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Citation suggérée : A. Jungwirth, G. Desaulniers, M. Frey,
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Before citing this technical report, please visit our website (https:
//www.gerad.ca/en/papers/G-2020-44) to update your reference
data, if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grâce
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Les textes publiés dans la série des rapports de recherche Les Cahiers
du GERAD n’engagent que la responsabilité de leurs auteurs. Les
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l’accès au travail et enquêterons sur votre demande.
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Abstract: We study a new variant of the vehicle routing problem, which arises in hospital-wide
scheduling of physical therapists. Multiple service locations exist for patients, and resource synchro-
nization for the location capacities is required as only a limited number of patients can be treated
at one location at a time. Additionally, operations synchronization between treatments is required as
precedence relations exist. We develop an innovative exact branch-price-and-cut algorithm including
two approaches targeting the synchronization constraints: (1) based on branching on time windows,
and (2) based on adding combinatorial Benders cuts. We optimally solve realistic hospital instances
with up to 120 treatments, and find that branching on time windows performs better than adding
cutting planes.

Keywords: Hospital therapist scheduling, time-dependent location capacity, flexible service locations,
vehicle routing, exact branch-price-and-cut
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1 Introduction

The shortage of qualified personnel is a crucial challenge for health care systems worldwide (WHO

2016). In aging societies, like most western and some Asian ones, demand for health services increases

faster than supply. By far the most valuable resource is the health workers having very specialized

and expensive education. It is thus crucial for hospitals to use their health workers as efficiently as

possible to mitigate the negative effects of understaffed health care systems.

In this context, we study the hospital-wide therapist scheduling and routing problem (ThSRP), a

daily planning problem arising at almost every hospital (Gartner et al. 2018). According to the health

care planning matrix by Hans et al. (2012) the ThSRP can be classified as an offline operational resource

capacity planning problem. On a daily basis, a hospital planner assigns therapists to treatments,

treatments to rooms, and start times to treatments. The therapists work different shift patterns

(morning, afternoon, or regular shift) and on different levels of qualifications, which define the type of

treatment they are available and qualified for. Treatments have a start time window, in which service

must begin, and a known treatment duration. If a patient receives multiple treatments in the same

day, precedence relations may exist between them, i.e. the preceding treatment must be finished before

the succeeding treatment can start. For most patients, two treatment locations exist, i.e. patients can

receive service at a central therapy center (TC) or at the ward in which they are staying. There are

two noteworthy exceptions: outpatients can only be treated at the TC, and bedridden patients can

only be treated at the ward since they must not be moved. In a TC, only a limited number of patients

can be treated at a time. Thus, for the TCs the hospital planner must ensure location availability at

all times.

Current hospital planning is a manual and time-consuming task leading to unsatisfactory results.

Every morning, the available therapists have to be scheduled and assigned to the patients and treatment

rooms. For this planning, it is already difficult to generate feasible solutions and frequently the resulting

schedules leave some patients unserved.

To facilitate planning, we develop an exact algorithm to solve realistic hospital problems. While

in traditional scheduling approaches, the routing of the therapists would be an indirect result, we are

addressing the routing decisions explicitly, which has practical as well as theoretical advantages. In

large hospitals, therapists are spending a considerable part of their working time traveling between

treatment locations. Minimizing traveling gives more time to treat patients, which can be used on a

tactical level to increase the number of appointments scheduled per day. However, a hospital might

have preferences for treating patients in specific locations and these preferences can conflict with

minimizing traveling. Therefore, we associate a certain cost with treating a patient in a specific

location, and minimize these location costs together with the traveling.

The resulting problem can be termed as a Vehicle Routing Problem with Time Windows (VRPTW),

heterogeneous fleet, operations and resource synchronization, and flexible service locations. Precedence

relations between treatments are considered by operations synchronization, and resource synchroniza-

tion is needed to model the time-dependent location capacity that acts as a renewable resource. As

this paper focuses on routing, we will occasionally fall back on the VRP terminology, i.e. instead of

treatment and therapist, we use customer and vehicle, respectively. For other applications of routing

in hospitals, see e.g., Beaudry et al. (2010), Hanne et al. (2009), and Schmid and Doerner (2014).

We solve the ThSRP by Branch-Price-and-Cut (BPC), in which we address the synchronization

constraints using one of the following two alternatives: (1) We branch on the start time windows of the

treatments to alter the possible start times such that the current violation cannot occur in subsequent

branches, or (2) we add combinatorial Benders cuts to forbid the reoccurrence of the current solution

by specifying which combinations of arcs must not appear together. Branching on start time windows

received little attention over the past 25 years. However as we will show, it holds the potential of

being a valuable building block of solving complex routing problems. To avoid unnecessary branching

steps, we use additional branching strategies to break symmetry at higher levels and discuss strategies

to correct infeasible solutions.
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Our contribution is threefold: (1) We model the ThSRP as a VRPTW with flexible delivery

locations and synchronization constraints, which are properties relevant to other VRP variants as well;

(2) we develop an exact BPC algorithm for the ThSRP to solve realistic hospital instances, which can

be used to derive better schedules with less manual work for hospital planners; and (3) we show that

time window branching can be a valid alternative to cutting planes when addressing synchronization

constraints in a BPC framework.

The remainder of this work is structured as follows. In §2, we give an overview of the related

literature focusing on VRPs. A formal definition of the problem is presented in §3. We describe the

details of our BPC algorithm in §4, including specifics of the graph structure of the pricing problem,

the branching strategies, and the cuts. In §5, we evaluate the performance of the proposed algorithm

and some of its features, and show the robustness of the method against changing inputs. We conclude

in §6.

2 Literature

The literature review focuses on VRPs as our main contributions are related to routing problems.

First we will give a brief overview of routing related applications in health care contexts, and then

we specifically focus on the three components that distinguish our problem from traditional VRP

and VRPTW: (a) flexible service location, (b) time-dependent location capacity, and (c) precedence

relations. For general literature on VRPs see e.g., Toth and Vigo (2002, 2014) and Vidal et al. (2020).

A very recent overview of exact BPC methods for VRPs is given in Costa et al. (2019).

Health care related routing applications are numerous and range from transporting patients to hos-

pitals (Nemati et al. 2016, Lim et al. 2017) over routing of bloodmobiles (Gunpinar and Centeno 2016)

to distributing pharmaceutical products to health care facilities (Kramer et al. 2019). A significant

share of the heath care literature related to routing is concerned with home care applications, which

are reviewed in Cissé et al. (2017) and Fikar and Hirsch (2017).

Only few papers study routing in hospitals. Hanne et al. (2009) and Beaudry et al. (2010) develop

a heuristic to solve a routing problem with fixed locations and dynamically arriving transportation

requests. Schmid and Doerner (2014) present a metaheuristic for an integrated planning problem

combining scheduling and routing of patients. The ThSRP is studied in Gartner et al. (2018) and

Jungwirth et al. (2020). Gartner et al. (2018) present an insertion heuristic and an exact algorithm.

The exact algorithm solves a scheduling problem after relaxing the routing constraints, and if the

routing constraints are violated in the optimal solution, a cutting plane is added and the problem is

solved again. To the best of our knowledge, this is the only exact algorithm for the ThSRP so far.

Jungwirth et al. (2020) are the first to model the ThSRP as a VRP, which they solve heuristically

using a hybrid adaptive large neighborhood search.

In the remainder of this review, we will focus on routing problems showing similarities to the

ThSRP in terms of modeling and methodology. In the literature, we found two types of problems

involving flexible service locations: (1) Beasley and Nascimento (1996) introduced the vehicle routing-

allocation problem, in which multiple possible service locations exist for customers. These locations

are uncapacitated and customers can also be left unserved. Practical applications are, e.g. routing

mobile clinics in rural areas or designing postal collection routes. (2) Reyes et al. (2017) introduced the

VRP with roaming delivery locations in which parcels are delivered to different locations depending

on the time of the day. A branch-and-price algorithm for this problem is developed in Ozbaygin et al.

(2017). Locations are not capacitated and the structure of the time windows differs from our case as

different locations have distinct and non-overlapping time windows.

The stream of literature sharing most similarities with our problem is the VRP with synchroniza-

tion constraints. According to the taxonomy of Drexl (2012) our time-dependent location capacities

belong to resource synchronization and our precedence constraints belong to operations synchroniza-

tion. Generally, tours in VRPs are independent of one another, in the sense that a change within one
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tour does not affect another tour. However, when resource synchronization is present, a change within

one tour could potentially change all other tours.

If location capacity is considered in the VRP literature, these capacities generally do not affect the

routing decisions of the vehicles, i.e. vehicles simply wait at the location until the resource becomes

available. An example is log truck scheduling studied by Hachemi et al. (2013) and Rix et al. (2015).

In this forestry application, log-loaders can only load one truck at a time, and if the loader is in use,

other trucks have to wait. In the VRP with location congestion (Lam and Hentenryck 2016), vehicles

are synchronized with regard to e.g., parking lots and forklifts. Dynamic scheduling of automated

guided vehicles at airports is studied by Ebben et al. (2005) with scarce resources being docks for

(un)loading and parking space. If the resources are unavailable, vehicles wait at the destination or

begin their tours later.

Recently, limited availability of recharging and refueling has been studied in electric-VRPs (E-

VRPs) and green VRPs (G-VRPs), cf. Keskin et al. (2019) and Froger et al. (2019) for E-VRPs,

and Bruglieri et al. (2019) for G-VRPs. In Keskin et al. (2019), vehicles wait until charging becomes

available. In contrast, in Bruglieri et al. (2019) and Froger et al. (2019) the time-dependent location

capacity is a central part of the routing decision. From the routing literature, the problems the latter

authors study are the closest to the ThSRP. As in our case, it is not known in advance which tasks

will be needed to be synchronized and the synchronization affects the routing decisions.

In E-VRPs and G-VRPs, refueling between two customer visits is possible. In Froger et al. (2019)

(E-VRP), refueling happens at a charging station (CS) equipped with a number of charging points,

and in Bruglieri et al. (2019) (G-VRP), alternative fuel stations with multiple fuel pumps can be

visited. Examples of alternative fuels are e.g., methane and electricity. Froger et al. (2019) include

more specifics of recharging e.g., non-linear charging functions, and vehicles do not need to recharge

to full capacity when visiting a CS.

Both works consider capacity at the level of the charging points. Each charger has a capacity

of 1, i.e. exactly one vehicle can recharge at a time. However, there can be multiple charging points

at a CS. In each work, two mathematical models are presented: (a) a replication (or arc-based)

formulation, and (b) a path-based formulation. In the replication-based formulation, an upper bound

of the maximum number of possible visits of one charger is determined in a pre-processing step, and

then the corresponding number of virtual clones of the chargers are created. At most one vehicle can

visit each clone and as the clones are temporarily synchronized, location capacity is ensured. The

path-based formulation does not require copying the CSs, instead multiple arcs are combined into

paths, and the paths are then synchronized to avoid location capacity violations. The main difference

between these works and ours is that in their case, charging is capacitated and charging enables visiting

additional customers. However, the service locations of the customers itself are not capacitated, neither

do flexible service locations exist. In ThSRP, enforcing capacity at the service location has influence

on the decision where to serve customer. Another central difference is the importance of time windows

in our case. Time windows are not considered in Froger et al. (2019), and Bruglieri et al. (2019) only

discuss to add time slots at CSs, which could be reserved, however these are not time windows at

service sites.

The third distinctive component of the ThSRP are the precedence constraints, which belong to

operations synchronization according to the taxonomy of Drexl (2012). This type of synchronization

is more common in the VRP literature than the resource synchronization. It occurs e.g., in dial-a-ride

problems and in pickup-and-delivery problems (see e.g., Battarra et al. 2014, Doerner and Salazar-

González 2014, Ho et al. 2018).

Table 1 summarizes the properties of the most related routing problems. Only few papers consider

flexible service locations or time-dependent location capacities. Precedence relations and time windows

were either not or not much studied in these works. To the best of our knowledge, we are the first to

address all four aspects combined in one problem.
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Table 1: Overview of VPRs related to the ThSRP

Br Fr Be Re/Oz Our work

Flexible service locations X X X
Time-dependent location capacity X X X
Time windows (X) X X
Precedence relations X

(Br) Bruglieri et al. (2019); (Fr) Froger et al. (2019); (Be) Beasley and Nascimento (1996); (Re) Reyes et al.
(2017); (Oz) Ozbaygin et al. (2017).

Outside of the VRP domain, operations and resource synchronization naturally occur in resource-

constrained project scheduling problems (RCPSP). See Brucker et al. (1999) for an overview of RCPSPs

and De Reyck et al. (1999) particularly for precedence relations.

3 Problem statement and set covering formulation

In this part, we state the problem and introduce the required notation along the way. Patients are the

central planning entity in the ThSRP. A patient has at least one treatment during the planning day,

and the set of all treatments is denoted by I. Depending on the type of patient, a treatment i ∈ I can

take place in one of a set of potential service locations l ∈ Li with Li ⊆ L being a subset of the set

of all locations L. Most treatments can take place either at the central TC or at the ward in which

patients are staying. Since multiple patients can be treated at the TC at a time, we have to ensure

that the location capacity of the TC is not exceeded. For ward rooms, we assume unlimited capacity

as no patient will be scheduled to another patient’s ward room. By Lbnd we denote the set of bounded

locations, i.e. locations l ∈ Lbnd having a capacity limit Ql. For bounded locations, the capacity has

to be considered only at times when sufficient treatments can potentially overlap. The set of critical

time points of a location l ∈ Lbnd is denoted by T bnd
l and can be determined in a preprocessing step.

A treatment i requires a service time si and must begin within starting time window [ai, bi].

Outpatients i have a fixed start time, i.e. ai = bi, while for inpatients j we assume aj < bj . Since

a patient might undergo several treatments per day, precedence relations between treatments can

exist, i.e. the preceding treatment must be finished before the succeeding treatment can start. If

the two treatments take place in different locations, the travel time between the locations has to be

considered as well. By P we denote the set of precedence relations (i, j) with i ∈ I being the preceeding

treatment and j ∈ I the succeeding treatment. The travel time between locations l1 and l2 is denoted

by tl1,l2 . We assume that the travel times satisfy the triangle inequality. Furthermore, we assume that

travel times are integer or can be scaled to integers. Treatments differ in complexity and thus require

different qualifications. We assume that the qualifications are hierarchical and denote by Q the set of

qualifications.

Treatments are performed by a set of therapists K. We define i0 and in+1 to be dummy treatments

for leaving and entering the depot location l0 that corresponds to the break room in which therapists

are staying when they are not treating patients. The therapists differ in their shift type s ∈ S and

their level of qualification q ∈ Q. To treat a patient the shift must overlap with the treatment’s start

time window and the therapist’s qualification qk must at least match the required qualification of the

treatment qi, i.e. qi ≤ qk. The subset of therapists with shift type s and qualification q is denoted

by Ks,q. A therapist belongs only to one set Ks,q, i.e. for two levels of qualification q1 < q2 we

have Ks,q1 ∩ Ks,q2 = ∅.

As a result of planning, each therapist is assigned a tour-schedule r ∈ Ω. The tour-schedule contains

information about the sequence of treatments, the service locations and the start times. The subset

of tour-schedules for therapists of shift type s and qualification q is denoted by Ωs,q ⊆ Ω. To remain

concise, we will only use the term tour instead of tour-schedule in the remainder.
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We associate a cost cr with each tour r ∈ Ω, which includes costs ctravel
l1l2

for traveling between

locations l1, l2 ∈ L and costs clocation
i,l for treating i at location l. The latter is relevant to model

that hospitals might have preferences for one location over the other. We assume travel costs to be

equivalent to travel times, thus the triangle inequality holds for the travel costs as well.

In summary, the ThSRP consists in finding least-cost tours for the available therapists such that

every treatment is scheduled at a valid location and start time with a qualified therapist, capacity is

never exceeded in all bounded locations, precedence relations are satisfied, and tours are feasible with

respect to time and corresponding therapist’s shift.

To formulate the ThSRP mathematically, we introduce the following additional notation. Binary

parameter αi,l,r indicates if treatment i in location l is part of tour r. Binary parameter βl,t,r controls

if location l is occupied at point in time t by tour r, and by parameter Ti,l,r we denote the start time

of treatment i in location l in tour r. Decision variable γs,q holds the number of therapists in set

Ks,q having at least one treatment. Decision variable λr is equal to 1 if tour r ∈ Ω is selected in the

solution, and 0 otherwise. The objective is to minimize the sum of the costs cr over all tours r. With

the definitions above, the set covering formulation of the ThSRP can be stated as:

min
∑

(s,q)∈S×Q

∑
r∈Ωs,q

cr · λr (1)

subject to∑
(s,q)∈S×Q:i∈Is,q

∑
r∈Ωs,q

∑
l∈Li

αi,l,r · λr ≥ 1 ∀ i ∈ I (2)

∑
r∈Ω

βl,t,r · λr ≤ Ql ∀ l ∈ Lbnd, t ∈ T bnd
l (3)(

Ti,li,r + si + tli,lj − Tj,lj ,r′
)
· αi,li,r · αj,lj ,r′ · λr · λr′ ≤ 0 ∀ r, r′ ∈ Ω, (i, j) ∈ P (4)∑

r∈Ωs,q

λr = γs,q ∀ (s, q) ∈ S ×Q (5)

0 ≤ γs,q ≤ |Ks,q| ∀ (s, q) ∈ S ×Q (6)

λr ∈ {0, 1} ∀ r ∈ Ω (7)

Objective (1) minimizes the cost over all selected tours. Assignment constraints (2) ensure that each

treatment i is done at least once. Location capacity constraints (3) guarantee for every capacitated

location l and for every point in time t that the capacity limit Ql is not exceeded. Precedence

constraints (4) establish that preceding treatments are finished before the succeeding treatments are

started. To satisfy the precedence relations, the service duration and the travel times between the

service locations must be considered. Constraints (4) are nonlinear and numerous. However, they

will be relaxed in our solution algorithm and treated through branching decisions. Constraints (5)

compute the number of therapists used in each shift and for each qualification level. These numbers

are bounded in (6). Note that (5) and (6) could be merged and the γs,q variables removed. We present

them separately because the proposed algorithm will branch on these variables. Lastly, the domain of

the λr variables is defined in (7).

4 Branch-price-and-cut algorithm

To solve directly the set covering formulation (1)–(7), we would need to enumerate all possible tours

in Ω. As generating such a large number of tours is practically impossible, column generation (CG) is

used and embedded in a branch-and-cut framework to yield an exact BPC algorithm. (cf. Vanderbeck

and Wolsey 1996, Barnhart et al. 1998, Desaulniers et al. 2005). CG works with a reasonably small

subset of tours Ω′ ⊆ Ω, i.e. Ω′s,q ⊆ Ωs,q in our case, and dynamically generates new tours as needed.

Since a column represents a tour, we use these terms interchangeably. Before our CG algorithm starts,

we first relax from formulation (1)–(7) the synchronization constraints for the location capacity (3) and
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the precedence relations (4) to get a set-covering formulation equivalent to that of the heterogeneous

VRPTW. Then, we solve by CG the resulting linear relaxation, which is then called the master

problem. CG is an iterative method that solves at each iteration a restricted master problem (RMP)

and a pricing problem (PP). The RMP considers a subset of the tour variables and writes as:

min
∑

(s,q)∈S×Q

∑
r∈Ω′

s,q

cr · λr (8)

subject to∑
(s,q)∈S×Q:i∈Is,q

∑
r∈Ω′

s,q

∑
l∈Li

αi,l,r · λr ≥ 1 ∀ i ∈ I (9)

∑
r∈Ω′

s,q

λr − γs,q = 0 ∀ (s, q) ∈ S ×Q (10)

0 ≤ γs,q ≤ |Ks,q| ∀ (s, q) ∈ S ×Q (11)

λr ≥ 0 ∀ r ∈ Ω′ (12)

In a CG iteration, once the RMP is solved, its dual solution is used to generate new promising tours

by solving a (PP). The PP aims to find new tours with negative reduced cost. If new tours are found,

they are added as columns to the RMP, and if no new columns are found, CG terminates and a valid

lower bound for the minimization problem was found. Details on the PP are given in §4.1.

When an integer feasible solution is found during CG, we still need to check if the solution is also

feasible for relaxed constraints (3) and (4). This feasibility check is applied at any CG iteration when we

find an integer solution, not only when CG terminates. To derive integer solutions, CG is embedded in

a branch-and-cut framework to yield a BPC algorithm. When CG ends with a feasible integer solution

at a node of the search tree, the node is pruned. When it ends with an infeasible integer solution,

we use one of the following two approaches with the goal of retrieving feasibility: (a) branching on

start time windows (see §4.2.5), or (b) adding combinatorial Benders cuts (see §4.3). When CG ends

with a fractional solution and the node cannot be pruned, branching or cutting is performed. To

reach integrality, traditionally branching on the number of vehicles (therapists) and branching on arcs

connecting customers (treatments) is used for VRPs (cf. Feillet 2010). We use both strategies and

introduce three additional branching strategies before branching on arcs: (a) Branching on the type

of therapist performing a treatment, (b) branching on possible service location of a treatment, and

(c) branching on aggregated therapy arcs. Our branching strategies are described in detail in §4.2. To
tighten the dual bound, we add limited-memory subset-row cuts (lm-SRCs) introduced by Pecin et al.

(2017), and we propose location-capacity cuts (LCC) to exclude combinations of treatments that will

result in a capacity violation of a specific service location. Details of the cuts are given in §4.3. A

schematic overview of our BPC algorithm is displayed in Figure 1.

4.1 Pricing problem

To generate new columns for the RMP, we solve |S×Q| PPs, each corresponding to a specific therapist

type. The PPs, also called subproblems, correspond to elementary shortest path problems with resource

constraints (ESPPRC) and aim at finding new feasible tours r ∈ Ω with negative reduced cost. Let π
(9)
i

and π
(10)
s,q be the duals associated with constraints (9) and (10) of the RMP, respectively. Then,

the ESPPRC is equivalent to the following minimization problem for a given shift type s ∈ S and

qualification q ∈ Q:

min
r∈Ωs,q

c̄r = cr −
∑

i∈Is,q

∑
l∈Li

αi,l,r · π(9)
i − π

(10)
s,q (13)

The ESPPRC is modeled on a graph G = (V,A) with vertex set V and arc set A. The definition of

the node set V differs from classical VRPs (cf. Pecin et al. 2017, Costa et al. 2019). Instead of having

only one node vi per treatment for a customer, we have |Li| nodes vi,l, one for each possible service

location l ∈ Li for a treatment of a customer. We define node v0 to represent the depot and the subset
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Start init RMP

Unexplored nodes &
below time limit?

Stop

no

Select next node

yes

Add LCCs if pos-
sible (§4.3.2)

Solve RMP (8)-(12)

Solve pricing problems (§4.1)

|S × Q|

New columns found?
yes

Can new lm-SRCs be
added? (§4.3.1)

no

yes

no

Solution integral?

Column generation core

Feasible for location
capacity and prece-
dence relations?

yes

If needed*, create new nodes by branching
on

1. number of therapists (§4.2.1)

2. types of therapists (§4.2.2)

3. service locations (§4.2.3)

4. aggregated arc-sets (§4.2.4)

5. arcs (§4.2.4)
* The node might be pruned if infeasible or if its lower

bound is greater or equal to the best upper bound.

no

XOR

no
Create new nodes by branching on time win-
dows to

1. ensure location capacity (§4.2.5)

2. ensure precedence relations (§4.2.5)

DefaultAdd combinatorial
Benders cut (§4.3.3)

Alternative

yes

Figure 1: Schematic overview of our BPC algorithm

of nodes without the depot is denoted by V ′ = V \ {v0}. Figure 2 displays an example of how the

complexity of graph G increases in our problem compared to the VRP.

An individual start time window is assigned to each node, i.e. even nodes representing the same

treatment i might have different time windows. Since a node contains location information, time

window tightening might affect nodes belonging to the same treatment i but different location l,

differently, and branching on time windows presented in §4.2.5 affects the time windows of the nodes

rather than the ones of the treatments.
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i1

i2 i1

i2 i1

l1

l2

l3

i1

i2

Figure 2: Arc (i1, i2) in the VRP (left) expands into a subgraph in the ThSRP (right)

For arc set A ⊆ V×V, we have (vi,l, vj,r) ∈ A with vi,l1 , vj,l2 ∈ V and i 6= j if and only if treatment i

can be serviced at location l1 before treatment j is served at location l2. The costs c̄vi,l1 ,vj,l2 along an

arc (vi,l1 , vj,l2) ∈ A are defined as:

c̄vi,l1 ,vj,l2 = ctravel
l1,l2 + clocation

j,l2 − π(9)
i (14)

Travel cost is defined between location l1, l2 ∈ L and costs for servicing in location l2 ∈ L are considered

for the head node. The dual π
(10)
s,q associated with the convexity constraint (10) is also subtracted at

the depot node v0.

We solve the ESPPRC by using a dynamic programming labeling algorithm starting from the

source v0 and iteratively extends partial paths to new nodes vi,l ∈ V until it reaches the sink vn+1 = v0.

Relevant information for a partial path p is stored in a label Lp associated with the end node of p.

Specifically, Lp contains the following information: the parent label id, the cumulated reduced cost,

the earliest start time of service at the node, and a binary vector stating which treatments can still

be done. In order to not enumerate all paths, a dominance criterion is applied to discard non-useful

labels. For further details on labeling algorithms, we refer the reader to Feillet et al. (2004), Irnich

and Desaulniers (2005), and Irnich (2008).

Since each PP is called frequently, we apply the following acceleration techniques: time window

tightening (Desrochers et al. 1992, Kontoravdis and Bard 1995), bidirectional search (Righini and

Salani 2006), decremental state-space relaxation (Boland et al. 2006, Righini and Salani 2008), heuristic

pricing as long as negative reduced cost columns can be found (Desaulniers et al. 2008), and adding

buckets of multiple task-disjoint columns to the RMP in each pricing step (Desaulniers et al. 2002).

4.2 Branching

Our branching strategies serve two purposes: first we branch to reach integrality, and second we

branch to enforce the previously relaxed location capacity and precedence relation constraints. To

reach integrality, we use five branching strategies applied in the following sequence:

1. branching on the number of therapists (see §4.2.1),

2. branching on the types of therapists to perform a treatment (see §4.2.2),

3. branching on possible service locations of treatments (see §4.2.3),

4. branching on aggregated arc-sets (see §4.2.4), and

5. branching on arcs (see §4.2.4).

While branching strategies (1) and (5) are commonly used for VRPs, we introduce strategies (2), (3),

and (4) to break fractional flows on a higher levels than in (5). When integrality is reached and if the

precedence or location capacity constraints are violated, we branch on start time windows to forbid a

reoccurrence of the violations. Branching is applied in the following arbitrarily chosen order:

1. branching on start time windows to ensure precedence (see §4.2.5),

2. branching on start time windows to ensure location capacity (see §4.2.5).
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The search tree is explored using a best-first strategy. We are always applying strategies (1) to (5) to

reach integrality, however instead of applying strategies (6) and (7) to reach feasibility with respect

to the location capacity and precedence relation constraints, we could alternatively use combinatorial

cuts as well (see §4.3.3). In the following, we will describe the seven branching strategies in detail.

4.2.1 Branching on the number of therapists.

Desirable properties of branching are: (a) a balanced branching tree, i.e. that the remaining problems

in each branch are approximately equally complex, and (b) a limited growth of the branching tree.

For routing problems, branching on the number of vehicles (therapists) can often have a significant

positive influence on the tree size (Costa et al. 2019). Let fs,q be the fractional number of therapists

of type (s, q) in the optimal solution at a branching node, then two branches are generated: (1) forcing

γs,q ≤ bfs,qc and (2) forcing γs,q ≥ dfs,qe. If several therapist types (s, q) with fractional flows exist,

we branch first on the type of therapist (s, q) with most fractional flow as calculated in Equation (15).

arg min
(s,q)∈S×Q

= |0.5− (fs,q mod 1)| (15)

4.2.2 Branching on the types of therapists

If a treatment is serviced by therapists of different types in an optimal solution of the current linear

relaxation, we branch on the set of therapists, which can perform the service. Let Si ×Qi be the set

of therapist types that can perform treatment i. If |Si ×Qi| ≥ 2, this set can be indexed and split in

half. For both subsets, we generate a branch. To balance the branching tree, we split Si × Qi such

that both halves account roughly for a flow of 0.5. We define the point µi, at which we split the set

of therapist types as the last element that remains in subset 1 for treatment i. This split point µi is

determined by using the formula (16), with fk being the cumulated flow of therapist type k covering

treatment i.

µi = arg min
n∈{1,...,|Si×Qi|}

∣∣∣∣∣0.5−
n∑

k=1

fk

∣∣∣∣∣ (16)

As each PP corresponds to a specific therapist type, we can impose the branching decisions by simply

removing nodes from graph G that can no longer be covered by the specific therapist type.

4.2.3 Branching on the locations

When |Li| > 1 for a treatment i, it can happen that, in an optimal solution, treatment i is serviced

by an integer number of therapists of the same type, but in more than one location. In this case, we

branch on the set of possible service locations. Equivalently to §4.2.2, we split Li such that the flow

in the remaining halves is as close as possible to 0.5. The split position µi, i.e. the last location that

is part of location subset 1, is determined by the following formula:

µi = arg min
n∈{1,...,|Li|}

∣∣∣∣∣0.5−
n∑

k=1

fk

∣∣∣∣∣ (17)

We impose the branching decisions by removing from all PPs all nodes corresponding to the locations

that can no longer host the treatment.

4.2.4 Branching on arcs flows

Desrosiers et al. (1984) introduced branching on arc flows for the VRPTW and it has become the

most popular branching strategy ever since (Costa et al. 2019). Compared with standard VRPTWs,

the graph G in our PP contains more edges as multiple nodes exist per treatment (cf. §4.1). Thus, if

we would apply pure arc branching, we would need more branching steps than traditional VPRTWs

require. Therefore, we first branch on aggregated arc-sets, and once the flows on the aggregated arcs

are integral, we continue by branching on arcs a ∈ A as defined for graph G.
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Branching on aggregated arc-sets. Let vi be an aggregation set of all nodes belonging to the

same treatment i, i.e. vi =
⋃

l∈Li
vi,l, and let (vi, vj) be an aggregated arc connecting two aggregated

nodes vi and vj , i.e. (vi, vj) contains all arcs connecting all nodes in vi with all nodes in vj . Branch 1

enforcing that aggregated arc (vi, vj) cannot belong to the solution is constructed by removing all arcs

(vi,l1 , vj,l2) ∈ A (with l1 ∈ Li and l2 ∈ Lj) connecting any node in vi to any node in vj , and deleting all

columns r ∈ Ω′ containing any of these arcs. Branch 2 enforcing that arc (vi, vj) is used in the solution

is constructed by removing all arcs (vi′ , vj) ∈ A such that i′ 6= i and i′ 6= i0, and all arcs (vi, vj′) ∈ A
such that j′ 6= j and j′ 6= in+1 from the PPs with i0 and in+1 being the dummy treatments for leaving

and entering the depot.

Branching on arcs. If the flow of all aggregated arcs is integer, there might still exist fractional

flows on the arcs in A on which we can branch. Branch 1 enforcing that arc (vi,l1 , vj,l2) cannot belong

to the solution is constructed by removing arc (vi,l1 , vj,l2) from the PPs. Branch 2 enforcing that

arc (vi,l1 , vj,l2) is used in the solution is constructed by removing all arcs (vi′,l′1 , vj,l2) ∈ A such that

(i′ 6= i∧i′ 6= i0)∨l′1 6= l1, and by removing all arcs (vi,l1 , vj′,l′2) ∈ A such that (j′ 6= j∧j′ 6= in+1)∨l′2 6= l2.

4.2.5 Branching on time windows

Once an integer feasible solution is reached, we check if this solution is also feasible for the precedence

constraints and location capacity constraints. If the solution is infeasible, we branch on the start time

windows of the treatments such that the same violation is prevented from reoccurring. Note that

violations involving the same precedence relation or capacity violations can still occur after branching

on time windows, however only at a different time. Branching on start time windows belongs to

branching on resource windows and has been applied in the context of vehicle routing, e.g. in Desrosiers

et al. (1986) and Gélinas et al. (1995).

Ensure precedence. A precedence relation (i, j) ∈ P ensures that treatment i must have been

finished before treatment j can start, i.e. Ti + si + tli,lj ≤ Tj . As our algorithm works on nodes vi,l
representing a combination of treatment i and location l, we consider start time Ti,l associated with

the node. Therefore, a precedence relation violation occurs if Ti,li + si + tli,lj > Tj,lj with li ∈ Li and

lj ∈ Lj . In that case, we branch on the start time windows of nodes vi,li and vj,lj . In branch 1, the

start time window of node vi,li is adjusted such that service must start slightly earlier, and in branch 2,

the start time window of node vi,li is adjusted such that service must start slightly later. Since i and j

are part of a precedence relation, j must also start later in branch 2, i.e. the time window of node vj,lj
is adjusted as well. Figure 3 illustrates the resulting branches and the updates of the time windows

TW associated with the nodes.

0

1 2

TWi,li = [ai,li , Ti,li − 1] TWi,li = [Ti,li , bi,li ]

TWj,lj =
[
Tj,lj + 1, bj,lj

]

bra
nch

1 branch 2

Figure 3: Resulting branches for branching on time windows to ensure precedence relations

If a column contains a node vi,li ∈ V and the start time of that node is outside of the updated time

window TWi,li , then the column is deleted from Ω′. If the time windows can no longer be adjusted,

because ai,li = bi,li for any node vi,li ∈ V, then node vi,li is removed from the PPs and all columns

containing vi,li are removed from Ω′. Note that, treatment i can still be served in the remaining

locations l ∈ Li \ {li}. If no further location exists for i, infeasibility has been proven and the current

branching node can be pruned. If more than one precedence violation exists, we first branch on the

largest violation in terms of time units as given in (18).

arg max
vi,li ,vj,lj∈V:

(i,j)∈P

(
Ti,li + si + tli,lj − Tj,lj

)
(18)
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Ensure location capacity. A location capacity Ql is violated if more than Ql patients are sched-

uled to receive treatment in parallel at location l. We give an example of capacity violations in Figure 4
where the upper part displays the time periods during which the treatments are in execution, and the

lower part displays the cumulated capacity usage. Since all treatments are assigned to location l, we

omit index l and write Ti, ai and bi instead of Ti,l, ai,l and bi,l, etc. Let T be the set of start times Ti
for all treatments i in an integer feasible solution, then ql(T , t) = {i ∈ Il |Ti ≤ t ≤ Ti + si} is a

function returning the set of treatments, which are in process at time t in location l. In the example,

the capacity limit is Ql = 2, and a capacity violation occurs between time points t = 6 and t = 10.

There are actually two violations: the first for t = [6, 9] by treatments {i1, i3, i4}, and the second

between t = [9, 10] by treatments {i2, i3, i4}.

time

∣∣ql(T , t)∣∣

0

1

2

3

Ql = 2

time

i4 s4

a4, b4, T4

i3 s3

a3 b3T3

i2 s2

a2 b2T2

i1 s1

a1 T1 b1

aviol
{1,3,4} bviol

{1,3,4}

νl{1,3,4} νl{2,3,4}

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

Figure 4: Location capacity violation

At a branching node, we only branch on one violation at a time and choose first the violation

with the longest period of resource excess. We define an arbitrary time point τ , at which we split the

violation. Without loss of generalization, we assume for the example that the violation is split in half,

i.e. τ is defined as τ = (aviol + bviol)/2 with aviol and bviol being the bounds of the violation. We

generate two branches for each treatment i involved in the violation and adjust the start time windows

of the treatment-location nodes: (1) such that the treatment starts either early enough that service is

done before τ , i.e. bnew
i = dτe–si− 1, or (2) that service starts later than τ , i.e. anew

i = dτe. The node

is deleted from the PP, if the time windows cannot be adjusted, i.e. (ai + si > dτ − 1e) ∨ (bi < dτe).

The branches resulting from the first violation {i1, i3, i4} in Figure 4 are given in Figure 5. In

branch 1, the first treatment i1 cannot start so early that the violation is prevented (a1 + s1 > τ),

therefore node v1,l is removed from graph G. In branch 2 however, treatment i1 can start later than τ ,

and thus the earliest start time of v1,l is adjusted by setting a1,l = 8. In branch 3, treatment i3 can

start so early that the violation is prevented, therefore the latest start time of v3,l is set to b3,l = 2.

Branch 4 acts equivalently to branch 2, and branch 5 equivalently to branch 1. Branch 6 is a special

case. A later start is not possible for treatment i4 and node v4,l would have to be removed from the

PP. However, node v4,l has already been removed in branch 5 and thus the resulting PPs in branch 5

and branch 6 would be identical. Therefore, branching node 6 is not generated.

If a node has been deleted from the PPs, the columns r ∈ Ω′ that contain it are also removed

from the RMP. Columns are removed as well if the start time of a node is outside of the updated

time windows. Note that our branching strategy reduces the capacity violation by one unit at a time.

Therefore, if capacity is violated by more than one unit, multiple branching steps might be needed to

fully eliminate the violation.
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0

i1 i3 i4

1 2 3 4 5 6

V = V \ {v1,l} a1,l = dτe
= d7.5e
= 8
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= 2
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Figure 5: Resulting branches for branching on time windows to ensure location capacity

4.3 Cuts

We use three types of cuts in our BPC algorithm: limited-memory subset-row cuts to tighten the

dual bound (§4.3.1), location capacity cuts to forbid infeasible assignments of treatments to loca-

tions (§4.3.2), and combinatorial Benders cuts to ensure feasibility for the location capacity and prece-

dence relation constraints if branching on start time windows is disabled (§4.3.3).

4.3.1 Limited-memory subset-row cuts

To obtain a better dual bound subset-row cuts (SRC) introduced by Jepsen et al. (2008) have been

shown to be very successful in this regard (Costa et al. 2019). We use a 3-SRC of the following form:∑
r∈Ω

hC,r · λr ≤ 1 (19)

with C ⊆ I, |C| = 3 and hC,r = b 1
2 ·
∑
i∈C

∑
l∈Li

αi,l,rc takes value 1 if and only if tour r contains at least

two treatments in C. The intuition behind the 3-SRC is that, for every triplet of treatments C, we

know that at most one tour containing at leat two of these treatments can be part of an integer feasible

solution.

SRCs are non-robust cuts, i.e. adding these cuts changes the structure of the PPs (Jepsen et al.

2008). Specifically, an additional resource associated with each cut must be stored in the labels, which

impede efficient label dominance. Pecin et al. (2017) have introduced a limited-memory version of the

SRCs (lm-SRCs), which counteracts the negative influence of the SRCs on the label dominance. When

extending a partial path in the labeling algorithm, a previously visited treatment node in a set C is

forgotten as soon as the path visits a node that is not in the corresponding SRC memory M ⊇ C.
Thus, the lm-SRCs are a weaker version of the SRCs that are easier to handle.

4.3.2 Location-capacity cuts

We introduce a type of feasibility cuts, which we call location-capacity cut (LCC). For certain subsets

of treatments C ⊆ I, we know that their treatments cannot be assigned to the same location l with

violating its capacity because of their start time windows, i.e., regardless of how the start times are

selected, the treatments always overlap. For a given location l and subset of treatments C, the LCCs

have the form: ∑
r∈Ω

∑
i∈C

βi,l,r · λr ≤ Ql (20)

Figure 6 provides an example of three treatments {i1, i3, i7} that will always require location capacity

of three between time points 5 and 7 if serviced in location l. Note that, while SRCs are added when

CG terminates, LCCs are added at a branching node before CG is started. The reason is that new

LCCs can only be found either directly at the root node or after branching has shrunk the start time

windows. As start time windows shrink, the potential overlap grows. The LCCs are robust, i.e. the

cuts do not change the structure of the PPs and duals associated with these cuts are simply subtracted

when a node vi,l is visited with i belonging to C.
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time

i7 s7 = 6, TW7,l = [2, 5]

i3 s3 = 3, TW3,l = [4, 4]

i1 s1 = 4, TW1,l = [3, 5]

violation

2 3 4 5 6 7 8 9 10 11

Figure 6: Subset of treatments forming valid location-capacity cuts for location l with capacity Ql ∈ {1, 2}

4.3.3 Combinatorial Benders cuts

In the literature, the most common approach to address violations of previously relaxed constraints

is to add cuts (cf. Bruglieri et al. 2019, Froger et al. 2019). Therefore, as an alternative to branching

on start time windows, we propose adding combinatorial Benders cuts to forbid the reoccurrence of

solutions violating the location capacity or the precedence relation constraints.

In this branch-and-check approach, our BPC algorithm corresponds to solving the Benders master

problem and the cut separation to solving the Benders subproblem. Branch-and-check is a general-

ization of logic-based Benders decomposition, in which the subproblem is solved whenever a feasible

solution of the Benders master problem is found, i.e. in our case, a cut is generated whenever an in-

teger feasible solution is found that does not satisfy the location capacity and the precedence relation

constraints of the original problem. For details on these topics, we refer the reader to Beck (2010),

Hooker and Ottosson (2003), and Codato and Fischetti (2004).

To exclude an infeasible integer solution s, we forbid the reuse of the exact same arc set As used

in s by adding the following cut: ∑
a∈A

xa ≤ |As| − 1 ∀ s ∈ SN (21)

where xa is a binary variable indicating whether arc a ∈ A is used in s and SN is the set of all integer

feasible solutions. Expressed in terms of the variables of model (8)–(12), the cut can be stated as

follows: ∑
r∈Ω′

ρs,r · λr ≤ |As| − 1 ∀ s ∈ SN (22)

where ρs,r ∈ N0 is the number of arcs a ∈ As from an integer feasible solution s ∈ SN that column r ∈ Ω′

contains. Note that the combinatorial Benders cuts are valid throughout the entire branching tree,

and thus do not have to be reverted when moving up the branching tree.

4.4 MIP to correct infeasible solution

Even if an integer feasible solution of the RMP does not fulfill the location capacity (3) or prece-

dence relation constraints (4), we can possibly transform this solution into a feasible one. We will

only outline the idea here as prior tests revealed that the approach does neither yield a significant

performance increase nor decrease on our test instances. A detailed description of the algorithm and

the computational results can be found in Jungwirth (2020).

The general idea is that within a tour, the start time windows of the treatments [ai, bi] may leave

a leeway δi to shift start times such that the violations are eliminated. However, within each tour,

the sequence of the nodes and the nodes itself must be prevailed. Otherwise, the costs of the tours

could change and thus, the solution would no longer be guaranteed to be optimal for the current

linear relaxation. To efficiently check if an infeasible integer solution can be corrected, we call a MIP

every time we encounter such a solution. This MIP tries to assign start times to treatments such

that the tours become feasible for the location capacity and precedence relation constraints. Our MIP

is based on the continuous time formulation of the RCPSP presented in Artigues et al. (2003) and
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the optimization is stopped once the first feasible solution is found as this already guarantees that a

feasible schedule can be found for the proposed tours.

5 Computational study

This section presents the results of our computational study and is structured as follows. In the first

part §5.1, we detail our problem instances, and in the subsequent three parts, we investigate various

aspects of our BPC algorithm. Our algorithm contains multiple components and cross-testing all

possible combinations is out of scope of this work. Instead, we determined a well-working combination

of components for our algorithm in prior tests, and present computational results for which each

component was individually turned off to show its added value. Therefore, unless stated otherwise,

our algorithm always uses branching strategies (1) to (5) to reach integrality, adds lm-SRCs and LCCs

to improve the bounds, and applies the MIP checker to attempt correcting infeasible solutions.

In §5.2, we compare the efficiency of branching on time windows and of using combinatorial Benders

cuts to eliminate violations of the location capacity and precedence relation constraints. The superior

approach will be part of the baseline algorithm for the subsequent tests. In §5.3, we evaluate the core

algorithmic components of our algorithm by comparing the baseline algorithm to versions without the

specific component. The evaluated components are: branching strategies (2)-(4), lm-SRCs, and LCCs.

In §5.4, we investigate the robustness of our algorithm against varying input data. Specifically, we

modify the capacity limit of the locations and adjust the number of precedence relations within the

instances.

The notation that we use in the computational study is summarized in Table 2. Our algorithms

were coded in JAVA using Amazon Corretto 11 as JDK and executed on a Windows 10 platform

employing an Intel Core i7-10510U CPU @ 2.30GHz with 16 GB of RAM. We used Gurobi 9.0.0 to

solve the RMP and the checker MIP.

Table 2: Notation used in the computational study

B Number of hospital buildings
F Number of floors per building
gap Optimality gap [%]
|I| Number of treatments
Kused Number of therapist serving patients in the best feasible solution
LB Lower bound (dual bound)
NBr

(·) Number of branchings for branching strategy (1)-(7)

NBr
Σ Sum of all branchings performed

NBranch
TW prec Number of time window branchings due to precedence violation

NBranch
TW loc Number of time window branchings due to location capacity violation

NCut
combi Number of combinatorial cuts

NCut
LCC Number of location capacity cuts

NCut
SR Number of lm-SRCs

N infeas Number of instances proven to be infeasible
N inst

Branch Number of instances for which time windows branching was used
N iter Number of processed branching nodes
Nnon Number of instances, for which no feasible solution was found for the original

problem
Nopt Number of instances solved to optimality
time Runtime [sec.]
UB Upper bound (best feasible solution cost)

5.1 Instances

To the best of our knowledge, only Gartner et al. (2018) have studied the ThSRP. The authors

worked on eight instances, three of which matched the data from a German hospital. As we needed

considerably more data to reliably evaluate our algorithm and to account for different types of hospitals,

we created a new instance set which is available in JavaScript Object Notation (json) format at
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https://www.gerad.ca/~guyd/bench-en.html. We consider three hospital layouts varying in the

number of buildings and floors in each building. The therapy center is located at one of the buildings.

We consider three demand scenarios with 40, 80, and 120 treatments per day. The daily scheduling

problem decomposes into a morning and afternoon part and the number of treatments in each part

is divided by approximately two. There are three hierarchical levels of qualification. Therapists work

either a regular shift or a short shift. During short shifts, therapists are only available either in the

morning or the afternoon. For each combination of layout and demand scenario, we generated five

instances with a morning and afternoon part, which results in 3 ·3 ·5 ·2 = 90 instances in total. Further

details of the instance generation such as how we determine the number of outpatients, the width of

the time windows, the treatment durations and the precedence relations can be found in Jungwirth

et al. (2020). For our numerical test, we set the location costs clocation
i,l for treating i in location l ∈ Li

to the travel time between the preferred location and l.

5.2 Branching on time windows vs. combinatorial cuts

In this part of the computational study, we compare how well branching on start time windows and

generating combinatorial cuts function to ensure the satisfaction of the relaxed location capacities

and precedence relations. Tables 3 and 4 summarize the results for branching on time windows and

imposing combinatorial cuts, respectively. Each line represents the combination of a demand scenario

(|I|) and hospital layout (combination of number of buildings B and number of floors per building F ).

Average values are aggregated over ten instances. Note that the ThSRP decomposes into a morning

and an afternoon problem with approximately half the number of treatments and thus, instead of five

instances, we solve ten instances. For each instance, a time limit of one hour was set. We display the

number of optimal solutions Nopt, the number of non-feasible solution found Nnon, and we provide

information about the bounds, runtime and number of iterations, cuts, and the number of time window

branchings. Nnon is the number of runs in which we could not find feasible solutions within the given

runtime limit, and this number should not be confused with the number of infeasible solutions N infeas.

Table 3: Results for branching on start time windows

|I| B F Nopt Nnon Kused LB UB gap time N iter NCut
SR NCut

LCC NBranch
TW prec NBranch

TW loc

40 1 6 10 0 4.90 57.70 57.70 0.00 119.6 1051.9 1139.6 211.0 0.1 292.1
2 3 10 0 4.60 52.30 52.30 0.00 4.6 5.4 40.7 0.4 0.0 2.4
6 1 10 0 4.60 50.40 50.40 0.00 9.2 18.2 86.9 3.7 0.3 6.6

80 1 6 10 0 7.90 85.70 85.70 0.00 116.7 129.1 409.1 0.0 22.8 0.0
2 3 9 0 7.78 91.56 91.70 0.15 367.7 33.3 345.6 0.0 0.1 0.0
6 1 10 0 8.10 85.30 85.30 0.00 7.4 1.4 20.0 0.0 0.1 0.0

120 1 6 9 1 11.00 122.70 122.78 0.00 601.4 78.0 938.6 0.0 0.0 0.0
2 3 9 0 11.00 116.21 116.40 0.17 422.7 53.2 724.7 0.0 0.1 0.0
6 1 10 0 11.00 116.70 116.70 0.00 124.0 10.5 172.0 0.0 0.0 0.0

Avg. 87/90 1/90 7.88 86.51 86.55 0.04 197.03 153.44 430.80 23.90 2.61 33.46

Table 4: Results for using combinatorial cuts

|I| B F Nopt Nnon Kused LB UB gap time N iter NCut
SR NCut

LCC NCut
combi

40 1 6 9 0 4.67 57.45 57.80 0.49 364.0 515.6 607.4 1.6 208.0
2 3 10 0 4.50 52.30 52.30 0.00 5.8 7.6 33.9 1.7 10.3
6 1 8 0 4.38 50.10 50.40 0.52 721.6 374.2 435.2 94.6 393.3

80 1 6 9 0 8.00 85.60 85.70 0.13 387.5 167.3 345.8 0.0 89.4
2 3 8 0 7.75 91.46 92.20 0.76 727.4 93.1 520.3 0.0 18.2
6 1 10 0 8.10 85.30 85.30 0.00 8.7 1.7 17.9 0.0 4.8

120 1 6 9 1 11.00 122.70 122.78 0.00 658.8 71.8 852.2 0.0 4.9
2 3 9 0 11.11 116.21 116.40 0.17 444.8 43.7 625.3 0.0 4.4
6 1 10 0 11.00 116.70 116.70 0.00 178.1 10.6 173.2 0.0 4.7

Avg. 82/90 1/90 7.83 86.42 86.62 0.23 388.52 142.84 401.24 10.88 82.00

https://www.gerad.ca/~guyd/bench-en.html
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Branching on time windows performs better than adding combinatorial cuts. Indeed, with the

former strategy, five additional instances could be solved to optimality and the average optimality gap

is 0.19 lower for time window branching, which is a relative reduction of 82.6%. Interestingly, branching

on time windows required less time while performing more iterations, which we interpret as that

combinatorial cuts add significant complexity to the RMP that cannot be justified by its performance.

Therefore, branching on time windows will serve as the baseline algorithm in the remainder of this

computational study. The individual results for each of the 90 instances are given in the Appendix in

Tables 12 and 13 where we detail the results for branching on time windows and for using combinatorial

cuts, respectively.

5.3 Value of algorithmic components

We investigate the performance improvements achieved by three of our core algorithmic components:

(1) additional branching strategies, (2) limited-memory subset-row cuts (lm-SRCs), and (3) location

capacity cuts (LCCs). To measure the benefit of using each specific component, we run the baseline

algorithm on all instances with and without the specific component.

Value of additional branchings. We have introduced three additional branching strategies to

impact the solution on higher levels before branching on arcs: strategy (2) branching on the types of

therapists to perform a treatment (see §4.2.2), strategy (3) branching on the possible service locations

of treatments (see §4.2.3), and strategy (4) branching on aggregated arc-sets (see §4.2.4). Tables 5
and 6 display the numbers of how often each of the seven branching strategies was used in the baseline

run and if the additional branchings were turned off, respectively.

In the baseline run, arc branching was never used as branchings (1)-(4) were sufficient to generate

integer feasible solutions. When branchings (2)-(4) are switched off, the total number of branchingsNBr
Σ

increased by 133% and the runtime increased by 18.4%. To our surprise, without additional branchings

a feasible solution was found for the one instance for which the baseline algorithm could not find a

feasible solution. However, this seems to be a coincident as there is also an instance less for which

optimality could be proven.

Table 5: Number of branchings (baseline)

|I| Nopt Nnon gap time branching strategies

NBr
(1)

NBr
(2)

NBr
(3)

NBr
(4)

NBr
(5)

NBr
(6)

NBr
(7)

NBr
Σ

40 30 0 0.00 44.47 3.3 8.17 1.2 0.13 0.0 0.13 100.37 113.3
80 29 0 0.05 163.93 2.6 18.90 0.5 2.23 0.0 7.67 0.00 31.9
120 28 1 0.06 382.70 7.4 37.30 0.0 0.07 0.0 0.03 0.00 44.8

Avg. 87/90 1/90 0.04 197.03 4.43 21.46 0.57 0.81 0.0 2.61 33.46 63.33

Table 6: Number of branchings (no additional branchings)

|I| Nopt Nnon gap time branching strategies

NBr
(1)

NBr
(2)

NBr
(3)

NBr
(4)

NBr
(5)

NBr
(6)

NBr
(7)

NBr
Σ

40 29 0 0.21 126.70 2.03 192.83 0.17 199.57 394.60
80 29 0 0.03 136.10 2.37 9.10 1.03 0.00 12.50
120 28 0 0.10 437.47 7.57 28.90 0.00 0.00 36.47

Avg. 86/90 0/90 0.11 233.42 3.99 0.0 0.0 0.0 76.94 0.4 66.52 147.86
∆ -1 -1 +0.07 +36.39 -0.44 -21.46 -0.57 -0.81 +76.94 -2.21 +33.06 +84.53

Value of lm-SRCs. The results for evaluating the lm-SRCs are given in Table 7. Without lm-

SRCs, 10 instances less could be solved to optimality, no feasible solution was found for 4 additional

instances, and the runtime increased by a factor of 3.62. Our results confirm the literature and

emphasize that lm-SRCs should also be applied to the ThSRP.
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Table 7: Value of limited-memory subset-row cuts

|I| baseline no lm-SRCs

Nopt Nnon gap time NCut
SR Nopt Nnon gap time

40 30 0 0.00 44.47 422.40 30 0 0.00 124.73
80 29 0 0.05 163.93 258.23 28 0 0.11 356.90
120 28 1 0.06 382.70 611.77 19 5 1.17 1660.23

Avg. 87/90 1/90 0.04 197.03 430.8 77/90 5/90 0.43 713.95
∆ -10 +4 +0.39 +516.92

Value of LCCs. The value of adding LCCs to the RMP are shown in Table 8. The solution

quality remains and the difference in runtime is insignificant. However, on average only 23.9 cuts were

added per instance.

Table 8: Value of location capacity cuts

|I| baseline no LCCs

Nopt Nnon gap time NCut
LCC Nopt Nnon gap time

40 30 0 0.00 44.47 71.7 30 0 0.00 44.00
80 29 0 0.05 163.93 0.0 29 0 0.05 163.33
120 28 1 0.06 382.70 0.0 28 1 0.06 384.43

Avg. 87/90 1/90 0.04 197.03 23.9 87/90 1/90 0.04 197.25
∆ +0 +0 +0.00 +0.22

In a separate run, we decreased the location capacity of the therapy centers by one unit such that

the instances become more restrictive. Note that reducing the location capacity (Ql is replaced by

Ql−1) leads to higher probability of encountering infeasible solutions. For the case of reduced capacity,

Table 9 shows that adding LCCs yields positive effects. Without LCCs, runtime increases by a factor

of 2.28, and for 7 fewer instances infeasibility could be proved.

Table 9: Value of location capacity cuts with reduced location capacity (Ql − 1)

|I| baseline (Ql − 1) no LCCs (Ql − 1)

Nopt N infeas Nnon gap time NCut
LCC Nopt N infeas Nnon gap time

40 15 14 0 0.15 129.83 573.3 15 9 5 0.23 746.40
80 25 4 0 0.06 160.83 0.4 25 2 2 0.06 405.47
120 28 0 1 0.06 381.27 0.0 28 0 1 0.06 381.87

Avg. 68/90 18/90 1/90 0.09 223.98 191.23 68/90 11/90 8/90 0.12 511.25
∆ +0 -7 +7 +0.03 +287.27

5.4 Influence of instance properties

To investigate how our algorithm behaves if input data changes, we (a) modify the capacity of the TCs,

and (b) gradually reduce the number of precedence relations. To isolate the effects of modified inputs,

we specifically evaluate the subsets of instances in which branching on time windows was applied in the

baseline runs (§5.2) to eliminate violations of the location capacity or precedence relation constraints.

For the location capacity, these are instances 5, 7, 11, 13, 21 and 29, all with approximately 20

customers (cf. Table 12 in the Appendix). For the precedence relations, these are instances 6, 27, 29,

31, 43, 55 and 79 with approximately 20 customers (3x), 40 customers (3x), and 60 customers (1x).

Note that all instances include both location capacity and precedence constraints. However, only in

one instance (number 29) we had to apply both types of time window branching to enforce these two

constraints.
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Influence of location capacity. Table 10 displays the results for modified location capacities. If

capacity is increased by one unit (Ql + 1), the runtime, the number of branchings on time windows,

and the number of generated LCCs decreased substantially compared to the baseline. All instances

were solved to optimality in 0.02% of the time required to solve the baseline. Increasing the capacity

limit by another unit (Ql + 2) changes the results only in details. Capacity is no longer restrictive in

any instance, and the runtime and solution quality remains compared to Ql + 1. However, if capacity

is reduced by one unit (Ql − 1), complexity increases extensively.

Table 10: Results for changed location capacity

Setup N infeas LB UB gap time N iter NBranch
TW loc N inst

Branch NCut
LCC NMIP

Ql − 1 5 79.00 81.00 0.0247 601.83 6663.0 2836.67 1 2805.5 0.50
baseline 0 56.67 56.67 0.0000 213.83 1788.5 501.83 6 358.5 35.67
Ql + 1 0 55.33 55.33 0.0000 4.50 6.5 0.17 1 0.0 0.17
Ql + 2 0 55.33 55.33 0.0000 4.50 6.5 0.00 0 0.0 0.00

Influence of precedence relations. To evaluate the influence of the number of precedence

relations, we generated two additional scenarios: one in which we reduce the number of precedence

relations by 50% compared to the baseline, and another one, in which we remove all precedence

relations. The −50%-case is generated as follows. For each instance, we iterate through the list of

treatments sorted by their id and only keep every other precedence relation. The baseline has 5.46

precedence relations per instance on average, and the −50%-scenario 2.48 (observe that more than

50% of the relations are omitted when there is an even number of relations). The results are displayed

in Table 11. Only small differences between the baseline and the −50%-scenario can be observed for

the solution quality and runtime. The reason is that in instance 31 a precedence relation exists, which

is extremely difficult to resolve. In fact, over 90% of the time to solve the 7 instances is spent for this

instance and it accounts for over 97% of the time window branchings. If all precedence relations are

removed, the problem becomes an easy one, which can be solved in 0.07% of the runtime compared to

the baseline.

Table 11: Results for changed number of precedence relations

Setup LB UB gap time N iter NBranch
TW prec N inst

Branch NMIP

baseline 73.43 73.43 0.0 147.00 176.71 33.57 7 0.43
precedence -50% 73.29 73.29 0.0 143.43 174.00 32.71 2 0.43
precedence -100% 73.14 73.14 0.0 10.57 3.86 0.00 0 0.00

Although all instances contain location capacities and precedence relations, we observe that if either

one of the latter constraints is relaxed, the problem becomes relatively easy to solve. Our explanation

is that the probability of encountering a violation of one of these constraints in an integer solution

is already fairly low (7.78% for a violation of the capacity constraints, 6.67% for a violation of the

precedence constraints), and if one of these constraints is relaxed a violation becomes even less likely.

In fact, in our tests only for one instance we needed to branch to correct location capacity violations

after the precedence constraints were relaxed. Nevertheless, even if these constraints are binding only

occasionally, once they are binding, the problem becomes significantly harder to solve.

6 Conclusion

We addressed the ThSRP and modeled it as a variant of the VRPTW with heterogenous fleet, opera-

tions and resource synchronizations, and flexible service locations. We presented a BPC algorithm that

solves realistic hospital instances in reasonable times. Branching on start time windows and combina-

torial Benders cuts were used to cope with the location capacity and precedence relation constraints,

and branching on time windows was superior for our tests. In total, we presented seven branching

strategies serving different purposes and breaking structures on different levels of aggregation. Our
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computational results showed that the proposed BPC algorithm with time window branching succeeds

to solve to optimality instances involving up to 120 treatments (resulting in two subproblems with

about half of the treatments) in less than 1200 seconds (2 times 600 seconds) on average.

Considering location capacity is relevant for real-world applications, also outside of the hospital

context. We hope that branching on time windows or other resource windows will help better solv-

ing problems involving e.g., capacitated charging and fuel stations, parking lots, or parcel delivery

boxes. Consequently, developing BPC algorithms similar to the one proposed in this paper for such

applications seems an interesting research avenue.

Appendix
In the following, we state the individual results for each of the 90 instances. Table 12 corresponds

to Table 3 and Table 13 corresponds to Table 4. The instance name is composed of the number of

customers in the daily scheduling problem (i), the number of buildings (b), the number of floors (f),

the number of the problem setting for a specific combination of treatments, buildings and floors (v),

and the information if the instance represents either the morning (m) or afternoon (a) part of the

planning problem. NMIP states how often the MIP to correct infeasible integer solutions was called.

Table 12: Detailed results for branching on start time windows

id name |I| Kused LB UB gap time N iter NCut
SR NCut

LCC NBranch
TW prec NBranch

TW loc NMIP

1 i040-b1-f6-v1-m 17 4 56.00 56 * 1 0 0 0 0 0 0
2 i040-b1-f6-v1-a 23 5 71.00 71 * 7 8 64 0 0 0 0
3 i040-b1-f6-v2-m 22 5 62.00 62 * 2 0 7 0 0 0 0
4 i040-b1-f6-v2-a 18 4 49.00 49 * 1 0 7 0 0 0 0
5 i040-b1-f6-v3-m 19 7 70.00 70 * 1160 10468 10985 2110 0 2918 214
6 i040-b1-f6-v3-a 21 5 47.00 47 * 3 2 13 0 1 0 0
7 i040-b1-f6-v4-m 21 5 60.00 60 * 16 38 299 0 0 3 0
8 i040-b1-f6-v4-a 19 4 49.00 49 * 2 0 4 0 0 0 0
9 i040-b1-f6-v5-m 21 5 51.00 51 * 3 3 17 0 0 0 0
10 i040-b1-f6-v5-a 19 5 62.00 62 * 1 0 0 0 0 0 0
11 i040-b2-f3-v1-m 23 5 50.00 50 * 25 31 249 4 0 16 0
12 i040-b2-f3-v1-a 17 4 41.00 41 * 1 0 0 0 0 0 0
13 i040-b2-f3-v2-m 17 4 44.00 44 * 5 16 66 0 0 8 0
14 i040-b2-f3-v2-a 23 5 57.00 57 * 2 0 4 0 0 0 0
15 i040-b2-f3-v3-m 19 4 53.00 53 * 2 0 0 0 0 0 0
16 i040-b2-f3-v3-a 21 6 71.00 71 * 2 0 13 0 0 0 0
17 i040-b2-f3-v4-m 16 4 44.00 44 * 1 0 0 0 0 0 0
18 i040-b2-f3-v4-a 24 5 51.00 51 * 5 7 73 0 0 0 0
19 i040-b2-f3-v5-m 18 4 53.00 53 * 1 0 2 0 0 0 1
20 i040-b2-f3-v5-a 22 5 59.00 59 * 2 0 0 0 0 0 0
21 i040-b6-f1-v1-m 24 6 77.00 77 * 67 156 716 32 0 55 0
22 i040-b6-f1-v1-a 16 4 44.00 44 * 1 0 0 0 0 0 0
23 i040-b6-f1-v2-m 24 6 54.00 54 * 3 2 7 0 0 0 0
24 i040-b6-f1-v2-a 16 3 34.00 34 * 1 0 0 0 0 0 0
25 i040-b6-f1-v3-m 22 5 59.00 59 * 2 0 0 0 0 0 0
26 i040-b6-f1-v3-a 18 4 53.00 53 * 2 0 8 0 0 0 0
27 i040-b6-f1-v4-m 23 5 53.00 53 * 3 2 0 0 1 0 0
28 i040-b6-f1-v4-a 17 4 46.00 46 * 2 0 16 0 0 0 0
29 i040-b6-f1-v5-m 23 5 39.00 39 * 10 22 121 5 2 11 0
30 i040-b6-f1-v5-a 17 4 45.00 45 * 1 0 1 0 0 0 0
31 i080-b1-f6-v1-m 34 7 79.00 79 * 938 1195 2978 0 228 0 2
32 i080-b1-f6-v1-a 46 8 91.00 91 * 10 0 10 0 0 0 0
33 i080-b1-f6-v2-m 49 9 86.00 86 * 79 33 351 0 0 0 0
34 i080-b1-f6-v2-a 31 6 78.00 78 * 16 20 171 0 0 0 0
35 i080-b1-f6-v3-m 40 8 88.00 88 * 49 16 286 0 0 0 0
36 i080-b1-f6-v3-a 40 10 96.00 96 * 19 11 93 0 0 0 0
37 i080-b1-f6-v4-m 36 8 75.00 75 * 27 12 113 0 0 0 0
38 i080-b1-f6-v4-a 44 8 96.00 96 * 18 4 60 0 0 0 0
39 i080-b1-f6-v5-m 45 9 94.00 94 * 6 0 18 0 0 0 0
40 i080-b1-f6-v5-a 35 6 74.00 74 * 5 0 11 0 0 0 0
41 i080-b2-f3-v1-m 40 9 89.00 89 * 10 8 18 0 0 0 0
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Detailed results for branching on start time windows (continued)

id name |I| Kused LB UB gap time N iter NCut
SR NCut

LCC NBranch
TW prec NBranch

TW loc NMIP

42 i080-b2-f3-v1-a 40 7 80.00 80 * 4 0 0 0 0 0 0
43 i080-b2-f3-v2-m 48 8 92.00 92 * 22 6 59 0 1 0 0
44 i080-b2-f3-v2-a 32 6 79.00 79 * 5 3 40 0 0 0 0
45 i080-b2-f3-v3-m 37 7 92.00 92 * 4 0 5 0 0 0 0
46 i080-b2-f3-v3-a 43 8 108.00 108 * 11 2 32 0 0 0 0
47 i080-b2-f3-v4-m 32 7 70.00 70 * 7 4 56 0 0 0 0
48 i080-b2-f3-v4-a 48 9 102.00 102 * 7 0 3 0 0 0 0
49 i080-b2-f3-v5-m 42 9 109.00 109 * 7 2 20 0 0 0 0
50 i080-b2-f3-v5-a 38 — 94.57 96 1.49% 3600 308 3223 0 0 0 0
51 i080-b6-f1-v1-m 34 7 78.00 78 * 11 3 37 0 0 0 0
52 i080-b6-f1-v1-a 46 10 92.00 92 * 7 2 24 0 0 0 0
53 i080-b6-f1-v2-m 31 6 59.00 59 * 5 0 7 0 0 0 0
54 i080-b6-f1-v2-a 49 9 108.00 108 * 11 2 24 0 0 0 0
55 i080-b6-f1-v3-m 44 9 84.00 84 * 8 2 20 0 1 0 1
56 i080-b6-f1-v3-a 36 8 84.00 84 * 5 2 28 0 0 0 0
57 i080-b6-f1-v4-m 39 7 79.00 79 * 6 0 0 0 0 0 0
58 i080-b6-f1-v4-a 41 10 99.00 99 * 7 3 45 0 0 0 0
59 i080-b6-f1-v5-m 35 7 77.00 77 * 5 0 6 0 0 0 0
60 i080-b6-f1-v5-a 45 8 93.00 93 * 9 0 9 0 0 0 0
61 i120-b1-f6-v1-m 60 10 124.00 124 * 337 103 727 0 0 0 0
62 i120-b1-f6-v1-a 60 11 128.00 128 * 12 0 17 0 0 0 0
63 i120-b1-f6-v2-m 58 10 110.00 110 * 150 23 401 0 0 0 0
64 i120-b1-f6-v2-a 62 12 118.00 118 * 129 16 221 0 0 0 0
65 i120-b1-f6-v3-m 48 9 105.00 105 * 733 342 3373 0 0 0 0
66 i120-b1-f6-v3-a 72 14 153.00 153 * 199 41 720 0 0 0 0
67 i120-b1-f6-v4-m 56 11 113.00 113 * 768 104 1478 0 0 0 0
68 i120-b1-f6-v4-a 64 — 121.98 — 3600 135 2324 0 0 0 0
69 i120-b1-f6-v5-m 59 10 120.00 120 * 35 4 58 0 0 0 0
70 i120-b1-f6-v5-a 61 12 134.00 134 * 51 12 67 0 0 0 0
71 i120-b2-f3-v1-m 63 11 126.00 126 * 15 0 0 0 0 0 0
72 i120-b2-f3-v1-a 57 11 140.00 140 * 92 21 195 0 0 0 0
73 i120-b2-f3-v2-m 61 12 108.00 108 * 177 35 620 0 0 0 0
74 i120-b2-f3-v2-a 59 12 100.00 100 * 102 37 464 0 0 0 0
75 i120-b2-f3-v3-m 65 12 115.00 115 * 101 13 217 0 0 0 0
76 i120-b2-f3-v3-a 55 10 96.00 96 * 18 2 29 0 0 0 0
77 i120-b2-f3-v4-m 56 9 113.00 113 * 26 4 58 0 0 0 0
78 i120-b2-f3-v4-a 64 11 135.00 135 * 51 3 40 0 0 0 0
79 i120-b2-f3-v5-m 61 11 120.00 120 * 45 8 117 0 1 0 0
80 i120-b2-f3-v5-a 59 — 109.10 111 1.71% 3600 409 5507 0 0 0 0
81 i120-b6-f1-v1-m 55 10 111.00 111 * 21 4 57 0 0 0 0
82 i120-b6-f1-v1-a 65 12 128.00 128 * 14 0 10 0 0 0 0
83 i120-b6-f1-v2-m 72 11 119.00 119 * 381 30 534 0 0 0 0
84 i120-b6-f1-v2-a 48 9 95.00 95 * 13 4 57 0 0 0 0
85 i120-b6-f1-v3-m 73 12 126.00 126 * 544 26 448 0 0 0 0
86 i120-b6-f1-v3-a 47 11 103.00 103 * 13 7 43 0 0 0 0
87 i120-b6-f1-v4-m 54 10 106.00 106 * 21 2 32 0 0 0 0
88 i120-b6-f1-v4-a 66 11 117.00 117 * 49 5 70 0 0 0 0
89 i120-b6-f1-v5-m 63 12 143.00 143 * 158 24 417 0 0 0 0
90 i120-b6-f1-v5-a 57 12 119.00 119 * 26 3 52 0 0 0 0

Table 13: Detailed results for using combinatorial cuts

id name |I| Kused LB UB gap time N iter NCut
SR NCut

LCC NCut
combi NMIP

1 i040-b1-f6-v1-m 17 4 56.00 56 * 1 0 0 0 2 0
2 i040-b1-f6-v1-a 23 5 71.00 71 * 7 8 63 0 6 0
3 i040-b1-f6-v2-m 22 5 62.00 62 * 2 0 7 0 2 0
4 i040-b1-f6-v2-a 18 4 49.00 49 * 1 0 7 0 1 0
5 i040-b1-f6-v3-m 19 — 67.50 71 4.93% 3600 5108 5657 16 2043 1
6 i040-b1-f6-v3-a 21 5 47.00 47 * 5 2 22 0 8 0
7 i040-b1-f6-v4-m 21 5 60.00 60 * 18 35 291 0 8 0
8 i040-b1-f6-v4-a 19 4 49.00 49 * 2 0 10 0 3 0
9 i040-b1-f6-v5-m 21 5 51.00 51 * 3 3 17 0 2 0
10 i040-b1-f6-v5-a 19 5 62.00 62 * 1 0 0 0 5 0
11 i040-b2-f3-v1-m 23 5 50.00 50 * 23 27 170 15 28 0
12 i040-b2-f3-v1-a 17 4 41.00 41 * 1 0 0 0 5 0
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Detailed results for using combinatorial cuts (continued)

id name |I| Kused LB UB gap time N iter NCut
SR NCut

LCC NCut
combi NMIP

13 i040-b2-f3-v2-m 17 4 44.00 44 * 14 39 58 2 45 1
14 i040-b2-f3-v2-a 23 5 57.00 57 * 2 0 2 0 7 0
15 i040-b2-f3-v3-m 19 4 53.00 53 * 2 0 2 0 3 0
16 i040-b2-f3-v3-a 21 5 71.00 71 * 3 4 18 0 3 0
17 i040-b2-f3-v4-m 16 4 44.00 44 * 2 0 16 0 3 0
18 i040-b2-f3-v4-a 24 5 51.00 51 * 6 6 50 0 2 0
19 i040-b2-f3-v5-m 18 4 53.00 53 * 2 0 7 0 2 1
20 i040-b2-f3-v5-a 22 5 59.00 59 * 3 0 16 0 5 0
21 i040-b6-f1-v1-m 24 — 75.00 77 2.6% 3600 2023 3604 519 1491 1
22 i040-b6-f1-v1-a 16 4 44.00 44 * 1 0 0 0 3 0
23 i040-b6-f1-v2-m 24 6 54.00 54 * 3 0 11 0 2 0
24 i040-b6-f1-v2-a 16 3 34.00 34 * 1 0 0 0 5 0
25 i040-b6-f1-v3-m 22 5 59.00 59 * 1 0 0 0 4 0
26 i040-b6-f1-v3-a 18 4 53.00 53 * 2 0 8 0 2 0
27 i040-b6-f1-v4-m 23 5 53.00 53 * 3 2 0 0 4 0
28 i040-b6-f1-v4-a 17 4 46.00 46 * 2 0 11 0 4 0
29 i040-b6-f1-v5-m 23 — 38.00 39 2.56% 3600 1717 717 427 2409 1
30 i040-b6-f1-v5-a 17 4 45.00 45 * 3 0 1 0 9 0
31 i080-b1-f6-v1-m 34 — 78.00 79 1.27% 3600 1582 2370 0 869 5
32 i080-b1-f6-v1-a 46 8 91.00 91 * 12 0 12 0 4 0
33 i080-b1-f6-v2-m 49 9 86.00 86 * 102 33 348 0 1 0
34 i080-b1-f6-v2-a 31 6 78.00 78 * 22 20 177 0 2 0
35 i080-b1-f6-v3-m 40 8 88.00 88 * 60 16 285 0 2 0
36 i080-b1-f6-v3-a 40 10 96.00 96 * 24 11 97 0 6 0
37 i080-b1-f6-v4-m 36 8 75.00 75 * 21 7 80 0 2 0
38 i080-b1-f6-v4-a 44 8 96.00 96 * 22 4 64 0 4 0
39 i080-b1-f6-v5-m 45 9 94.00 94 * 7 0 14 0 3 0
40 i080-b1-f6-v5-a 35 6 74.00 74 * 5 0 11 0 1 0
41 i080-b2-f3-v1-m 40 9 89.00 89 * 13 8 18 0 1 0
42 i080-b2-f3-v1-a 40 7 80.00 80 * 6 0 1 0 6 0
43 i080-b2-f3-v2-m 48 — 91.09 97 6.09% 3600 664 2240 0 145 0
44 i080-b2-f3-v2-a 32 6 79.00 79 * 8 3 44 0 2 0
45 i080-b2-f3-v3-m 37 7 92.00 92 * 7 0 17 0 1 0
46 i080-b2-f3-v3-a 43 8 108.00 108 * 14 2 33 0 3 0
47 i080-b2-f3-v4-m 32 7 70.00 70 * 9 4 56 0 1 0
48 i080-b2-f3-v4-a 48 9 102.00 102 * 9 0 7 0 3 0
49 i080-b2-f3-v5-m 42 9 109.00 109 * 8 2 20 0 6 0
50 i080-b2-f3-v5-a 38 — 94.50 96 1.56% 3600 248 2767 0 14 0
51 i080-b6-f1-v1-m 34 7 78.00 78 * 7 0 17 0 3 0
52 i080-b6-f1-v1-a 46 10 92.00 92 * 10 2 28 0 5 0
53 i080-b6-f1-v2-m 31 6 59.00 59 * 6 0 8 0 1 0
54 i080-b6-f1-v2-a 49 9 108.00 108 * 13 2 23 0 3 0
55 i080-b6-f1-v3-m 44 9 84.00 84 * 15 8 18 0 19 1
56 i080-b6-f1-v3-a 36 8 84.00 84 * 6 2 35 0 3 0
57 i080-b6-f1-v4-m 39 7 79.00 79 * 7 0 0 0 8 0
58 i080-b6-f1-v4-a 41 10 99.00 99 * 9 3 39 0 2 0
59 i080-b6-f1-v5-m 35 7 77.00 77 * 5 0 6 0 1 0
60 i080-b6-f1-v5-a 45 8 93.00 93 * 9 0 5 0 3 0
61 i120-b1-f6-v1-m 60 10 124.00 124 * 524 119 857 0 17 0
62 i120-b1-f6-v1-a 60 11 128.00 128 * 16 0 17 0 1 0
63 i120-b1-f6-v2-m 58 10 110.00 110 * 189 23 410 0 2 0
64 i120-b1-f6-v2-a 62 12 118.00 118 * 155 16 223 0 7 0
65 i120-b1-f6-v3-m 48 9 105.00 105 * 516 213 2189 0 6 0
66 i120-b1-f6-v3-a 72 14 153.00 153 * 267 41 719 0 1 0
67 i120-b1-f6-v4-m 56 11 113.00 113 * 1210 168 1876 0 7 0
68 i120-b1-f6-v4-a 64 — 121.95 — 3600 122 2102 0 0 0
69 i120-b1-f6-v5-m 59 10 120.00 120 * 55 6 84 0 2 0
70 i120-b1-f6-v5-a 61 12 134.00 134 * 56 10 45 0 6 0
71 i120-b2-f3-v1-m 63 11 126.00 126 * 15 0 0 0 6 0
72 i120-b2-f3-v1-a 57 11 140.00 140 * 107 27 182 0 20 0
73 i120-b2-f3-v2-m 61 12 108.00 108 * 269 35 617 0 1 0
74 i120-b2-f3-v2-a 59 12 100.00 100 * 132 33 441 0 2 0
75 i120-b2-f3-v3-m 65 12 115.00 115 * 127 13 214 0 3 0
76 i120-b2-f3-v3-a 55 10 96.00 96 * 25 2 29 0 4 0
77 i120-b2-f3-v4-m 56 10 113.00 113 * 42 6 72 0 4 0
78 i120-b2-f3-v4-a 64 11 135.00 135 * 74 3 40 0 1 0
79 i120-b2-f3-v5-m 61 11 120.00 120 * 57 5 86 0 2 0
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Detailed results for using combinatorial cuts (continued)

id name |I| Kused LB UB gap time N iter NCut
SR NCut

LCC NCut
combi NMIP

80 i120-b2-f3-v5-a 59 — 109.08 111 1.73% 3600 313 4572 0 1 0
81 i120-b6-f1-v1-m 55 10 111.00 111 * 27 4 57 0 1 0
82 i120-b6-f1-v1-a 65 12 128.00 128 * 20 0 17 0 4 0
83 i120-b6-f1-v2-m 72 11 119.00 119 * 542 30 533 0 4 0
84 i120-b6-f1-v2-a 48 9 95.00 95 * 18 3 52 0 3 0
85 i120-b6-f1-v3-m 73 12 126.00 126 * 764 26 446 0 6 0
86 i120-b6-f1-v3-a 47 11 103.00 103 * 19 7 43 0 1 0
87 i120-b6-f1-v4-m 54 10 106.00 106 * 32 2 30 0 2 0
88 i120-b6-f1-v4-a 66 11 117.00 117 * 90 5 72 0 13 0
89 i120-b6-f1-v5-m 63 12 143.00 143 * 228 24 420 0 4 0
90 i120-b6-f1-v5-a 57 12 119.00 119 * 41 5 62 0 9 0
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