT should be discarded as a replacement for MADS in solving the quadratic

subproblem. To recommend an alternative for MADS among the three proposed methods, we build perfor-

mance and data profiles with τ = 10−2 and τ = 10−5 for the combined 200 instances of the four simulation-

based applications.

In Figure 8, l1AUGLAG seems to be the clear winner. As suspected, IPOPT is not a viable option to

solve the subproblem, while the three remaining approaches, MADS, l1EPF and AUGLAG, are competitive

with each other on the simulation-based problems. This was predictable since IPOPT is used for general

nonlinear optimization while methods such as the l1AUGLAG have an advantage when solving quadratically

constrained quadratic problems.
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(a) Performance profiles. (b) Data profiles.

Figure 4: Performance and data profiles of the AIRCRAFT RANGE problem.

(a) Performance profiles. (b) Data profiles.

Figure 5: Performance and data profiles of the LOCKWOOD problem.

7 Discussion

This work details the implementation of two existing nonlinear optimization methods (l1EPF and AUGLAG)

and the development of a new algorithm called the l1 augmented Lagrangian method (l1AUGLAG). These

methods are used within a derivative-free optimization framework to solve quadratically constrained quadratic

subproblems that arise when using quadratic models of the objective function and of the constraints. It would

be possible to use the implemented methods within algorithms that rely on treating subproblems to solve

general nonlinear problems with derivatives. Another avenue would be to use the augmented Lagrangian

method to transform a DFO problem with general equality constraints into an unconstrained problem that

MADS can deal with.

This paper shows that using a dedicated algorithm to solve quadratic subproblems improves the overall

performance of MADS with quadratic models. The results show that, in the unconstrained case, using a

trust-region approach (inner iteration of the augmented Lagrangian) yields better result than line-search

method (which is the case for both the l1 exact penalty function and the l1 augmented Lagrangian).
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(a) Performance profiles. (b) Data profiles.

Figure 6: Performance and data profiles of the SIMPLIFIED WING problem.

(a) Performance profiles. (b) Data profiles.

Figure 7: Performance and data profiles of the WELDED problem.

The l1AUGLAG approach gives the best results in the constrained case as, we believe, it combines the

strengths of both AUGLAG and l1EPF methods: the Lagrange multipliers terms improve the computation

performances and the l1 penalty term allows Problem (16) to have a piecewise quadratic structure.

In all cases, there is at least one method that improves over MADS in regards of both results and time

and this is the main goal of the paper. The computational results show also that at least one of the three

suggested methods is performing better than IPOPT which validates the choice of implementing a dedicated

method for NOMAD.

We conclude with recommendations for the NOMAD software package. For solving quadratic subprob-

lems in the search step, NOMAD should use the Moré & Toraldo augmented Lagrangian algorithm in the

unconstrained case and the l1 augmented Lagrangian method for constrained problems.
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(a) Performance profiles. (b) Data profiles.

(c) Performance profiles. (d) Data profiles.

Figure 8: Performance and data profiles for all 200 instances of the simulation-based applications.
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