CONSTRUCTION OF
CURVATURE AND WIDTH
FUNCTION CALCULATION
ALGORITHMS USING A DIGITAL
ELEVATION MODEL

Rapport de recherche No R-949 Décembre 2007






Construction of curvature and width function calculation
algorithms using a digital elevation model

RESEARCH REPORT

Ludovic Paul
Alain N. Rousseau, Ph. D., ing.
Claudio Paniconi

Institut national de la recherche scientifique, INRS-ETE
490, rue de la Couronne, Québec (Québec), G1K 9A9

Rapport de recherche N”R-949

ISBN 978-2-89146-547-2

Décembre 2007






ABSTRACT

Research has shown that defining landform-based units — geographical entities characterized by their
morphology — may not only inform about topography but may also help to get some precious clues
concerning soil properties, the distribution of soils and ecological parameters. Using digital elevation
data together with a map of hydrologic response units enables to evaluate the morphology (or
curvature) of each of these units. This paper describes an extension of the software PHYSITEL that
can determine and characterize the form of each hillslope of a relatively homogeneous hydrological
unit (RHHU — see definition in IV.1) as well as its width function. We will compare this extension
with LandMapR, a program which is able to define a hierarchy of spatial entities for environmental
analysis and modeling using the same kind of digital elevation models. Moreover, the data produced
by this extension is compatible with the Boussinesq model which can simulate flow storage dynamics
in hillslopes. These units are intended to provide a framework for mapping more specific ecological

entities — geographical entities characterized by their ecological parameters — of interest.
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1 INTRODUCTION

PHYSITEL is a Geographic Information System (GIS) which is able to divide a given watershed into
RHHU. This division depends on the definition of a river network. A minimum length in terms of
pixels is given for a segment to be a river and the number of river segments gives the number of
RHHUs. Then, PHYSITEL is able to return some matrices that give information about elevation

and that map the area according to a given code for each RHHU.

The aim of this study is to use this data to add a new flexibility to PHYSITEL which would enable
this software to divide each RHHU into hillslopes and to determine topographical data for each of
these. This data will finally enable to run hydrological models like the Hillslope’s Storage Boussinesq
model (HSB model).

In this paper, we will first describe the method used to build the hilslope’s curvature calculation
algorithm, after a literature review. Likewise, we will describe the constrcution of a hillslope’s width
function calculation algorithm that, together with the curvature calculation algorithm, will enable to
run the HSB model. Finally, a discussion about the results and some recommendations for future

work will be made.







2 LITERATURE REVIEW - MODELLING OF
CATCHMENT-SCALE HYDROLOGICAL PROCESSES :
BOUSSINESQ’S MODEL

2.2 AN URGENT NEED FOR IMPROVED HYDROLOGICAL
PREDICTIONS AT THE CATCHEMENT-SCALE

According to the International Glossary of Hydrology of the UNESCO [1], one can define a
catchement area or drainage basin as an area having a common outlet for its surface runoff. In other

wortds, the following units will be regarded as different types of catchement area in the following:

e Watershed
e Relatively Homogeneous Hydrological Unit (RHHU)
e Hillslope

Troch et Al. (2007) [2] emphasized the scale problem. As a matter of fact, most hydrological
understanding is now based at the point or pixel scale. Nevertheless, dealing with ungauged basins,
catchements characteristics play a central role. It is namely impossible to use the rainfall-runoff
models that are central to most strategies for hydrological prediction, since this kind of model needs

to be calibrate using field data.

The IAHS Predictions in Ungauged Basins (PUB) initiative aims at the development of science and
technology to provide data and/or knowledge for ungauged or pootly gauged basins. The PUB

scientific programme emphasizes four themes:

e Theoretical hydrology
e Observational hydrology
e Model diagnostics and intercomparison

e Advanced data collection technologies
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This paper deals with the fourth point and describes how one can determine morphological data at
the scale of hydrological units included in a given watershed in order to run the hillslope-storage
Boussinesq model for subsurface flow.

To put it in a nut shell, even though no hydrological data is available for a given basin, it is possible
to determine some characteristics for this basin using the data given by a GIS in order to predict the

hydrological behaviour of the area of study.

2.3 HILLSLOPE-STORAGE BOUSSINESQ MODEL FOR
SUBSURFACE FLOW

2.3.1 The need for simplified hillslope’s hydrological behaviour models

Troch et Al. (2003) [3] considered that hillslope-scale studies may give interesting feedbacks for the
processes responsible for transportation of water, sediments, and pollutants. As a consequence, these

basic landscape elements are of crucial importance for catchement scale water and land management.

Let us now define what is a hillslope. This definition directly depends on the nature of a given

catchement area. There are two kinds of catchement areas (figure 1 & 2):

A hillslope can be defined as the set of flow paths that ends at one given side of a river or at the head
water point of the same river. As a consequence, a catchement area may be divided into two or three

hillslopes whether it is an intermediate or head water basin, respectively (figure 3 & 4).

As a matter of fact, the geometry of the hillslope exerts a major control on hydrologic response
because it defines the domain and the boundary conditions of moisture storage. Models that most
fully describe three-dimensional flow processes, based on the 3-D Richards equations, are highly
nonlinear and require the solution of large systems of equations even for small-scale problems.
Moreover, the parametrization of these models requires detailed information about soil hydraulic
properties, information which is not at hand for ungauged basins. In order to improve our
understanding of the response of hillslopes to atmospheric forcing (precipitation,

evapotranspiration), simplified dynamic descriptions of the hydrologic system are needed. The

4



2. Literature review — moelling of catchement-scale hydrological processes : Boussinesq’s model

central question of this problem was formulated by Duffy (1996) [4]: “Can low dimensional dynamic
models of hillslope-scale and catchement-scale flow processes be formulated such that the essential

physical behaviour of the natural system is preserved?”

2.3.2 Presentation of the hillslope-storage Boussinesq model for subsurface flow and
variable source areas

Troch et Al. 2002 [5] and 2003 [3] developed the theoretical equations for the HSB (hillslope-storage
Boussinesq) model. The continuity and Darcy equations formulated in terms of storage along the
hillslope lead to the HSB equation for subsurface flow. Solutions of the HSB equation account
explicitly for plan shape of the hillslope by introducing the hillslope width function and for profile
curvature through the bedrock slope angle and the hillslope soil depth function (figure 5). In this
papet, the depth function will be considered as constant. As a consequence, the soil surface will be
parallel to the bedrock surface. Anyway, The GIS we use (PHYSITEL) does not give any

information about soil depth.

Subsurface flow along a unit-width hillslope with sloping bedrock can be described by the

Boussinesq equation:

oh Kk . 0(,.oh)y . .oh| N
— =—|C0SI—| h— [+sini— |+— 0
ot f ox\ OX ox| f

where h(x, t) is the elevation of the groundwater table measured perpendicular to the underlying
impermeable layer which has a slope angle i, k is the hydraulic conductivity, f is the drainable
porosity, x is the distance from the outlet measured parallel to the impermeable layer, and t is time. N
represents the rainfall recharge to the groundwater table. We refer to Childs 1971 [6] and Bear 1972

[7] for a general discussion of the Boussinesq equation.

Let us now consider a head water hillslope:
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Figure 6 displays the width function w(x) at flow distance x from the divide, the soil depth d(x)

between the ground surface and the impermeable layer. i is the angle between the horizontal level

and the bedrock.

Fan and bras [8] presented a very elegant way to collapse the three-dimensional soil mantel into a

one-dimensional profile. They introduced the soil moisture capacity Sc(x), defined as:

S.(X) =w(x)d(x) f o

where w(x) , d and f are the afore described parameters. Eq. (2) defines the thickness of the pore
space along the hillslope and account for both plan curvature, through the width function, and

profile curvature, through the soil depth function.

Let us now denote with S(x, t) the soil moisture storage at a given flow distance x from the divide
and at time t. We can now reformulated the three-dimensional flow problem of figure 4 as a one-

dimensional flow problem of figure 5.
The soil moisture storage capacity function, Sc(x), defines the vertical dimension of the hillslope and

the propagation of soil moisture storage in space and time, S(x, t), is constrained by the continuity

equation and Darcy’s law:

e Along the hillslope the continuity equation reads:

&S 00
PR N (t)w(x) 3)

where N(t) is the recharge to the saturated layer. We have complete saturation

whenever S(x, t) 2 Sc(x).

e Let us assume that the flow rate Q is related to the storage S(x, t) through a kinematic

form of Darcy’s equation:
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S oz
Q= kfax %

where z is the elevation of the bedrock above a given datum.

Combining eq. (3) and (4) for given recharge N and assuming no spatial variability in k and f, one

obtains a quasi-linear wave equation in terms of soil moisture storage:

oS OS
a(Xx)—+—=c(x,S
()ax p (x,S) 5)

where:

kz'(x)

a(x)=-— ©)

e(x,9) = Nw(x) + =) g o

and 2’ and z” are first and second derivatives of the bedrock profile curvature function z(x) with

respect to x. Fan and Bras [8] proposed a second-order polynomial function of the form:

2(X) = a+ BX+yX° ®)

In the following, we will use the profile curvature function given by Stefano et al. [9]:

X n
Z(x)=E+H (1—Ij )
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where H is the elevation difference of the bedrock along the hillslope, L is the corresponding slope
length, and the exponent n defines profile curvature. The parameter E defines the reference datum
for elevation. Note that when E = 0, this equation assumes that the reference datum coincides with

the outcrop of the bedrock near the channel. Concerning the n parameter:

e Ifn>1, then the hillslope is concave in the plan direction
e Ifn <1, then the hillslope is convex in the plan direction

e Ifn =1, then the hillslope is flat in general in the plan direction

Let us finally note that for n = 2, (9) reduces to (8) with:
a=E+H (10)
= v

Y =F (12)

2.3.3 Solving eq. (5) of the HSB model
Solving eq. (5) in terms of soil moisture storage S requires the determination of the two parameters n
and w (plan curvature parameter and width function respectively). Those parameters exclusively

depend on the hillslope’s morphology.

Adding a quadratic term to the equation (9) enables to describe the slope shape in the width

direction. One obtains the following form of the elevation expression:

X n
Z(X)=E+H|1-=| +oy°
() ( Lj y (13)

where w is a plan curvature parameter and y is the distance from the slope centre (figure 8).
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Allowing n (which defines profile curvature) to assume values less than, equal to, or greater than 1
and o (which defines plan curvature) to assume either positive, zero or negative values, one can
define nine basic geometric reflief forms (Dikau R. [10]). Figure 7 illustrates nine basic hillslope types

that are formed by combining three plan and three profile curvatures.

It is important to precise that, in this study, we focus on the shape of a hillslope in the length
direction, while considering the distance (not shape) in the width direction. However, the distance in
the width direction is a direct consequence of both profile and plan curvature, since these determine
the location of the slope divides. The location of the slope divides as well as some contours are
shown in figure 8. Thus the values of parameters n, v and H are different for each of these nine

hillslope types.

As a consequence, there is a major observation that is to be made concerning the width function:
Because of the amalgam that is made between the hillslope’s width and its plan curvature, the
variation of the width function is directly linked to the convergence or divergence of flow on the
hillslope. In other words, an increasing width function from the top divide to the river implies a
divergent flow on the hillslope, and a decreasing width function implies a convergent width function.
Moreover, because of simplification of the HSB model from a 3-D to a 1-D model, one single flow
direction can be considered on the hillslope. Let us now assume that that width function of a given
hillslope is non-monotonic (figure 11). Thus, the flow is divergent when the width function increases
and convergent when this function decreases. It is obvious the configuration of figure # cannot be
real as far as hydrology is concerned. In particular, according to a hillslope’s definition, flow has to be

convergent at least in a limited area along the edges of the hillslope.

For a width function to meet 1-D Boussinesq’s requirements, it thus has to be monotonic. It is then
necessary to inquire about plan curvature which is going to tell us whether the flow is convergent
(concave plan curvature) or divergent (convex plan curvature). The hillslope’s width function will
have to be decreasing if the flow is convergent, and it will have to be increasing if the flow is

divergent.
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In conclusion, this paper deals with the construction of two algorithms:

e On algorithm aims at dividing a watershed into hillslopes and at determining
plan and profile curvature of every hillslopes

e Another algorithm aims at calculating the hillslope’s width function

The data acquired will enable to solve eq. (5) with an iterative method (finite
difference method for example). The resolution itself is not tackled in this paper.

2.4 LANDMAPR

MacMillan (2003a) [12] developed the software LandMapR which purpose is the automatic
extraction of spatial entities from a DEM. Cécile Doukouré (2005) [12] presented the software: It is

made of four distinct programs. Each calculation step corresponds to a program (figure 10).

Let us precise that LandMapR must be coupled with a GIS since it does not have any visualization

system. Here is the purpose of each program:

e FlowMapR extracts the hydrographical network and defines the watershed’s

boundaries using the DEM.

e FormMapR calculates derivatives that enable to describe the ground morphology,

the orientations, slopes and that are going to be used as a basis to classify the area.

e FactMapR establishes a concrete classification of ground curvature (flat, concave
or convex — see 1V.2.3.3). LandMapR wuses a fuzzy logic to classify the area. In
other words, a geographical entity will not be classified simply as concave or
convex but some thresholds are defined so that some other fuzzy considerations
can be made. For example, a geographical entity can be said relatively concave or

highly convex.

e WeppMapR extracts hydrological entities required by the erosion model WEPP.

10
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LandMapR, and more precisely the FormMapR module is a very interesting tool as far as our study is
concerned. It enables to determine the curvature of a geographical entity. Moreover, the only data
required is a DEM. Nevertheless, applying LandMapR on the rough DEM may return some non-
logical results namely because the calculated river network does not correspond to the real one. We
will see in IV.1 that PHYSITEL considers the real hydrological network which enables the INRS’s

software to produce data that are closer to the hydrological reality.

The problem is that PHYSITEL is not able yet to calculate derivatives using the DEM in order to
classify the area according to its morphology. This paper describes the construction of the extension
algorithms that will enable PHYSITEL to do the same job as LandMapR adding hydrological

considerations in its calculation method.

11






3 METHOD

3.1 PHYSITEL

The only data used during this study was provided by the GIS PHYSITEL 3.0. developed by A.
Royer, A.N. Rousseau, S. Savary, J.-P. Fortin, R. Turcotte at the INRS-ETE (Institut National de
Recherche Scientifique — Eau, Terre et Enviornnement) in Quebec. PHYSITEL enables to

determine the flow structure in a watershed. To do so, it requires:

e aDEM (Digital Elevation Model)
e 2 hydrological network as a vector network
e aland use map

e asoil type map

Our study did not require any data concerning land use or soil type.

There is no limit to the resolution and dimension of the DEM with PHYSITEL. The user can largely
add different types of map projections. The vector network is used together with the DEM in order
to determine more precisely the flow directions in flat lands and to identify lakes and reservoirs that

cannot be detected by the DEM.

Once the flow structure is determined with a given resolution, PHYSITEL can divide the watershed
into Relatively Homogeneous Hydrological Units (RHHU). Each RHHU is made of the set of pixels
‘flowing down’ to a river segment generated by PHSYSITEL. A river segment is limited by two
confluences, or by one confluence and one head water point, or by one confluence and the

watershed outlet (figure 13).

It is then possible to divide each RHHU of a given watershed into hillslopes as described in II1.2.1.

Moreover, PHYSITEL can provide several data matrices:
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® The elevation matrix
e The flow direction matrix
e 'The RHHU matrix

e The Channel network matrix

We will describe these matrices in part IV.2.1.2. Only these matrices will be used as input parameters

to produce the data required by the HSB model (profile curvature and width function).

3.2 CHOICE OF A PILOT WATERSHED

3.2.1 Presentation

The study concerns the BEREV (Bassin expérimental du Ruisseau des Eaux-Volées) watershed.
This watershed covers 9.2 km® (922 ha) and it is located at 47°16’20”N, 71°09°40”W, that is to say
approximately 80 km north of Quebec City. It is part of the Montmorency forest in the Laurentides

Mountain Range. This watershed was chosen because of its rapidly varying topography.

Figure 14 is a map of the area that enables to pinpoint the BEREV basin.

3.2.2 Modelling

The watershed was modelled using PHYSITEL 3.0 and a digital elevation model (DEM) built with

5mx 5m pixels.

Figure 15 presents the basin on a screen shot produced by PHYSITEL, which displays the elevation

on the area.

Figures 16 and 17 illustrate this watershed in 3-D. These pictures were obtained using Global

Mapper 6:
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In figure 16 and 17, please refer to figure 15 to acknowledge the respective positions of the observer.
Also, let us precise that, concerning light direction, sun makes an angle of 45° with the horizontal

level and it azimuth the 90° with the North direction. In other words, sun is shining from the East.

3.2.3 Dividing the watershed into RHHU

We chose to divide the basin into 13 RHHU, based on a network threshold of 10000 meshes (25 ha)
so that a stream can be considered as a river segment, and a RHHU threshold of 20 pixels minimum
(0.05 ha) so that a set of pixels can be regarded as a RHHU. The hydrological units remain quite

large and their shapes are friendlier.

Figure 18 is a map displaying the division of the basin into 13 RHHU:

Table 1 gives the area of each RHHU calculated with Physitel (counting the number of pixels on

each RHHU and multiplying this number by the resolution of one pixel).

Table 2 gives the total area of the BEREV watershed and the mean RHHU area.

Let us precise that the division of the basin into RHHU entirely depends on the hydrological
behaviour of the watershed. As a matter of fact, the higher the river network resolution, the greater

the amount of RHHU. Thus, there is only one channel in each RHHU. In other words, a RHHU is

entirely defined by the channel that belongs to this hydrological unit.

3.3 Form calculation for every hillslopes of the BEREV watershed

3.3.1 Available data
3.3.1.1 Algorithms
The calculation of a RHHU’s hillslopes’ form is done by 2 or 4 different algorithms depending

whether a head water or intermediate RHHU is studied. The algorithms were written using Matlab
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0.5. They will be translated into C++ language so that they can be used by PHYSITEL as an

extension. Here are the algorithms created:

Forme_transversale_lateral: Calculates plan curvature of lateral hillslopes for every kinds of

RHHU.

Forme_longitudinale_lateral: Calculates profile curvature of lateral hillslopes for every kinds

of RHHU.

Forme_transversale_tete: Calculates plan curvature of head hillslopes for head water

RHHUEs.

Forme_longitudinale_tete: Calculates profile curvature of head hillslopes for head RHHUS.

The algorithms will be available and the access free on the local network.

3.3.1.2 Data requirements

Each of the afore mentioned four algorithms is a function of 5 different matrices produced by

PHYSITEL. They are all the same dimensions and can be stacked. In the example of the BEREV

watershed each matrix is made of 825 lines and 799 columns:

The elevation matrix: it displays the elevation of each pixel located within the basin. The

value - (-9999.99) is given to pixels beyond the watershed boundaries

The flow direction matrix: On each pixel of the basin, the value indicates the downstream
pixel. This value is an integer of the interval [1; 8]. The figure below displays the way such a

value is given to one pixel:

The value 0 is given to the pixels beyond the watershed boundaries.

The RHHU matrix: It contains the ID number of the RHHU (1 to 13) on the pixels that

are in the basin. The value 0 is given to the pixels beyond the watershed boundaries.
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e The Channel network matrix: Only the pixels located on the river segments are given the
number of the RHHU the channel is associated with. The value 0 is given to every other

pixel.

e The head water hillslope matrix: It looks like the RHHU matrix but the remaining non-
zero pixels are located on the head water hillslopes of the head water RHHUSs of the basin.

The value 0 is given to all other pixels.

The first four matrices can be produced by the present version of PHYSITEL. Only the production
of the head water hillslope matrix requires another small algorithm called ‘head_pixels’ that is a
function of the first four matrices only and that is looking for the head pixel of a river section

included in each head water RHHU.

In figure 20 are circled the head pixels of the channel network of the BEREV watershed. Thus,
RHHU 3, 5, 6, 8, 11, 12 and 13 are head water RHHUs (see also fig. 18). In other words not only can
this program single out head water pixels, it can also identify the head water RHHUs which is going

to be major information in the general program.

Table 3 is the result of the ‘head_pixels’ algorithm for the example of the BEREV watershed:

The first line indicates the number of the head water RHHU, the second line indicates the line of a
head water pixel in the RHHU matrix and the third line indicates its column.

It is then possible to look for all flow paths that end to one given head pixel, so that PHYSITEL can
return the head water hillslope matrix. We can thus define a head water hillslope mathematically: It
corresponds to the set of pixels that are crossed by flow paths that end to one given head water

pixel.

3.3.2 Dividing each RHHU into hillslopes

A curvature calculation will be made for each RHHU. A loop will run from the RHHU #1 to the
RHHU #13. Without loss of continuity, we present here the calculation for only one RHHU.
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A program first has to divide each RHHU into two (intermediate RHHU) or three hillslopes (head
water RHHU).

3.3.2.1 Hillslope characterization

Given the channel network matrix, we first have to calculate the dominant flow direction of the river
segment. To do so, we count the number of times each direction value (1, 2, 3, 4, 5, 6, 7, or 8)
occurs. The dominant flow direction, called ‘dirdom’, is set to the most frequent flow direction. For

example, let us consider the intermediate RHHU of figure 18:

In that case, the dominant flow direction may hold the value 3 or 7. What is important is that the
flow direction is vertical because the fact that water flows towards North or South in the river does

not interfere on the flow directions on the hillslopes.

Now, the aim is to use a hydrological criterion to make a distinction between two lateral hillslopes.
At this point, no distinction is made between lateral and head water hillslopes. This distinction is

going to be made in the next step of the calculation.

Figure 22 enables to understand the hydrological criterion we use:

We consider that, on one given lateral hillslope, the three possible flow directions that directly point
towards the river section identify the pixels that belong to the hillslope located in the opposite side of
the channel. If we consider the example of figure 19, with a river flowing in the direction 3 or 7, the
flow direction matrix’ pixels holding the values 4, 5 and 6 single out the eastern hillslope while the

pixels with the values 2, 1 or 8 pinpoint the western hillslope.

Nevertheless, the pixels with the values 3 or 7 may belong to either the western or the eastern
hillslope. That is the reason why we first decided not to consider those pixels to characterize a
hillslope. As a consequence, the hill