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(Québec), Canada, H3C 3A7

vahid.zeighami@gerad.ca

francois.soumis@gerad.ca

May 2018
Les Cahiers du GERAD
G–2018–37
Copyright c© 2018 GERAD, Zeighami, Soumis
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The authors are exclusively responsible for the content of their research
papers published in the series Les Cahiers du GERAD. Copyright and
moral rights for the publications are retained by the authors and the users
must commit themselves to recognize and abide the legal requirements
associated with these rights. Thus, users:
• May download and print one copy of any publication from the

public portal for the purpose of private study or research;

• May not further distribute the material or use it for any profit-
making activity or commercial gain;

• May freely distribute the URL identifying the publication.
If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately
and investigate your claim.



ii G–2018–37 Les Cahiers du GERAD

Abstract: The airline crew scheduling problem consists of determining crew schedules for airline crew
members such that all the scheduled flights over a planning horizon (usually a month) are covered and the
constraints are satisfied. Because of its size and complexity, this problem is usually solved sequentially in two
main steps: the crew pairing followed by the crew assignment. However, finding a global optimal solution
via sequential approach may become impossible because the decision domain of the crew assignment problem
is reduced by previously made decisions in the crew pairing problem. In this paper, we consider the pilot
and copilot crew scheduling problems in a personalized context where each pilot and copilot requests a set of
preferences flights and vacations per month. We propose a model that completely integrates the crew pairing
and personalized assignment problems to generate personalized monthly schedules for a given set of pilots
and copilots simultaneously in a single optimization step where we keep the pairings in the two problems as
similar as possible so the propagation of the perturbations during the operation is reduced. To solve this
model, we develop an integrated approach based on combining alternating Lagrangian decomposition, column
generation, and dynamic constraint aggregation. We conduct computational experiments on a set of real
instances from a major US carrier. The integrated approach produced significant cost savings and satisfaction
of crew preferences in comparison with the traditional sequential approach commonly used in practice.

Keywords: Airline crew scheduling, column generation, dynamic constraint aggregation, alternating La-
grangian decomposition, arc-reduced costs
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1 Introduction

The crew scheduling problem is a complex task for most airlines. Since the crew cost is the largest after

the fuel cost, this problem is one of the most important problems in the airline planning. Given a set of

flights are defined by departure/arrival stations and fixed departure/arrival dates and times to be operated

by the same aircraft fleet, the goal of crew scheduling problem is to construct pairings from these flights

and assigning them to a set of available crew members to construct their individual schedules. When the

number of flights increases, this problem is usually solved in two steps: crew pairing problem followed by

crew assignment problem.

A pairing is a sequence of flights, connections, and rests starting and ending at the same crew base. The

crew pairing problem consists of determining a set of feasible pairings given the scheduled flights such that

the cost of the pairings is minimized and each flight is covered exactly once.

In the crew assignment problem, the goal is to build monthly schedules from these pairings for each

individual crew member such that every pairing is covered exactly once while respecting all the safety and

collective agreement rules. There are three different approaches used for this problem: the bidline approach

started to be used in some North American airlines. This produces anonymous monthly schedules, and

the crew members select their schedules in seniority order. The personalized approach with strict seniority,

which is becoming more popular in North America, sequentially maximizes the satisfaction of the employees

in decreasing order of seniority. In the personalized approach with a global objective, which is often employed

by European airlines and has recently started to be used by American airlines, all the monthly schedules are

produced simultaneously to maximize an objective function. This may be the sum of the personal satisfactions

without any advantages for the most seniority.

However, using the sequential approach to solve crew scheduling problem considerably reduces the com-

plexity of the process, but may lead to significantly suboptimal solutions since the schedule constraints and

objectives are not taken into account during the building of the pairings. In fact, the pairing construction

stage cannot determine the best pairings for the crew assignment stage. Hence, it is difficult to maximize the

satisfaction of crew preferences in the crew assignment stage and the global solution of the crew scheduling

problem is not guaranteed.

During the last decades, different types of models and methods have been introduced for the crew schedul-

ing problem. We refer to the recent surveys by Kasirzadeh et al. (2014) and Eltoukhy et al. (2017). While

solving the crew scheduling problem sequentially may lead to poor solutions, only a few researchers have

investigated the integrated models and solutions. Cordeau et al. (2001) and Mercier et al. (2005) proposed a

solution methodology based on column generation (CG) and Benders decomposition for integrated aircraft

routing and crew pairing. Zeghal and Minoux (2006) propose an integer linear programming model using

clique constraints for integrated pairing and bidline bloc. They consider small problems with 59 to 210 flights

and a few flights per pairing. Sandhu and Klabjan (2007) introduces a model that completely integrates the

fleeting and crew pairing stages. They proposed two solution methodologies based on a combination of

Lagrangian relaxation and column generation and the other one is a Benders decomposition approach. In-

tegrated aircraft routing, crew scheduling, and flight retiming were studied by Mercier and Soumis (2007).

Souai and Teghem (2009) described a genetic algorithm for integrated pairing and personalized bloc. Pa-

padakos (2009) introduces a set covering model for integrated fleet assignment, maintenance routing, and

crew pairing and a method based on Benders decomposition combined with CG. Saddoune et al. (2011, 2012)

develop a model and algorithm based on CG and dynamic constraint aggregation (DCA) for integrated crew

pairing and assignment where the objective is to minimize the total cost and the number of pilots. They

consider two weekly instances with 898 and 960 flights. Shao et al. (2015) considered the integration of

the fleet assignment, aircraft routing, and crew pairing problems. Kasirzadeh (2015) presented a heuristic

algorithm based on CG and DCA for integrated crew pairing and personalized assignment. Cacchiani and

Salazar-González (2016) proposed two mixed integer linear programming models for integrated fleet assign-

ment, aircraft routing, and crew pairing. Zeighami and Soumis (2017) proposed an integrated model for the

crew pairing and personalized assignment problems for a given set of pilots and copilots. They developed a
solution methodology based on Benders decomposition and CG.
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In this paper, we consider the integrated pilot and copilot crew pairing and personalized crew assignment

problems in a personalized context with a global objective where each pairing requires one pilot and one

copilot, and each (co)pilot has a set of Preferences Flights (PFs) and Vacations Request (VRs) per month.

The pilots and copilots have different schedule to maximizing their preferences, however, to reduce the

propagation of the perturbations during the operation, they must have similar pairings as much as possible.

To this end, we optimize the schedules for the pilots and copilots simultaneously, taking their preferences

into account; see Figure 1.

Integrated crew pairing and personalized   
assignment  problems for a given set of pilots

Integrated crew pairing and personalized   
assignment  problems for a given set of copilots

Linking constraints

Integrated crew pairing and crew assignment model for pilots and copilots within a comprehensively  
integrated framework Solved using alternate Lagrangian decomposition 

Optimize pairings

Generate schedules

Optimize pairings

Generate schedules

Figure 1: Integrated crew pairing and personalized assignment problems simultaneous for pilots and copilots within a comprehen-
sively integrated framework

In summary, this paper makes the following contributions. We introduce a novel integrated crew pairing

and personalized assignment model to generate personalized monthly schedules in a single step for a given

set of pilots and copilots simultaneously where we keep the pairings in the two problems as similar as possi-

ble. To solve this integrated problem, we develop a solution methodology based on alternating Lagrangian

decomposition (ALD), CG and DCA, which has not yet been investigated in the literature. The developed

approach use Lagrangian decomposition in an alternating fashion proposing a new way to update Lagrangian

multipliers. The solution process iterates between the integrated pilot model and the integrated copilot model

by estimating the effects of decisions in the first problem on the second problem.

The paper is organized as follows: Section 2 gives the problem statement. The mathematical formulation

is given in Section 3. The solution methodology is outlined in Section 4 and in Section 5, we describe our

experimental results and observations. Finally, Section 6 presents conclusions along with possible directions

for future development.

2 Problem statement

In this section, the statement of the crew pairing problem is given first followed by the crew assignment

problem. To define a pairing and a schedule we use the subset of feasibility rules described by Zeighami and

Soumis (2017).

Each flight is defined by the specific flight number, departure/arrival airports and fixed departure/arrival

dates and times. Consider a set of flights and crew bases that must be operated by the same aircraft fleet

over a planning horizon (usually one month). The crew pairing problem finds a set of minimum-cost pairings

such that each flight is covered by exactly one pairing. A pairing is a sequence of one or more duties and

overnight stops. A duty is a working day for a crew member and consists of a sequence of consecutive flights

or deadheads separated by rest periods. A deadhead is a flight where the crew travels as passengers to be

relocated. A pairing is feasible if it satisfies the following rules. There is a maximum of 5 landings per duty.

The briefing and debriefing times at the beginning and end of each duty are 60 and 30 minutes, respectively.

The maximum pairing duration is 4 days, the maximum number of duties per pairing is 4, the minimum

connection time between two consecutive flights in a duty is 30 minutes, and the minimum connection time

between two consecutive duties is 9.5 hours. A crew member must work between 4 and 8 hours in a duty,

and the length of a duty cannot exceed 12 hours. The cost of a pairing has a complicated structure with

three components: the cost of waiting times, the deadheading cost, and the total cost of the duties in the

pairing. We use the pairing cost of Kasirzadeh et al. (2014).
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(Co)Pilots are trained for one specific aircraft fleet and they are associated with a crew base. All pairings

assigned to a (co)pilot must start and end at his base. A base is a large airport where pilots and copilots

are stationed. We assume that there is a fixed number of (co)pilots at each base. In our test, each (co)pilot

requests a set of PFs and VRs per month. A schedule is a sequence of pairings separated by rest periods. We

build monthly schedules for the (co)pilots that cover all the pairings previously built. A schedule is feasible

if it satisfies the following safety and collective agreement rules. There is a maximum of 85 flying hours

per month and a maximum of 6 consecutive working days. In each schedule, the pairings are separated by

two different rest times: the day-off rest and the rest between two consecutive pairings. The minimum rest

times between any two consecutive pairings is 8. A penalty cost is associated with each unsatisfied VR and

each uncovered pairing. The objective function minimizes the number of unsatisfied VRs and maximizes the

number of satisfied PFs as much as possible.

3 Mathematical formulation

In this section, we propose a novel integrated crew pairing and personalized crew assignment for a given set of

pilots and copilots within a completely integrated framework. The integrated model constructs the pairings

and monthly schedules for each pilot and copilot in a single step directly from flights instead of pairings, where

we keep the pairings in the two problems as similar as possible, considering the feasibility rules impacting

the pairings and monthly schedules. The proposed model can be formulated using the following notations.

We define the set of pilots by L and the set of copilots by O. We denote by Vl the set of VRs for pilot l ∈ L
and by Vo the set of VRs for copilot o ∈ O. Let Sl be the set of feasible schedules for pilot l ∈ L and So

be the set of feasible schedules for copilot o ∈ O. The binary variable xs is equal to 1 if schedule s ∈ Sl is

chosen by pilot l ∈ L and 0 otherwise. The binary variable ys is equal to 1 if schedule y ∈ So is chosen by

copilot o ∈ O and 0 otherwise. The binary variable rv is 1 if vacation v ∈ Vl is not covered by pilot l ∈ L and

0 otherwise. The binary variable zv is 1 if vacation v ∈ Vo is not covered by copilot o ∈ O and 0 otherwise.

Let cv be the penalty costs for uncovered vacation v ∈ Vl (or v ∈ Vo). The binary constant bsv is equal to 1

if v ∈ Vl (or v ∈ Vo) is covered by schedule s ∈ Sl (or s ∈ So). Let ns be the number of preferred flights in

scheduled s ∈ Sl (or s ∈ So) and B denote the bonus cost (a negative cost) for covering each preferred flight.

Let cs be the cost of schedule s ∈ Sl (or s ∈ So), where cs =
∑

p∈Ps
cp +Bns, and Ps is the set of all pairings

that covered by schedule s. We denote by cp the cost of pairing p. Let A be the all feasible connection arcs

between two successive flight legs. For every connection arc (i, j) ∈ A and every schedule s, we define the

binary constant asij equal to 1 if connection arc ij between flight i and j is covered by schedule s. The binary

variable eij is 1 if connection arc ij is covered just only by pilot problem or copilot problem and 0 otherwise.

Let Rij be the penalty cost for connection arc ij if it is equal to 1.

Using this notation, the propose integrated model is as follow:

min
∑
l∈L

∑
s∈Sl

csxs +
∑
l∈L

∑
v∈Vl

cvrv +
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv +
∑

(i,j)∈A

Rijuij (1)

Integrated pilot constraints:∑
l∈L

∑
s∈Sl

esfxs = 1 ∀f ∈ F (2)

∑
s∈Sl

bsvxs + rv = 1 ∀l ∈ L,∀v ∈ Vl (3)

∑
s∈Sl

xs ≤ 1 ∀l ∈ L (4)

Linking constraints: ∑
l∈L

∑
s∈Sl

asijxs −
∑
o∈O

∑
s∈So

asijys ≤ uij ∀(i, j) ∈ A (5)
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∑
o∈O

∑
s∈So

asijys −
∑
l∈L

∑
s∈Sl

asijxs ≤ uij ∀(i, j) ∈ A (6)

Integrated copilot constraints:∑
o∈O

∑
s∈So

esfys = 1 ∀f ∈ F (7)

∑
s∈So

bsvys + zv = 1 ∀o ∈ O,∀v ∈ Vo (8)

∑
s∈So

ys ≤ 1 ∀o ∈ O (9)

xs ∈ {0, 1} ∀l ∈ L,∀s ∈ Sl (10)

rv ∈ {0, 1} ∀l ∈ L,∀v ∈ Vl (11)

uij ∈ {0, 1} ∀(i, j) ∈ A (12)

ys ∈ {0, 1} ∀o ∈ O,∀s ∈ So (13)

zv ∈ {0, 1} ∀o ∈ O,∀v ∈ Vo (14)

The objective function (1) finds a trade-off between maximizing the number of satisfied VRs, PFs and

minimizing the total cost of the pairings and dissimilarity of pairings between two problems. Set-partitioning

constraints (2) and (7) ensure that each flight is covered by exactly one pilot and one copilot. Constraints (3)

and (8) ensure that each vacation is covered by one (co)pilot or not covered. Linking constraints (5) and (6)

offers the possibility of limiting the total number of different pairings in two problems. The integrality

conditions are defined by constraints (10)–(14).

4 Solution methodology

In this section, we provide the layout of our algorithm. The proposed integrated model (1)–(14) contains

a large number of linking constraints. To handle these linking constraints, a solution approach based on

Lagrangian decomposition is proposed in an alternating fashion. The solution process iterates between two

Lagrangian subproblems. The first subproblem is the integrated pilot problem and the second subproblem

is the integrated copilot problem. In both problems the number of variables grows exponentially as the

number of flights increases. We avoid this issue by using a CG method. However, due to the high degeneracy,

CG becomes inefficient when the number of set partitioning constraints is large and the columns are dense

(more than 8–12 nonzero elements; see Elhallaoui et al. (2005)). In our problem, the number of nonzeros

varies between 30 and 45. To overcome this difficulty and accelerate the solution process, we combine CG

with DCA. A heuristic branch-and-bound method is used to compute integer solutions. First, we explain

the functioning of this approach and then we describe how the model (1)–(14) can be decomposed through

Lagrangian decomposition.

4.1 Column generation

CG (Desaulniers et al. (2005)) is an iterative method to solve large-scale problems especially when there are

a large number of variables. CG decomposes the main problem into a restricted master problem (RMP) and

several pricing problems. The restricted master problem is a restriction of the master problem and contains

only a subset of the columns. New variables for the master problem are then generated at each iteration

by solving pricing problems, expecting to improve the RMP objective function. At each iteration of the CG

process, we solve the RMP using an LP solver to produce primal and dual solutions. Based on the dual

solution, we solve the pricing problems to find negative reduced cost variables. We then add these variables

to the current RMP. CG iterate until no negative reduced cost variables are identified. In this case, the

current RMP primal solution is also optimal for the master problem. In practice, when CG getting close to

the optimal value, new columns with negative reduced cost have little or no effect on the optimal value of

the RMP. To avoid this situation, we stop the CG when the optimal value of the RMP improves by less than

0.1% over five iterations.
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4.1.1 Pricing problems

In this Sections, we describe the pricing problems. The pricing problems are defined on a directed acyclic

time-space network. Each pricing problem corresponds to a resource-constrained shortest path problem that

is solved using a label-setting algorithm (Irnich and Desaulniers 2005).

There is one pricing problem for each (co)pilot. Each pricing problem contains six node types: source,

sink, departure, arrival, midnight and waiting. The source and sink nodes represent the start and end of

the schedules. Each flight is defined by departure and arrival nodes and to start a duty there is a waiting

node for each departing node. The midnight nodes are used to define the start and end of each midnight.

The network has twelve arc types: start of schedule, end of schedule, flight, deadhead, preferred vacation,

rest, wait time, start of duty, start of pairing, day off, post-pairing, post-pairing rest. The start-of-schedule

arc connects the source node to the first midnight node of the horizon. Each flight arc and deadhead arc is

defined by a departure/arrival node and fixed departure/arrival dates and times. A deadhead arc has a fixed

cost for each occurrence of deadheading in a pairing and a variable cost that depends on the length of the

deadhead. A short-rest arc links the arrival node of a flight to the departure nodes of all the flights at the

same base if the time interval is between the minimum and the ideal maximum rest time. If the waiting time

exceeds the ideal maximum rest time, a long-rest arc connects the arrival node of the flight to the earliest

waiting node. Waiting arcs either link two consecutive waiting nodes to extend the long rest duration or

connect two consecutive flights in a duty. Finally, an empty arc links each waiting node to its corresponding

departure node. A rest arc links an end-of-pairing node at the base to the start node of a pairing whose

departure time is greater than or equal to the arrival time plus the minimum rest time (8 hours in our tests).

A start-of-day-off arc links an end-of-pairing node to the first midnight node at the base to start a day off.

A day-off arc connects a pair of consecutive midnight nodes at the base. A VR arc links two midnight nodes

covering between one and three days. To ensure schedule feasibility, eight resources are used: maximum

pairing duration, maximum number of duties in a pairing, maximum number of landings per duty, maximum

working time per duty, and maximum total duty duration, a minimum number of days off, maximum number

of consecutive working days, and maximum credited flying time.

4.1.2 Pricing problem solver

The pricing problems are solved using a labeling algorithm. Every feasible schedule corresponds to a path

from the source node to the sink node in the above network. The feasibility constraints on the schedules are

enforced via resource constraints in the network. For each feasibility constraint, there is a resource window

at each node. The cost of a feasible path corresponding to a schedule from the source node to the sink node

is the sum of the arc costs on the path. The arc costs updated during the solution process based on the

dual variables for the master problem constraints. A label is associated with each partial path starting from

the source node. Each label has two resource components and a cost component. The resource components

determine the value of the resources at the last node of the partial path, and the cost component calculates

the reduced cost of this path. To reduce the time for the path generation, we eliminate labels using a

dominance rule: label L1 is dominated by label L2 if the resource components and cost component of L1 are

less than or equal to the corresponding components of L2. We use a heuristic and an exact version of the

labeling algorithm. The heuristic version considers a subset of the resource components with the reduced-cost

component in the dominance rule. If no negative reduced cost paths are found, the exact version uses all the

resource components.

4.2 Dynamic Constraint Aggregation

The theoretical framework for DCA was introduced by Vance et al. (1997), and Elhallaoui et al. (2005) pro-

vided the first implementation. DCA is a new version of the standard column generation method in which

deals with reducing the number of set-partitioning constraints in the restricted master problem (RMP) by ag-

gregating some of them. This aggregation is performed by aggregating clusters of the RMP set-partitioning

constraints and keeping one representative constraint for each cluster. DCA relies on an aggregated re-

stricted master problem (ARMP) that considers smaller subsets of variables and constraints compared to

traditional RMP. This new version speeds up the solution process. During the solution process of column
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generation, this constraint aggregation can change dynamically until an optimal solution is found. A column

is said to be compatible with partition Q if, for each cluster of the partition, it covers either all of the cluster’s

tasks or none. Otherwise, this column is incompatible. A newly generated column can be added to ARMP if

it is compatible with the current partition. An incompatible column cannot be added to the ARMP only if

the partition is modified. The ARMP is solved using the simplex algorithm to produce a primal solution and

a dual solution for the aggregated constraints. To compute the dual values for each set partitioning constraint

of the original problem, a dual variable disaggregation procedure based on shortest-path calculations. An

advanced version of DCA was developed by Elhallaoui et al. (2010) with multiple phases (MPDCA). MPDCA

defines an incompatibility number (r) with respect to the current partition for each column. It estimates

the minimum number of additional clusters needed to make an incompatible column compatible. In a phase

number k, only the incompatible variables with r ≤ k are priced out. At the beginning of the solution process,

we set the phase number to 0. The ARMP is solved and calculate the optimal primal and disaggregated

dual solutions and the incompatibility number for each column. All variables with 0-incompatibilities for

0 ≤ k are priced out by solving the pricing problems. When no negative-reduced-cost column, the algorithm

increment k and go to the next phase (k+ 1) or stop if k is the last phase. If negative-reduced cost columns

are found, we determine whether or not the current partition must be modified. If no change is required,

we add all or a subset of the compatible columns to the ARMP, and the MPDCA moves to its next iter-

ation. Otherwise, a test is performed to determine whether the current partition should be changed. The

partition doesn’t need to change if the reduced cost of the least reduced-cost compatible column is less than

the reduced cost of the least reduced-cost incompatible column times a predetermined multiplier, otherwise,

the partition is updated. An aggregation is performed according to a partition Q of the flights in F into

clusters. A cluster is a pairing, and a set of pairings that covers all flights is a partition. To apply MPDCA

for solving the integrated model (1)–(14), we must define an initial partition Q. The initial partition is built

from the solution of Zeighami and Soumis (2017). Each column corresponds to a feasible monthly schedule

for a pilot (or copilot). MPDCA is exact if the last phase number k is sufficiently large to ensure the pricing

of all feasible columns. Given the high complexity of the integrated model (1)–(14), we use three phase,

namely, k = 0, k = 1 and k = 2 for our experiments. Solving the pricing problems in low number phases is

computationally easier.

4.3 Alternating Lagrangian decomposition

To reduce the complexity of the solution process, model (1)–(14) can be decomposed into two smaller sub-

problems via Lagrangian decomposition, solvable by combining CG and DCA. First Lagrangian subproblem,

called ALR-pilot, represents the integrated pilot personalized assignment problem. The second subprob-

lem, called ALR-copilot, represents the integrated copilot personalized assignment problem. The classical

Lagrangian decomposition via subgradient or bundle methods usually needs many iterations to reach an

optimal solution. To overcome this weakness, we use Lagrangian decomposition in an alternating fashion

proposing a new way to update Lagrangian multipliers. The solution process iterates between ALR-pilot and

ALR-copilot by estimating the effect of decisions in the first problem on the second problem and vice versa.

We first solve the integrated pilot model (2)–(4) considering the two first terms of function (1) as the

objective function and let x̄s (s ∈ Sl; l ∈ L) be the optimal solution. Let A1
l be the set of connection arcs

that are covered by pilot problem (i.e.,
∑

l∈L
∑

s∈Sl
asij x̄s = 1), and A0

l be set of connection arcs that are not

covered by pilot problem (i.e.,
∑

l∈L
∑

s∈Sl
asij x̄s = 0). Where, A = A1

l ∪ A0
l . Hence, the resulting linking

constraints (5)–(6) are

1−
∑
o∈O

∑
s∈So

asijys ≤ uij ∀(i, j) ∈ A1
l ⊆ A (15)

∑
o∈O

∑
s∈So

asijys − 1 ≤ uij ∀(i, j) ∈ A1
l ⊆ A (16)

0−
∑
o∈O

∑
s∈So

asijys ≤ uij ∀(i, j) ∈ A0
l ⊆ A (17)

∑
o∈O

∑
s∈So

asijys − 0 ≤ uij ∀(i, j) ∈ A0
l ⊆ A (18)
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Clearly constraints (16) and (17) are redundant. Let µ = (µij ≥ 0|(i, j) ∈ A) and π = (πij ≥ 0|(i, j) ∈ A) be

multipliers associated to constraints (15) and (18), respectively. The Lagrangian decomposition is obtained

by dualizing these linking constraints. The resulting Lagrangian subproblem for copilot problem is

ALR-copilot (µ, π) = min
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv +
∑

(i,j)∈A

Rijuij+

∑
(i,j)∈A1

l

µij(1−
∑
o∈O

∑
s∈So

asijys − uij) +
∑

(i,j)∈A0
l

πij(
∑
o∈O

∑
s∈So

asijys − 0− uij)

subject to (7)–(9) and (12)–(14).

(19)

For ALR-pilot we have the same argument as ALR-copilot,

ALR-pilot (µ, π) = min
∑
l∈L

∑
s∈Sl

csxs +
∑
l∈L

∑
v∈Vl

cvrv +
∑

(i,j)∈A

Rijuij+

∑
(i,j)∈A1

o

µij(1−
∑
l∈L

∑
s∈Sl

asijxs − uij) +
∑

(i,j)∈A0
o

πij(
∑
l∈L

∑
s∈Sl

asijxs − 0− uij)

subject to (2)–(4) and (10)–(12).

(20)

Flowchart of INT approach is given in Figure 2. INT approach starts from a set of initial pairings as an initial

solution. In the first iteration, we solve ALR-pilot using CG and DCA and construct personalized monthly

schedules for the pilots. The set of initial pairings is updated accordingly, and we update Lagrangian multi-

pliers, as explained in Section 4.3.1. Then, before starting to solve ALR-copilot, the calculated Lagrangian

multipliers from ALR-pilot must be projected on the corresponding arcs in ALR-copilot’s pricing problems,

and new pairings into account as an initial solution, we solve ALR-copilot using CG and DCA and construct

personalized monthly schedules for the copilots. This process continues until the relative difference between

the lower and upper bounds is less than or equal to a predetermined threshold.

1. New pairings for ALD-copilot problem 
2. Calculate Lagrangian multipliers

(Lagrangian subproblem # 2) 
Solve ALD-copilot problem 

using CG and DAC

(Lagrangian subproblem # 1) 
Solve ALD-pilot problem 

using CG and DAC

initial pairings

Stopping criterion?

Yes

No

Subproblems (pricing problems) 
(Resource constrained shortest path problem) 

(solve using a labeling algorithm )

Master problem 
(Solve using CPLEX)

Add new columns

Negative 
reduced cost?

Optimal 
solution

No

Yes

Dual variables

1. New pairings for ALD-pilot problem 
2. Calculate Lagrangian multipliers

solution find

Solve crew pairing problem 
using CG

Start Solve personalized crew assignment problem for pilots 
using CG

Solve personalized crew assignment problem for copilots 
using CG

Figure 2: Flowchart of INT approach

4.3.1 Computing Lagrangian multipliers

To compute Lagrangian multipliers, we introduce the concept of arc reduce cost so as to take the benefits of

more information between two problems. In a traditional CG, the arc-reduced costs are not directly available

and require additional information from the pricing problem to compute them. It is defined as:

¯̄cij = cij − αij + (Πj −Πi) (21)

where Πi and Πj are the minimum cost from origin to the node i and j in the pricing problem respectively,

αij is the dual value of arc ij, and cij is the cost of arc ij. We calculate minimum label cost on each departure
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and arrival node by using labeling algorithm. Let us start with ALR-pilot. For the sake of more clarity, the

following example is given as shown in Figure 3 (for clarity reasons, some arcs and labels are truncated or

omitted). Assume that we have three pilots: pilot A,B and C. Without loss generality, we assume that

in the optimal solution of ALR-pilot, pilot A is covered flights i, j and k. Pilot B is covered flights m,n, o

and p. Finally, pilot C is covered flights q, s and r. We denote minimum label cost on each node by Π.

For example notations Π̄A
i and ΠA

i indicate the minimum label cost on departure and arrival flight i that

obtained by pilot A respectively. Now before starting to solve each problem, We calculate arc reduce cost on

Pilot A

di

Π̄A
i

ai

ΠA
i

dj

Π̄A
j

aj

ΠA
j

dk

Π̄A
k

ak

ΠA
k

Sink
flight i flight kflight j

Pilot B

di ai dj

Π̄A
n , Π̄

B
n

aj dk ak dk ak
Sink

flight m flight oflight n flight p

Pliot C

di ai dj aj dk

Π̄B
r , Π̄

C
r

ak
Sink

flight q flight rflight s

DepartureNode legends: Arrival

Arc legends: Flight leg Connection Start/End of schedule

Figure 2: Finding label on each departure and arrival node for each pilot in the pilot problem.

¯̄cij = Πj −Πi

where Πi and Πj are the minimum cost from origin to the node i and j, respectively, in the
subproblem.
Rij : is penalty cost.
λij = max{min{̄̄cij , Rij}, 0}
In the other word, objective function of pilot and copilot problems in iteration t+1 are as
follow:

min
∑
l∈L

∑
s∈Sl

csx
l
s +

∑
l∈L

∑
v∈Vl

cvev +
∑

(i,j)∈A1
o

λij(1−
∑
l∈L

∑
s∈Sl

asijx
l
s) +

∑
(i,j)∈A0

o

λij(
∑
l∈L

∑
s∈Sl

asijx
l
s − 0)

A1
o: is the set of connection arcs that covered by copilot problem.

A0
o: is the set of connection arcs that are not covered by copilot problem.

aij : is 1 if connection arc ij is covered by schedule s.

3. To reduce the computational time, after solve pilot and copilot problems in each iteration, we
would like to use optimal solution of current iteration of each problem as initial solution for
the next iteration. It could be possible to save a solution (let’s say for the pilots) are re-use it
as an initial solution for the pilots at the beginning of the next iteration. If you remember we
have used the same idea in the first our project (BENDERS). But the only difference here is
that we must modify the cost of the solution (columns) that we obtain in the current iteration
at the first of next iteration. Because at the first of each iteration value of multipliers must be

Figure 3: Finding minimum label cost on each departure and arrival node for each pilot

each connection arc in the pilot’s pricing problems (see Figure 4). Related to each pilot (or copilot) there is

one pricing problem, hence, connection arc ij can exist in more than one pricing problem, therefore, there is

more than one possibility for calculate arc reduce cost on connection arc ij. To overcome this difficulty, we

use the pilot how covered first flight and the pilot how covered second flight related to this connection arc in

the optimal solution.
In our data files there are two different preferred vacation for each pilot and copilot, while in
Atoosa’s data files there is one preferred vacation for pilots and co-pilots.

Pilot

di ai dj aj dk ak
Sink-Pilot A

flight i flight kflight j
¯̄cij = ΠA

j −ΠA
i

¯̄cjk = ΠA
k−ΠA

j

dm am dn an do ao dp ap
Sink-Pilot B

flight m flight oflight n flight p
¯̄cmn = ΠB

n−ΠB
m

¯̄cno = ΠB
o −ΠB

n
¯̄cop = ΠB

p −ΠB
o

¯̄cin = ΠB
n−ΠA

i

dq aq ds as dr ar
Sink-Pilot C

flight q flight rflight s
¯̄cqs = ΠC

s −ΠC
q ¯̄csr = ΠC

r −ΠC
s

¯̄cnr = ΠC
r −ΠB

n

DepartureNode legends: Arrival

Arc legends: Flight leg Connection arc Start/End of schedule

Figure 4: Adding Lagrangian multipliers to the subproblems of pilot problem.Figure 4: Calculate arc reduce cost on each connection arc in the pilot problem

The Lagrangian multipliers are calculated using the following formula:

µij = max{min{¯̄cij , Rij}, 0} ∀(i, j) ∈ A1
l (22)

πij = max{min{¯̄cij , Rij}, 0} ∀(i, j) ∈ A0
l (23)

Before starting to solve copilot problem, the calculated multipliers on each arc in ALR-pilot must be projected

on the corresponding arcs in the copilot’s pricing problems, then solve copilot problem (see Figure 5). If

connection arc ij is covered in ALR-pilot, we add value −µij on connection arc ij in the all ALR-copilot’s

pricing problems that include this arc, but if connection arc ij is not covered, we add value +πij on connection

arc ij; see Figure 5.
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Notice 1: To do some testing, we would like to know the cost of second term of objective
function at each iteration.

Notice 2: As you know for connecting two successive flight legs there is more than one arc,
so for simplifying we can consider the first arc between two successive flight legs as connection
arc.

5. This process continues
The same strategy must be done for the copilot problem. I mean, after solving the copilot
problem we must calculate Lagrangian multipliers on each arc. Then before starting to solve
the pilot problem, the calculated Lagrangian multipliers value on each arc must be projected
on the corresponding arcs in the pilot’s subproblems. Then solve the pilot problem again to
obtain an updated new Lagrangian multipliers. Then solve copilot problem again with these
new Lagrangian multipliers.

Copilot

di
ai dj

aj dk
ak

Sink
flight i flight kflight j

�µij �µjk

di
ai dj

aj dk
ak dk

ak

Sink
flight m flight oflight n flight p

�µmn �µno �µop

+⇡in

di
ai dj

aj dk
ak

Sink
flight q flight rflight s

�µqs �µsr

+⇡nr

DepartureNode legends: Arrival

Arc legends: Flight leg Connection Start/End of schedule

Figure 9: Calculate arc reduce costs in the pilots’ subproblems.

6. This process continues until a stopping criterion is satisfied; the criterion is the maximum
number of iterations. Let us say N iterations.

7. Also, instead of pilot and copilot vacation data sets that Atoosa has used (she put name of her
files personalizedEmployees.in), we would like to use pilot and copilot vacation data sets that
we have used in our BENDER process. I put a file named vahid personalizedEmployees.in
which contains our data files in sub-directory of each fleet (NW 727, NW DC9 and NW D94).
In our data files there are two di↵erent preferred vacation for each pilot and copilot, while in
Atoosa’s data files there is one preferred vacation for pilots and co-pilots.

7

Figure 5: Projected Lagrangian multipliers’ pilot problem on the corresponding arcs in the copilot’s pricing problems

Remark 1 Clearly model (19) is equivalent with following model

ALR-copilot (µ, π) = min
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv +
∑

(i,j)∈A1
l

(Rij − µij)uij +
∑

(i,j)∈A0
l

(Rij − πij)uij+

∑
(i,j)∈A1

l

µij(1−
∑
o∈O

∑
s∈So

asijys) +
∑

(i,j)∈A0
l

πij(
∑
o∈O

∑
s∈So

asijys − 0)

subject to (7)–(9) and (12)–(14).

By the Equations (22) and (23) Rij ≥ µij and Rij ≥ πij, hence, in optimality uij = 0. Therefore,∑
(i,j)∈A1

l
(Rij − µij)uij = 0 and

∑
(i,j)∈A0

l
(Rij − πij)uij = 0. For the model (20) the argument is similar.

Definition 1 Let P (ȳs, z̄v)ALD−copilot and P (x̄s, r̄v)ALD−pilot indicate the cost of ALD-copilot and ALD-pilot

with consider just two first terms of objective function (19) and (20), respectively. Let Lx̄s
(µ, π)ALD−copilot

be the cost of the Lagrangian term that obtained by the solution of ALD-pilot problem and respect to La-

grangian multipliers from ALD-copilot problem. Let L(µ, π) = P (x̄s, r̄v)ALD−pilot + P (ȳs, z̄v)ALD−copilot +

Lx̄s
(µ, π)ALD−copilot.

Lemma 1 L(µ, π) is a lower bound on the optimal objective function value of the integrated model (1)–(14).

Proof. Clearly P (ȳs, z̄v)ALD−copilot (blue point) is a lower bound on the copilot problem and P (x̄s, r̄v)ALD−pilot+

Lx̄s
(µ, π)ALD−copilot (red point) is a approximation for the pilot problem.

Pilot problem Copilot problem

Cost

Solution

Calculate lower bound

Figure 6: Calculate lower bound

Lemma 2 During the solution process of ALD, if the percentage of similarity of pairings between two problems

be 100%, the current solution is a feasible and optimal solution for the integrated model (1)–(14).

Proof. It suffices to show that the cost of lower bound that obtained by ALD is equal to the cost of up-

per bound. Let the percentage of similarity of pairings between two problems be 100%. It is mean that
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∑
(i,j)∈A1

l
µij(1 −

∑
o∈O

∑
s∈So

asijys) = 0 and
∑

(i,j)∈A0
l
πij(

∑
o∈O

∑
s∈So

asijys − 0) = 0. Also from Re-

mark 1, we have uij = 0. Hence, the optimal value of ALD in the relevant iteration is

ALD(µ, π) =
∑
l∈L

∑
s∈Sl

csxs +
∑
l∈L

∑
v∈Vl

cvrv +
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv (24)

Clearly this solution satisfy linking constraints (5)–(6) and is a feasible solution for integrated model (1)–(14).

If we put this solution into the integrated model, the cost is

Z =
∑
l∈L

∑
s∈Sl

csxs +
∑
l∈L

∑
v∈Vl

cvrv +
∑
o∈O

∑
s∈So

csys +
∑
o∈O

∑
v∈Vo

cvzv (25)

Hence, ALD(µ, π) = Z.

4.4 Integer solution

The linear relaxation solutions computed by column generation may be fractional. To obtain integer solutions,

the column generation algorithm is embedded in a branch-and-bound framework. We use two branching

heuristics, column fixing and inter-task fixing. In column fixing strategy, we fix to 1 all the variables with a

fractional value greater than a predetermined threshold (0.85 for our tests). If no suitable variable exists, we

apply inter-task fixing. For each ordered pair of flights f1 and f2, let rf1f2 =
∑

s∈S(f1,f2) xs be the total flow

between these two flights. Where S(f1, f2) is the subset of schedules covering flights f2 immediately after

pairing f1. We select the maximum fractional values, rf1f2 . By setting rf1f2 = 1 we impose these two flights

to be covered consecutively in the same schedule respectively.

5 Computational experiments

In this section, we present computational experiments that were carried out on three instances derived from

a one-month flight schedule of a major North American airline. The characteristics of the instances are

summarized in Table 1. They all contain three crew bases. Each (co)pilot requests two vacations and a set of

preferences flights per month. The numbers of pilots and copilots per base are equal and given in Table 2. For

example, the first instance contains 1013 flights, 26 airports, 33 pilots and 33 copilots, a total amount of 66

requested vacations for pilots and 66 requested vacations for copilots, a total amount of 600 preferences flights

for pilots and 600 preferences flights for copilots. To compare the performance of proposed integrated (INT)

approach with the traditional sequential (SEQ) approach, we solve each of the three instances described in

Table 1 with both methods. For SEQ, we use the proposed crew pairing and crew assignment models by

Zeighami and Soumis (2017). SEQ approach first solves the crew pairing problem and then crew assignment

problem for a given set of pilots and copilots independently using CG. We conducted our tests on a Linux

computer with an Intel Core i7-1770 CPU clocked at 3.40 GHz, using a single processor. Our implementation

is coded in C++ using the commercial GENCOL column generation library, version 4.5. The RMPs is solved

by CPLEX 12.4.

Table 1: Instance characteristics

# No. preferred vacations No. preferred flights

Instance Flights Airports Bases Pilots Copilots Pilots Copilots

1 1013 26 3 66 66 600 600
2 1500 35 3 68 68 750 750
3 1854 41 3 94 94 850 850

5.1 Computational time, iterations and cost for integrated and sequential approaches

In Table 3, we compare the total CPU time (in minutes) needed to solve each of the three instances with the

two approaches. For SEQ, the total CPU time can be divided into three parts: the time spent solving the
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Table 2: Number of pilots and copilots per base

Base 1 Base 2 Base 3 Total

Instance No. Pilots No. Copilots No. Pilots No. Copilots No. Pilots No. Copilots No. Pilots No. Copilots

1 7 7 20 20 6 6 33 33
2 10 10 9 9 15 15 34 34
3 10 10 30 30 7 7 47 47

crew pairing problem, the time spent solving the pilot and copilot crew assignment problems sequentially. For

INT the total CPU time includes the time to compute the initial partition, that is, the time to solve the crew

pairing problem of Zeighami and Soumis (2017) and the overall time to solve ALR-pilot and ALR-copilot

in all iterations. We report the total the total solution cost that was obtained with the two approaches.

The last two columns of Table 3, respectively, give ratios between CPU times of INT and SEQ and the cost

savings (in percentages) generated by the solutions produced by INT. These results show that INT can yield

significant cost savings. In fact, for these instances, the total cost savings vary between 5.64%, 7.28%, and

7.49%, with an average of 6.80%. The good performance of the INT approach is that very few iterations

suffice to find a good solution, the total iterations vary between 3 and 4. The main disadvantage of INT is

the computational times that it yields, on average, 1.75 times longer than those obtained by SEQ.

Table 3: Computational time, cost for integrated and sequential approaches

SEQ approach INT approach

Instance CPU (min) Cost CPU (min) Cost Number of iterations CPU INT/SEQ Cost saving by INT (%)

1 5.47 1480089 11.42 1401069 3 2.08 5.64
2 19.56 1781845 36.28 1660930 4 1.85 7.28
3 61.50 2200857 80.15 2047500 4 1.30 7.48

Average 1.75 6.80

5.2 Computational gap in integrated and sequential approaches

In this experiment, we study the optimality gap of each instance that was obtained with the two approaches.

The gap is the percentage difference between the LP and integer solutions of the problem. To find a lower

bound, we stop CG at each branching node if the optimal value of the RMP improves by less than 0.1%

over five iterations. The lower bound will improve during the branch and bound process since we explore

many nodes. To obtain integer solutions, we use two branching heuristics as we explained in Section 4.4.

The results of this experiment are given in Table 4. For SEQ, three optimality gaps are reported: the crew

pairing gap corresponds to that for the crew pairing problem, the pilot and copilot gap correspond to that

for the crew pilot and copilot assignment problems. For INT, two integrality gaps are reported, the first one

corresponds to the solving ALR-pilot and the second one corresponds to the solving ALR-copilot. The results

show that the percentage gaps are very small. The relatively small gaps indicate that the two approaches

produce good solutions.

Table 4: Optimality gap (%) for integrated and sequential approaches

SEQ approach INT approach

Instance Pairing problem Pilot problem Copilot problem ALR-pilot problem ALR-copilot problem

1 0.07 0.10 0.00 0.02 0.00
2 1.86 0.00 0.22 0.06 0.05
3 0.88 0.55 0.21 0.00 0.00

Average 0.93 0.21 0.14 0.02 0.01
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5.3 Solution process of integrated approach

In this experiment, the goal is to study the solution process of INT in each iteration. Table 5 reports the

percentage of similarity of pairings between two problems, the percentage of satisfied VRs and PFs, CPU time

and the gap obtained in each iteration for each instance. One can observe that the good performance of INT

is in part explained by the fact that for all three instances the percentage of similarity of pairings between

two problems increases after each iteration while the percentage of satisfied VRs and PFs decrease very small.

CPU time refer to the total effort needed to solve each instance in each iteration. For all instances, most

of the CPU time is spent on the first iteration, and it can be explained as follows. Choosing a good initial

solution has a very positive influence on the performance of DCA, it can result in less number of column

generation iterations, hence, decrease the CPU time. We warm start the pilot and copilot problems after

the first iteration. After solving each problem at each iteration we use the current optimal pairings as the

initial solution for the next iteration. In particular, computation times are reduced considerably after first

iteration. The results showed that there is a very significant reduction in computation time obtained after

first iteration. CPU times were typically divided by a factor of three on each instance. The gap corresponds

to the relative difference between the value of the lower bound and upper bound that obtained by ALR. The

results show that the percentage gaps are small. The gap is between 0.00% and 0.01%, justifies the use of INT

approach. For example, the first instance, the similarity of pairings in the first iteration is 92.44% and at the

end of iteration three is 100%. The percentage of satisfied VRs for pilots and copilots is not decreased and

the percentage of satisfied PFs is decreased very small, 0.66% and 0.60% for pilots and copilots respectively.

The percentage gap in the first iteration is 1.45% while in the last iteration is 0.

Table 5: Solution process of INT

Pilots Copilots

Instance Iteration
Similarity

pairings (%)
Satisfied
VRs (%)

Satisfied
PFs (%)

Satisfied
VRs (%)

Satisfied
PFs (%)

CPU
(min)

Gap
(%)

1 92.44 96.96 37.66 98.48 38.66 3.55 1.45
1 2 97.61 96.96 37.16 98.48 38.50 1.24 0.20

3 100.00 96.96 37.00 98.48 38.00 1.05 0.00

1 89.50 92.64 43.65 97.05 41.50 12.15 1.75
2 2 95.22 92.64 43.55 97.05 41.46 4.06 0.45

3 98.00 92.64 43.33 97.05 41.46 3.52 0.12
4 99.65 92.46 43.33 97.05 41.06 3.41 0.01

1 91.35 84.00 50.75 81.95 50.90 26.40 1.52
3 2 97.43 84.00 50.72 81.95 50.88 7.17 0.18

3 99.27 84.00 50.70 81.95 50.88 7.26 0.05
4 100.00 84.00 50.70 81.91 50.47 6.55 0.00

5.4 Coverage of VRs and PFs

In this experiment, we study the performance of INT compare to SEQ in terms of the percentage of satisfied

VRs and PFs. The results of this experiment are given in Tables 6 and 7. The results clearly show that INT

has significantly better performance than SEQ. On average, INT increases the coverage of preferred vacation

by 48.33% for pilots and 41.66% for copilots compared to SEQ. On average, INT increases the coverage of

preferred flights by 15.33% for pilots and 12.66% for copilots compared to SEQ. These results are because

the SEQ does not take into account the crew assignment constraints and objective during the building of the

pairings, hence, the pairings generated by the crew pairing problem may not be suitable for the objective of

the crew assignment problem. So, it is difficult to maximize the satisfaction of crew preference, VRs and PFs.

5.5 Similarity of pairings between two problems

In this experiment, we study the similarity of pairings between two problems for each approach. To reduce the

propagation of the perturbations, pilots and copilots must have similar pairings as much as possible. Using

SEQ to solve these problems produces the same pairings for pilots and copilots. Adding linking constraints in
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the integrated model helps us to reduce dissimilarity pairings between two problems while we use DCA. On

average, INT decreases the similarity of pairings between two problems by -0.12% when compared with SEQ.

Table 6: Comparisons of the satisfied VRs (%)

SEQ approach INT approach Improvement by INT (%)

Instance Pilot problem Copilot problem Pilot problem Copilot problem Pilot problem Copilot problem
1 45.00 60.00 98.00 98.00 53.00 38.00
2 42.00 52.00 92.00 97.00 50.00 45.00
3 42.00 39.00 84.00 81.00 42.00 42.00

Average 48.33 41.66

Table 7: Comparisons of the satisfied PFs (%)

SEQ approach INT approach Improvement by INT (%)

Instance Pilot problem Copilot problem Pilot problem Copilot problem Pilot problem Copilot problem
1 26.00 28.00 37.00 39.00 11.00 11.00
2 28.00 30.00 43.00 41.00 15.00 11.00
3 32.00 34.00 52.00 50.00 20.00 16.00

Average 15.33 12.66

Table 8: Comparisons of the similarity pairings between two problems (%)

Instance SEQ approach INT approach Deterioration by INT
1 100.00 100.00 0.00
2 100.00 99.65 -0.35
3 100.00 100.00 0.00

Average -0.12

6 Conclusion

This paper has introduced an integrated crew pairing and personalized crew assignment model to generate

personalized monthly schedules for a given set of pilots and copilots simultaneously. The proposed model

keep the pairings in the two problems as similar as possible to reduce the propagation of the perturbations.

We have presented an integrated approach based on combined ALR, CG, and DCA. This novel approach use

Lagrangian decomposition in an alternating fashion proposing a new way to update Lagrangian multipliers.

We studied real-world instances from a major US carrier. The integrated approach produced important

savings with respect to a traditional sequential approach, crew pairing followed by crew assignment. Also,

the results show that the integrated approach yields significant improvements compared with the sequential

approaches in terms of satisfied VRs and PFs.

An interesting line of research to follow will be to generalization of the proposed alternating Lagrangian

decomposition.
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A. Kasirzadeh. Optimisation intégrée des rotations et des blocs mensuels personnalisés des équipages en transport
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