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Abstract: The problem of optimal real-time transmission of a Markov source under constraints on the
expected number of transmissions is considered, both for the discounted and long term average cases. This
setup is motivated by applications where transmission is sporadic and the cost of switching on the radio and
transmitting is significantly more important than the size of the transmitted data packet. For this model, we
characterize the distortion-transmission function, i.e., the minimum expected distortion that can be achieved
when the expected number of transmissions is less than or equal to a particular value. In particular, we show
that the distortion-transmission function is a piecewise linear, convex, and decreasing function. We also give
an explicit characterization of each vertex of the piecewise linear function.

To prove the results, the optimization problem is cast as a decentralized constrained stochastic control
problem. We first consider the Lagrange relaxation of the constrained problem and identify the structure of
optimal transmission and estimation strategies. In particular, we show that the optimal transmission is of a
threshold type. Using these structural results, we obtain dynamic programs for the Lagrange relaxations. We
identify the performance of an arbitrary threshold-type transmission strategy and use the idea of calibration
from multi-armed bandits to determine the optimal transmission strategy for the Lagrange relaxation. Finally,
we show that the optimal strategy for the constrained setup is a randomized strategy that randomizes between
two deterministic strategies that differ only at one state. By evaluating the performance of these strategies,
we determine the shape of the distortion-transmission function. These results are illustrated using an example
of transmitting a birth-death Markov source.

Key Words: Real-time communication, remote estimation, team-theory, constrained Markov decision pro-
cesses.
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1 Introduction

1.1 Motivation and literature overview

In many applications such as networked control systems, sensor and surveillance networks, and transportation
networks, etc., data must be transmitted sequentially from one node to another under a strict delay deadline.
In many of such real-time communication systems, the transmitter is a battery powered device that transmits
over a wireless packet-switched network; the cost of switching on the radio and transmitting a packet is
significantly more important than the size of the data packet. Therefore, the transmitter does not transmit
all the time; but when it does transmit, the transmitted packet is as big as needed to communicate the
current source realization. In this paper, we characterize a fundamental trade-off between the real-time (i.e.
zero-delay) distortion and the average number of transmissions in such systems.

In particular, we consider a transmitter that observes a first-order Markov source. At each time instant,
based on the current source symbol and the history of its past decisions, the transmitter determines whether or
not to transmit the current source symbol. If the transmitter does not transmit, the receiver must estimate
the source symbol using the previously transmitted values. A per-step distortion function measures the
fidelity of estimation. We are interested in characterizing the optimal transmission and estimation strategies
that minimize the expected distortion over an infinite horizon under a constraint on the expected number of
transmissions.

The communication system described above is similar to the classical information theory setup. In
particular, it may be viewed as minimizing the average distortion while transmitting over a channel under an
average-power constraint. However, unlike the classical information theory setup, the source reconstruction
must be done in real-time (i.e. with zero delay). Due to this real-time constraint on source reconstruction,
traditional information theoretic approach does not apply.

Two approaches have been used in the literature to investigate real-time or zero-delay communication.
The first approach considers coding of individual sequences [1-4]; the second approach considers coding of
Markov sources [5-10]. The model presented above fits with the latter approach. In particular, it may be
viewed as real-time transmission over a noiseless channel with input cost. In most of the results in the
literature on real-time coding of Markov sources, the focus has been on identifying sufficient statistics (or
information states) at the transmitter and the receiver; for some of the models, a dynamic programming
decomposition has also been derived. However, very little is known about the solution of these dynamic
programs.

The communication system described above is much simpler than the general real-time communication
setup due to the following feature: whenever the transmitter transmits, it sends the current realization of the
source to the receiver. These transmitted events reset the system. In addition, we impose certain symmetry
assumptions on the model, which ensure that there is a single reset state. We exploit these special features to
identify an analytic solution to the dynamic program corresponding to the above communication system. In
particular, we show that threshold-based strategies are optimal at the transmitter; the optimal transmission
strategy randomizes between two threshold-based strategies; the randomization takes place only at one state.

Several variations of the communication system described above have been considered in the literature.
The most closely related models are [11-15] which are summarized below. Other related work includes
censoring sensors [16,17] (where a sensor takes a measurement and decides whether to transmit it or not; in
the context of sequential hypothesis testing), estimation with measurement cost [18-20] (where the receiver
decides when the sensor should transmit), sensor sleep scheduling [21-24] (where the sensor is allowed to sleep
for a pre-specified amount of time); and event-based communication [25-27] (where the sensor transmits when
a certain event takes place). We contrast our model with [11-15] below.

In [11], the authors considered a remote estimation problem where the sensor could communicate a finite
number of times. They assumed that the sensor used a threshold strategy to decide when to communicate and
determined the optimal estimation strategy and the value of the thresholds. In [12], the authors considered
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remote estimation of a Gauss-Markov process. They assumed a particular form of the estimator and showed
that the estimation error is a sufficient statistic for the sensor.

In [13], the authors considered remote estimation of a scalar Gauss-Markov process but did not impose
any assumption on the communication or estimation strategy. They used ideas from majorization theory to
show that the optimal estimation strategy is Kalman-like and the optimal transmission strategy is threshold
based. The results of [13] were generalized to other setups in [14] and [15]. In [14], the authors considered
remote estimation of countable state Markov processes where the sensor harvests energy to communicate.
Similar to the approach taken in [13], the authors used majorization theory to show that if the Markov
process is driven by symmetric and unimodal noise process then the structural results of [13] continue to
hold. In [15], the authors considered remote estimation of a scalar first-order autoregressive source. They
used a person-by-person optimization approach to identify an iterative algorithm to compute the optimal
transmission and estimation strategy. They showed that if the autoregressive process is driven by a symmetric
unimodal noise process, then the iterative algorithm has a unique fixed point and the structural results of [13]
continue to hold.

In all these papers [13-15], a dynamic program to compute the optimal thresholds was also identified.

1.2 Contributions

We investigate the optimal real-time transmission of a Markov source under constraints on the expected
number of transmissions. Under certain symmetry assumptions on the source and the distortion function, we
characterize the distortion-transmission function that describes the optimal trade-off between the expected
distortion and the expected number of transmissions. In particular, we show that the distortion-transmission
function is piecewise linear, convex, and decreasing.

In addition, we identify transmission and estimation strategies that achieve the minimum real-time dis-
tortion for a particular value of the expected number of transmissions. The optimal estimation strategy is
deterministic, while the optimal transmission strategy possibly randomizes between two deterministic strate-
gies that differ at only one state.

1.3 Notation

Throughout this paper, we use the following notation. Z, Z>q and Z denote the set of integers, the set
of non-negative integers and the set of strictly positive integers respectively. Similarly, R, R>¢ and Ry
denote the set of reals, the set of non-negative reals and the set of strictly positive reals respectively. Upper-
case letters (e.g., X, Y) denote random variables; corresponding lower-case letters (e.g. x, y) denote their

realizations. Xj., is a short hand notation for the vector (Xi,...,X;). Given a matrix A, A;; denotes its
(4,4)-th element, A; denotes its i-th row, AT denotes its transpose. We index the matrices by sets of the
form {—k,...,k}; so the indices take both positive and negative values. Ij denotes the identity matrix of

dimension k x k, k € Zi~¢. 1) denotes k x 1 vector of ones. (v, w) denotes the inner product between vectors
v and w, P(:) denotes the probability of an event, IE[-] denotes the expectation of a random variable, and
1{-} denotes the indicator function of a statement. We follow the convention of calling a sequence {aj}72
increasing when a; < as < ---. If all the inequalities are strict, then we call the sequence strictly increasing.

2 Problem formulation

2.1 The communication system

In this paper, we investigate the following communication setup. A transmitter causally observes a first-order
Markov source {X;}22,, where X; € Z and the initial state Xy = 0. At each time, it may choose whether or
not to transmit the current source observation. This decision is denoted by U; € {0, 1}, where U; = 0 denotes
no transmission and U; = 1 denotes transmission. The decision to transmit is made using a transmission
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strategy f = {f:}:2, where
U = fi(Xo:t, Upit—1). (1)

We use the short-hand notation Xp.; to denote the sequence (X, ..., X;). Similar interpretations hold for
UO:t—1~

The transmitted symbol, which is denoted by Y3, is given by
X, iU =1,
}/;: _ tsy 1 t )
@, if Ut = 0,
where Y; = ¢ denotes no transmission.

The receiver causally observes {V;}22, and generates a source reconstruction {X;}52, (where X, € Z) in
real-time using an estimation strategy g = {gt}:2¢, i-€.,

Xi = g:(You). (2)
The fidelity of the reconstruction is measured by a per-step distortion d(X; — Xt), where d: Z — R>o.

Figure 1 shows a communication system as described above. We impose the following assumptions on
the model.

(A1) The transition matrix P of the Markov source is a Toeplitz matrix with decaying off-diagonal terms,
ie., Pjj = pj;—;|, where {p,}72 is a decreasing non-negative sequence and p; > 0.

(A2a) The distortion function is even and increasing on Zx, i.e., for all e € Z>
d(e) =d(—e) and d(e) <d(e+1).
(A2b) d(0) =0 and d(e) # 0, Ve # 0.
An example of a source and a distortion function that satisfy the above assumptions is the following:

Example 1 Consider an aperiodic, symmetric, birth-death Markov chain defined over Z as shown in Figure 2.
The transition probability matrix is given by

P if i —jl = 1;
Py=41-2p, ifi=yj;
0, otherwise,

where we assume that p € (0,3). Let the distortion function be d(e) = |e|. P satisfies (A1) and d(e)
satisfies (A2).

A~

Xy : U; Y; : Xy
Markov source Transmitter Receiver ——

Figure 1: A block diagram depicting the communication system considered in this paper.

Figure 2: A birth-death Markov chain
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2.2 The optimization problems

The objective is to choose the transmission and estimation strategies (called the communication strategy in
short) to minimize the expected distortion under a constraint on the expected number of transmissions. We
investigate two variations of this objective: the discounted setup and the long-term average setup.

2.2.1 The discounted setup

Given a communication strategy (f,g) and a discount factor 8 € (0,1), let
Da(f,g) = (1= ARV [ 3" 81d(X, — X1) | Xo = 0]
t=0
denote the expected discounted distortion and

Nol.g) = (1= AU [ Y80, | X = 0]

t=0
denote the expected discounted number of transmissions.

We are interested in the following constrained discounted cost problem: Given « € (0, 1), find a strategy
(f*,g*) such that

Di(a) = Dg(f*,g") = inf Ds(f, DIS
5(a) 5(f*.97) L A, 5(f.9) (DIS)

where the infimum is taken over all history-dependent communication strategies of the form (1) and (2).
2.2.2 The long-term average setup

The long-term average setup is similar. Given a communication strategy (f,g), let

T-1

1 .
Di(f, g) = limsup — E(9) [ d(X, — X,) ‘ X, = o}

T—o0 T —

denote the expected long-term average distortion and
1 T—1
Ni(f.g) = limsup —E9 (> v | Xo=0]
T—o0 =0

denote the expected long-term average number of transmissions.

We are interested in the following constrained long-term average cost problem: Given « € (0,1), find a
strategy (f*, g*) such that

Di(a) = Dq(f*,g%) = inf Dy (f, AVG

1(@) 1(f*,9%) G o 1(f,9) (AVG)

where the infimum is taken over all history-dependent communication strategies of the form (1) and (2).

2.3 The main result

Although the solution approach and proof techniques for Problem (DIS) and (AVG) are different, for nota-
tional convenience, we use the unified notation Dg and Ng for 8 € (0,1] to refer to both of them.

The function Dj(a), 8 € (0, 1] represents the minimum expected distortion that can be achieved when the
expected number of transmissions are less than or equal to «. It is analogous to the distortion-rate function
in classical Information Theory; for that reason, we call it the distortion-transmission function.

In general, Df(c) is convex and decreasing in . This is for the following reasons. Dj(«) is the solution
to a constrained optimization problem and the constraint set {(f, g) : Ns(f,g) < a} increases with «. Hence,
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Dg(a) decreases with . To see that Dg(a) is convex in «, consider oy < a < as and suppose (f1,91)
and (fo,ge) are optimal policies for a; and as respectively. Let 0 = (o — a1)/(ag — a1) and (f,g) be a
mixed strategy that picks (f1,g1) with probability 6 and (f2,g2) with probability (1 — 8) (Note that the
randomization is done only at the start of communication). Then Ng(f,g) = a. Hence Dj(a) < Dg(f,g) =
0Ds(f1,91)+(1-0)Ds(f2,g2). Hence Dj(a) is convex. In addition, it can be shown that lim, 0 Dj(a) = o'
and limg_1 D;;(a) =0.

In this paper, we characterize the shape of D () for a class of Markov sources and distortion functions
(those that satisfy (A1) and (A2)). In particular, we show that Dj(a) is piecewise linear (in addition to being
convex and decreasing). We derive closed form expressions for each vertices; thus, completely characterizing
the curve.

Specifically, we show that each point on the distortion-transmission function (i.e. the optimal distortion
for a given value of «) is achieved by a communication strategy that is of the following form:

e Let Z; be the most recently transmitted symbol up to time ¢. Then, the optimal estimation strategy is
9" (Yot) = Zs.
e Let By = X, — Z,_1 and f*) be a threshold-based strategy given by

ENX, Yo, 1) =
PP Youa) {0, if | Ey| < k.

Then, the optimal transmission strategy is a possibly randomized strategy that, at each stage, picks
f*7) with probability 6* and picks f*"+1) with probability (1 — 6*); where k* is the largest k such
that Ng(f*), g*) > a and * is chosen such that

0" Ns(f*),g") + (1 =0 )Ns(f* ), g") =

Note that f(*7)(e) and f*"+1)(e) differ only at |e| = k*. At all other states, they prescribe the same
action. Therefore, we can also write f* as follows:

if |e| < k*;

w.p. 1 —0* if |e|] = k*;
w.p. 0%, if |e| = k*;

if |e| > k*.

f(e) =

= o= O O

The corresponding distortion-transmission function is a piecewise-linear function with vertices given by

(Nék), Dgc)), where

k X k X
DY = Dy(f®,g7) and N = Ny(f®, 9.
In addition, Dél) = 0. Therefore,

Dj(a) =0, Ya>a.:=N"=pB(1-p).

We show that { N, ﬂ(k)}z"zo is a decreasing sequence and {Dgﬂ)}z"zo is an increasing sequence. Consequently,
the distortion-transmission function is convex and decreasing. See Figure 3 for an illustration.

LA symmetric Markov chain defined over Z does not have a stationary distribution. Therefore, in the limit of no transmission,
the expected distribution diverges to co.
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v

Figure 3: The distortion-transmission function Dj () for a symmetric Markov source and even and increasing
distortion function. Dj () is piecewise linear, convex, and decreasing.

3 Proof of the main result

We proceed as follows. In Section 3.1, we investigate the Lagrange relaxation of Problems (DIS) and (AVG).
Using tools from decentralized stochastic control, in Section 3.2, we identify the structure of the optimal
transmitter and the receiver. In particular, we show that the optimal transmission strategy is of a threshold-
type, and the optimal estimation strategy is Kalman-like, and does not depend on the exact transmission
strategy, as long as it is of a threshold-type. In Section 3.3, we identify the dynamic programs for the
Lagrange relaxations of Problems (DIS) and (AVG). In Section 3.4 and 3.5, we provide analytic solutions
of these dynamic programs. In particular, we show that the optimal performance is continuous, piecewise
linear, concave, and increasing function of the Lagrange multiplier. Using this property, in Section 3.6, we
show that simple Bernoulli randomized strategies (i.e., strategy in which the transmitter randomizes between
two actions only in one state) are optimal for the constrained optimization problem. Using this property, we
characterize the trade-off between distortion and the number of transmissions.

3.1 Lagrange relaxations

Problems (DIS) and (AVG) are constrained optimization problems. We first investigate their Lagrange
relaxations. For any Lagrange multiplier A > 0 and any (history dependent) communication strategy (f,g),
define Cg(f,g; A) as

o0
(1-BES? [Zﬁt [d(Xy — Xy) + AU ‘ Xo = 0}
t=0
for 8 € (0,1), and as
T 1
lim sup E(»9) — [ d(X: — Xt + )\Ut ‘ Xo = O}
T—o0 =0

for § = 1.

The Lagrange relaxation of Problems (DIS) and (AVG) is the following: for any 5 € (0,1] and A > 0, find
a strategy (f*,g*) such that

C3N) = Calf*, g7 V) = inf Calf,:) (LAG)
where the infimum is taken over all history-dependent communication strategies of the form (1) and (2).

Problem (LAG) is an unconstrained optimization problem with two decision makers—the transmitter
and the receiver—that cooperate to minimize a common objective. Such problems are called dynamic team
problems or decentralized stochastic control problems [28,29]. The key challenge in such problems is to
identify an appropriate information state or sufficient statistic at each decision maker. Such an information
state is then used to identify the structure of optimal communication strategies and a dynamic programming
decomposition.
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3.2 Finite horizon setup and the structure of optimal strategies

To identify the structure of the optimal communication strategy, consider the finite-horizon setup of Prob-
lem (LAG). Given a time horizon T € Z~q, a Lagrange multiplier A, the performance of a strategy (f,g),
where f = (va SRR fT) and 9= (,gOa cee 7gT)7 is given by

T

Cr(f, g; ) = B9 {Z [d(X; — X)) + Uy ‘ Xo = 0}-
=0

The finite-horizon optimization problem is the following: for any T' € Z~o and A > 0, find a finite-horizon
strategy (f*, g*) such that
Cr(A) =Cr(f", 9% ) = (nf Cr(f,9;:\) (FIN)

where the infimum is taken over all history-dependent communication strategies of the form (1) and (2).

A variation of Problem (FIN) was investigated in [14] (which, in turn, was a variation of [13]) under
slightly stronger assumptions:

(A1’) The transition matrix P of the Markov source is a banded Toeplitz matrix with decaying off-diagonal
terms, i.e., Pij = p|;—;| for [i—j| < band Pj; = 0 for [i—j| > b for some b € Z-o; moreover {p1,...,ps}
is a decreasing non-negative sequence.

(A2’) The distortion function is either Hamming distortion or k-th mean error, i.e., d(z — Z) is either
1{z # 2} or |z — 2|~

Under these assumptions, [14] identified the structure of optimal transmission and estimation strategies.
Although these results were stated under (A1’) and (A2’), the proofs in [14] do not use the specific form of
the distortion function but only use the fact that the distortion function is even and increasing on Z>, i.e.
d(-) satisfies (A2). However, Assumption (A1) is more critical. Assumption (A1’) and the finiteness of time
horizon T implies that the reachable set of the state of the Markov sources lies within a finite interval of Z.
This finiteness of the reachable state space was critical to derive the results of [14].

We are interested in infinite horizon setups. As a first step, we generalize the results of [14] by removing
the finite support (or banded) assumption in (A1’) and show that the same structure is also optimal under
the slightly more general Assumptions (A1) and (A2). To state these result, we define the following process.

Definition 1 Let Z; denote the most recently transmitted value of the Markov source. The process {Z;}:2,
evolves in a controlled Markov manner as follows:

and

Xt7 if Ut = 1,
Zt = .
Zt—17 if Ut =0.

Note that since U; can be inferred from the transmitted symbol Y;, the receiver can also keep track of Z;
as follows:
Zy =0,

and

Y;, if Y, # &
Zy = .
Zi_q, ifY,=¢.

Theorem 1 Consider Problem (FIN) under Assumptions (A1) and (A2). The process {Z;}1_, is a sufficient
statistic at the receiver and an optimal estimation strategy is given by

Xi = g;(Zs) = Zs. (3)



8 G-2014-104 Les Cahiers du GERAD

In general, the optimal estimation strategy depends on the choice of the transmission strategy and vice-
versa. Theorem 1 shows that when the Markov process and the distortion function satisfy appropriate
symmetry assumptions, the optimal estimation strategy can be specified in closed form. Consequently, we
can fix the receiver to be of the above form, and consider the centralized problem of identifying the best
transmission strategy.

Definition 2 Let E; = X; — Z;_1. The process {E;}$°, evolves in a controlled Markov manner as follows:
EO = 03

and
Pon, ifu= 1;
P(E =n|FE =e U =u)=
(Bevs =n| By =e U =u) {Pen, if u=0.
Theorem 2 Consider Problem (FIN) under Assumptions (A1) and (A2) and an estimation strategy given
by (3). The process {E;}1_, is a sufficient statistic at the transmitter and an optimal transmission strategy
is characterized by a sequence of thresholds {k;}L_, i.e.,

L, if |Ey| > ky;

4
0, if |Et| < ky. )

Uy = ft(Et) - {

Such an optimal strategy is given by the solution of the following dynamic program:
Vria(s) =05 (5)

and fort=T,...,0 and e € Z,

Vi(e; A) = min {)\ + Z Py Vig1(n; N), d(e) + Z P.,Vii1(n; )\)} (6)

n=—oo n=—oo

where the first term corresponds to choosing Uy = 1 and the second term corresponds to choosing Uy = 0.
Furthermore,
Cp(A) = Vo(0; A).

The above structural results were obtained in [14, Theorems 2 and 3] under Assumptions (A1’) and (A2).
We generalize the key steps of the proof presented in [14] to Assumptions (A1) and (A2) in Appendix A.
Similar results were obtained for Problem (FIN) for Gauss-Markov and autoregressive sources in [13,15].

Proposition 1 For every t € Z~o and A > 0, the value function Vi(-; \) defined in Theorem 2 is even and
increasing on Z>q.

This is proved in Appendix B.

3.3 Dynamic programs for the Lagrange relaxations

The structural results of Theorems 1 and 2 extend to the infinite horizon setup as well. The optimal estimation
strategy is completely specified by Theorem 1. Note that the optimal estimation strategy does not depend on
the choice of the transmission strategy. Therefore, we can fix the estimation strategy and find the transmission
strategy that is the best response to this estimation strategy. Identifying such a best response strategy is
a centralized stochastic control problem. Since the optimal estimation strategy is time-homogeneous, one
expects the optimal transmission strategy (i.e., the choice of the optimal thresholds {k:}$2,) to be time-
homogeneous as well. To establish such a result, we need the following technical assumption.
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(A3) For every A > 0, there exists a function w : Z — R and positive and finite constants pq and po such
that for all e € Z, we have that
max{\, d(e)} < pw(e),

and

max { i P.,w(n), i Ponw(n)} < pow(e).

n=—oo n=—oo

Remark 1 The model of Example 1 satisfies (A3) with w(e) = max{\, |e|}, u1 = 1, and po = max{l — 2p +
2p/A,2}. This may be verified by direct substitution.

Theorem 3 Consider Problem (LAG) for 8 € (0,1) under Assumptions (A1), (A2), and (A3) and an esti-
mation strategy given by (3). The process {E }52, is a sufficient statistic at the transmitter and an optimal
transmission strategy is characterized by a time-homogeneous threshold k, i.e.,

0, if |E <k. @

Ut:f(Et):{

Moreover, such an optimal strategy is determined by the unique fixed point of the following dynamic program:

Vs(e:A) = min {(L= A+ B PonVa(mi ), (1= B)d(e) + 8 PenVi(mi M) }. (8)

n=—oo n=—oo

Let f;(e; A) denote the arg min of the right hand side of the above equation. Then the time-homogeneous
transmission strategy fg = {f5(5 ), f5(5A), ... } is optimal for Problem (LAG) and the given choice of A
and € (0,1). Furthermore,

C3(A) = Va(0; A).

Proof. The result is the natural extensions of the result of Theorem 2 to the infinite horizon discounted
cost setup. The result follows from [30, Proposition 6.10.3]. Note that Assumption (A3) is equivalent
to [30, Assumptions 6.10.1, 6.10.2] used in [30, Proposition 6.10.3]. O

The fixed point V3(e; \) may be computed using value iteration. Since monotonicity is preserved under
limits, an immediate consequence of Proposition 1 is the following.

Proposition 2 The value function Vz(-; \) defined in Theorem 3 is even and increasing on Z>q.

We use the vanishing discount approach to extend the results of Theorem 2 to long-term average cost
setup; that is, we show that an optimal strategy for the long-term average cost setup may be determined as a
limit of the optimal strategy of the discounted cost setup as the discount factor 8 1 1. To use this approach,
we show that the value function satisfies the so called SEN conditions of [31].

Proposition 3 For any A > 0, the value function Vg(-; \) satisfies the SEN conditions:

(S1) There exists a reference state ey € Z such that Vz(eg, A) < oo for all f € (0,1).

(S2) Define hg(e;A) = (1 — B)"1[Vz(e;A) — Vig(eo; N)].  There exists a function Ky : Z — R such that
ha(e;A) < Kyx(e) foralle € Z and 8 € (0,1).

(S3) There exists a non-negative (finite) constant Ly such that —Ly < hg(e;X) for alle € Z and B € (0,1).

We prove the result for reference state eyg = 0 in Appendix C.

Theorem 4 Consider Problem (LAG) for f = 1 under Assumptions (A1), (A2), and (A8) and an estima-
tion strategy given by (3). The optimal transmission strategy is time-homogeneous threshold strategy of the
form (7). In particular:
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1) Let f{(;A) be any limit point of f5(:;A) as B 1 1. Then the time-homogeneous transmission strategy
f1 given as

Sr={AGN G,
is optimal for Problem (LAG) with §=1.

2) Furthermore, the performance of this optimal strategy is given by

Cr(\) = lim V3(0; \) = lim C%(\).
TN ﬂlgllﬁ( ) 52};3()

Proof. Since the value function of the discounted cost setup satisfies the SEN conditions, the result follows
from [31, Thereom 7.2.3]. In the second part, we use the fact that ey = 0 was the reference state for the SEN
conditions in Proposition 3. O

Next, we provide analytic solutions of the above dynamic programs. For the discounted cost setup, we
start by deriving the performance of an arbitrary time-homogeneous threshold-based strategy of the form (7)
and then identify the best strategy in that class. We then use the vanishing discount approach to identify the
optimal strategy for the long-term average setup. All of these results are derived under Assumptions (Al)-

(A3).
3.4 Analytic solution of the discounted Lagrange relaxation

In this section, we consider the discount factor 8 € (0,1). Let F denote the class of all time-homogeneous
threshold-based strategies of the form (7). Let f*) € F denote the strategy with threshold k, k € Z>, i.e.,

1, if e] > k;
(k) — 9 = luy
Fe) {o, if |e| < k.

Let Dék)(e) and N /gk)(e) denote the expected discounted distortion and the expected discounted number
of transmissions under strategy f*) when the system starts in state e. Thus,

D{(0) = Dg(f®,g%), and N§P(0) = Ns(f®, g*).

From standard results in Markov decision theory, Dék)(e) and N ék) (e) are the unique fixed points of the
following equations:

83" Py DY (n), if |e| > &
Dék)(e) _ ) n=—x . ()
(1_5)d(€)+BZP6nD(ﬁk)(n), 1f|€| <k,

and -

(1= B8)+ B PouNS (n), ifle| > k;
NP e)=4 » " (10)
By PN (n), if le| < k.

n—=—oo

Similarly, let Cék) (e; \) denote the performance of strategy f*) for the Lagrange relaxation with discount
factor 5 € (0,1) and Lagrange multiplier A > 0 when the system starts in state e. Then,

O (e;0) = DS (e) + ANS (e), (11)
and
CP(0:0) = Ca(f®, g% N). (12)



Les Cahiers du GERAD G-2014-104 11

Let 7) denotes the stopping time when the Markov process with transition probability P starting at
state 0 at time ¢t = 0 enters the set {e € Z : |e| > k}. Note that

7@ =1, and 70 =oc.

Define

‘r(k)fl
1 =] Y praE) | B =0] (13)

t=0

and
(k)
(k) _ 1=E[B" " | Eg =0

M = o . (14)

We have the following characterization of Dg(f*), g*), Ng(f*), g*)) and Cs(f*,g*; \) in terms of L(Bk)
and MM
5 -

Proposition 4 For any 3 € (0,1), the performance of strategy f*) for the discounted cost Lagrange relazation
18 given as follows:

1) For k=0,
Dg(f®,g%) =0, Na(f®,g%) =1,

and
Cs(f™, g% 1) = A,

2) Fork € Z~o

£® .
B Mlgk) /3( ) M[gk) ( )
and
LY + A

Co(f®, g7 0) = = = A1 = B).
MB

This is proved in Appendix D.

We can give explicit expressions for L(Bk) and M gk) in terms of the transition matrix and the distortion

function. For that matter, define square matrices P*) and Q,(Bk) and a column vector d*) that are indexed
by S = {—(k —1),...,k — 1} as follows:

PP =Py, vijes®, (15)
QY = [Ty — PV, (16)
d®) = [d(=k+1),...,d(k—1)]. (17)

Since max; Zj€S<k) ﬁ\PZ-(jk)| < 1, BPW is a transient sub-stochastic matrix and by [32, Lemma 1.2.1],
[Ion_1 — BPM)] =1 exists.

Proposition 5 For any 5 € (0,1), Lgf) and Mlgk) are given by

L(ﬁk) _ <[Q§3k)]0,d(k)>a (18)
Mék) = <[Q(5k)}0, Lok—1) (19)
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where [Q(ﬁk)]o denotes the row with index 0 in Q(ﬂk). Furthermore,

(k) _ 7 (v+D) (k) _ ppOetD)
L7 <Lg™, Mg’ <My (20)
and
DY (e) < DY (e), VeeZ. (21)

This is proved in Appendix E.

Substituting the expressions for L% and M ék) from Proposition 5 in Proposition 4 gives an explicit
analytic expressions for Dg(f*), g*) and Nz(f*), g*).

An immediate consequence of the above expressions is the following:

Corollary 1 For any 8 € (0,1), Let po = Poo. Then,

Ds(fM,g*) =0 and Ns(fV,g*) = B(1 - po).

Next, we characterize the optimal strategy using an approach that is inspired by the idea of calibration
in multi-armed bandits [33]. Let )\(Bk) be the value of the Lagrange multiplier for which one is indifferent

between strategies f*) and f(*+1) when starting from state 0, i.e., )\gc) is such that
k k k+1 k
o (0;207) = ¢V (0;A07). (22)
Such a sequence of {)\Egk)}zozo can be computed based on Dl(gk)(O) and N[gk) (0) as follows:
Proposition 6 For any 5 € (0,1), the sequence {)\Egk)}go:o is given by

(k+1) (k)
B (k) (k+1)
NP (0) - NS (0)

and satisfies (22) for all k € Z>o. Under (A2), )\gk) >0 for allk € Z>o.

Proof. The expression for )\gc) may be obtained by substituting the result of Proposition 4 in (22). The
numerator and the denominator are positive due to Proposition 5. Hence, )\gk) is positive. O
The optimal strategy is characterized under the following assumption.
(A4) The sequence {)\gf)},;";o defined in Proposition 6 is increasing.
Theorem 5 Consider Problem (LAG) for 8 € (0,1) under Assumptions (A1)-(A4).

1) For all A € ()\gk), )\gkﬂ)] such that )\Egk) #+ )\gﬁ_l), the strategy {511 is discounted cost optimal.
2) The optimal Lagrange performance Cg()\) is piecewise linear, continuous, concave, and increasing func-
tion of A.

This is proved in Appendix F. The results of Proposition 6 and Theorem 5 are illustrated in Figure 4.
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C 0 2) C 0 2)

I

. DY (0) . |

| ! 1

DU 0y | D1 (0) | l

B | k ! |
D (0) - . bgo - ; A

l(k) A(k) A(k+l)
B B B
(a) (b)

Figure 4: Plot (a) shows Cék)(O; A) and C[gkﬂ)(o; A). /\ék) is the a-coordinate of the intersection of these two
lines. Plot (b) shows Cj(A) in bold. As is evident from the plot, C5(A) is piecewise linear, concave and

increasing. Moreover, note that C’ékﬂ)(o; A) is the smallest among {Cék) (0; M)}, when A € (/\(ﬁk), /\(Bkﬂ)).
Hence, f**+1) is optimal for that range of \.

3.5 Analytic solution of the long-term average Lagrange relaxation

As in the discounted cost setup, to find the optimal strategy, we first characterize the performance of a
generic threshold-based strategy f*) € F. Define for k € Z>g

k . k _
(k) = 151%1@%) = o1 — PP, (24)
(k) e (B) iRk

Ly -—lﬁlglLﬁ —<[Q1 }Oad( )>’ (25)
k . k k

M = lim M = (101, Top). (26)

As before, ng) exists because P%) is a transient sub-stochastic matrix, i.e., [Tor—1 — P(k)] is non-singular.

As in the discounted setup, let ng) and Nl(k) denote the long-term average distortion and the long-term

average number of transmissions under strategy f*) when the system starts in state 0. Similarly, let C§k)()\)
denote the performance of strategy f(*) for the Lagrange relaxation for the long-term average setup, starting
at initial state 0.

Proposition 7 The performance of strategy f*) for the long-term average cost Lagrange relazation is given

by
[0
DY = 1im DY (0) = L
B M|
1
N® =1im NP (0) = —;
1 B B () Ml(k)
L™ 4
o () =m0 0) = “
B11 M,

Proof. This result can be proved by an argument similar to Theorem 4. Similar to Proposition 3, we can show
that D/gk)(e) and Ngk)(e) satisfy the SEN conditions. Then, the result follows from [31, Theorem 7.2.3]. O

As for the discounted case, we can show that

Proposition 8 Lgk) < Lgk“) and M1(k) < M1(k+1)'
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Note that if we simply use the result of Proposition 5 and take limit over 3, we will not get the strict
inequality given in Proposition 8. Nonetheless, the strict inequality follows by an argument similar to that
in the proof of Proposition 5.

Similar to Corollary 1, we have the following:

Corollary 2 Let pg = Pyy. Then,

Di(fM,g") =0 and Ni(fP,g") = (1 —po).

To characterize the optimal strategy, define

D(kJFl) _ D(k)
AP = 1im A = L

St St 27)
B k k+1 (
B11 Nl()_Nl(Jr)

Note that (A4) implies that {Ag’“)}zio is increasing. Then, we have the following:
Theorem 6 . Consider Problem (LAG) for 8 =1 under Assumptions (A1)-(A4).

1) Forall X € ()\gk), )\gkﬂ)] such that )\gk) # )\gkﬂ), the strategy f*tV) is long-term average cost optimal.
2) The optimal Lagrange performance C5(\) is continuous, piecewise linear, concave, and increasing func-
tion of A.

This is proved in Appendix G. Also see Figure 4.

3.6 The constrained optimization problems

Finally, we come back to the constrained optimization problems (DIS) and (AVG). To describe the solution
of these problems, we first define Bernoulli randomized strategy and Bernoulli randomized simple strategy.

Definition 3 Suppose we are given two (non-randomized) time-homogeneous strategies fi and f, and a ran-
domization parameter § € (0,1). The Bernoulli randomized strategy (f1, f2, ) is a strategy that randomizes
between f; and fo at each stage; choosing f; with probability 6 and fo with probability (1 — ). Such a
strategy is called a Bernoulli randomized simple strategy if fi; and fs differ on exactly one state i.e. there
exists a state eg such that

fi(e) = fa(e), Ve #eq.

Define

kj(a) = sup{k € Z>o : Na(f*),g%) > o} (28)

and
LN @)
5(0) = B*(f (fe’*g<a3+1> R (29)
N(f%7, g%) = Np(f '9%)

For ease of notation, we use k* = kj(«) and 0" = 6j(a). By definition, 6* € [0, 1] and

0" Ns(f*),9) + (1= 0" )Ns(f* 1, g") = v (30)

Note that k* and 6* could have been equivalently defined as follow:

ME+D) 1

. ) (k) 1 x 1+a-p
k _sup{kGZzo.Mﬁ Sm}a 0" = METD) _ )
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Theorem 7 Let f* be the Bernoulli randomized simple strategy (f(k*),f(k*ﬂ),e*). i.€.

if le] < k*;

w.p. 1 —60%, if le] = k*;
w.p. 0%, if |e| = k*;

if le] > k*.

Then (f*,g*) is optimal for the constrained Problem (DIS) when 5 € (0,1) and Problem (AVG) when 8 = 1.

fr(e) = (31)

== O O

Proof. The proof relies on the following characterization of the optimal strategy stated in [34, Proposition
1.2]. The characterization was stated for the long-term average setup but a similar result can be shown for
the discounted case as well, for example, by using the approach of [35]. Also, see [36, Theorem 8.1] for a
similar sufficient condition for general constrained optimization problem.

A (possibly randomized) strategy (f°, ¢g°) is optimal for a constrained optimization problem with 5 € (0, 1]
if the following conditions hold:

(C1) Ns(f°,9°) =,
(C2) There exists a Lagrange multiplier A° > 0 such that (f°, ¢°) is optimal for Ca(f, g; \°).

We will show that the strategies (f*, g*) satisfy (C1) and (C2) with \° = )\(ﬁk*).

(f*, g*) satisfy (C1) due to (30). For A = )\Egk*), both f**) and f* +1 are optimal for Cs(f,g;A). Hence,
any strategy randomizing between them, in particular f*, is also optimal for Cg(f,g;A). Hence (f*,g%)
satisfies (C2). Therefore, by [34, Proposition 1.2], (f*, g*) is optimal for Problems (DIS) and (AVG). O

Theorem 8 The distortion-transmission function is given by

Dj(a) = 0"Ds(f*7),g%) + (1 = 0°) Ds(f* 1, g%). (32)
Furthermore, D;;(oz) 18 a continuous, piecewise linear, decreasing, and convex function of c.
Proof. The form of Dj(a) given in (32) follows immediately from the fact that (f*,g*) is a Bernoulli

randomized simple strategy. As argued in Section 3.6, Dj (o) will always be decreasing and convex in a.

For any k € Z>¢, define
a(k) = Nﬁ(f(k)vg*)v

and consider any o € (ot a(®)). Then,
k;(a(k)) =k, and 9;;(04('“)) =1

Hence
Dj(a®) = Ds(f*), g%).

Thus, by (29) o)
a—a

o = Q&) _ qkt1)”

and by (32),
Di(a) = 0"Djy(a®) + (1 — 0*)Dj(ak D).

Therefore Dj () is piecewise linear and continuous. O



16 G-2014-104 Les Cahiers du GERAD

It follows from the argument given in the proof above that {(a(*), Dj (a®))}ee ;) are the vertices of the
piecewise linear function DF. See Figure 3 for an illustration.

Combining Theorem 7 with the results of Corollaries 1 and 2, we get
Corollary 3 Let pg = Pyy. Then,

Di(a) =0, VYa>a.:=pB(1—po).

4 An example: Aperiodic, symmetric birth-death Markov chain

In this section, we characterize Dj(«a) for the birth-death Markov chain presented in Example 1. As shown
in Remark 1, this model satisfies Assumption (A3). Thus, we can use Proposition 6 and (23) to compute

the critical Lagrange multipliers {)\gc)},;";o. The results of Theorems 5 and 6 are given in terms of L(ﬁk) and

M [(31@)7 which, in turn, depend on the matrix Q(ﬂk). The matrix Q/(Bk) is the inverse of a tridiagonal symmetric
Toeplitz matrix and an explicit formula for its elements is available [37].

Lemma 1 Define for 8 € (0,1]

Kg=-2— (1ﬂ_p6) and mg = cosh™(—Kg/2)
Then,
(k)
1 [Ag7]i
[Qé—}k)]m = 5 ) 7’7.] S S(k)a
(k)
Bp by

where, for g € (0,1),
[A0]i; = cosh((2k — |i — jl)mg) — cosh((i + j)ms),
bgf) = sinh(mg) sinh(2kmg);
and for B =1,
(A1) = (k = max{i, j}) (k + min{i, j}),
k
M = 2k
In particular, the elements [Qgc)]oj are given as follows. For € (0,1),

1 cosh((2k — |j[Jmgs) — cosh(jmps)

(R _
Q5 os = Bp 2sinh(mg) sinh(2kmg) ’ (33)
and for B =1, ) o
[ gk)]Oj _ (k — max{j, 0;;(: + min{j,0}) . (34)

Proof. The matrix Io,_1 — BP®*) is a symmetric tridiagonal matrix given by

_Kg 1 0o .- ... 0
1 Kg 1 0o - 0
0 1 Kg 1 .- 0
Izk—lfﬂp(k) =—0Pp . . . . . .
0o - 0 1 Kg 1
| O o --- 0 1 Kg)

ng) is the inverse of the above matrix. The inverse of the tridiagonal matrix in the above form with Kz < —2
are computed in closed form in [37]. The result of the lemma follows from these results. O
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Using the expressions for Q(ﬁk), we obtain closed form expressions for L(Bk) and M gk).
Remark 2 For ease of notation, in rest of the paper we write D(ﬁk) and Ngk) in place of Dék) (0) and N[gk)(O).

Lemma 2
1) For B €(0,1),

Dk _ sinh(kmg) — ksinh(mg)
5 2sinh®(kmg/2) sinh(mg)’
*) 2Bpsinh?(mg/2) cosh(kmyg) B

N 1-75).
b sinh®(kmg/2) 1=
2) For =1,
p k21
DI = =5
k) _ 2p
and

A k(k+1)(k* +k+1)
v 6p(2k + 1)

Proof. By substituting the expression for ng) from Lemma 1 in the expressions for L(ﬁk) and M ék) from
Proposition 5 (and the corresponding expressions for 5 = 1), we get that

1) For g € (0,1),

k) sinh(kmg) — ksinh(mgp)
P 4Bpsinh?(mgs/2) sinh(mg) cosh(kmg)’
k) _ sinh?(kmg/2)

# " 28psinh®(mgs/2) cosh(kmg)
2) For 8 =1,
L1 = k(k? ~ 1)/ (6p).
My = K2/(2p).
The results of the lemma follow using the above expressions and Proposition 4 and 7. The expression for

)\gk) is obtained by plugging the expressions of D§k+1)7 ng), Nl(kﬂ), and Nl(k) in (27). O

When p = 0.3, the values of Dék), N [gk), and )\(Bk) for different values of k£ and 8 are shown in Table 1.

For 3 = 1, we can use the analytic expression of A(¥) to verify that {)\(ﬂk)}zo:o is increasing. For 8 € (0,1),
we can numerically verify that {)\(Bk)}zozo is increasing. Thus, Assumption (A4) is satisfied and we can use
the results of Theorems 5 and 6. For p = 0.3, the optimal Lagrange performance for different values of 3 is
shown in Figure 5.
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Table 1: Values of DS, Ni* and A{” for different values of k and  for the birth-death Markov chain of
Example 1 with p = 0.3.

(a) For 8 =0.9 (b) For 8 =0.95 (c) For B =1.0
(k) (k) (k) (k) (k) (k) (k) (k) (k)
k Dﬁ Nﬁ Az k Dﬂ Nﬁ )‘5 k Dﬁ Nﬁ )\B
0 0 1 0 0 0 1 0 0 0 1 0
1 0 0.5400 1.0989 1 0 0.5700 1.1050 1 0 0.6000 1.1111
2 0.4576  0.1236 4.1021 2 0.4790 0.1365 4.3657 2 0.5000  0.1500 4.6667
3 0.7695 0.0475 9.2839 3 0.8282  0.0565 10.6058 3 0.8889  0.0667 12.3810
4 1.0066  0.0220  16.2509 4 1.1218  0.0288 19.9550 4 1.2500 0.0375 25.9259
5 1.1844  0.0111  24.4478 5 1.3715 0.0163 32.0869 5 1.6000 0.0240 46.9697
6 1.3130 0.0058  33.4121 6 1.5811  0.0098 46.4727 6 1.9444  0.0167 77.1795
7 1.4029 0.0031  42.8289 7 1.7536  0.0061 62.5651 7 2.2857 0.0122  118.2222
8 1.4638 0.0017  52.5042 8 1.8927  0.0039 79.8921 8 2.6250 0.0094 171.7647
9 1.5040 0.0009  62.3245 9 2.0028  0.0025 98.0854 9 2.9630 0.0074  239.4737
10 1.5298 0.0005  72.2255 10 2.0884 0.0016 116.8739 10  3.0000 0.0060 323.0159
25
2
= 15
)
—e—[3 =0.9
1 ——[p3=0.95
—-=—3=1.0
0.5 L L L L L L L L
1 5 10 15 20 25 30 35
A
Figure 5: Plot of C}(A) vs A for the birth-death Markov chain of Example 1 with p = 0.3.
Lemma 3

1) For B € (0,1), kj is given by the mazimum k that satisfies the following inequality

2 cosh(kmg) S l1+a-p0
cosh(kmg) —1 = Bp(cosh(mg) — 1)

2) For B =1, kY is given by the following equation

-1y

Proof. The result of the lemma follows directly by using the definition of £ given in (28) in the expressions
given in Lemma 2. U

Using the above results, we can plot the distortion-transmission function DZ(a). See Figure 6 for the plot
of D(a) vs a for different values of 8 (all for p = 0.3). An alternative way to plot this curve is to draw the

vertices (IV ék), Dék)) using the data in Table 1 to compute the optimal (randomized) strategy for a particular
value of a.
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3 3 3
2 5=0.9 2 B =0.95 2
S S S
1 1 1
02 04 06 08 1 02 04 06 08 1 0.2 04 06 08 1
« « «
(a) Dj(a) vs a for §=0.9 (b) Dj(c) vs a for §=0.95 (c) Dj(a) vs o for 3 =1.0

Figure 6: Plots of Dj(a) vs « for different 8 for the birth-death Markov chain of Example 1 with p = 0.3.

As an example, suppose we want to identify the optimal strategy at a = 0.5 for the birth-death Markov
chain of Example 1 with p = 0.3 and 8 = 0.9. Recall that k£* is the largest value of k such that N’Ek) < a.
Thus, from Table la, we get that k* = 1. Then, by (29),

()

o= 2N _ (9030
) @ — IO
Ng~ — Ng

Let f* = (f, 3 6*). Then the Bernoulli randomized simple strategy (f*, g*) is optimal for Problem (DIS).
Furthermore, by (32)
Djj(a) = 0.044,

5 Conclusion

We characterized the distortion-transmission function for transmitting a first-order symmetric Markov source
in real-time with constraints on the expected number of transmissions.

Our result depends critically on establishing the following structure of optimal communication strategies.

(S) There is no loss of optimality in restricting attention to threshold based transmission strategies and as
long as the transmission strategy belongs to this class, the optimal estimation stratgey is independent
of the choice of the threshold.

As a consequence of this structure, the optimal estimation strategy is known, and we only have to identify the
optimal transmission strategy. We look at the Lagrange relaxation, compute the performance of an arbitrary
threshold based transmission strategy, identify the set of Lagrange multipliers for which an arbitrary threshold
based strategy is optimal, and then use these features to identify the optimal strategy for the constrained
optimization problem.

5.1 Salient features of the distortion-transmission function and the optimal strategy

By definition, the distortion-transmission function DZ(a) is convex and decreasing in the constraint a. We
show that, in addition, it has the following features:

1) Dj(a) is piecewise linear in a.

2) Any point on Dj(«) is achieved by a strategy that chooses a randomized action in at most two states.

These features are a consequence of the discreteness of the source. If the source is continuous valued, then
Dj;(«) will be smooth and achieved by a pure (non-randomized) strategy.

As an example, consider a scalar Gauss-Markov source. As shown in [13], the structure of optimal
transmission and estimation strategies is similar to Theorems 1 and 2. We can follow the approach presented
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in this paper: consider a threshold strategy f*) and characterize the distortion D(Bk) and the number of

transmissions IV, ék) under f*). The main difference will be that since k takes values in R, instead of (22),

)\gc) would be characterized by

(k) _ ) .
s —argg\nzuolcﬁ (0; N).

We would get that under appropriate technical conditions, such a /\(ﬁk) exists, and is increasing and continuous

in k. In particular, for any «, we can identify a Lagrange multiplier A° and a threshold k° such that,

N[gk )(O) =« and f*°) is optimal for C%(f,9;A°). Hence, by the argument given in Theorem 7, the pure

(non-randomized) strategy (f (), g*) will be optimal for the constrained optimization problem. In contrast,

for the discrete Markov sources, randomization is needed because there may not exist a threshold £° such
(B () —

that Ny "(0) = a.

5.2 Comments on the assumptions

The results were derived under the four Assumptions (Al)—(A4). Assumption (Al) is a limiting assumption
that restricts the results to Markov sources over Z that satisfy a symmetry property. Assumption (A2) is a
mild assumption that restricts the results to even and increasing distortion functions. One expects (A2) to be
satisfied in most applications. Assumption (A3) is a mild technical assumption to ensure that the distortion
function is not increasing too quickly. Assumption (A4) is a property of the critical Lagrange multiplier that
is difficult to verify in general. However, for a specific source and distortion function, like the one presented in
Example 1, this assumption can be verified either numerically or analytically. One can also identify sufficient
conditions for (A4) (for example, Dék)(O) is convex in k and N, ék)(O) is concave in k) that might be easier to
verify for specific sources.

The critical restrictive assumption is (Al). Some kind of symmetry in the source is needed to use
majorization theory to derive the structure (S). One immediate question is whether structure (S) also holds
for symmetric sources defined over a finite alphabet (for example, a random walk over {1,2,--- n}). To
obtain such generalizations, we need to define a notion of ASU distributions over a finite alphabet and a
notion of majorization that is preserved under additions over that alphabet (see Lemmas 4, 5, and 6). We
are not aware of such results.

5.3 Deterministic implementation

The optimal strategy shown in Theorem 7 chooses a randomized action in states {—k*, k*}. It is also possible
to identify deterministic (non-randomized) but time-varying strategies that achieve the same performance.
We describe two such strategies for the long-term average setup.

5.3.1 Steering strategies

Let a? (respectively, a}) denote the number of times the action u; = 0 (respectively, the action u;, = 1) has
been chosen in states {—k*, k*} in the past, i.e.

t—1
aj = W|EJ| =k u, =1}, i€{0,1}.
s=0

Thus, the empirical frequency of choosing action u; = i, i € {0,1}, in states {—k* k*} is al/(ay + a}). A
steering strategy compares these empirical frequencies with the desired randomization probabilities #° = 1—6*
and @' = 6* and chooses an action that steers the empirical frequency closer to the desired randomization
probability. More formally, at states {—k*, k*}, the steering transmission strategy chooses the action

ai +1 }

g — T
angmae {0~ 23
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in states {—k*, k*} and chooses deterministic actions according to f* (given in (31)) in states except {—k*, k*}.
Note that the above strategy is deterministic (non-randomized) but depends on the history of visits to
states {—k*,k*}. Such strategies were proposed in [38], where it was shown that the steering strategy
descibed above achieves the same performance as the randomized startegy f* and hence is optimal for
Problem (AVG). Variations of such steering strategies have been proposed in [39,40], where the adaptation
was done by comparing the sample path average cost with the expected value (rather than by comparing
empirical frequencies).

5.3.2 Time-sharing strategies

Define a cycle to be the period of time between consecutive visits of process {E;}72, to state zero. A time-
sharing strategy is defined by a series {(am,bm)}_, and uses startegy f*7) for the first ag cycles, uses
startegy f*"t1 for the next by cycles, and continues to alternate between using startegy f*7) for a,, cycles
and strategy f*"+1) for b, cycles. In particular, if (a,,, by) = (a,b) for all m, then the time-sharing strategy
is a periodic strategy that uses f*7) a cycles and f* 1 for b cycles.

The performance of such time-sharing strategies was evaluated in [41], where it was shown that if the
cycle-lengths of the time-sharing strategy are chosen such that,

li Z%:o Am _ Q*Nl(k*)
Moho SM T () D
Yomeo(@m +bm)  0*N;" + (1 - 06N,
N
-

Then the time-sharing strategy {(am,bm)}oo_, achieves the same performance as the randomized strategy
f* and hence, is optimal for Problem (AVG).

Appendices

A Proof of the structural results

The results of [14] relied on the notion of ASU (almost symmetric and unimodal) distributions introduced
in [42].

Definition 4 (Almost symmetric and unimodal distribution) A probability distribution g on Z is almost
symmetric and unimodal (ASU) about a point a € Z if for every n € Z>o,

pla+n) > pla—n) > pla+n+ 1),

A probability distribution that is ASU around 0 and even (i.e., u(n) = u(—n)) is called ASU and even.
Note that the definition of ASU and even is equivalent to even and decreasing on Zx.

Definition 5 (ASU Rearrangement) The ASU rearrangement of a probability distribution u, denoted by
pt, is a permutation of u such that for every n € Zso,

We now introduce the notion of majorization for distributions supported over Z, as defined in [43].

Definition 6 (Majorization) Let u and v be two probability distributions defined over Z. Then p is said to
majorize v, which is denoted by p >, v, if for all n € Z>o,
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n n
Yoz v

i=—n i=—n
n+1 n+1
+ +
E W= E v;".
i=—n i=—n

The model considered in [14] was slightly different than the one presented in Section 2 . Instead of the
Markov source with a given transition probability matrix, it was assumed in [14] that the Markov source
evolves according to

Xiy1 = Xy + M

where M; has an ASU and even distribution with a finite support. Our model is equivalent, except that we
assume M; has an ASU and even distribution with possibly countable support.

The structural results of Theorem 1 were proved in two-steps in [14]. The first step relied on the following
two results.

Lemma 4 Let i and v be probability distributions with finite support defined over Z.. If u is ASU and even
and v is ASU about a, then the convolution p* v is ASU about a.

Lemma 5 Let pu, v, and £ be probability distributions with finite support defined over Z.. If u is ASU and
even, v is ASU, and £ is arbitrary, then v =, §& implies that wxv =, pu*E&.

These results were originally proved in [42] and were stated as Lemmas 5 and 6 in [14].
The second step (in the proof of Theorem 1) in [14] relied on the following result.
Lemma 6 Let i1 be a probability distribution with finite support defined over Z and f: Z — R>¢. Then,

Z f(n).un < Z f+(n)/ﬁ$

n=—oo n=—oo

We generalize the results of Lemmas 4, 5, and 6 to distributions over Z with possibly countable support.
With these generalizations, we can follow the same two step approach of [14] to prove Theorem 1.

The proof of Theorem 2 in [14] only relied on the result of Theorem 1. The exact same proof works in

our model as well.

A.1 Generalization of Lemma 4 to distributions supported over Z

The proof argument is similar to that presented in [42, Lemma 6.2]. We first prove the results for a = 0.
Assume that v is ASU and even. For any n € Zx, let (™ denote the rectangular function from —n to n,

ie.,
T(n)(e) — 1, if |€| §.n,
0, otherwise.

Note that any ASU and even distribution @ may be written as a sum of rectangular functions as follows:

oo

p=> (tn = png2)r™.

n=0
It should be noted that p,, — 1,41 > 0 because p is ASU and even. v may also be written in a similar form.

The convolution of any two rectangular functions 7(™ and r(™) is ASU and even. Therefore, by the
distributive property of convolution, the convolution of 1 and v is also ASU and even.
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The proof for the general a € Z follows from the following facts:
1) Shifting a distribution is equivalent to convolution with a shifted delta function.

2) Convolution is commutative and associative.

A.2 Generalization of Lemma 5 to distributions supported over Z

We follow the proof idea of [43, Theorem II.1]. For any probability distribution p, we can find distinct indices
ij, |7] < n such that u(i;), |j| < n, are the 2n + 1 largest values of p. Define

pin (i) = plis),
for |j| < n and 0 otherwise. Clearly, u,, T 1 and if p is ASU and even, so is .

Now consider the distributions p, v, and £ from Lemma 5 but without the restriction that they have finite
support. For every n € Zxg, define y,, v,, and &, as above. Note that all distributions have finite support
and p, is ASU and even and v,, is ASU. Furthermore, since the definition of majorization remain unaffected
by truncation described above, v,, =, &,. Therefore, by Lemma 5,

M * U 2 o * gn

By taking limit over n and using the monotone convergence theorem, we get

W*V = k€.

A.3 Generalization of Lemma 6 to distributions supported over Z

This is an immediate consequence of [43, Theorem II.1].

B Proof of Proposition 1

Definition 7 (Stochastic Dominance) Let p and v be two probability distributions defined over Z>o. Then
w1 is said to dominate v in the sense of stochastic dominance, which is denoted by p =, v, if

ZMZ'ZZI/Z‘, V'HEZZ().

i>n i>n

A very useful property of stochastic dominance is the following:

Lemma 7 For any probability distributions 1 and v on Z>q such that i =5 v and for any increasing function
f: ZZO — R,

(o] (o]

Z f(n)pn > Z f(n)vn.

n=0 n=0

This is a standard result. See, for example, [30, Lemma 4.7.2].

To prove Proposition 1, we extend the notion of stochastic dominance to distributions defined over Z.

Definition 8 (Reflected stochastic dominance) Let p and v be two probability distributions defined over
Z.. Then p is said to dominate v in the sense of reflected stochastic dominance, which is denoted by p >, v,
if

Z(#i + i) > Z(Vz +v_i), Vn€Zso.

i>n i>n
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Lemma 8 For any probability distributions p and v defined over 7. such that p =, v and for any function
f+Z — R that is even and increasing on Z>o,

(oo} oo

Zf(n):un 2 Z f(n)vn.

n=—oo n—=—oo

Proof. Define distributions fi and 7 over Zx as follows: for every n € Z>g

~__J ko, ifn=0
fin ln + i—pn, otherwise;
and 7 defined similarly. An immediate consequence of the definitions is that

W=,V = fi=, . (35)

For any even function f: Z — R

Z f(n)ﬂn = Z f(n)ﬁn (36)
n=0

n=—oo

The result follows from (35), (36), and Lemma 7. O

Lemma 9 For any e € Z>q, [Plet1 = [Ple, where [P). denotes row e of P.

Proof. To prove the result, we have to show that for any n € Z>¢

Z (Plet1)i + Plet1) (=) > Z (Pei + Pe(—3))s
i>n+1 i>n+1

or, equivalently,

> P> Pl

1=—n 1=—n

To prove the above, it is sufficient to show that
P, > P(e—‘,—l)(—i)v Ve,1 € Zzo. (37)

Recall that Pj; = pj;—;| where {p,};Z, is a decreasing sequence. Thus, Pe; = pje—;| and Plej1)(—i) = Petit1-
Since e and ¢ are positive, by the triangle inequality we have that |e —i| < e+ i < e+ i+ 1. Hence,
Ple—i| < Peti+1, which proves (37). [

Finally, note the following obvious properties of even and increasing functions that we state without proof.
Let EI denote ‘even and increasing on Z>q’. Then

(P1) Sum of two EI functions is EI.

(P2) Pointwise minimum of two EI functions is EI.

We now prove Proposition 1.

Proof of Proposition 1. We prove the result by backward induction. The result is trivially true for Vp,
which is the basis of induction. Assume that Vi;1(-; A) is even and increasing on Zsq. Define

Vi(e; A) = ZPen‘/%+1(n; A).

n=—oo

We show that V;(-; ) is even and increasing on Zs.
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1) Consider

‘%(76; )‘) - Z P(—e)nV;H—l(n; >‘)

n=—oo

oo

= Z P_ey(—n)Vig1(—=m; A)

—nN=—00

(i) Z Penvi-&-l(n; A)

n=—oo

= Vi(e; \)

where (a) uses P,y = P(_¢y(—n) and Viy1(n;A) = Vig1(—n; A). Hence, Vt(, A) is even.
2) By Lemma 9, for all e € Z>g, [Plet1 = [Ple. Since Vi41(+;A) is even and increasing on Zsg, by
Lemma 8
Vi +150) > Vile: V).

Hence, V;(+; A) is increasing on Z>g.

Now, V; is given by R R
Vi(e; A) = min {\ + V;(0; A), d(e) + Vi(e; A) }.

By Assumption (A2), d(-) is even and increasing on Z>¢. Therefore, by properties (P1) and (P2) given above,
the function V;(+; A) is even and increasing on Zs¢. This completes the induction step. Therefore, the result
of Proposition 1 follows from the principle of induction. O

C Proof of Proposition 3

To prove the result, we introduce the notion of z-standard strategy from [31].

Definition 9 Consider a Markov chain with state space X and a cost function ¢ : X — R. For i,j € X, let
m;; and C;; denote the expected time and expected cost of the first passage from ¢ to j. The Markov chain
is called z-standard, z € X, if m;, < oo and C;, < oo for all ¢ € X.

Definition 10 (z-standard strategy) Let g be a (possibly randomized) stationary strategy for a Markov
decision process. Then g is a z-standard strategy if the Markov chain induced by g is z-standard.

We use the following result from [31, Proposition 7.5.3].

Proposition 9 If there exists a z-standard strateqy for a Markov decision process, then the SEN conditions
(S1) and (S2) hold for the reference state z.

Lemma 10 In the model considered in this paper, the strategy f©) is 0-standard.

Proof. The strategy f() is a ‘always transmit’ strategy. For any starting state e, the first passage time to 0
is meo = 1 < 0o and the corresponding cost is Ciop = A < oo. Hence, f(© is 0-standard. O

Proof of Proposition 3. By Lemma 10 and Proposition 9, (S1) and (S2) hold in our model. From Proposi-
tion 2, we have that Vz(e; A) > V3(0; ). Hence, (S3) holds for Ly = 0. O
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D Proof of Proposition 4

We first consider the case k = 0. In this case, the recursive definition of Dék) and NV ék), given by (9) and (10),

simplify to the following:
0 0
DY) = 83" PouDY (n);

n=—oo

and -
N (e) = (1= B)+ B> PN (n).

n—=—oo

It can be easily verified that D/(BO)(e) =0 and N/go)(e) =1, e € Z, satisfy the above equations. From (11),

we get that Cé,o)(e; A) = A. This proves the first part of the proposition.

For k > 0, define

o0
DY =3 Py.DY ()

Nék) = Z POnN[gk) (n)

From (9) and (10), we have that
k A (k k G (k
DY (0)= DY and N{V(0) = NS

An equivalent representation of Dgc)(O) is

T(k>—1
D) =E[(1-8) > pd(E) + 87" 8D | Bo = 0].
t=0

Using the strong Markov property and by substituting (13) and (38) in (39), we get that
k k k)7 1 (k
D) = (1= B)LG +[1 — (1 = B)MTIDLY (0).

Rearranging, we get that

Q)
9 gy = 2o
DY(0) = pre

Similarly, an equivalent representation of N /gk) is
() o
NP ) = B[5 (1 - 8) + NS | Bo = 0].
Using the strong Markov property and by substituting (14) and (38) in (40), we get that
k k k
NP (0) = [L = (1= BIMVNI(1 ~ B) + NP (0)].

Rearranging, we get that
®) () = 1 _(1_
Nﬁ (O) - (k) (1 6)

B

The expression for C[gk)(O; A) follows from (11).

(39)
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E Proof of Proposition 5

E.1 Analytic expressions of Lék) and Mék)

For a matrix A, let [A]o denote the row with index 0. (Recall that our index set includes negative values as
well). P(¥) is a sub-stochastic matrix that captures the probability of the Markov chain not leaving the set
S(K) | Therefore,

' :E{T(%;ﬁ E, ‘EO_O}
:i 8| zs(:w ) d(e)]

Jo,d™) (41)

where we used the fact that, since P(*) is a sub-stochastic matrix, we have

P =3P (42)
t=0
To prove (19), note that Mék) may also be written as

7R 1

M =B[ 3 8

t=0

EO:O}.

The rest of the proof is along the same lines as (41).

E.2 Monotonicity of Lg@ and M/gk)

To prove the monotonicity of L(ﬂk) and M ék), we use the following recursive expression for P*).

Lemma 11 For any t € Z>o, (P(’““))lt is of the form

o p(k) k)
k41)yt (2) k f (k) (tk>
(PEEDY =1 (b T (P®E 4 AP (@ | (43)
(k) (k) (k)
& dt Ay

(k)

where a; (k)
for allt € Zi~1 and with Agk) =09k _1x2k_1; bgk), dgk) are the vectors of dimension 1 x 2k — 1 with all positive
elements; they are all given by the following recursive equations

and ¢;’ are positive scalars; AE’“) is a 2k — 1 x 2k — 1 dimensional matrixz with all positive elements
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al =1, P =0, b =010y =d”
and fort >1
o) = o) g9 4 8 Ty () )
_ g Y (k) d(k) (d)T 4 ol <k>
Cgk) _ agk) ( )T + C(k) (k)
_ cgk)lag ) d(k) (b(k))T + a(k) (k)
bgk) _ ag )lb(k) b(k) pk) +C(k) d( )

d®) = ) ) L g®) pk) 4 o E) g
AP = (bt_mbY“ + AP PE 1 (@P)Tath.

Using the above recursion and the fact that all elements of vectors bgk), dgk), and matrix Agk) are positive,
we get the following.

Lemma 12 For allt € Z>y,

([P, d™) < ([(PEF)], d®HD),
and
(P9 ]y tans) < ([(PE*DY ], L),

Now, to prove the monotonicity of Lgﬁ)

Lff) _ < Q(k) d(k)>

, consider

Mg‘lm

(3 10t
)< 515 P(k-i—l)) ] ’d(k+1)>

t

7 L

_ <[Q(ﬁ ] d(k+1)> L (k+1) (44)

where (a) follows from Lemma 12. Monotonicity of M [gk) can be proved along similar lines. This completes
the proof of the proposition.

Proof of Lemma 11. We prove the result by induction. For ¢ = 1, we have that
B a(lk) bgk) Cgk)

pltl) — (b(k))T pk) (dgk))T

(k) dgk) agk)
(k) bgk) cgk)
= | @7 PR AP @)
k k k
(k) e o

where a(lk) = Py, bgk) = [Po1 - Poxl, cgk) = Pyo(k—1) and dgk) = [Pok - - Po1]. Hence the result holds for
t=1.
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Now, assume that the result is true for ¢ — 1 for some ¢ > 1. Note that (P*+1)t=1 is symmetric because
any positive power of a symmetric matrix is symmetric. Hence, (P(’H‘l))t is a symmetric matrix given by

(P(k+1))t — (P(k+1))t—1p(k+1)

[ o) b ) o o
= | GFP)T (P@)yt AP @y || )T P® @) (45)
) di, ag™), & d o
B agk) bgk) Cgk)
= | G (PW) AR (@)
cgk) dgk) agk)

The recursive expressions in Lemma 11 follow from comparing corresponding terms in (45). Hence, by the
principle of induction, the result is true for all . O

Proof of Lemma 12. We only prove the first inequality. The second inequality can be proved along similar
lines.

By Lemma 11, we have

([(PE+) ], d™+D)
d(—k—1
= [T (P9) 44 (@) PO
Ol d(k+1)
<([(PM)T.d™)

where the last inequality follows from the fact that all elements of the vectors bgk), d,(fk) and the matrix Agk)

are positive. 0
E.3 Monotonicity of Dék)

Lastly, we prove the monotonicity of Dék)(e) in k.

Define the operator T*+1) : (Z — R) — (Z — R) as follows. For any D : Z — R,

B Y PouD(n;)), el >k+1

n=-—oo

[T*+VD](e) = (46)

(1=B)d(e)+B > PenD(n; ),

n=—oo

le] < k+ 1.

Note that, as a consequence of Theorem 3, the operator T 1| k € Z<, is a contraction and Dgﬁ_l) is

its a unique bounded fixed point. Next, define function ng’m), m € Z>o, as follows:

50 _ p)
Dﬁ B DB ’
Dy =T pETY e 7, (47)

Let py, = Pok, k € Z>o and b := sup{k € Z>¢ | py > 0} and define
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Ag.m) _ {k,k —1,--- ,max(k' — mb,O)},

A™ =k —k+1, - min(—k + mb,0)}
and

A = ATy A,

Note that A = {—k, &k} and
Alm) c A(m+1) ¢ {—k,--- k).

Let m® be the smallest integer such that A(™") = {—k, ...k} (in particular, if b = oo, then m® = 2). We
will show the following

Lemma 13 For any m € {0,1,--- ,m°}

k,m k m
DY (e) > DP(e), Ve e A™

and
DY (e) > DP(e), Ve g A,
Next, define
Bs_m) ={k+1, -+ k+mb},
B™ = {—k—1,--,—k — mb}
and

Bm) _ Bim) uB™.  BO — 4
We will also show that

Lemma 14 For m € Zx>o,

DY () > DY (e), Ve e B U AM)
and

DY (e) > DI (e), Ve g B U AT,

Recall that T+ is a contraction operator with D**1) as its fixed point. Since lim,,_, o B(™ UAm®) =
7., we have that

Dgﬁ:-i-l)(e): lim Dgc,m+m°+1)(6)

m—r oo

> D (e), Vee

Proof of Lemma 13. We prove the result by induction. Consider m = 0. Analogous to Proposition 2, we
can show that D(Bk)(e) is even and increasing in e. By Lemma 8 and 9, P,,, =, Py,. Hence,

Z Peanc)(n) > Z POanC) (n). (48)
For e € A = {—Fk, k},
DYV(e) = (1= B)d(e) + B8 Y. P () )

n=—oo
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and
DY (e)=8 i Py, DY (n). (50)
By (48) and by Assumption (A2b),
DYV (e) > DY (e), Wee A© (51)
DY (e) Y DI (e), Ve g A©), (52)

where the equality (a) holds since both sides have same expressions. Now, we show the result for m = 1.

Pick any arbitrary e € A1), We have from (46)

DY (e) = (1= Byd(e) + 8 Y PuDV ().

n—=—oo

Furthermore, from (9), we have

(1—B)d(e) + BY50 . Pen DY (n),
D (e) = e e A\ A®
By POnDék)(n), eec A,

Since e € AV P, > 0 and P.(—) > 0. Hence, by (49)-(50),
k1 k
P DSV (n) > PaDS (n), e {—k,k}.
Combining the above with (51)—(52), we get

S PaDFm) > Y PuDP(n), vee AW,

n=—oo n=—oo

and hence, by (53) and (54),
k, k
DY (e) > DY (e), Vee AM\ A,

Also, by (51) and using monotonicity of T*++1) we get
DY (e) > DSV (e) > DY (e), Vee AO.
Combining (55) and (56), we get that
DY (e) > DY (e), Vee AW,
Furthermore, since Dék’l)(e) > D/(f) (e), Ye € Z, by monotonicity of T*+1),

D (e) > DYV (e) > DY (e), VeeZ.

(53)

(54)

Now, suppose the result of Lemma 13 is true for some (m — 1), where 0 < m < m°. For any e € A™)

DY (e) = (1 - B)d(e) + B i Pen D™ (),

(1— B)d(e) + BY50 . Pen DY (n),
DY (e) = e A\ A©)
BY e o POnDék)(n>7 eec A,

Consider any e € Asrm). Ifee Aim_l), then by monotonicity of 7*+1),
k,m+1 k.m k
D™ (e) > DY (e) > DY (e),

where the last inequality follows from the induction hypothesis. If e ¢ Ag_m_l), then

(57)

(58)

(59)
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o (e+b)€ Aim_l) e D(Bk’m)(e +b) > Dék)(e +),
o Peryy = Poy >0 = PueryyDS"™ (e +b) > Pgesry DS (e + b).
Therefore,
k,m k
S PuDF () > Y PaDS (). (60)

Combining (57), (58), (59) and (60), we get
DY (e) > DP(e), Vee AT\ A, (61)
Furthermore, by (52) and monotonicity of 7+ we have
DY (e) > DYV (e) > DY (e), Ve e A (62)
Combining (61) and (62), we get that

DY (e) > DY (e), Vee ALY,

Using a similar argument as above, we can also show that the above inequality holds for e € A Also, by
monotonicity of 7+ we have that Dgc’mﬂn +1)(e) > ngwm )(e) > Dék)(e), Ve € Z. This completes
the induction step.

Hence, by principle of induction, Lemma 13 is true. O

Proof of Lemma 14. We prove the result using induction. It is easy to see that by Lemma 13, the statements
of the lemma are true for m = 0. For m = 1, note that B™~1 = ¢ and hence B(m~D U A(™*) = A(m°) By
monotonicity of T**1) and Lemma 13, we have the following:

D(ﬁk’,m°+2) Z D(ﬁk7mo+1) > D/(Bk:)7 Ve c 14(,”,710)7

which is the result of the lemma for m = 1. Now, let us assume that Lemma 14 is true for some integer
m > 1, ie.

D™ (e) > D (e), Ve e BmTD U A, (63)
ow, consider e € .Ifee ~ "/ then by monotonicity o ,
N id BI™ . Ifee BV then b f T(k+1)

D () 2 DT (e) > DY ),
where the last inequality follows from the induction hypothesis. If e & B(j”‘l), then

o (e—0)eB{" Y = DI (e —b) > D (e 1),
b Pe(efb) = PO(fb) =Py >0 = Pe(efb)Dékwm) (6 - b) > Pe(efb)Dék) (6 - b)
Thus,

o0 o0
S PaDET )y > N PLDY(n). (64)

n—=—oo n—=—oo

Combining (48), (49) and (64) we get
DY (e) > DY (e), e e B U A,

Proceeding in a similar way as above, it can be shown that the above inequality holds for all e € BM™uyAm).
Also, by monotonicity of T*+1) we have that ng’m+mo+1)(e) > D(ﬁk’m+mo)(e) > D(Bk)(e), Ve € Z. This
completes the induction step. Hence, by principle of induction, Lemma 14 is true. O
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F Proof of Theorem 5

F.1 Proof of part 1)

Consider
o (0:0) — V(050

(@) [Cék)(o; ) — Cék) (0; )\(Bk))]
e (0;4) — 8D (048]
I -ad lMtﬁk) - Mf}m] (65)
where (a) follows from (22) and (b) follows from Proposition 4. By Proposition 5, M ék) <M ékﬂ); hence,
the sign of Cék) (0;A) — C’ékJrl)(O; A) is the same as that of (A — )\gg)).
Now, consider a A € (/\(ﬁk), /\(ﬁk+1)]. By Assumption (A4), for any m € Zx( such that m < k, /\(Bm) <A\

Hence, by (65) o )
Cy™M(0;0) > C" TV (0;0), Vm < k. (66)

Similarly, for any m € Z>¢ such that m > k + 1, )\(Bm) > \. Hence, by (65)
(67)

o0 0) > ¢ (0 N),  Ym >k + 1.

Combining (66) and (67), we get that f(*+1) is optimal among all threshold strategies; and, by Theorem 3,
is also globally optimum.
F.2 Proof of part 2)

By the previous part and Proposition 4, for any A € ()\g“), )‘EakH)],

. LY +A
Cs(\) =Va(0;0) = W = A1 -p8),

which is continuous and linear in A. Thus, Vz(0; \) is piecewise linear in A

Moreover,
lim Va(0;0) = CSF(0;A57);
AAGY
and
lim Vz(0;\) = CF (0;A5)).
AtAGY

By (22), both these terms are equal. Therefore, V3(0; A) is continuous.
Next, note that the slope of V3(0; A) in the interval ()\(Bk), )\(Bkﬂ)], is given by

(k+1) (. y (k+1) (k+1) (. y (k)
(k+1) (k) (k+1) ’
)\5 — )\ﬁ Mﬁ

where we have used the result of Proposition 4. By Proposition 5, {M ék)}?’:o is a strictly increasing sequence.
Therefore, the slope of Vg(0; \) decreases as A increases. Hence, V3(0; A) is concave.

Finally, from (14), we get that Mékﬂ) < 1/(1 — B). Hence, the slope of V3(0; A) calculated above is

always non-negative. Hence, V3(0; A) is increasing in .



34 G-2014-104 Les Cahiers du GERAD

G Proof of Theorem 6

Consider a A € ()\ﬁk), )\gkﬂ)]. By definition, /\gk) = limgy )\gc). Therefore, there exists a 5* € (0, 1) such that
for all g € (B*,1), A € ()\gc),)\%kﬂ)]. By Theorem 5, the strategy f**1 is discounted cost optimal for all
B € (B*,1). Hence, by Theorem 4, the strategy f (k+1) s also optimal for the long-term average cost setup
and "
L A
Cr) = lm V(03 1) = 212
611 Ml( )

By an argument similar to the proof of part 2) of Theorem 5, we can show that C7()\) is piecewise linear,
continuous, and concave (instead of Propositions 4 and 5, we would use Propositions 7 and 8. The rest of
the argument remains the same).
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