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Université de Genève, Geneva, Switzerland

jean-philippe.vial@hec.unige.ch

March, 2000

Les Cahiers du GERAD

G–2000–10

Copyright c© 2000 GERAD



Abstract

This article was written for the Encyclopedia of Optimization.
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Résumé

Cet article a été écrit pour: Encyclopedia of Optimization.
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1 Introduction

Nondifferentiable, also known as nonsmooth, optimization (NDO) is concerned with prob-
lems where the smoothness assumption on the functions involved is relaxed. Nondiffer-
entiability means that the gradient does not exist, implying that the function may have
kinks or corner points. Consequently, the function cannot be approximated locally by a
tangent hyperplane, or by a quadratic approximation. In NDO, the smoothness assump-
tion is usually replaced by weaker ones, which at least guarantee the existence of directional
derivatives.

NDO problems arise in a variety of contexts, and methods designed for smooth opti-
mization may fail to solve them. This justifies developing a specialized theory and methods
that are the object of this short introduction. In the sequel, we will often refer to convex
NDO, a subclass of nondifferentiable optimization, in which functions are further assumed
to be convex. Due to its global property, convexity allows stronger convergence results and
finer analyses. Yet, the difficulties linked with the presence of kinks remain an important
aspect, justifying special interest for this class of problems.

In the following section, we give some basic definitions, then discuss examples of nondif-
ferentiable optimization problems and finally, describe a few different solution techniques.

2 Basic Definitions

The basic nondifferentiable optimization problem takes the form

[NDP ] min
x∈Rn

f(x) (1)

where f is a real valued, continuous, nondifferentiable functions. Convexity of f implies
that it has at least one supporting hyperplane at every point of Rn. The slopes of such
hyperplanes form the set of subgradients, which is known as the subdifferential set or the
generalized gradient [7]. At differentiable points there is a unique supporting hyperplane
whose slope is the gradient. At nondifferentiable points, there is an infinite set of subgra-
dients and, hence, an infinite set of supporting hyperplanes.

A supporting hyperplane to f at a point x0 is given by

y = f(x0) + ξT
0 (x − x0),

where ξ0 is any element of the subdifferential ∂f(x0) of f at x0. Recalling the fact that it
is a supporting hyperplane leads to the subgradient inequality

f(x0) + ξT
0 (x − x0) ≤ f(x) (2)

Subgradients are defined by this inequality.
Determining the whole subdifferential set is generally an extremely difficult, or impossi-

ble, task; if the function f is polyhedral, the number of extreme points of the subdifferential
may be exponential in the dimension of the underlying space. A complete description of
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the subdifferential can be accomplished for simple situations, such as the one when f is
the maximum of a finite number of convex differentiable functions: f(x) = maxi∈I fi(x).
The subdifferential ∂f(x0) is then given by

∂f(x0) = { ∑
i∈I(x0)

αi∇fi (x0) :
∑

i∈I(x0)

αi = 1, αi ≥ 0}
I (x0) = {i : fi(x0) = f(x0)}

When f is a Lipschitz function, the subdifferential set can be defined as being the set of
cluster points of the gradients ∇f(xi) as sequence of differentiable points xi approaches x
[7]. The precise definition of ∂f(x0) is given by

conv {lim∇f(xi) : xi → x0; ∇f(xi) exists}

In nondifferentiable optimization, the whole subdifferential set is never calculated. Sub-
gradients are calculated when needed and often a single element suffices. It is common
practice to isolate the procedures for calculating subgradients into an oracle. The number
of calls to the oracle can be a basis for comparing different NDO methods.

A natural solution method in nonsmooth analysis is an iterative method, where a search
is done following descent directions. A decent direction is one along which a small move-
ment of f leads to a strict improvement. In other words

f ′(x0; d) = lim
t→0

f(x + td) − f(x)
t

should be strictly negative. f ′(x0; d) is called the directional derivative and it is related
to the subgradient through the following relation

f ′(x0; d) = sup{ξT d : ξ ∈ ∂f(x0)} (3)

This relation implies that for d to be a descent direction, −d has to make an acute angle
with every subgradient of f at x0.

3 Sources of NDO Problems

Nonsmooth problems are encountered in many disciplines. In some instances, they occur
naturally and in others they result from mathematical transformations.

In statistics for example, rectilinear data fitting, which was long discovered to be su-
perior to the Euclidean one —it has the advantage of overcoming the effect of outliers,
[27]— results directly in an NDO problem. Similarly, functions involving �1 or �∞ norms,
Euclidean or Chebychev distances, a maximum of convex functions are typical NDO prob-
lems. As an example, the �∞ solution of an over-determined linear system is found by
solving the nondifferentiable convex function:

min
x∈Rn

||Ax − b||∞ = min
x∈Rn

max
i=1...m

∣∣aT
i x − bi

∣∣ , (4)
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where x ∈ Rn, b ∈ Rm and A ∈ Rm×n with rows aT
i . This problem can be traced back to

the Russian mathematician Chebychev who studied it in the 1850’s [27].
Among the mathematical transformations that lead to NDO problems is the technique

that changes constrained problems into unconstrained ones through the use of exact penalty
functions [11] . Equality constraints, φ (x) = 0 and inequality constraints ϕ(x) ≤ 0 are
placed in the objective using penalty parameters and nondifferentiable functions |φ (x)|
and max {0, ϕ(x)} respectively. In other word, a solution to the constrained problem

min f(x)
s.t. φ (x) = 0,

ϕ(x) ≤ 0,
(5)

is determined by solving

min f(x) + t1 |φ (x)| + t2 max {0, ϕ(x)}
for large enough values of t1 and t2.

Still, the major source of optimization problems are master problems resulting from the
application of relaxation/restriction techniques such as Lagrangean relaxation [13], [12],
Benders decomposition [4], [14] and Dantzig-Wolfe decomposition [10], [9].

These different approaches are conceptually similar, at least in the linear case, and end
up solving the same NDO problem. To show that, let us consider the linear program

[LP ] : min cT x
s.t. Ax ≥ b,

Dx ≥ d,
x ≥ 0.

Where, we assume for the ease of exposition that {x : Ax ≥ b; x ≥ 0} is a bounded, nonempty
polytope. The dual of [LP ] is

[LD] : max bT u + dT v
s.t. AT u + DT v ≤ c,

u, v ≥ 0.

Applying Lagrangean relaxation to [LP ] is equivalent to relaxing Dx ≥ d using positive
dual multipliers v, leading to

max
v≥0

{
min
x≥0

cT x + vT (d − Dx) : Ax ≥ b

}
. (6)

Benders decomposition applied to [LD] results in

max
v≥0

{
max
u≥0

bT u + dT v : AT u ≤ c − DT v

}
,
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where v is assumed to be the complicating variable. Replacing the inside problem by its
dual leads to

max
v≥0

{
min
x≥0

cT x + vT (d − Dx) : Ax ≥ b

}
. (7)

Dantzig-Wolfe decomposition replaces [LP ] by its convex representation in terms of the
convex points of {x : Ax ≥ b; x ≥ 0} that is indexed by E , to get

min
∑
h∈E

αh(cT xh)

s.t.
∑
h∈E

αh(Dxh) ≥ d,∑
h∈E

αh = 1,

αh ≥ 0, h ∈ E .

Taking the dual results in

max
v≥0,v0

v0 + dT v

s.t. cT xh + vT Dxh ≥ v0 ∀h ∈ E ,

which is equivalent to

max
v≥0

{
min
h∈E

cT xh + vT (d − Dxh)
}

(8)

The equivalence between (6) and (7) is obvious. Using the fact that there is always
an extreme point solution to a linear program, the equivalence between (6), (7) and (8)
is established. Therefore, Lagrangean relaxation applied to the primal is exactly Benders
decomposition applied to the dual, and is equivalent by duality to Dantzig-Wolfe decom-
position. Furthermore, all three solve (8), which is the maximum of a concave piecewise
linear function that is nondifferentiable at intersection points.

Clarke [7] and [8] discusses further examples from physics, engineering, economics and
optimal control. Other mathematical problems leading to NDO optimization include semi-
infinite programming, eigenvalue optimization and variational inequalities [15].

4 Solution Approaches

Due to the existence of successful solution methods for differentiable optimization, an other
solution approach tries to transform nonsmooth problem into smooth ones. As an example,
the absolute value function |x|, which is nondifferentiable at zero can be approximated by

⎧⎨
⎩

−x x ≥ t,
x2

t −t ≤ x ≤ t,
x x ≥ t,
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for small values of the parameter t. For these transformations to be successful, the right
transformation should be found and the the nondifferentiable points should be known. A
solution approach based on this transformation is discussed in [22].

Other solution approaches that try to eliminate nondifferentiability, do so by transform-
ing an unconstrained nonsmooth problem into a constrained smooth one. This approach is
highly efficient for problems that can be transformed into easily solvable constrained prob-
lems such as linear programs. The �∞ optimization problem described in (4) is equivalent
to the linear program

min y
s.t. Ax − ye ≤ b,

Ax + ye ≥ b,

where e is the appropriate dimension vector whose entries are all ones. Being a linear
program with a special type of matrix, most linear programming techniques were modified
to solve (4). This includes the simplex-like algorithm of Barrodale and Philips [3] and the
interior point algorithms of Ruzinsky and Olsen [24] and Zhang [29].

4.1 Subgradient Methods

The first methods for nondifferentiable optimization tried to extend the gradient-based
methods that were successful for smooth optimization. The transition from gradients to
subgradients is not straightforward as some subgradient-based search direction are not
necessarily improving directions. Wolfe [28] gives an example where the extension of the
steepest descent method fails. To overcome that, some designed methods [18], [20] will
only take a serious step only when the next iterate is a better one.

Subgradient methods were developed by Shor [25] in 1960’s. They are basically an
iterative technique where iterates are updated using a current subgradient and a carefully-
chosen step size. Applied to (1), iterates are given by

xk+1 = xk + tkξk,

where xk is the current point, ξk is a subgradient of f at xk and tk is a step size. Shor
[25] states that a constant step size does not converge, even for the simple function |x|. He
proposes the use of a step size that satisfies

∞∑
k=0

tk = ∞, tk → 0.

In practice, the most widely used step-size is θ[f(xk) − f∗]/||ξk|| where θ ∈ (0, 2] and
f∗ is the best estimate of the optimal value f(x∗).

5 Steepest descent and ε-subgradient methods

Subgradient methods are not monotonic, as they do not guarantee to improve the value
of the minimized function. Descent methods are designed to overcome this drawback. As
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an example we discuss the steepest descent method which chooses its search direction by
solving

min
||d||≤1

f ′(x; d).

Using relation (3), the steepest descent direction, at a point xk, is given by

dk =
ξk

||ξk|| ; ξk = arg max
ξ∈∂f(x0)

||ξ||.

The method proceeds iteratively, updating the iterates by

xk+1 = xk + αkξk

and choosing the step length αk so that f(xk+1) < f(xk).
The main difficulty with the steepest descent resides in the calculation of the direction

dk which necessitates the knowledge of the whole differential set ∂f(x). To overcome that, ε-
subgradient methods prefer to calculate approximate steepest descent direction by searching
through subgradients of neighboring points through the use of the ε-subdifferential set

∂εf(x) = {ξ : f(x0) + ξ(x − x0) + ε ≤ f(x), ∀x} .

Details of the method can be found in [5].

5.1 Cutting Plane Methods

Kelley [17] and Cheney and Goldstein [6] were the first to realize the potential of such meth-
ods for convex programming. Applied to (1), cutting plane algorithms use the subgradient
inequality to approximate f by

f(x) ∼= max
i∈I

f(xi) + ξT
i (x − xi).

Where ξf
i , i ∈ I are subgradients of f at xi, i ∈ I. Thus, [NDP ] is replaced by,

min
x

{
max
i∈I

f(xi) + ξT
i (x − xi)

}
,

which is equivalent to,

min v
s.t. f(xi) + ξT

i (x − xi) ≤ v ∀i ∈ I
(9)

Problem [9] is a linear program that is easier to deal with than the original problem.
It is to note, however, that this is only an approximation of [NDP ], which gets better as
more constraints are added. Let us denote by [MPk] the relaxed master problem [9] with
index set Ik.
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By transforming [NDP ] to [9], a nondifferentiable problem is replaced by a constrained
problem having a large number of constraints. Cutting plane methods use only a subset
of these constraints and generate the rest as needed. In fact, they would solve a series of
relaxed master problems [MPk] and stop when an optimal (satisfactory) solution to [NDP ]
is reached.

Various cutting plane methods were proposed over the years. Each variant generates
cuts at a different point called the query point. Kelley’s classical cutting plane [17] method
chooses the minimum of the relaxed master problem [MPk] as a query point. Although,
it may work well for some problems, this method suffers from slow convergence [23]. The
analytic centre cutting plane method (ACCPM) [16], [15], on the other hand, chooses the
analytic centre as its query point. Its calculation makes use of interior point concepts and
has shown promising results for a number of applications [1], [2]. Bundle methods [19], [20],
choose the query point by solving a quadratic program that contains a small number of
cutting planes. The information (bundle of cutting planes) is updated regularly and kept
moderately small.

6 Conclusion

Nondifferentiable optimization tackles a class of problems that are intractable to classical
optimization methods. Most of the theory is based on the notion of subgradients and most
of the work is done for the convex case. It has an abundance of applications in real life,
because the nondifferentiability aspect captures some of the inherent complexity in real-life
problems. Like all disciplines, favoring an easily implementable and understood method
will not necessarily lead to a good solution method. This corresponds to the subgradi-
ent method in NDO. Although it is easily implementable, it has slow convergence. More
sophisticated methods, such as Bundle or ACCPM are more promising from a computa-
tional point of view but require more know-how of the method and of the numerical linear
algebra.
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