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auteurs conservent leur droit d’auteur et leurs droits moraux sur leurs
publications et les utilisateurs s’engagent à reconnâıtre et respecter
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Abstract: Column generation (CG) is widely used for solving large-scale optimization problems. This
article presents a new approach based on a machine learning (ML) technique to accelerate CG. This
approach, called column selection, applies a learned model to select a subset of the variables (columns)
generated at each iteration of CG. The goal is to reduce the computing time spent reoptimizing the
restricted master problem at each iteration by selecting the most promising columns. The effectiveness
of the approach is demonstrated on two problems: the vehicle and crew scheduling problem, and the
vehicle routing problem with time windows. The ML model was able to generalize to instances of
different sizes, yielding a gain in computing time of up to 30%.

Keywords: Column generation, machine learning, column selection
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1 Introduction

Column generation (CG) is an iterative method used to solve the linear relaxation of large-scale

optimization models which involve a very large number of variables (columns) that cannot be considered

at once. The method exploits the fact that the majority of these columns will not be part of an optimal

solution. It starts with a subset of variables and generate new ones that have the potential to improve

the current solution, i.e., variables with a negative reduced cost (assuming a minimization problem),

until an optimal solution is obtained and proved optimal. At each iteration, it solves a restricted master

problem (RMP) and a pricing problem (PP). The RMP is the original linear program (LP) restricted

to a subset of its variables and is solved by an LP solver such as the primal simplex algorithm. The

PP is application-specific and aims at finding negative reduced cost columns with respect to the dual

solution of the current RMP. When such columns are found, they are added to the RMP to start a

new iteration. Otherwise, the CG process stops, certifying the optimality of the current RMP solution

for the whole LP.

When solved by CG, several large-scale models, such as the set-partitioning model, are prone to high

degeneracy, which results in slow convergence. For these problems, many columns can be generated at

each iteration and added to the RMP. However, doing so just increases the difficulty of dealing with

degeneracy and, thus, becomes counterproductive. In this context, we propose in this paper a new

approach to accelerate CG that relies on machine learning (ML) techniques and focuses on “column

selection”. More precisely, at each CG iteration, a classification algorithm is used to select promising

columns when a large set of columns is generated. The learning algorithm is trained on data collected

from previous executions. Although the ideas presented here can be applied to various problems, the

effectiveness of the approach will be demonstrated on two specific problems: the vehicle and crew

scheduling problem (VCSP) and the vehicle routing problem with time windows (VRPTW).

1.1 Literature review

CG has been used to solve many combinatorial optimization problems, a classic example being the

cutting stock problem (Gilmore and Gomory, 1961). The authors proposed to solve the linear relaxation

of the original model by considering only a subset of the variables representing feasible cutting patterns

and generating new columns as needed by solving a knapsack problem. The method has since been

successfully applied to other problems, including vehicle routing problems, crew scheduling problems,

and many other problems. To derive integer solutions, the method is embedded in a branch-and-

bound framework, i.e., CG is performed at every node of the search tree, yielding a branch-and-price

algorithm (see Barnhart et al., 1996; Desaulniers et al., 2005).

The CG algorithm is well known to have convergence issues due to high degeneracy and dual

variable instability, especially on problems formulated as set partitioning problems. In the literature,

several strategies have been developed to address these difficulties (Lübbecke and Desrosiers, 2005;

Vanderbeck, 2005), such as removing redundant constraints from the problem or perturbing them by

adding penalized slack and surplus variables (du Merle et al., 1999). Other stabilization techniques

can be used to reduce the oscillation of the dual values from one solution to another. These techniques

can, for example, force the dual variables to remain in relatively small intervals around what is called

a stability center, which corresponds to the best estimate of the optimal dual values. A stabilization

function (see, e.g., Amor et al., 2009) is used to penalize dual solutions that are far from the stability

center. The penalties and intervals can be adjusted dynamically throughout the execution of CG.

Pessoa et al. (2018) propose, among others, a smoothing technique that considers a dual vector com-

bining the current dual solution and those form previous iterations. The use of an interior point or

primal-dual method (e.g., Rousseau et al., 2007; Gondzio et al., 2016) for solving the RMP produces

central dual solutions which can also help to reduced the number of CG iterations and speed up the

solution process.

Other methods more specific to problems involving set partitioning constraints and suffering from

high degeneracy were explored. Elhallaoui et al. (2005) introduced a dynamic constraint aggregation
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method (DCA) that consists in reducing the number of set partitioning constraints in the RMP by

aggregating some of them and revising this aggregation as needed to guarantee optimality. Further

improvements of this method were introduced in Elhallaoui et al. (2010, 2008) with the aim of maintain-

ing a higher level of aggregation and further reducing degeneracy. DCA has fostered the development

of the improved primal implex algorithm (IPS, Elhallaoui et al., 2011) that can tackle general linear

programs without CG while reducing degeneracy. The method decomposes the problem in two sub-

problems: a reduced problem (RP) and a complementary problem (CP). The RP is a linear program

that contains a subset of the constraints and of the variables which are called the compatible variables,

i.e., those whose coefficient columns can be written as linear combinations of the columns that are

part of the current solution. The CP is also a linear program that is solved to prove the optimality of

the RP solution for the original problem or, otherwise, to identify incompatible variables for building

a new RP problem. Exploiting the IPS theoretical results, Zaghrouti et al. (2014, 2018) developed

variants of the integral simplex using decomposition algorithm for solving set-partitioning problems.

This algorithm solves alternately a RP and a CP to find a sequence of improving integer solutions.

More recently, to solve set partitioning problems, Tahir et al. (2019) introduced a combination of ISUD

and CG that is called integral column generation (ICG). At each CG iteration, ISUD solves the RMP

to yield an integer solution as opposed to the standard CG that produces fractional solutions most of

the times. Using a dual solution obtained by solving a linear system of equations involving the dual

values of the last CP solved, the CG PP is solved to generate new columns to be handled by ISUD in

the next RMP.

To the best of our knowledge, there has been no work dedicated to column selection in the CG

literature. However, it has been shown many times that generating more than one column per iteration

improves CG convergence. On the other hand, when many columns are generated at a given iteration,

it is common to impose a maximum number of columns to add to the RMP and to select the columns

to add in increasing order of their reduced cost.

In the last few years, researchers have become increasingly interested in the use of ML algorithms

to solve combinatorial optimization problems, or to accelerate existing optimization methods. A good

overview on ML techniques for combinatorial optimization is given by Bengio et al. (2018). The

techniques can fall into one of two categories. The first category comprises the imitation learning

methods, where we know in advance what (not necessarily optimal) behavior is expected for the

method, and we want to replace expensive calculations with a quick approximation. The second

category includes methods based mainly on reinforcement learning, where current solutions are not

satisfactory and we look for better ways to solve the problem.

Little work has been done so far in the CG or branch-and-price context. In Václav́ık et al. (2018),

the authors proposed a regression model to estimate at each CG iteration an upper bound on the

optimal value of the PP. This upper bound is then used to reduce the PP search space and accelerate

its computational time. Other works have explored the use of ML in branch-and-bound algorithms.

Khalil et al. (2016) and Alvarez et al. (2017) studied variable selection for branching. Their goal is

to imitate the strong branching strategy, a strategy that significantly reduces the number of nodes

to explore, but is time consuming. Other branch-and-bound methods using learning algorithms are

described in the survey of Lodi and Zarpellon (2017).

1.2 Paper contribution and structure

The main contribution of this paper is the design of a new CG algorithm that incorporates column

selection by ML to reduce degeneracy and computational time. Column selection is applied at every

CG iteration to select promising columns to add to the RMP. The selection is performed in a very

short computational time by a ML model trained on data collected from previously solved instances.

The algorithm is tested on two well-known problems from the literature (the VCSP and the VRPTW),

and can also be applied to other problems that are solved using CG. Note that we focus on solving the

initial linear relaxation only, i.e., at the root node of a search tree, but the proposed column selection

strategy is also applicable at other nodes.
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The paper is organized as follows. In Section 2, we present a generic linear relaxation model and

describe a standard CG algorithm to solve it. In Section 3, we focus on the CG/ML framework

that we propose by describing in details the different steps, from data generation, to training and

prediction. Sections 4 and 5 will be devoted to our two case studies, namely, the VCSP and the

VRPTW, respectively. In section 6, we report and discuss the results of our computational experiments.

Finally, conclusions are drawn in Section 7.

2 Basic model and column generation

Let us consider the following generic linear program, called the master problem (MP) in a CG context:

min
θ

∑
p∈P

cpθp (1)

s.t.
∑
p∈P

apθp = b, (2)

θp ≥ 0, ∀p ∈ P, (3)

where P is the index set of the variables θp; cp ∈ R and ap ∈ Rm are the cost coefficient and constraint

coefficient vector of θp, respectively; and b ∈ Rm is the right-hand side vector of the constraints (2).

Note that some or all these constraints could also be inequalities. We assume that the number of

variables θp is very large and the set of objects (e.g., vehicle schedules or cutting patterns) associated

with these variables can be implicitly modeled as solutions of an optimization problem (e.g., a shortest

path problem or a knapsack problem).

To solve this MP, CG proceeds as follows (see Figure 1). At each iteration, it solves a RMP

that considers a subset Ω ⊆ P of the columns. It yields a primal solution x (assuming that θp = 0,

∀p ∈ P \Ω) and a dual solution given by the dual values π ∈ Rm associated with constraints (2). This

dual solution is then used to find new negative reduced cost variables θp, by solving the following PP :

c̄ = min
p∈P
{cp − πTap} (4)

If negative reduced cost columns are found, they are added to the RMP, which is then re-optimized

to obtain new dual values. Otherwise, the current RMP solution is optimal for the MP and CG stops.

Note that, for some problems, the search for negative reduced cost columns can be distributed across

several PPs.

RMP PP
Dual values

Columns

Figure 1: Standard CG process

Several strategies can be applied to accelerate column generation (see Desaulniers et al., 2002). We

present here three basic ideas that were used in our computational experiments.

• At each CG iteration, several negative reduced cost columns can be added to the RMP. Typically,

this strategy reduces the total number of iterations and the overall time spent solving the PP.

The possibility to generate several columns at once depends on the algorithm used to solve the

PP. In our two case studies, the PP is formulated as a shortest path problem with resource

constraints (SPPRC, Irnich and Desaulniers, 2005) and solved by dynamic programming (more

precisely, a labeling algorithm) which offers this possibility at no extra computational effort.

• Another strategy consists in removing columns from the RMP when it becomes large. The re-

moved columns can still be generated again if necessary. In our tests, this strategy is implemented
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using two parameters: a minimum (n−cols) and a maximum (n+
cols) number of columns to keep

in the RMP. Once the maximum number is reached, the n+
cols − n

−
cols columns with the largest

reduced costs are removed from the RMP.

• Heuristics can be used to solve the PP as long as an exact algorithm is invoked in the last iteration

to prove optimality. For our case, we try to generate negative reduced cost columns using a

heuristic labeling algorithm that does not consider all resource constraints in the dominance

rule, nor all arcs in the PP network.

3 Methodology

At each CG iteration, after reoptimizing the RMP and solving the PP, a set G of columns is generated.

The goal is to select a subset of columns GS ⊆ G to be added to the RMP. This selection of columns

can be considered as a binary classification problem (supervised learning problem), where we try to

classify each generated column into one of two classes y ∈ {0, 1}, i.e., 1 if the column is to be selected

and 0 otherwise. The next sections describe the different steps required to build the data set, as well

as details on the algorithm that will be used for the training.

3.1 Data collection

As with all supervised learning problems, a data set D = {(x1, y1), (x2, y2), . . . , (xn, yn)} is required,

where n is the size of the dataset, xi is the vector representing the features of column i, and yi ∈ {0, 1}
the column label (our target/output). Before talking about the features to be extracted from the

generated columns, we start by describing how the labels are assigned, which is equivalent to answering

the following question: which columns are considered as “promising” and should be selected ?

3.1.1 Labels

The idea is to add a minimum number of columns in the RMP so that it remains fast to reoptimize.

We also want a maximum reduction of the objective value at each CG iteration. For these reasons,

a good option is to add the columns that will take a positive value after the RMP reoptimization,

i.e., we are looking for a minimal set of columns that will ensure a maximal decrease of the objective

value. This column selection problem can be formulated as the following mixed integer linear program

(MILP), which is a copy of the RMP with additional constraints and integer variables.

Let ` be the CG iteration number, Ω` the set of columns present in the RMP at the start of

iteration `, and G` the generated columns at this iteration. For each column p ∈ G`, we define a

decision variable yp that takes value 1 if column p is selected and 0 otherwise. To minimize the

number of selected columns, a small penalty ε is incurred for each selected column.

The proposed MILP is as follows:

min
θ,y

∑
p∈Ω`∪G`

cpθp +
∑
p∈G`

εyp (5)

s.t.
∑

p∈Ω`∪G`

apθp = b, (6)

θp ≥ 0, ∀p ∈ Ω` ∪ G` (7)

θp ≤ yp, ∀p ∈ G` (8)

yp ∈ {0, 1}, ∀p ∈ G`. (9)

Without the yp variables and constraints (8) and (9), model (5)–(9) would exactly be the RMP at

iteration `+1. Assuming that ε is sufficiently small, these variables and constraints are only considered

to minimize the set of selected columns. These columns correspond to those for which yp = 1, i.e.,
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the columns yp associated with positive-valued θp variables (due to constraints (8)). The subset of

columns to be added in the RMP at iteration ` is therefore

GS` = {p ∈ G` : yp = 1}. (10)

The overall procedure is illustrated in Figure 2.

RMP PP

MILP

Dual values

ColumnsColumn
subset

Figure 2: CG algorithm with MILP column selection

In other words, we are using the above MILP as the “expert” that we want to imitate and learn

from.

3.1.2 Column features

In CG, each column represents something different depending on the PP generating the columns. For

example, if the PP is a shortest path problem with resource constraints and each column is associated

with a path representing, e.g., a route or a schedule, features such as resource values, number of nodes

in the path, or distances between nodes can be considered. This is in addition to general features that

can be used for any problem such as the cost, reduced cost, dual values of the constraints that the

column contributes to. A complete list of the features is given in Sections 4 and 5 for our two case

studies.

3.2 Algorithmic requirements

In ML, many classification algorithms exist. In our case, the choice of the appropriate algorithm should

take into consideration the following points:

• The selection of a column depends on the presence of other columns in the problem, i.e., Ω`∪G`.
It is preferable that each column has information about the other columns.

• Based on the previous point, if we consider all the columns at once (taking x1,x2, ...,xn all

at once as input to the ML model), it should be noted that the number of columns n will be

different from one iteration to another, and that the result of the prediction should be the same

regardless of the columns order (order invariance).

• Dual values contain rich information that should be used to determine whether or not a column

should be selected. However, the number of dual values depends on the number of constraints

in the problem, and the number of constraints to which a column contributes is different from

one column to another.

• The ML model should be able to generalize to new instances of a given problem, keeping in mind

that the instances will not be necessarily of the same size.

• The purpose of the ML model is to replace the MILP presented above, which is computationally

expensive. A fast prediction is desirable.

3.3 Graph neural networks for column classification

Graph neural networks (GNNs) form an effective framework for learning with graph structured data.

They can be used for tasks like node classification, link prediction, graph prediction, document clas-

sification and even combinatiorial optimization. They were initially introduced by Gori et al. (2005)
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and further developed by Scarselli et al. (2009). A GNN aims at learning a node representation by

aggregating information from the neighbor nodes in an iterative manner. This is also known as a

message-passing method. The node representations can then be used to produce an output label for

node classification tasks.

Due to the effectiveness of these methods in capturing dependencies between nodes, various studies

tried to extend the learning approaches on graphs by adopting ideas from deep learning paradigms, and

gave birth to several methods based on convolutional neural networks, known as graph convolutional

networks (GCN), where the convolution operation has been redefined for graph structured data. GCN

methods are divided into two groups: the first group contains the spectral-based methods which are

based on spectral graph theory and graph signal processing, and the second one includes the spatial-

based methods that agreggate information directly from the neighbor nodes. These approaches are

summarized in a recent survey by Wu et al. (2019)

3.3.1 GNN overview

Given a graph G = (V,E), where V is the set of nodes and E the set of edges, each node v ∈ V is

characterized by its feature vector xv. The goal is to iteratively update the representation of a node

(also called state) by aggregating information from the neighbor nodes. Let h(k)
v be the representation

vector of node v ∈ V at iteration k = 0, 1, . . . ,K. Let N (v) be the set of neighbor (adjacent) nodes

of v ∈ V . As shown in Figure 3, the representation vectors are iteratively updated by aggregating

the representations of the neighbor nodes as follows. At an iteration k > 0, an aggregated function,

denoted aggr, is first applied to compute a vector of aggregated information vector a
(k)
v for each node

v ∈ V :

a(k)
v = aggr({φ(k)(h(k−1)

u ,h(k−1)
v ) : u ∈ N (v)}), ∀v ∈ V,

with h(0)
v = xv and φ(k) is a learned function. Function aggr should be invariant to permutations of

the node order, such as the sum, mean, and min/max functions. Then, using a function denoted comb

(which is often a concatenation function), we combine the aggregated information with the current

state of the given nodes to obtained the updated node representation vectors:

h(k)
v = ψ(k)(comb(h(k−1)

v ,a(k)
v )), ∀v ∈ V,

where ψ(k) is another learned function.

v1

h1

v2

h2

v3

h3

v4

h4

v5

h5

v6

h6

v7

h7

v8
h8

1

Figure 3: Representation vector h1 of node v1 is updated by aggregating the representations h2, h3, h4 of its neighbor
nodes

As the iterations progress, the nodes collect information from farther away neighbor nodes. At the

final iteration K, the representation h(K)
v of a node v ∈ V can be used to predict its label, denoted lv,
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by applying a final learned transformation, denoted out, i.e.,

lv = out(h(K)
v ), ∀v ∈ V.

The learned functions φ(k), ψ
(k)
k and out are implemented by using multilayer perceptron feedforward

neural networks (Goodfellow et al., 2016).

A variety of architectures can be implemented within a GNN. For example, we can have edge

features, a directed graph instead of an undirected one, an edge or graph classification problem, etc. A

good summary of the architectures that have been proposed in the literature can be found in Battaglia

et al. (2018), where a configurable framework for building complex architectures is also proposed.

3.3.2 Our model

The model presented in the previous section can be used for our column classification task. One

obvious architecture consists in representing each column by a node and linking two nodes with an

edge if their corresponding columns contribute to at least one constraint in common. However, in this

case, the number of edges would be very large and the dual value information would be difficult to

include in the model. A different architecture uses a bipartite graph with two node types: column

nodes V and constraint nodes C. An edge (v, c) exists between a node v ∈ V and a node c ∈ C if

column v contributes to constraint c (see Figure 4a). The advantage of this representation is that

we can have feature vectors attached to the constraints nodes, which will allow us to include dual

information easily.

Since there are two node types, each iteration proceeds in two phases: a first phase is performed

to update the constraint representations (Figure 4b), followed by a second phase that updates the

column representations (Figure 4c). Note that, after a single iteration, every column node contains

some information about the other columns that contribute to the same constraints. However, better

information may be transmitted by performing additional iterations. The column representations h(K)
v ,

v ∈ V , are then used for predicting labels yv ∈ {0, 1}. The steps are described in Algorithm 1.

v1

v2

v3

v4

v4

c2

c3

c4

c4

(a) Bipartite graph with
two node types V and C

v1

v2

v3

v4

v4

c2

c3

c4

c4

(b) Phase 1 : constraint
representations update

v1

v2

v3

v4

v4

c2

c3

c4

c4

(c) Phase 2 : column rep-
resentations update

1

Figure 4: Our model represented by a bipartite graph for column classification/selection

As described in the previous section, we start by initializing the representation vectors of both

the column and constraint nodes by the feature vectors xv and xc, respectively (Steps 1 and 2). For

each iteration k we perform the two phases: updating the constraint representations (Steps 4 and 5),

then the column ones (Steps 6 and 7). The sum function is used for the aggr function and the vector

concatenation for the comb function. The functions φ
(k)
C , ψ

(k)
C , φ

(k)
V , and ψ

(k)
V are 2-layer feedforward
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Algorithm 1 GNN applied to the bipartite graph model

1: h
(0)
v = xv , ∀v ∈ V

2: h
(0)
c = xc, ∀c ∈ C

3: for k = 1, ...,K do

4: a
(k)
c =

∑
u∈N (c) φ

(k)
C (h

(k−1)
c ,h

(k−1)
u ), ∀c ∈ C

5: h
(k)
c = ψ

(k)
C ([h

(k−1)
c ,a

(k)
c ]), ∀c ∈ C

6: a
(k)
v =

∑
u∈N (v) φ

(k)
V (h

(k−1)
v ,h

(k−1)
u ), ∀v ∈ V

7: h
(k)
v = ψ

(k)
V ([h

(k−1)
v ,a

(k)
v ]), ∀v ∈ V

8: end for
9: yv = out(h

(K)
v ), ∀v ∈ V

Phase 1

Phase 2

neural networks with ReLU activation functions and out is a 3-layer feedforward neural network with a

sigmoid function for producing the final probabilities (Step 9). A weighted binary cross entropy loss is

used to evaluate the performance of the model, where the weights are used to deal with the imbalance

between the two classes. Indeed, about 90% of the columns belong to the unselected class, i.e., their

label yv = 0.

Column set V includes the newly generated columns (i.e., those in G`) and also the columns in the

current basis of the RMP. The latter columns can give an indication of which columns to select and

they have proven to be valuable. Taking all the columns of the RMP (i.e., the non-basic columns as

well) can result in a slightly better accuracy of the model. However, the graphs would be much larger

each time that columns are added to the RMP, which would require more computational effort. This

would slow down the training and the prediction, and also increase memory usage.

The data is collected by solving multiple problem instances using the MILP (10)-(15) to select the

columns and assign the labels. At each CG iteration, a bipartite graph is built and the following data

is stored:

• The sets of column and constraint nodes;

• A sparse matrix E ∈ Rn×m storing the edges;

• A column feature matrix XV ∈ Rn×d, where n is the number of columns and d the number of

column features;

• A constraint feature matrix XC ∈ Rm×p, where m is the number of constraints and p the number

of constraint features;

• The label vector y of the newly generated columns in G`.

4 Case study I : Vehicle and crew scheduling problem

In this first case study, we focus on a problem arising in urban transit systems called the VCSP.

Traditionally, this problem is split into two problems that are solved in a sequential fashion, where the

vehicle schedules are first determined (vehicle scheduling problem - VSP) before the crew schedules

(crew scheduling problem - CSP). This approach has been strongly criticized (Ball et al., 1983), because

in most cases driver costs dominate the vehicle costs. In our case, we consider the VCSP, which is

a complete integration of the CSP and the VSP. The objective is to determine vehicle schedules and

driver schedules simultaneously while minimizing the total cost. The first formulation that integrates

both problems is that of Freling et al. (1999), where two approaches for solving the problem, the first

using CG and the second using Lagrangian relaxation, are proposed.

In our work, we consider the model of Haase et al. (2001), which is a set partitioning model with

additional constraints involving only the crew scheduling variables. The additional constraints ensure

that vehicle schedules are obtained in polynomial time. Moreover, taking into account the vehicle

costs in the objective function ensures that an optimal solution is obtained. The authors propose a

branch-and-price method to solve the proposed formulation. Other formulations based on CG and
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set partitioning models were then proposed by Freling et al. (2003). An extension for the case of

multiple depots (MD-VCSP) using Lagrangian relaxation in combination with CG is proposed by the

same authors in Huisman et al. (2005). A similar formulation but with less decision variables and

fewer constraints is proposed by Mesquita and Paias (2008). More work was done in this direction

by de Groot and Huisman (2008), where different splitting strategies for tackling large real-world

MD-VCSP instances are devised.

4.1 Problem description and basic solution approach

We focus on the case of a bus company with a single depot and a homogeneous fleet of vehicles as

described in Haase et al. (2001). Each bus line is defined by: a departure point, a destination point,

several intermediate stops where passengers can get on and off the bus. Some of these stops are called

relief points where driver exchanges can occur. For each line, there is a predefined timetable defining

a set of trips to be covered during the day. The objective is to assign the buses to the different trips,

as well as assigning the drivers to the buses, while minimizing total costs, which include driver and

bus operational costs, and may also include fixed costs for vehicles and drivers.

As mentioned above, our basic solution approach is that of Haase et al. (2001) who developed

a branch-and-price algorithm, where the master problem is a set partitioning model with additional

constraints, involving driver schedule variables only. The PP is a shortest path problem with resource

constraints solved with a labeling algorithm (Irnich and Desaulniers, 2005) that allows the generation

of driver schedules, also called duties. Note that the number of columns generated by this algorithm

can be adjusted by modifying the dominance rule or by solving the same PP multiple times after

removing some nodes/arcs from the network after each resolution. The detailed network structure and

formulation are described in Haase et al. (2001).

4.2 Features considered

As mentioned in Section 3.1.2, the features collected depend on the problem at hand. For the VCSP

case, each column represents a path with resource constraints, and the following features may be used:

Columns: cost, reduced cost, number of constraints that the column contributes to (the set parti-

tioning model of Haase et al. (2001) have four groups of constraints and it is, thus, possible to

have a distinct feature for each group), resource values (i.e., work time, duty duration), duty

type (if applicable), columnIsNew (boolean value indicating if the column is newly generated or

in the basis), column value (if the column is in the basis, 0 otherwise), column incompatibility

degree (as defined in Elhallaoui et al., 2010).

Constraints: dual value, number of columns contributing to the constraint (equal to the degree of

the node in the bipartite graph).

4.3 VCSP instances

Instances of the VCSP were randomly generated as in Haase et al. (2001). The trips to cover during

a day are uniformly distributed over the time horizon, with more trips during peak hours. A total of

100 instances of 400 trips were generated for the training phase. These instances were solved using the

MILP for the column selection at each iteration and the labels were assigned accordingly. The data

of the 100 instances were collected resulting in more than 7000 iteration datasets (i.e., 7000 bipartite

graphs). Once the training was completed, new instances of different sizes varying between 300 and

800 trips were solved using the learned model for selecting the columns. The experimental results of

both ML and optimization phases are reported in the next section.

4.4 Computational results

We start our computational experiments by evaluating the performance of the MILP proposed in

Section 3.1.1 because we are trying to imitate it. Once the performance of the MILP is confirmed,
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we can proceed to the evaluation of the training phase and, finally, to the integration of the learned

model in the CG algorithm.

4.4.1 MILP performance

Column selection by the MILP was performed on several VCSP test instances. For a typical instance,

Figure 5 compares the normal execution, where all generated columns are added (blue curve), and the

execution with the MILP selection (orange curve). By adding all the columns, the normal execution

reaches the optimal solution in 56 iterations for this instance, unlike the execution with the MILP

selection, which exhibits a major convergence issue. This is mainly due to the rejected columns that

remain with a negative reduced cost after the RMP reoptimization and keep on being generated in

subsequent iterations, even though they do not improve the objective value (degeneracy). Somehow,

the columns selected by the MILP are not sufficient and do not allow the generation of significantly

better columns in the subsequent iterations. A possible solution would be to add more columns, and

the best candidates are the columns that remain with a negative reduced cost after the reoptimization

of the RMP (see Figure 6). Given the large number of those columns, it is not necessary to add

them all. One option consists of sorting them by increasing reduced cost and adding a predetermined

percentage of them.
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Figure 5: Comparison between the execution without selection and with MILP selection
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Figure 6: CG algorithm with MILP column selection and additional columns

For five VCSP instances with 400 trips, Table 1 shows the results obtained by the CG algorithm

without column selection and the one with column selection by the MILP and additional columns.

For each instance, we report: the total computational time (in seconds) required to solve the linear
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Table 1: Results with the MILP selection

Instance # Constraints
Without Selection With Selection Time

Time Time RMP # Itr # Col Time Time RMP # Itr # Col Reduction

VCS 400 1 1740 310 244 104 20,195 174 132 44 15,624 44%
VCS 400 2 1757 311 262 46 17,942 178 140 41 14,754 53%
VCS 400 3 1752 464 405 53 20,140 298 243 57 17,101 36%
VCS 400 4 1757 363 308 50 19,453 284 233 51 16,683 22%
VCS 400 5 1759 319 270 46 18,162 218 175 43 14,352 32%

Average 1753 353 297 59 19,178 230 184 47 15,703 34%

relaxation, the time taken to solve the RMPs only (in seconds), the number of CG iterations, the

number of columns in the RMP at the end of the optimization, and the percentage of the computa-

tional time saved by using column selection. Preliminary tests were run to configure both algorithms.

In particular, the CG algorithm without column selection turns out to be better when the number

of columns generated is approximately three times less than the number of columns generated by

the algorithm with column selection. For the latter algorithm, we select in addition of the column

selected by the MILP 50% of the unselected columns that have a negative reduced cost of the RMP

reoptimization. Note that, for the results presented in this section, no columns are removed from the

RMP (i.e., n+
cols = ∞) and the computational time of the algorithm with column selection does not

include the time spent solving the MILP at every iteration since we are interested only on assessing

the effectiveness of the selection. The MILP will be replaced afterwards with a fast learned model.

From these results, we observe that column selection allows a reduction of the average compu-

tational time of 34%, showing the potential of column selection. Given that the average number of

iterations is quite similar for the two algorithms (except for the first instance which highly suffered

from degeneracy without column selection), we can deduce that this gain is due to a reduction in the

time spent solving the RMPs. Indeed, the saving on the average RMP time is around 38%, which

results from a smaller average number of columns to handle (around 20% less columns).

4.4.2 Machine learning phase

As always in ML, several hyperparameters have to be adjusted. The best model that we obtained uses

the values presented in Table 2. The accuracy can be slightly improved in favor of a longer prediction

or training time, which is not worth it based on the experiments we conducted.

Table 2: Parameters used for training the VCSP GNN model

Parameters Value

Number of iterations 1
Learning rate 10−3

Maximum number of epochs 1000
Epoch size 32
Batch size 16
Intermediate NN architecture 32× 32
Output NN architecture 32× 32× 1
Activation function ReLU
Optimizer Adam
Sigmoid class weights 10:1

The data set is split into two sets: training and test sets (75% for training and 25% for test).

The training is performed in 1000 epochs, where each epoch includes 32 batches, and each batch

includes data from 16 iterations. The number of iterations corresponds to the number of updates of

the constraint and column nodes in the graph (parameter K in Algorithm 1). This parameter is set to

1 as a higher value of K resulted in a slight improvement of 1%, but the training and the prediction
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took at least twice as much time, which is not desirable. The intermediate NN architecture corresponds

to a 2-layer neural network with 32 neurons on each layer and ReLU activations. This architecture

implements the functions φ
(k)
C , ψ

(k)
C , φ

(k)
V , ψ

(k)
V in Algorithm 1, whereas the Output NN architecture

implements the output function out. To deal with the imbalanced data, a weighted sigmoid function

is used, assigning a weight of 10 and 1 to the columns with label yv = 1 and yv = 0, respectively

(i.e., misclassifying one column with label yv = 1 is equivalent to misclassifying 10 columns with label

yv = 0). The weights allow also to give more importance to the columns to be selected.

To evaluate the performance of the ML model obtained, we consider different metrics that are

listed in Table 3 and computed as follows. Let tp, tn, fp, and fn be the number of true positives

(columns with label yv = 1 that are predicted correctly), true negatives (columns with label yv = 0

that are predicted correctly), false positives (selected columns that should have been rejected), and

false negatives (rejected columns that should have been selected), respectively. Then,

Recall =
tp

tp+ fn

TNR =
tn

tn+ fp

Precision =
tp

tp+ fp

Balanced Accuracy =
TPR+ TNR

2
,

where Recall is also called TPR for True Positive Rate and TNR stands for True Negative Rate.

The results reported in Table 3 were obtained on a test set consisting of 400-trip instances. From

these results, one can see that the Recall value is high, indicating that the columns to select are

predicted correctly with an 86.2% accuracy. However the TNR value is only 66.6%, which means

that among all the columns that should not be selected, only 66.6% were predicted correctly and the

remaining ones are added when they should not. In our case, we are more interested by selecting

accurately the columns with label yv = 1 because selecting additional columns is not an issue and may

be desirable to avoid convergence issues as encountered with the initial MILP selection. Because of

the label imbalance, the 33.4% columns that are misclassified and added by the model largely exceed

in numbers the 86.2% correctly predicted ones, which is reflected by the Precision value of 23.7%. In

other words, out of all the columns selected by the model, only 23.7% should actually be selected and

the remaining columns are supplementary. Therefore, no additional columns are required when using

this model in the CG algorithm, unlike the MILP where additional columns were needed. Finally,

note that the use of the normal accuracy (accuracy = tp+tn
tp+tn+fp+fn ) can be ambiguous when dealing

with imbalanced data. Consequently, it is more interesting to consider the Balanced accuracy that

normalizes both classes. A Balanced accuracy of 50% is obtained when all the columns are given the

same label 0 or 1, so our 76.5% Balanced accuracy is a satisfactory result.

Table 3: Metrics of the best GNN model obtained for the VCSP

Metric Value

Recall 86.2%
TNR 66.6%
Precision 23.7%
Balanced Accuracy 76.5%

4.4.3 Optimization phase

Once the training is done, the learned model is integrated into the CG algorithm for selecting columns

at each iteration (it replaces the MILP in Figure 2). To test the efficiency of the learned model, we

compare the following five different algorithms:
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No selection (NO-S): This is the CG algorithm with no selection involved: all the generated

columns are added to the RMP

MILP selection (MILP-S): The MILP is used to select the columns, with 50% additional columns

to avoid convergence issues. The total computing time does not include the time to solve the

MILP because we are looking to replace it with a fast approximation.

GNN selection (GNN-S): The learned model is used to select the columns. At every CG iteration,

the column features are extracted, the predictions are obtained, and the selected columns are

added to the RMP.

Sorting selection (Sort-S): The generated columns are sorted by reduced cost in ascending order,

and a subset of the columns with the lowest reduced cost are selected. The number of columns

selected is on average the same as with the GNN selection.

Random selection (Rand-S): A subset of the columns is selected randomly. The number of columns

selected is on average the same as with the GNN selection.

Although the reduced cost of a column is not a reliable indicator of whether a column is interesting

or not, comparing the model with the last two selection strategies will help us to determine if the

model was really able to identify some hidden patterns and to learn effectively from the data.

Table 4: Parameter values used by the five algorithms

Algorithm n−cols n+
cols

minsel
ε Additional

(Penalty) columns
NO-S

3× ncons 6× ncons

- - -
MILP-S

100

0.1 50%
GNN-S

- 0%Sort-S
Rand-S

The parameter values used by the five algorithms are summarized in Table 4. As defined in

Section 2, the parameters n−cols and n+
cols correspond to the minimum and maximum number of columns

to keep in the RMP, respectively, where ncons is the number of constraints in the RMP. Different values

for n−cols and n+
cols were tested and the overall best ones were retained. A low penalty ε = 0.1 is used for

every selected column in the MILP since the selection with the MILP alone suffers from convergence

issues and a higher penalty implies less selected columns. In addition to the low penalty, 50% of the

remaining columns with the most negative reduced cost (after the RMP reoptimization) are added to

the RMP. The parameter minsel is equal to the minimum number of columns that need to be generated

to activate column selection at a CG iteration. In fact, in preliminary tests, we observed that it is

not worthwhile selecting columns from a small set of generated columns. As shown in the ML results,

the GNN model selects more columns than the MILP (Recall of 23.7%) and therefore no additional

columns are needed.

The results obtained for 15 VCSP instances involving 300 to 500 trips are reported in Table 5. For

each algorithm, the time in seconds and the number of CG iterations is reported. The time reduction

column compares the GNN-S to the NO-S algorithm. The first observation is that the computational

time taken by GNN-S and MILP-S are very close to each other. The difference is that the GNN

model tends to select more columns than the MILP. Therefore, slightly different results are obtained,

sometimes better and sometimes worse but in average very close. The times of the last two selection

strategies are either close or worse than those obtained by NO-S; they are far from the results given

by GNN-S or MILP-S. Their relatively bad performance is also reflected by the larger number of

iterations performed. The selection with the GNN model gives good results on all the instances even

if the training has only been done on instances with 400 trips, which shows the ability of the model to

generalize to instances of different size. Additionally, the total number of columns added to the RMP

before reaching the optimal solution is generally lower than the case without selection. Compared to
NO-S, GNN-S gives on average a gain ranging from 25% to 30% as shown in the last column. The

time taken by the model to make the prediction is negligible: it varies between 40 ms and 70 ms per
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iteration, depending on the size of the instance and the number of generated columns. Therefore, given

the reduced number of iterations performed, the total prediction time sums up to a few seconds only.

Table 5: Results for VCSP instances with 300 to 500 trips (times in seconds)

Instance
NO-S MILP-S GNN-S Sort-S Rand-S Time

Time # Itr Time # Itr Time # Itr Time # Itr Time # Itr reduction

VCS 300 1 105 63 73 62 69 54 93 74 110 81 34%
VCS 300 2 72 41 49 40 49 37 71 55 73 52 32%
VCS 300 3 131 83 115 94 95 76 156 151 150 118 27%
VCS 300 4 158 73 107 76 110 75 151 118 175 123 30%
VCS 300 5 76 58 54 49 55 45 79 61 86 60 28%

Average 108 63 79 64 75 57 110 91 118 86 30%

VCS 400 1 265 74 170 56 180 75 287 108 270 95 32%
VCS 400 2 259 72 187 58 158 55 305 112 227 71 39%
VCS 400 3 365 93 277 89 278 96 435 186 427 140 24%
VCS 400 4 315 77 254 73 221 70 391 137 370 109 30%
VCS 400 5 234 59 199 60 207 61 319 110 277 79 12%

Average 287 75 217 67 208 71 347 130 314 98 25%

VCS 500 1 721 79 449 75 464 78 781 150 781 108 36%
VCS 500 2 769 79 490 79 455 72 766 144 779 108 41%
VCS 500 3 910 113 510 88 490 83 1105 229 881 131 46%
VCS 500 4 572 77 485 87 496 90 616 102 583 105 13%
VCS 500 5 818 92 645 94 703 97 794 107 926 150 14%

Average 758 88 515 84 521 84 812 146 790 120 26%

Additional experiments have been conducted on larger instances with 600 to 800 trips, comparing

only the first three strategies. The detailed results are shown in Table 6. They indicate that column

selection using the GNN model is still practical and gives good results, namely, average time reductions

of 21 to 23%. Note that, for these tests, we used the same prediction model as for the smaller instances,

which was trained on instances with 400 trips.

Table 6: Results of VCSP instances with 600 to 800 trips (times in seconds)

Instance
NO-S MILP-S GNN-S Time

Time # Itr Time # Itr Time # Itr reduction

VCS 600 1 1319 108 1049 100 998 96 24%
VCS 600 2 1445 112 1005 92 1031 99 29%
VCS 600 3 983 89 659 75 805 93 18%
VCS 600 4 1930 159 1659 156 1570 165 19%
VCS 600 5 1379 137 1028 108 1025 115 26%

Average 1411 121 1080 106 1085 115 23%

VCS 700 1 2396 101 1977 107 1882 97 21%
VCS 700 2 1613 80 1118 73 1212 78 25%
VCS 700 3 2074 106 1470 89 1546 97 25%
VCS 700 4 2465 102 1854 104 2061 109 16%
VCS 700 5 2101 85 1487 87 1672 101 20%

Average 2129 94 1581 92 1674 96 21%

VCS 800 1 4282 126 3107 109 3614 135 16%
VCS 800 2 4655 145 3205 114 3461 133 26%
VCS 800 3 4998 163 3065 106 3929 155 21%
VCS 800 4 8561 382 7333 274 6983 343 18%
VCS 800 5 10156 549 5480 195 6676 330 34%

Average 6530 273 4438 159 4932 219 23%
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5 Case study II : Vehicle routing problem with time windows

The vehicle route problem (VRP) has been the subject of intensive research for over fifty years because

of its importance in transportation planning and its great difficulty to solve. The VRP consists in

planning least-cost delivery routes in order to serve a geographically dispersed set of customers, while

respecting the capacity of the vehicles used. In this paper, we focus on the VRPTW, which is a

generalization of the VRP where, for each customer, a time window in which the delivery must be

made is imposed. To date, the best known algorithms for solving the problem are based on CG

where the PP generates vehicle routes. This PP is modeled as an elementary shortest path problem

with resource constraints (ESPPRC), where the resource constraints enforce the respect of the time

windows, the vehicle capacity, and elementarity requirements. The ESPPRC is usually solved by a

labeling algorithm (see, e.g., Irnich and Desaulniers, 2005).

The first CG algorithm for the VRPTW was introduced by Desrochers et al. (1992). They obtained

their best computational results by considering a relaxation of the PP that allows multiple visits to

a customer in a route but avoids 2-cycles. This relaxation however yields weak lower bounds. Later,

Feillet et al. (2004) developed a labeling algorithm for solving the ESPPRC and a CG algorithm

where only elementary routes are generated, yielding strong lower bounds (see Contardo et al., 2015).

Because the ESSPRC is NP-hard, it is highly difficult to solve it as a PP for instances where a large

number of customers can be visited in a route. Therefore, other PP relaxations have been investigated.

In particular, Baldacci et al. (2011) proposed the ng-route relaxation which allows the generation of

routes with cycles but prohibits certain cycles by defining a neighborhood for each customer. The

neighborhood size can be adjusted to define a compromise between the complexity of solving the PP

and the quality of the lower bound achieved. In a different research stream, several valid inequalities

specific to the VRPTW have been proposed to tighten the lower bound like the 2-path cuts (Kohl

et al., 1999), and the subset-row cuts (Jepsen et al., 2008). Further enhancements were presented in

Pecin et al. (2017). For a broader view of the various techniques devised for the VRP and its variants,

the readers can consult the surveys of Desaulniers et al. (2014) and Costa et al. (2019).

5.1 Problem description and basic solution approach

Given a fleet of vehicles assigned to a single depot, the VRPTW consists in determining a set of possible

routes (one route per vehicle used) to deliver goods to a geographically dispersed set of customers while

minimizing the total cost, which is most often proportional to the distance traveled. Each customer

must be visited exactly once by a vehicle during a specific time window. If the vehicle visits the

customer earlier, the vehicle has to wait until the customer is available in order to make the delivery.

A route starts from the depot and visits a sequence of customers before returning to the depot and it

is feasible if the total amount of goods delivered does not exceed the capacity of the vehicle and if the

time windows of the visited customers are respected.

In this work, we model the VRPTW as a set-partitioning problem like in most recent papers (see,

e.g., Pecin et al., 2017) and solve its linear relaxation by CG where the PP is a shortest path problem

with resource constraints and 2-cycle elimination as in Desrochers et al. (1992). The PP is solved by

a labeling algorithm that can generate multiple columns as for the VCSP.

5.2 Features considered

The features considered for the VRPTW are quite similar to those of the VCSP since both prob-

lems are formulated as set-partitioning problems where every column represents a path with resource

constraints. The features are:

Columns: cost, reduced cost, number of constraints that the column contributes to (i.e, number of

clients visited by the route), resource values (i.e., time and load), columnIsNew (boolean value

indicating if the column is newly generated or in the basis), column value (if the column is in

the basis or 0 otherwise).
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Constraints: dual value, number of columns contributing to the constraint (i.e, number of routes

that can visit the client).

5.3 VRPTW instances

The column selection strategy proposed in this paper aims at reducing degeneracy in the MP and,

thus, reducing the time spent solving the RMPs. Thus, it can have a significant impact on the overall

computational time if the RMPs take a relatively large proportion of it. Because the known VRPTW

benchmark instances typically require more time for solving the PP than the RMP, we have decided

to modify some of the Gehring & Homberger instances (Homberger and Gehring, 2005) with the aim

of creating instances where the PP becomes relatively easy to solve. To do so, the widths of the

largest time windows, namely, those with a width exceeding a given threshold, were reduced so that

they became shorter than this threshold. The chosen threshold varied from one instance to another

between 90 and 120. For our tests, we retained only the instances that spent between 70 and 90% of

the total time solving the RMPs. These instances are all derived from the R2 class (the customers are

randomly located in a square) and involve 400, 600 or 800 customers.

To perform training, data was collected from only 20 VRPTW instances with 600 customers. This

was sufficient given that much more CG iterations (a total of around 10,000 for these 20 instances)

were needed to find an optimal solution than for the VCSP. The MILP was again used for column

selection and label assignment. To avoid convergence issues, all the remaining columns with negative

reduced cost were added to the RMP since their number is not as high as in the VCSP where only 50%

of them were added. Additionally, the iterations with less than 150 generated columns were ignored.

Once the data generation was completed, the training was performed by splitting the datasets into

training and test sets.

5.4 Computational results

As for the VCSP, this section is divided in two: a ML subsection to present the training results,

followed by the results of the integration of the learned model in the CG algorithm.

5.4.1 Machine learning phase

The hyperparameter values are presented in Table 7. The values are quite similar to the ones used for

the VCSP. The only differences are: i) a larger batch size because the bipartite graphs are smaller due

to the reduced number of constraints, ii) a larger weight assigned to the columns to select (15 versus

10) because the columns with label yv = 1 represent only 7% of all the columns.

Table 7: Parameters used for training the VRPTW GNN model

Parameters Value

Number of iterations 1
Learning rate 10−3

Maximum number of epochs 1000
Epoch size 32
Batch size 24
Intermediate NN architecture 32× 32
Output NN architecture 32× 32× 1
Activation function ReLU
Optimizer Adam
Sigmoid class weights 15:1

We use the same metrics as in Section 4.4.2 to evaluate the performance of the GNN model. From

the results reported in Table 8, we can see that the columns with label yv = 1 are correctly predicted

with 79.3% accuracy. However, the accuracy of the columns with label 0 is only 68.2%, and given

their large number due to the imbalance between the two classes, the columns that actually should
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Table 8: Metrics of the best GNN model obtained for the VRPTW

Metric Value

Recall 79.3%
TNR 68.2%
Precision 21.8%
Balanced Accuracy 73.8%

be selected (yv = 1) represent only 21.8% of the total columns selected by the model. Compared to

the results obtained for the VCSP, these results are only slightly different. Thus, with a minimum

of tuning, it was possible to obtain a learned model with a very close performance, even though the

VRPTW and the VCSP are two completely different problems from a combinatorial optimization

perspective.

5.4.2 Optimization phase

To evaluate the performance of the GNN model, VRPTW instances with 400, 600 and 800 customers

were generated. The results on instances with 400 and 800 customers allow us to test the model’s ability

to generalize to instances of different sizes. To do so, we compare the following three algorithms:

No selection (NO-S): This is the standard CG algorithm with no column selection involved. All

the generated columns are added to the RMP.

GNN selection (GNN-S): The learned model is used to select the columns to add to the RMP. At

each iteration, the PP generates around 50% more columns compared to NO-S.

Random selection (Rand-S): A subset of the generated columns is randomly selected. The number

of columns selected is on average the same as with GNN-S.

The values of the main parameters used by these algorithms are provided in Table 9. Recall that

n−cols and n+
cols correspond to the minimum and maximum number of columns to keep in the RMP,

respectively, ncons is the number of constraints in the RMP, and minsel is the minimum number of

generated columns to activate column selection.

Table 9: Parameter values used by the three algorithms

Algorithm n−vols n+
cols minsel

NO-S 20× ncons 40× ncons -

GNN-S
10× ncons 20× ncons 150

Rand-S

For each tested instance, Table 10 reports the total time in seconds and the number if CG iterations

required by the three algorithms for solving the linear relaxation. The last column corresponds to the

time reduction when comparing GNN-S with NO-S. One can see that the column selection with the

GNN model gives positive results, yielding average gains ranging from 20% to 29%. These gains could

have been larger if the number of CG iterations performed had not increased. Note also that for

the VRPTW, the total time needed to make the predictions is larger than for the VCSP because the

total number of iterations is significantly larger. The total prediction time can vary from 50 s to 300 s

depending on the number of iterations and the instance size, which can explain the limited effectiveness

of column selection for the largest tested instances. However, despite this, the selection with the GNN

model is still more effective than a completely random selection, even if the latter does not require

much computational effort.
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Table 10: Results for the VRPTW instances

Instance
NO-S GNN-S Rand-S Time

Time # Itr Time #Itr Time # Itr reduction

400 1 349 668 244 790 342 829 30%
400 2 234 352 162 384 204 436 30%
400 3 310 572 219 612 276 632 29%
400 4 169 292 116 333 189 395 31%
400 5 260 393 201 509 273 560 23%
400 6 390 817 308 762 360 912 21%
400 7 283 467 181 557 250 653 36%
400 8 265 602 177 678 237 679 33%
400 9 190 366 94 305 157 321 50%
400 10 270 754 211 665 287 792 22%

Average 272 528 191 559 267 620 29%

600 1 1066 910 712 1178 1093 1226 33%
600 2 630 625 461 758 541 765 27%
600 3 1164 929 935 1321 1433 1385 20%
600 4 1187 378 803 820 1097 792 32%
600 5 1800 1130 1138 1475 1289 1498 37%
600 6 1105 768 725 791 884 772 34%
600 7 1439 980 1268 1194 1585 1250 12%
600 8 2116 1007 1867 2211 1965 1277 12%
600 9 1158 960 1029 1054 1117 1310 11%
600 10 1690 1191 1374 1536 1617 1698 19%
600 11 754 746 597 680 726 827 21%
600 12 1503 1062 1265 1300 1627 1335 16%
600 13 1957 1469 1338 1476 1873 1982 32%
600 14 821 739 600 842 825 1077 27%

Average 1314 921 1008 1188 1262 1228 23%

800 1 4195 1258 3307 1630 4210 1748 21%
800 2 4002 1404 3349 1833 3528 1873 20%
800 3 4228 1563 3221 1843 3481 2204 24%
800 4 3182 1572 2461 1788 2968 2008 23%
800 5 4594 1347 3925 2410 4625 2570 15%

Average 4040 1159 3253 1900 3762 2080 20%

6 Conclusion

In this paper, we have presented a new approach for accelerating CG. The approach, based on ML,

is more suitable to problems that take more time to solve the RMP than the PP as it focuses on

reducing the RMP computational time. The objective is to select the most promising columns at each

iteration using a supervised learning algorithm trained on data collected from previous executions.

We started by defining an effective but expensive column selection strategy with a MILP. Then we

replaced such expensive computation with a fast prediction. The learning problem was brought down

to a node classification problem on a graph using a GNN. The advantage of using this approach is that,

to determine whether a column should be selected or not, the information from the other considered

columns is used. Computational results on two well-known problems from the literature, the VCSP and

the VRPTW, have indicated average reductions of 20 to 30% in the total computational time required

to solve the linear relaxation. These results also showed the ability of the GNN model to generalize

to instances of sizes different than those used in training. Still, improvements to the combined ML-

CG algorithm can be made, either in the choice of features or the learning algorithm used, or the

method applied to identify the promising columns (maybe by combining information from more than

one “expert” instead of the MILP only).
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