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Abstract: We consider within the framework of Mean Field Games theory a dynamic discrete choice
model with an advertiser, where a large number of minor agents (e.g., consumers) are choosing between
two predefined alternatives while influenced by social and advertisement effects. For example, in schools,
teenagers’ decisions to smoke are considerably affected by their peers (social effect), as well as the ministry
of health campaigns against smoking (advertisement effect). The advertiser is “Stackelbergian”, in the sense
that it makes its decision first and then the consumers make their choices. We show for a continuum of minor
agents that there exists a Stackelberg solution. Moreover, when the minor agents are initially uniformly
distributed, we give an explicit form for the solution and characterize it by a vector describing the way the
population of agents splits between the destination points.

Keywords: Mean field games, collective choice, multi-agent systems
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1 Introduction

Discrete choice models were initially developed in micro-economics to analyze human choice behavior in
the face of a finite set of alternatives, e.g., the choice of a mode of transportation [1], of a residential
location [2], smoking decision in schools [3], etc. These choices are mainly influenced by the others’ choices
(social or peers effect), as well as by some personal factors, such as the financial situation in the residential
location example. In some situations, a third factor considerably affects the individual choices, namely the
“advertisement effect”. We call advertisement the effort exerted by an advertiser to induce individuals to
choose one alternative over the others. For example, in its intent to reduce the percentage of smokers among
teenagers, the government makes some investments in the form of campaigns against smoking to encourage
the teenagers not to smoke. On the other hand, a teenager’s decision to smoke in considerably affected by
his peers’ decisions.

In this paper, we model within the framework of Mean Field Games (MFG) theory situations where a large
number of agents (e.g., consumers) are making a choice among two alternatives, while taking into account the
social and advertisement effects. The latter is produced by a dominating agent/advertiser advertising for one
of the choices. The advertiser is “Stackelbergian” [4], that is it makes its decision first, with the consumers
deciding afterwards. We seek a Stackelberg solution. In case of initially uniformly distributed consumers, we
describe by a vector the way the population splits between the alternatives. This vector is a fixed point of a
well defined finite dimensional operator.

A related topic in differential game theory are the advertising competition models [5]. In these models,
the consumers are not part of the game.

The MFG methodology, which we follow in this paper, is concerned with a class of dynamic games
involving a large number of agents interacting through the mass effect of the group. It posits at the outset
an infinite population to which one can ascribe a deterministic although initially unknown macroscopic
behavior (probability distribution). In view of the vanishing influence of isolated individuals, a generic
agent’s best response is then described by a Hamilton-Jacobi-Bellman (HJB) equation propagating backwards
and parameterized by the macroscopic behavior. In turn, the macroscopic behavior satisfies a forward
Fokker-Planck (FP) equation parameterized by the generic agents’ best response. Candidate sustainable
macroscopic behaviors are then computed as the fixed points, if they exist, of a suitable macroscopic to
macroscopic behavior operator. The corresponding best responses when applied to the practical (finite
population) situation, constitute approximate Nash equilibria (e—Nash equilibria) [6,7].

Definition 1 Consider N agents, a set of strategy profiles S = Sy X --- X Sy and, for each agent k, a
payoff function Jy(u1,...,un), V(u1,...,un) € S. A strategy profile (uf,...,uy) € S is called an e—Nash
equilibrium with respect to the costs Ji, if there exists an € > 0 such that, for any fired 1 < i < N, for all
u; € S;, we have

Ji(wisu”;) > Ji(uf,u;) — e

The MFG theory was originally developed in a series of papers by Huang et al. [6-8], and independently
by Lions and Lasry [9-11]. Recently, Bensoussan et al. developed in [12,13] a Stackelberg MFG model where
a dominating agent plays first and then a large number of minor agents make their decisions sequentially. In
this case, the agents seek a Stackelberg solution [4,14].

Definition 2 Consider N + 1 agents, a set of strategy profiles S = Sy X --+ X Sy, and for each agent k, a
payoff function Ji(u1,...,un), Y(ui,...,un) € S. Suppose that agent 0 is the dominating agent. A strategy
profile (ug,...,ul) € S is called a Stackelberg solution w.r.t. the costs Jy, if there exists a map T from Sp
to Sy x -+ x Sy, such that for all ug € Sy, T(ug) is a Nash Equilibrium w.r.t. Ji, k=1,...,N, and

up = min Jo(ug, T'(ugp))

T(ug) = (uis- .., uy)-
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In the models considered in this paper, the only randomness lies in the agents’ initial conditions, and
the control strategies, while expressed as state feedback laws, correspond in effect to open loop policies.
Unlike [12,13], in this paper, the dominating agent’s optimal control problem involves a dynamic constraint
that depends non-linearly on the minor agents’ macroscopic behavior and the dominating agent’s state.
An explicit Stackelberg solution is thus possible only in some special cases, for example, uniform initial
distribution of the minor agents.

The main contribution of this paper is to introduce an “advertising” model in which both the consumers
and advertiser are part of the game. Moreover, it describes the way the population of consumers split
between the alternatives under the social and advertisement effects. The mathematical model is introduced
in Section 2. In Section 3, we solve the limiting problem and show the existence of a Stackelberg solution. In
Section 4, we consider the case of initially uniformly distributed minor players and give an explicit form of
the solution. In this case, we describe by a vector A the way the population splits between the alternatives
under the social and advertisement effects. In Section 5, we provide some numerical simulation results, while
Section 6 presents our conclusions.

1.1 Notation

The following notation is used throughout the paper. We fix a generic probability space (2, F, P) and denote
by E(X) the expectation of a random variable X. The indicator function of a subset X is denoted by 1x.
The complement of a set X is denoted by X¢. The transpose of a matrix M is denoted by M’. We denote
by I, the identity k x k matrix. We denote the matrix product MM’ by M?2. We denote by Ly([0,T],R™)
the set of measurable functions f from [0,7] to R™, such that fOT | fII’dt < oco. Throughout this paper,
Ly([0,T],R™) is endowed with the inner product (f,g) = fOT f(@) g(t)dt, and the induced norm is denoted
by ||.]l2- When no confusion arises, we replace L2([0,T],R™) by L2([0,T]).

2 Mathematical model

We consider a dynamic non-cooperative game involving N minor agents and one dominating agent/advertiser
with respective dynamics

z; = Azx; + Bu; i=1,...,N, (1&)
y = Aoy + Bov, (1b)

where z; € R, 29 and u; € La([0,T],R™) are the state, initial state and control input of the minor agent i,
while y € R™, y° and v € Ly([0,T],R™) are the state, initial state and control input of the dominating
agent. We assume that the initial conditions z¥, i = 1,..., N, are independent and identically distributed
(i.i.d.) random vectors on some probability space (2, F, P) with distribution Fj.

The minor and dominating agents are associated with the following individual cost functions:

Ji(ui, u_s,v) = E[/OT {ngl —aZ — K(pg)yH2 + gHuiHQ}dt + %anlinz (Hx,(T) —ijQ)]a (2a)

My

T
.
o) =B [Pl 'ae+

_ 2
(1) - |’ (20)
fori=1,..., N, where T = 1/NZ§11 x;, o >0, q,7,10, M, Mo > 0, and p; € R™, j = 1,2, are the possible
ultimate destination choices. The matrix K (p3) € R"*™ is a function of the destination point ps.

Example 1 Consider a group of N teenagers choosing before a time T between smoking (p1) or not smok-
ing (p2). At time t, teenager i’s smoking inclination is modeled by a variable x;(t) € [—1,1], where the
value —1 correspond to a nonsmoker, while 1 represents a full smoker. The effort exerted by i at time t to
change its status is modeled by u;(t) € R. For example, |u;| would represent the amount of money paid by i
to increase (extra cigarettes) or decrease (medical treatment) its status. On the other hand, the government



Les Cahiers du GERAD G-2016-46 3

investments against smoking is modeled by a variable v € R. The variable y represents the effectiveness of
the advertising investment. The influence exerted by the advertisement on the teenagers’ smoking status is
modeled by K(p2)y, where K(p2) := pa = “Do Not Smoke” = —1. A teenager, in the process of choosing
between not smoking or smoking, minimizes the cost (2a), which penalizes along the path the deviation from
the peers smoking status T and the government nonsmoking advertisement K(p2)y, as well as the effort to
change the smoking status. Moreover, the teenager should be by time T a smoker (p1) or nonsmoker (ps) lest
he/she be considered undecisive by its peers. Thus, lack of a decision by time T is strongly penalized in the
final cost. On the other hand, the government tries to minimize its advertisement investments (the running
cost of (2b)), and should convince by time T the teenagers to be nonsmokers. Failure to sway a majority of
teenagers away from smoking results in a strong penalty in the final cost.

3 Mean field Stackelberg competition

In a Stackelberg competition, the dominating agent (DA) plays first and then the minor agents (mA) make
their decisions. The agents solve the game as follows. On the one hand, given the DA strategy v, the mA
play a Nash equilibrium with respect to their individual costs J;(u;, u—;,v), s = 1,..., N. On the other hand,
to compute its optimal strategy, the DA constructs a function that maps its strategies v to the corresponding
mA Nash equilibrium (uf(v)7uii(v)), if it exists uniquely. Subsequently, by implementing this map in its
cost, the DA computes its optimal strategy by minimizing Jo (v, u} (v), u*;(v)).

In view of (2a)—(2b), the DA/mA interact with the mA through the mean field term Z. An efficient
methodology to solve dynamic games involving a large number of weakly coupled agents is the MFG approach.
We start by assuming a continuum of mA to which one can ascribe a deterministic although initially unknown
mean trajectory . Then, the limiting game consists of (i) a representative (generic) agent of state x and
initial state xg, where x¢ is a random vector of distribution Py, and (ii) the DA defined in (1b). The state x
satisfies (1a). The generic agent and DA limiting cost functionals are respectively,

J(u,f,v):/OT{ng—af—K(pg)y||2 f|| H }dt—f—f mln (H ijz>, (3a)

(3b)

T
Jolw,7) = [ 2ol + 22 () -
0

where Z = E[z], in view of the assumed independence of the agents’ random initial conditions. The cost
functionals (3a)—(3b) are those of the mA /DA, where the average of the minor agents is replaced by an
assumed given deterministic trajectory z.

3.1 mA Nash equilibrium

Given the DA strategy v associated with an influence state trajectory y(t), t € [0,T], we start by computing
the generic agent’s best response to Z, itself assumed given. The cost function (3a) can be written as the
minimum of two independent LQR optimal tracking problems, each associated with one of the two destination
points.

J(u, T,v) =min (Jl(u,f,v), Jz(u,jr,v)),

where

T
i M
T (u, @, v) :/0 {$llz—az = K@a)y|* + 5 Jull” pat + = [l2(1) b,

with 7 = 1,2. Accordingly, we define the basin of attraction D(Z,y), such that if the generic agent is initially
in D(Z,y), then the LQR optimal tracking problem corresponding to p; is the less costly, and the generic
agent goes towards p;. Otherwise, it goes towards pa. The representative agent’s best response u* satisfies [15]

u*=—--B'n
" (4)
—n=An+ q(x —af — K(pg)y>,
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with n(T) = M (2(T) = 11p(s,y)(%0) = P21 Dz (30)),
D(z,y) = {0 € R[S0 < 5+ A(az + K(p2)y) }.

and A(.) is the following linear form on Lo ([0, T],R™):

Mq / K ! 22
AL =="eepe) | ol T B, 0)()(0) dodn, (5)
where ¢ is the state-transition matrix (STM) of 1I'(t)B? — A’ and

1
I'=-TBT -TA—- AT —ql,, T(T) = MI,
T
B = Mao(0,T)(p2 — p1)
2

_1 2 2M2,/0 /B) _M,/O /B
5= M Ulpl = lpal) + 50 | (601 TYB) dnpe =500t | (60 7)B) dupn(6)

Given the macroscopic behavior Z, the generic agent’s best response is uniquely determined. Now, for
a given y(t) trajectory, we study the existence of a consistent macroscopic behavior Z, i.e., such that Z is
the mean of the generic agent’s state at the (Z dependent) equilibrium. By taking the expectations of the
right and left hand sides of (1a) and (4), one can show that Z satisfies the following Mean Field equation
system (MF)

. 1
= At — -B®n

r (7)
—n=An+q(1l - a)z — qK(p2)y

with Z(0) = po, n(T) = M(Z(T) —pr), A = P (D(:f,y)), and py = Ap; + (1 — A)p2. Note that A is the
fraction of minor agents that goes towards p;.

Assumption 1 The following Riccati equation has a unique solution:
. 1
I+ 1A + ATl — ~TIB?TI + q(1 — a)I,, = 0, (8)
r

with TH(T) = MI,,.
Note that if @ < 1, then (8) has a unique solution [16].

Denoting ® as the STM of A — L BII, define the following entities

R(t) = ®(t,0)
R(t) = M /t ®(t,0)B*®(T,0) do
™ Jo
Ey)(t) = —g /01 /T[7 ®(t,0)B*®(1,0)' K (p2)y(r)drdo 9)
F(\) = Py(H")

H = {x € R"|B'wo < 6+ A(K(pa)y)al (R(t)uo + R(tpr + E<y><t>) }
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Assumption 2 We assume that Py is such that the Py-measure of hyperplanes is zero.
We recall the following Lemma from [15, Theorem 6].

Lemma 1 Under Assumptions 1 and 2, the following statements hold:

1. Z(t) is a solution of the MF equation system (7) if and only if it can be written under the form:
z(t) = R(t)po + R(t)px + E(y)(1), (10)

where \ is a fized point of F defined in (9).
2. The operator F has at least fized point (equivalently the MF equation system has at least solution,).

Furthermore, it can be shown [15] that the limiting macroscopic behaviors at the equilibrium Z satisfy the
following integro-differential equation

i=L(z,y)1), (11)
where Z(0) = po and

L(z,y)(t) =(A - %B2H):E + ¥B2<I>(T7 t)'Fo A(aa‘c + K(pg)y))(pl —p2)

t

+ BT~ 18 [ 80,0/ Kpalylo)o
T T T

F(s) =P (ﬂ’:zzo <6+ s)

Using similar techniques than those used in [15, Theorem 9], one can show that in the case of a finite
population of N agents, the strategy profile (u},u*,), defined in (4) for any DA strategy v, is an e—Nash
equilibrium with respect to the costs J;, ¢ = 1,..., N defined in (2a), where € goes to zero as N increases to
infinity.

Assumption 3 We assume that F is differentiable and |dF/d\| < 1 for all y in L*([0,T)).

Assumption 3 can be satisfied if the initial spread of the minor agents is sufficient. In fact,

Q
ds’

zi; = aA(R()(p1 — p2))

If the probability density distribution dF/ds of Bzg is strictly bounded by 1/|aA(R(t)(p1 — p2))|, then
Assumption 3 is satisfied.

_ 2
Example 2 If zo has a Gaussian distribution N (uo, o) with 28308 > (aA(R(t)(pl —pg))) , then As-
sumption 3 is satisfied.

Under Assumption 3, the function F(\) — A has a negative derivative. Therefore, one can state the following
theorem.

Theorem 1 Under Assumptions 1, 2, and 3, given the DA strategy v, F' has a unique fixed point A. Thus,
the mA limiting game admits a unique Nash equilibrium. Moreover, the mA macroscopic behavior T satisfies
the integro-differential equation (11).

3.2 DA optimal control problem

Under the Assumptions of Theorem 1 and given the DA strategy v, the unique mA Nash equilibrium is fully
determined by (11). The DA optimal control problem is then defined as follows:
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min__ Jy (v, :E(v))

vE€L2([0,T])
s.t. g = Apy + Bov and T = L(T,y)(t). (P1)

Because of the linear form A defined in (5), the dynamic constraint (11) is a nonlinear integro-differential
differential equation, where the vector Z at time ¢ depends on the entire path Z(c), o € [0,T]. Therefore, (P1)
is a nonstandard optimal control problem, and the standard dynamic programming method cannot be applied.
We solve the problem via the calculus of variations method [17]. We start at first by proving the existence
of an optimal control law v*.

Theorem 2 Under Assumptions 1, 2 and 3, the DP optimal control problem (P1) has an optimal control
law v*.

Proof. See APPENDIX I. O

Having proved the existence of an optimal control law, we now characterize the optimal solution v*, as
the solution of a certain differential equation, see Theorem 3 below. In the following, we denote by v* the
optimal control law, y* the DA optimal state and Z* the corresponding mA optimal mean field. The idea of
the following analysis is to derive a first variation condition on the cost functional in (P1) by considering a
perturbation v = v* + ndv, where n € R, and dv € Lo([0,77]). This condition is, as it is shown below (14a)—
(14b)—(15), a Backward functional ordinary differential equation involving the optimal control law v*. We
start by computing the Géateaux derivatives [17] of y and Z with respect to the considered perturbation as
follows:

d

d—y(v +77(5v)‘ =0y

n n=0 (12)
d_ e

d—nx(v +775v)‘n:0—6:v,

where,
d
£(5y = Apdy + Bodv, oy(0) =0

%5:@ — L1(5y)(t) + La(57) (), 6E(0) =0

r

Li()(t) = qBQ/T ®(0,t) K (p2)(.)(0)do + g{*A(K(pg)(.D B2®(T,t) (p1 — p2)

Lo()(t) = (A~ %an)(.) + @5%((.))32@@, t)'(p1 — p2)
e=L

The operator £; (resp. L) is a continuous linear operator from the Hilbert space L2([0,T],R™) (resp.
L2([0,T],R™)) to L([0,T],R™) (resp. L?([0,T],R™). To extract the Gateaux derivatives dy and 67 from the
expressions of £1 and Lo, we need to compute the relevant adjoint operators. We recall [18] that the adjoint
operator of a linear continuous operator G defined on a Hilbert space H; is the linear continuous operator G*
defined on a Hilbert space Hs satisfying for all x € H; and y € Hy

(G(2),y) = (2,67 ())-

Using Fubini-Tonelli’s theorem [19], one can show that the adjoint operators of £ and L4 are respectively

(A(a:i* + K(pg)y*)).

t T

®(t,0)B*(.)(0)do + £ K (p2)' H(t) / ®(T,0)B?(.)(0)do
1 T 0 (13)
£300) = (A= LB () + €al() [ 8(T,0)B()(a)do.

£i00 = 1K) [

0
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where

H(t) =

M2 t
[ otn ey B, Ddn(en — pa)*
0

Given an optimal control law vj, we define the following Backward functional ODE (BODE).
—P = AP+ L3(Q)(t) (14a)
—Q = L3(Q)() (14b)
with P(T) = 0 and Q(T') = Mo(z*(T) — p2).

Theorem 3 Under Assumptions 1, 2, and 3, if v* is an optimal control law of (P1) and the corresponding
BODE (14a)-(14b) has a unique solution (P,Q), then

1
v* = ——B(P. (15)
To

Proof. See APPENDIX I. O

In the following, we study the existence and uniqueness of solutions of (14a)—(14b). Given the function
Q, equation (14a) is a linear ODE which has a unique solution. Thus, it is sufficient to study the second
equation (14b). We define the matrix

> = a/OT /UT (<1>(T, O')B>2(I)(T, T) H(r)drdo. (16)

Assumption 4 Fither, £* is equal to zero or 1/£* is not an eigenvalue of X.
Assumption 4 can be satisfied, for example, in the following two cases:

1. If the initial spread of the agents is sufficient (dF'/ds is low enough).
2. If dF /ds is bounded, and T is small enough.

Lemma 2 Under Assumption 4, (14b) has a unique solution.

Proof. See APPENDIX L. O

4 Case of uniform initial distribution

In this section, we study a special case where the minor agents’ initial conditions are uniformly distributed.
More precisely, we assume that f'zo — § has a uniform distribution U([—c/2,¢/2]), where ¢ > 0. We show
in this case that if the initial spread of the minor agents is sufficient, then there exists a unique Stackelberg
solution. Moreover, we describe the way the population of minor agents splits between the destination points.

Assumption 5 We assume that ¢ > Ma‘A(R(t)(pl —p2)) ’

Under Assumption 5, given the DA strategy v, the mA limiting game admits a unique Nash equilibrium.

Theorem 4 Under Assumptions 1, 2 and 5, the DA optimal control problem (P1) has an optimal control
law v*.

Proof. See APPENDIX II O
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Lemma 3 Under Assumptions 1, 2 and 5, there ezists cg > 0 independent of v such that for all ¢ > cg, there
exists a unique mA Nash equilibrium corresponding to A € (0,1).

Proof. See APPENDIX II. O

For the rest of the analysis, we assume that ¢ > ¢y. In this case, the unique fixed point A corresponding to
a DA optimal control law v* is in (0,1). Since F is differentiable in (0,1), one can use similar techniques
than those used in Theorem 3 to show that vj satisfies (15) (provided that the Assumptions 1, 2 and 5 are
satisfied, and 1/c¢ is not an eigenvalue of X defined in (16)).

In the following, we characterize the Stackelberg solution, that is, the DA optimal state y* and the cor-
responding mA macroscopic behavior *. The palr (z*,y*) satisfies (1b)f(7)7(14a) (14b) ( 5). We define the
states h = (T*,y*,q1), d = (n, P, Q, q2), where q1 (¢ fo (T,0)B?Q(0)do and go(t ft (T,0)B%*Q(0)do.
(h,d) satisfies

h =K (t)h + Ky(t)d

. (17)
d = Ks(t)h + K4(t)d

with h(0) = ho = (1o, y°,0) and d(T) = K5h(T) + Ky, where K (t) = diag(A, Ay, 0),

B0 0 0
K@) =10 k 0 o,
0 0 k3 O
—q(1 —a)l, qK(p2) 0
B 0 0 ey
Ks(t) = 0 0 —aH(@®)/c|’
0 0 0
A 0 o 0
_ |0 =4y 0 —K(p)'H(t)/c
K=o 0" & —aH@®)/e |
00—k 0
MI, 0 0
0 0 0
Ks = MoI, 0 0|’
0 00

Ky = —(MpA,O,MQpQ,O), ki=—1B% ky = —1B3 ky = ®(T,t)B% ky = —K(pg)’(%‘l’(t, T) + @) and
ks = —(A— %BQH)’.

The equation system (17) is a system of coupled nonlinear Forward-Backward differential equations. In
fact, the final condition d(7T') depends through A non-linearly on the path (z*(o),y*(c)), o € [0,T]. To solve
this system, we start by considering A as a parameter. The equation system is then a system of coupled
Linear Forward- Backward differential equations parameterized by A that we denote A-LFBDE. Under some
conditions, one can solve the A-LFBDE, and give an explicit solution parameterized by A. By replacing
the parameterized solutions in the expression of A = Py(D(Z*,y*)), we construct a one-to-one map between
the solutions of (17) and the fixed points of a finite dimensional operator acting on A. Thus, we start by
considering A in K, as a parameter.

Assumption 6 The following generalized Riccati equation has a unique solution
A =K,A— AK, — AKoA + K, (18)
with A(T) = K.
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Theorem 5 Under Assumption 6, the \-LFBODE has a unique solution (h,d). Moreover, d = Ah + S,
where S is the unique solution of

S = (Ky — AK2)S, S(T)= K. (19)
Proof. See APPENDIX II. O

We consider respectively ®; and ®5 the STM of K7 + KA and K4 — AKs, and we define
Fu(A) = Po(H?)
/
B = { g € RYBag < 6+ A((aln, K(pg),()) (Rl(t)ho n Rg(t)KA))

Ry (t) = ®41(¢,0)

(20)

Rolt) = /0 1 (1, 0) K»(0)®s (0, T)do.

Using similar arguments than those used in Lemma 1, one can show the following result.

Theorem 6 Under Assumptions 1, 2, 5, and 6, (17) has a unique solution (h,d), where d = Ah + S and
h(t) = Ri(t)ho + R2(t) Ky, (21)
where X is the unique fized point of F, in (20).

Theorem 6 describes the unique way the limiting population splits between the destination points under the
social and advertisement effects. In fact, the fixed point A is the fraction of minor agents that chooses p;.
One can apply the bisection method to find A\. Once A is computed, the agents can compute the vector
(hyd = Ah+S5), where h is given by (21). The dominating player can then compute its optimal strategy (15),
where P is the second component of d. On the other hand, the minor players can predict their limiting
macroscopic behavior, the first component of d, and compute their optimal strategies (4). The minor agents’
strategy profile is an e—Nash equilibrium with respect to the minor players costs.

5 Simulations

To illustrate the collective choice mechanism in the presence of social and advertisement effects, we consider a
group of 6000 agents initially uniformly distributed on the segment [—25, 5]. The agents are choosing between
p1 = —20 and py = 20. The social effect is represented by aZ, where a = 0.5. We consider two scenarios. In
the first one, the agents make their choices in the absence of an advertisement effect (K (p2) = 0), while in
the second scenario, a dominating agent advertises for ps. The advertisement effect is modeled in the cost
by K(p2)y = pay, where y is the (influence) state of the dominant agent. We set T'= 3s, A = 0.5, B = 0.5,
Ag=-0.1, Bp =0.1, 4y =0, ¢ = 10, r = rg = 10, and M = My = 2000. In the absence of an advertisement
effect, A = 0.84 is the unique fixed point of defined in (20). Accordingly, 84% of the minor agents go towards
p1 (Figure 1). On the other hand, the presence of advertisement for alternative po increases from 16% to
87% the fraction of minor agents that go towards py (Figure 2).

6 Conclusion

We introduce in this paper a dynamic collective choice model in the presence of social and advertisement
effects. In this model, a large group of minor consumers choose between two alternatives while influenced by
their average and an advertisement effect. The latter is exerted by a Stackelbergian dominating advertiser
trying aiming at convincing the population of minor agents to choose ps. We consider the limiting infinite
population game and show the existence of a Stackelberg solution. In case of minor agents initially distributed
uniformly, we characterize the solutions by a vector (A, 1 — ) describing the way the population of consumers
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splits between the alternatives. This vector is a fixed point of a well defined finite dimensional operator.
Finally, it is of interest for future work to extend the results to the case of multiple competitive advertisers,
with multiple potential choices.

Density of Agents at t = Os
0.4 T

0.3 -

0l , |
- N i i

-30 -20 -10 0 10 20 30

Density of Agents att = 1.5s
0.4 T T T

0.2 -
0.1

MARalh 4 A i
E 0 -20 -10

0 10 20 30

Density of Agents att = 3s
0.4 T

0.3 1

0.2 -

04f ‘ ,
0 i i i

-30 -20 -10 0 10 20 30

Figure 1: Evolution of the density of minor players in the absence of advertisement effect - 16% of the minor agents go towards
p2 = 20. In the absence of an advertisement effect, the majority of the population goes towards p;.
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Figure 2: Evolution of the density of minor players in the presence of advertisement effect - 87% of the minor agents go towards
p2 = 20. Under the advertisement effect, the majority of the population goes towards pa.
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APPENDIX |
A Proof of Theorem 2

The cost functional Jy is positive and coercive w.r.t. v € Ly([0,T]). If we show that Jy is continuous in the
reflexive Banach space Lo ([0,7]) w.r.t. v, then by Tonelli’s existence theorem [17], Jy has a finite minimum.
Thus, we need only show that Jy is continuous. The state ¥ is continuous with respect to v. The fixed points
A(y) of F' are continuous with respect to v. In fact, we consider v and v’ in L2([0,T]) and we denote by A
and ) the corresponding fixed points. We have

A= XN[=|F(\y) - F\,y)|
<|F(A\y) = FON,y)| + [F(N,y) = F(X, )|

dF
< | T G| A= N+ IFY ) = POV, )l

Therefore,
dF
(1=] 5 G| A= X IPOVg) = FO)L
Under Assumption 3, |dF/dA(., y)|oo < 1. Moreover, under Assumption 2, |[F(X,y) — F(X\,y")| converges to

zeros as |y — y’| converges to zero. Therefore, the fixed points A of F' are continuous. In view of (10) and the
continuity of the fixed points A\, Z(T") is continuous. Therefore, Jy is continuous.

B Proof of Theorem 3

The Gateaux derivative of Jy is

T d T * = *
d0Jy = d—nJo(v + nov, z(v +n§v))

n=0

= r0<v*,(5v> + Mo(z*(T) — p2)'0z(T).

We have
d
dt
L(07'Q) = L1(5u) (1)/Q + L2071/ Q — 6 £3(Q) (1)

(6y'P) = 80/ ByP — 85/ L3(Q)(1) (22)

By integrating (22) from 0 to T we get

0= <B()P, (5v> - <£’{(Q)(t), 5y>.
Similarly, we have
Moda(T) (& (T) = po)
(L1691, Q) + (£2060)(1). Q) — (37, £3(Q)(1))
(1@, 0y).

Therefore,
8Jy = <B('3P, 6v> + 7“0<v*, (5v>.
By optimality, §.Jo = 0 for all dv € L?([0,T]). Hence,

1
v* = ——B(P.
To
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C Proof of Lemma 2

The idea of the proof is to replace the term

T
/ ®(T,0)B*Q(0)do (23)
0
in the expression of £3(Q) by an assumed known constant K;. Equation (14b) is then a linear ODE param-

eterized by K; whose solution is a linear operator of K;. By replacing this solution in the term (23), and by
requiring that K is equal to (23), one can show that the unique solution of (14b) is

T
Q(t) = (I)(T, t)/ (Olf* / (I)(O', T)/H(O')dO'Y —|— Mo(f* (T) — p2)>
t
where Y is the unique solution of the following linear algebraic equation:

(I, — ED)Y = MO/O (<1>(T, a)B)zda(a’:*(T) —pa).
APPENDIX Il
D Proof of Theorem 4

We have, for all v and v" in L([0,T7),

A= N =[F(Av),y) = F(X,y/)]
[F(\y) = FXy)| +F(N,y) = F(X, o)

Mo A(R(t)(p1 *Pz))‘p\ — N[+ |F(X,y)— F(\,y)l.

IN

IN

The rest of the proof is similar to the proof of Theorem 2.

E Proof of Lemma 3

The uniqueness follows from Assumption 5. Let v € Ly([0,T]). For all ¢ > 0, the path Z(v) defined in (10)
is uniformly bounded with ¢ (with respect to the L, norm). Therefore, the optimal cost Jo(v*, Z(v*)) of the
DA optimal control problem defined in (P1) is uniformly bounded with c¢. Hence, the optimal control laws v*
and the optimal states y* are uniformly bounded with ¢. Consequently, the term

A (K (pz)y*) +aA (R(t)uo + R(t)px + E(y*)(t))

defined in (9) is uniformly bounded with ¢ by a positive constant Li. If we choose ¢y > Lj, then for all
¢ > ¢p, the map F takes its values in (0,1). Therefore, F' has a unique fixed point A € (0, 1).

F Proof of Theorem 5

Let S be the unique solution of (19), and h be the unique solution of

h = (K1 + KaA)h + K3S, h(0) = ho. (24)
Therefore, (h, Ah + S) is a solution of the A-LFBDE. To prove the uniqueness, we consider (h,d) a solution
of the -LFBDE. Let d; = Ah + S. We have
d
a(dl —d) = —Ky(d1 — d) — AK>(d1 — d)
with dy(T') — d(T) = 0. Hence, d = dy = Ah + S. Therefore, h is the unique solution of (24).
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