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Abstract

Cellular networks are generally modeled as node-weighted graphs, where the nodes
represent cells and the edges represent the possibility of radio interference. An algo-
rithm for the channel assignment problem must assign as many channels as the weight
indicates to every node, such that any two channels assigned to the same node satisfy
the co-site constraint, and any two channels assigned to adjacent nodes satisfy the
inter-site constraint.

We describe several approximation algorithms for channel assignment with arbi-
trary co-site and inter-site constraints for odd cycles and so-called hexagon graphs
that are often used to model cellular networks. The algorithms given for odd cy-
cles are optimal for some values of constraints, and have performance ratio at most
14 1/(n—1) for all other cases, where n is the length of the cycle. Our main result is
an algorithm of performance ratio at most 4/3 + € for hexagon graphs with arbitrary
co-site and inter-site constraints.

Résumé

Les réseaux cellulaires sont souvent modélisés comme des graphes pondérés. Dans ce
modele, les sommets du graphe représentent les cellules du réseau, les arétes indiquent
la possibilité d’interférence entre deux cellules, et les poids des sommets donnent la
demande. Des contraintes co-site et inter-site associées au probléme prescrivent la
différence minimale entre canaux affectés au méme sommet et aux sommets adjacents,
respectivement. Un algorithme pour le probleme d’affectation de canaux doit affecter
des canaux aux sommets du graphe de facon a ce que la demande soit satisfaite et les
contraintes d’interférence soient respectées.

Nous décrivons plusieurs algorithmes approchés pour le probleme d’affectation de
canaux pour des cycles impairs et des graphes d’hexagones. Ces derniers sont souvent
utilisés pour modéliser des réseaux cellulaires. Les algorithmes pour cycles impairs
sont optimaux en certains cas, et ont un rapport de performance d’au plus 1 4+ 1/n
dans les autres cas, ou n est la longueur du cycle. Notre résultat principal est un
algorithme avec ratio de performance d’au plus 4/3 + € pour des graphes d’hexagones
avec contraintes co-site et inter-site.

Acknowledgments: Research supported in part by NSERC, Canada.
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1 Introduction

The demand for wireless telephony and other services has been growing dramatically over
the last decade. As a result of this, radio spectrum resources are scarce, and their efficient
use becomes of critical importance. The cellular concept was proposed as an early solution
to the problem of spectrum congestion. By dividing the service area into small coverage
areas called cells served by low power transmitters, it became possible to reuse the same
frequencies in different cells, provided they are far enough apart. With growing demand,
it is necessary to perform this reuse as efficiently as possible, while ensuring that radio
interference is at acceptable levels.

Cellular networks are generally modeled as node-weighted graphs, where the nodes rep-
resent the cells, and the edges represent the possibility of radio frequency interference.
The weight on a node represents the number of calls originating in the cell represented
by the node. The base station in a cell must assign frequency channels to each call origi-
nating in the cell. However, this assignment of channels must satisfy certain interference
constraints. In particular, channels that are too close together may interfere with each
other when they are assigned to calls that originate in the same or adjacent cells. These
interference constraints can be represented by a set of integers ¢g > ¢; > c¢o, ..., where ¢; is
the minimum separation required between two channels assigned to calls in cells that are
distance ¢ apart in the network. The parameter ¢y which is the minimum gap between two
channels assigned to the same cell is called the co-site constraint and the other constraints
are called inter-site constraints. In order to optimize the use of the spectrum, the objective
of the channel assignment algorithm is to minimize the span of the assignment, that is, the
difference between the largest numbered channel used and the smallest channel used.

When ¢y = ¢; =1, and ¢; = 0 for all ¢ > 1, the problem reduces to the multicoloring
problem, which has been widely studied. The problem is NP-hard for many classes of
graphs, including the so-called hexagon graphs, which have traditionally been used to
represent cellular networks [MR97]. Hexagon graphs are subgraphs of the triangular lattice
(see Figure 1). They are particularly relevant to channel assignment, since they represent a
regular cellular layout where the cells are hexagonal, and interference only occurs between
neighboring cells. Optimal solutions for this restricted channel assignment problem are
possible for some classes of graphs including complete graphs, bipartite graphs, odd cycles,
and outerplanar graphs [NS97]. When the chromatic number of the underlying graph
is k, an approximation algorithm with a performance ratio of k£/2 has been shown [JK95].
For hexagon graphs, approximation algorithms with performance ratio of 4/3 are known
[NS97, MR97|. For the case ¢o = ¢; = ca = 1, and ¢; = 0 for all i > 2, an approximation
algorithm with performance ratio 7/3 is given in [FS98].

In this paper, we study the more general case cg > ¢; and ¢; = 0 for all ¢ > 1. Thus
channels assigned to the same cell must differ by at least ¢y and those assigned to adjacent
cells must differ by at least ¢;. For the case ¢; = 1, Schabanel et al. [SUZ97] give a 4/3
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Figure 1: A hexagon graph and a 3-coloring of the nodes of the graph. The hexagonal area
around each node represents the calling area it serves.

approximation algorithm for hexagon graphs. For arbitrary ¢y and ¢, a tight bound for
cliques was given by Gamst [Gam86], and an optimal algorithm for bipartite graphs was
given by Gerke [Ger99].

We give the first known algorithms with provable performance guarantees for channel
assignment with arbitrary constraints in odd cycles and hexagon graphs. The performance
of our algorithms is evaluated using known lower bounds based on the maximum weight on a
node, the total weight and the maximal number of nodes that can receive the same channel,
or the weights on a clique and their distribution. We first show six simple algorithms for
bipartite graphs, odd cycles, and 3-colorable graphs. Using these as building blocks, we
derive an optimal algorithm for odd cycles when ¢y > %cl, where n is the length of the
cycle. For the case where ¢y < %cl we give near-optimal algorithms with performance

ratio at most 1 + ﬁ

For hexagon graphs, we give approximation algorithms with performance ratio at most
4/3, when ¢ < ¢y < 2¢1, and 9¢1/4 < ¢y < 3c;. For the intermediate case 2¢; < ¢y < 9¢1 /4,
the performance ratio of the algorithm is less than 4/3+1/100. There is a straightforward
optimal algorithm for hexagon graphs when ¢y > 3cqy. Thus for arbitrary co-site and inter-
site constraints, our algorithms nearly match the performance of the best known algorithm
for the case when co-site and inter-site constraints are both exactly equal to 1.

The rest of the paper is organized as follows. We define the problem formally in Sec-
tion 2. We give simple (but not necessarily optimal) algorithms for channel assignment in
bipartite graphs, odd cycles, and hexagon graphs in Section 3. Near-optimal algorithms
for odd cycles are given in Section 4 and approximation algorithms for hexagon graphs are
then given in Section 5.
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2 Preliminaries

For the basic definitions of graph theory we refer to [BM76]. A stable set in a graph is a
set of nodes of which no pair is adjacent. A clique in a graph is a set of nodes of which
every pair is adjacent.

A constrained graph G = (V, E,cg,c1) is a graph G = (V, E) and positive integer
parameters ¢y and c; representing the reuse differences prescribed between pairs of channels
assigned to the same node and adjacent nodes, respectively. A constrained, weighted
graph is a pair (G, w) where G is a constrained graph and w is a positive integral weight
vector indexed by the nodes of G. The component of w corresponding to node u is denoted
by w(u) and called the weight of node u. The weight of node u represents the number of
calls to be serviced at node u. We use Wyq, to denote maz{w(v) | v € V} and wp, to
denote the corresponding minimum weight of any node in the graph.

A channel assignment for a constrained, weighted graph (G, w) where G = (V, E, ¢p, ¢1)
is an assignment f of sets of non-negative integers (which will represent the channels) to
the nodes of G which satisfies the conditions:

[f (w)] = w(u) (ueV),
i€ f(uwandje fv)=li—jl=a ((u,v)€E u#v),
ihwje fluandi#j=|i—jl>co (ueV).

The span S(f) of a channel assignment f of a constrained weighted graph is the
difference between the lowest and the highest channel assigned by f, in other words,
S(f) = max f(V) — min f(V), where f(V) = U,ey f(u). The span S(G,w) of a con-
strained, weighted graph G and a positive integer vector w indexed by the nodes of G
is the minimum span of any channel assignment for (G,w). We use x(G,w) to denote
the minimal number of channels needed for an assignment of the weighted, unconstrained
graph G. Note that x((V, E, co,c1),w) = S((V, E,1,1),w) + 1, where the additive term is
due to the fact that k consecutive channels have a span of k — 1.

A channel assignment f is said to be optimal for a weighted constrained graph G if
S(f) = S(G,w)+©(1). Here we consider the span to be a function of the weights and the
size of the graph, so the ©(1) term can include terms that depend on the constraints ¢y and
c1. An approximation algorithm for channel assignment has performance ratio £ when the
span of the assignment produced by the algorithm on (G, w) is at most £S(G,w) + O(1).

The following lower bounds will be used to evaluate our algorithms and calculate the
performance ratio. The first bound derives from the fact that any two channels on the
same node must be at least ¢y apart. The next two bounds are based on weights and their
distribution on cliques in the graph, and are derived from a bound for cliques given by
Gamst [Gam86]. The last two bounds use the fact that, because of the inter-site constraint,
all nodes that receive channels from any particular channel interval of length ¢; must form
a stable set.
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Theorem 2.1 (Known lower bounds) Let G = (V,E,cp,c1) be a constrained graph,
and w € ZK a weight vector for G. Then

S(G,w) > coWmaz — Co (1)
S(G,w) > max{cow(u) + (2¢1 — co)w(v)|(u,v) € E} — ¢ when cg < 2¢1 (2)
S(G,w) > max{cow(u) + (2¢1 — co)(w(v) +w(t))| {u,v,t} a clique} — co
when ¢y < 2¢1 (3)
S(G,w) > cmaz{w(u) +w(v) +w(t)|{u,v,t} a cliqgue} —c1 (4)
S(G,w) > n2i11 Z w(v) — 1 when G is an odd cycle of length n (5)
veV

3 Basic algorithms for channel assignment

In this section, we provide six simple algorithms for channel assignment in specific situa-
tions. The first two, Algorithms A and B, are optimal algorithms for bipartite graphs for
the cases cg > 2c¢; and ¢1 < ¢g < 2c¢; respectively. Note that essentially the same algo-
rithms are given and proved to be exactly optimal (without a constant additive term) in
[Ger99]. We give them here for completeness, as we use these algorithms to prove further
results in the next section. Also, our exposition is simpler as we ignore constant additive
terms in our definition of optimality.

Algorithms C and D both perform channel assignment for odd cycles. Neither of these
algorithms is optimal, but we use them in the next section in combination with other
algorithms to obtain optimal and near-optimal bounds for odd cycles. It is easy to check
that all the algorithms given in this section have linear-time implementations.

Algorithms E and F are for 3-colorable graphs. While Algorithm E’s performance
is always at least as good as that of Algorithm F, the latter has some room for channel
borrowing. Thus when used in combination with other algorithms, it can have an advantage
over Algorithm E. We will use these two algorithms combined with modification techniques
and with the algorithms for bipartite graphs, to derive near-optimal algorithms for hexagon
graphs.

Algorithm A (for bipartite graphs when ¢y > 2¢)

Let G = (V, E, cg, c1) be a constrained bipartite graph of n nodes, where ¢y > 2¢; and w an
arbitrary weight vector. Let each node be colored red or green according to the bipartition.
Red nodes use as many colors as necessary from the set 0, cg, 2co, . . . , (Wmae — 1)co. Green
nodes use as many colors as necessary from the set ¢1,¢co + c1, ... , (Wmaz — 1)co +c1. Tt is
easy to see that the span of the assignment is no more than cowpmqz — C1-
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Algorithm B (for bipartite graphs when ¢; < ¢y < 2¢;)

Let G = (V, E,cg,c1) be a constrained bipartite graph of n nodes, where ¢; < ¢y < 2¢4,
and w an arbitrary weight vector. Let each node be colored red or green according to the
bipartition.

Given a node v, define p(v) = maz{w(u) | (u,v) € E}. The general idea is that red
nodes always get channels starting from 0 and the green nodes get channels starting from
c1. If a node has demand greater than any of its neighbors then it initially gets some
channels that are 2¢; apart (in order to allow interspersing the channels of its neighbors)
and the remaining distance ¢y apart. More precisely, we consider the following cases:

w(v) > p(v) and v red: Assign the channels {0,2cq,...,2p(v)er} U {2p(v)er + co,- ..,
2p(v)er + (w(v) — p(v) — 1)cp}. The span of the channels assigned to such a node is
p(v)(2¢1 — o) + w(v)cy — co.

w(v) > p(v) and v green: Assign the channels {c1,3c1,...,(2p(v) — 1)e1} U {(2p(v) —
1)er +coy..., (2p(v) — 1)er + (w(v) — p(v))co}. The span of the channels assigned to
such a node is p(v)(2¢1 — ¢) + w(v)cy — 1.

w(v) < p(v) and v red: Assign the channels {0, 2¢c1, ..., (w(v) — 1)2¢1 }.

w(v) < p(v) and v green: Assign the channels {c1,3cy, ..., (2w(v) — 1)1 }.

It is not difficult to see that the span of the assignment above is at most max(, )eE
{cow(u) + (2¢1 — co)w(v)} (see [Ger99] for a complete explanation).

Algorithm C (for odd cycles)

Let G = (V, E, g, c1) be a constrained cycle of n nodes, where n > 3 is odd, and w be an
arbitrary weight vector. Fix ¢ = max{cp,ca} where co = 2ncy/(n — 1). For convenience,
the nodes of the cycle are {1,...n}, numbered in cyclic order, where node 1 is a node of
maximum weight in the cycle.

The algorithm is based on an initial basic assignment of one channel per node. Addi-
tional channels are then given to each node by adding the appropriate number of multiples
of ¢ to the basic assigned channel of the node. The basic assignment uses a spectrum [0, ¢].
Initially, it will proceed by assigning the channel obtained by adding ¢; (modulo ¢) to the
previously assigned channel to the next node in the cycle. At a certain point, it will switch
to an alternating assignment.

More precisely, let m > 1 be the smallest odd integer such that ¢ > %cl. Since ¢ > co,
a value of m < n satisfying this must exist, and m is well-defined. Note that the definition

of m implies that ¢ < %cl. Let b be the basic assignment assigned as follows:

(i —1)cg mod ¢ when 1 <i <m,
b(i)=4¢ 0 when ¢ > m and 7 is even,
(m —1)c; mod ¢ when ¢ > m and 7 is odd.
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To each node 7, the algorithm assigns the channels b(i) + jc, where 7 =0,...,w(i) — 1.

0,10 0,9

6,16 414 413 18,4

2,12 8,18 9,18 13,0

Figure 2: Channel assignments by Algorithms C (left) and D (right) on a 5-cycle where all
nodes have weight 2 and (co,c1) = (9,4).

See Figure 2 for an example of channel assignment using Algorithm C on a cycle of 5
nodes, where each node has weight 2, and ¢y = 9, ¢; = 4. It can be verified that m =5 in
this case.

Correctness: Any two channels assigned to the same node differ by at most ¢, and
¢ > c¢g, so the co-site constraint is satisfied.

Consider two channels v and -y, assigned, respectively, to consecutive nodes ¢ and i+ 1.
If i < m, then ;3 —v2 = ¢; mod c. If 7 and 7, differ by less than ¢, then |y; — 72| equals
cporc—cy. Now ¢ > ¢y > 2¢1, so ¢ — ¢ > ¢1, and the inter-site constraint is respected in
this case.

If ¢ > m, then, without loss of generality, b(i) = 0 and b(i + 1) = (m — 1)c;. So
|v1 — v2| = min{b(i + 1),c — b(i + 1)}. From the definition of m, it follows that (m —

2)er > mT_?)c and mec; < mT_lc, so the largest multiple of ¢ smaller than (m — 1)c¢; is

m=3c. Therefore, b(i + 1) = (m — 1)e1 — Z53¢ > (m — 1)ey — (m — 2)e; = ¢; and
c—b(i+1) = m2—10 —(m —1)er > mep — (m — 1)ep = ¢ (see Figure 3). So in this case
also, the inter-site constraint is respected.

Span of the assignment: The span of the channel assignment described here is at most
Wazmaz{cy, ca} where co = 2ncy/(n —1)).

(m-3)c (m-1)c
2

(m-2)c1 (m-1)c 1 mc;

Figure 3: Why there is no conflict between nodes b(7) and b(i + 1) for ¢ > m
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Algorithm D (for odd cycles)

Let G = (V, E,cg,c1) be a constrained cycle of n nodes, where n > 3 is odd, and w be an
arbitrary weight vector. We state the following fact about x (G, w).

Fact 3.1 For G an odd cycle of n nodes,

X(G,w) = maz{2X,cyw(v)/(n — 1), maz{w(u) + w(v)| (u,v) € E}}.

This algorithm is a straightforward adaptation of the optimal algorithm for multicolor-
ing an odd cycle (without constraints) given in [NS97].

Fix ¢ = maxz{co,2¢c1}, and w > maz{x(G,w), 2wmas}. We use the spectrum [0,...,
c[w/2]], and describe a fixed sequence of channels to be used from this spectrum in that
order by the multicoloring algorithm. The sequence is:

w w
(0,¢,2¢, ... ,((51 —1e,er, e+, 2c+c, . a(LEJ —1ec+a)

It is straightforward to verify that there are exactly w channels in this sequence. We
now proceed as for multicoloring, using the sequence given here to assign channels rather
than a continuous part of the spectrum.

Precisely, let k be the smallest integer such that E?f{lw(i) < kw. Nodes 1 through 2k
are assigned contiguous channels in a cyclic manner from the spectrum given. Specifically,
for 1 < j < 2k, node j is assigned the ¢-th through m-th channel of the spectrum, where
¢ =1+ 7" w() and m = 37_ w(i). This assignment is done cyclically, so if £ > m,
then the channels ‘wrap around’ from the /-th channel to the end of the spectrum, and
back from the beginning of the spectrum to the m-th channel. The assignment for nodes
2k + 1 through 2m + 1 is based on their parity; for 2k +1 < i < 2m+ 1, node 7 is assigned
the first w(i) channels of the spectrum if ¢ is even, or the last w(i) channels if ¢ is odd.

See Figure 2 for an example of channel assignment using Algorithm D on a cycle of
5 nodes, where each node has weight 2, and ¢y =9, ¢; = 4. In this case, w is chosen to be
its smallest possible value, which is 5. The reader can verify that the sequence of channels
to be used is (0,9, 18,4, 13).

Correctness: First, we have to show that an integer k£ that satisfies the condition always
exists. Suppose instead that $2* 1w (i) > kw for all k. Then, for k = (n—1)/2 in particular,
we have that X" w(i) > 2w > x(G,w), a contradiction with Fact 3.1.

It is easy to see that any two consecutive members of the sequence have channels that
are at least ¢y apart. Further, since wp,., < w/2, any subsequence of length at most w/2
from the above sequence has the property that any pair of colors is at least ¢y apart, so
there can never be conflict between two colors assigned to the same node due to “wrapping
around” the spectrum. Thus the co-site constraint is always respected.



Les Cahiers du GERAD G-2000-11 8

Since any pair of channels in the sequence has a difference of at least c¢1, the inter-site
constraint can only be violated if neighboring nodes are assigned the same channels. For
nodes 1 through 2k and 2k 4+ 1 through n this does not happen because the spectrum
contains more than w(i) + w(i + 1) channels for any i. There is also no conflict between
node 2k and 2k + 1: the last channel from the spectrum assigned to node 2k is channel
no. 322 w(i) — (k- 1)w. Since 2k +1 is odd, the lowest channel assigned to node 2k + 1 is
channel no. (w —w(2k + 1)). The rest follows from the definition of k. Finally, there is no
conflict between node n and node 1 because n is odd, so node n receives the last channels
from the spectrum, whereas node 1 is assigned the first channels.

Span of the assignment: The span of the assignment is no more than max{cy, 2¢; } [w/2]
where w is any integer which is at least maz{2wmaz, x (G, w)}.

Algorithm E (for 3-colorable graphs)

Let G = (V, E,co,c1) be a 3-colorable graph, and w be an arbitrary weight vector. Fix
¢ = max{3c1, o}

This algorithm uses a coloring of the nodes of the graph with colors red, blue and green.
It assigns at most wy,q; channels to each node. For ¢ =0, ..., wpye: — 1, the channels ic are
reserved for red nodes, the channels ic + ¢; are reserved for green nodes, and the channels
ic + 2¢; are reserved for blue nodes. Each node v is assigned w(v) channels from its own
reserved sets of channels.

Correctness: Since any two assigned channels have a separation of ¢; or ¢ — ¢1 > ¢,
the inter-site constraints are respected. Any two channels assigned to the same node have
a separation of ¢ > ¢, so the co-site constraint is respected as well.

Span of the assignment: This algorithm produces an assignment of span at most cwyqz —
c1 = maz{3c1, co}Wmaz — C1.

Algorithm F (for 3-colorable graphs)

Let G = (V, E,cp,c1) be a 3-colorable graph, and w be an arbitrary weight vector. Fix
¢ =mazx{cy,co/2} and T > 3wmay-

We use a spectrum of 7' channels, with consecutive channels separated by ¢, where
channels reserved for different colors are interspersed. (This alternation of channels was
first used in [SUZ97].) We assume for ease of explanation that 7' is a multiple of 6.
Precisely, the red channels consist of a first set Ry = [0, 2c, ..., (T/3 — 2)c] and a second
set Ro = [(T/3 + 1)c + co,(T/3 4+ 3)c + co,...,(2T/3 — 1)c + cp]. The blue channels
consist of first set By = [(T/3)c+ co, (T/3 +2)c+ co, ..., (2T/3 — 2)c + ¢p] and second set
By = [(2T/3 4+ 1)c + 2¢o, (2T/3 4 3)c + 2¢o, ..., (T — 1)c + 2¢o], and the green channels
consist of first set G1 = [(27'/3)c + 2¢o, (2T/3 + 2)c + 2c, . .., (T — 2)c + 2¢p] and second
set Gy = [¢,3¢,...,(T/3 —1)c|. Thus, we can think of the spectrum as being divided into
three parts, each containing 7'/3 channels (with a gap of at least ¢y between the parts).



Les Cahiers du GERAD G-2000-11 9

The first part of the spectrum consists of alternating channels from R; and Ga, the second
part has alternating channels from Ry and Bj, and the third part has alternating channels
from G and Bs.

Each node v is assigned w(v) channels from those of its color class, where the first set
is exhausted before starting on the second set, and lowest numbered channels are always
used first within each set.

Correctness: Any two assigned channels have separation at least ¢ > ¢1, so the inter-
site constraint is satisfied. Any two channels within the two channel sets of a color are
separated by at least 2¢ > c¢g, so the co-site constraint is satisfied.

Span of the assignment: The span equals ¢T' + 2¢og = max{cy,co/2}T + 2¢o, where T is
at least 3wmqz-

4 Near-optimal algorithms for odd cycles

In this section, we will describe how variations and combinations of the algorithms de-
scribed in Section 3 can be used to derive optimal and near-optimal algorithms for channel
assignment in odd cycles. As stated earlier, optimal algorithms for channel assignment in
even cycles were given in [Ger99]. We deal with the cases ¢y > c2, 2¢1 < ¢y < ¢2, and
co < 2cp separately. In the first case, we give an optimal algorithm, and in the second
and third cases, approximation algorithms with performance ratio 1+1/nor 1+1/(n—1)
respectively (n is the length of the cycle).

Theorem 4.1 For any ¢y > ¢ = 2nc1/(n—1), G = (V,E,co,c1) a constrained odd cycle
of length n, and w an arbitrary weight vector, there is a linear time optimal algorithm for
channel assignment in (G, w).

Proof:  Since ¢y > ¢o, Algorithm C gives an assignment using cowymq, channels, and it
follows from lower bound (1) of Theorem 2.1 that it is optimal. O

Theorem 4.2 For any 2¢; < ¢y < ca =2nc1/(n—1), G = (V,E,cp,c1) a constrained odd
cycle of length n, and w an arbitrary weight vector, there is a linear time approximation
algorithm for channel assignment in (G,w) that has performance ratio 1 + 1/n where n is
the number of nodes in the cycle.

Proof: Compute § = Xycyw(v) — (n — Dwpmas- If 6 <0, it follows as a consequence of
Fact 3.1 that x(G, w) < 2wiee. Therefore, we use Algorithm D with spectrum [0, cowmqz]-
The span is at most cowyqz, which is within a constant of lower bound (1) of Theorem 2.1,
so the assignment is optimal.

If instead § > 0, we combine Algorithm C' with either Algorithm A or D to derive an
assignment. Denote by fi the assignment computed by Algorithm C for (G,w’) where
w'(v) = min{w(v),d}. This assignment has span at most c20.
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We consider the remaining weight w after this assignment. Clearly Wmez = Wimae — 0.
We will denote by f2 the assignment for (G,w), and compute it in two different ways
depending on a key property of w. If there is a node v with w(v) = 0 at this stage, we have
a bipartite graph left. Then fs is the assignment computed by Algorithm A for (G,w).
This assignment has a span of coWqaz-

If all nodes have non-zero weight, then ¥,cyw(v) = Eyeyw(v) —nd. We claim that
Winaz = 2weyvwW(v)/(n — 1) = x(G,w)/2, as shown below:

SoevW(v) = Speyw(v) —nd
(n — 1)( NWmax — vEVw(v»
= (n—1)Wmna

Thus, we can use Algorithm D (using w = 2Wyq,) to compute fa, the assignment for
(G,w). Note that this also has span cow/2 = coWpay. Thus in either case, fo has span at
most coWmaz-

The final assignment computed for (G, w) is as follows: for any node v, f(v) = fi(v) U
{y+c20+co |y € fa(v)}. This is a valid assignment, since every channel derived from the
assignment f» has a difference of at least ¢y from the highest channel assigned by fi. The
span of the assignment is c2d + coWmaz + Co- SINCE Wingr = Wmaz — 0, the span is at most
(ca — )0 + coWmaz + co. It follows as a consequence of lower bound (1) of Theorem 2.1
that this is at most S(G,w) + (c2 — ¢p)d + O(1). However, 0 < X,cpyw(v)/n. If not, then
we have Y,cyw(v) > Nwpaz, a contradiction. Substituting the values of ¢ — ¢y and the
upper bound on 4, we obtain (c2 — ¢p)d < (2¢1/(n — 1))Xyevw(v)/n, which in turn is
at most S(G,w)/n + ©(1) as a consequence of lower bound (5). Thus the algorithm has
performance ratio 1 4+ 1/n as claimed. O

Theorem 4.3 For anycy < 2¢1, G = (V, E, co, 1) a constrained odd cycle of length n, and
w an arbitrary weight vector, there is a linear time approximation algorithm for channel
assignment in (G,w) that has performance ratio 1 + 1/(n — 1) where n is the number of
nodes in the cycle.

Proof: In this case, we combine Algorithms C and B in the following manner. Denote
by f1 the assignment computed by Algorithm C for (G, w’) where w'(v) = W, for every
node v. Denote by fo the assignment computed by Algorithm B for (G, w”) where w” (v) =
w(v) — Winin.

Let L = maz{cow(u) + (2¢1 — co)w(v)| (u,v) € E}, the lower bound (2) given by
Theorem 2.1 for S(G,w). Algorithm B for (G,w") produces an assignment of span
maz{cow” (u) + (2¢1 — co)w” (v)| (u,v) € E}, which equals L — 2¢1Wpmin.

The final assignment for (G,w) is as follows: for any node v, f(v) = fi(v) U {y +
CoWmin + ¢o | ¥y € fa(v)}. The span of this assignment is cowpmin + L — 2¢1Wpin + co =
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L+ 2ciwpmin/(n—1)4+co < L(1+1/(n—1)) +©(1). It follows from lower bound (2) that
the algorithm has performance ratio 1 4+ 1/(n — 1) as claimed. O

The results of this section are summarized in Table 1.

c1 <cop<2c | 201 <cg<2nci/(n—1) | co>2nc/(n—1)
Perf. Ratio | 1 +1/(n—1) 1+1/n 1

Table 1: Upper bounds on performance ratio on odd cycles for different values of ¢g and ¢ .

5 Approximation algorithms for hexagon graphs

In this section, we describe approximation algorithms for channel assignment with con-
straints in hexagon graphs. The algorithms we describe use a standard 3-coloring of
hexagon graphs, which gives a partition of the nodes into red, blue, and green nodes
(see Figure 1). The first two theorems are based on Algorithm E and give results for the
cases cg > 3c1, where the algorithms is optimal, and for ¢; < ¢y < 3c¢;. The last two theo-
rems use a combination of the algorithms given in Section 3 with additional modifications,
and deal with the cases where 2¢1 < ¢y < (9/4)c; and ¢1 < ¢y < 2¢y, respectively.

Theorem 5.1 For any ¢y > 3c1, G = (V,E,co,c1) a constrained hexagon graph, and w
an arbitrary weight vector, there is an optimal linear time approximation algorithm for
channel assignment in (G, w).

Proof:  Since ¢y > 3¢y, Algorithm E gives an assignment of span at most cowyqae, and
it follows from lower bound (1) of Theorem 2.1 that this is an optimal assignment. O

Theorem 5.2 For any ¢ < c¢g < 3c1, G = (V, E, cp,c1) a constrained hexagon graph, and
w an arbitrary weight vector, there is a linear time approximation algorithm for channel
assignment in (G,w) that has performance ratio 3ci/co.

Proof:  Since 3c¢; > ¢, Algorithm E gives an assignment of span at most 3ciwmqz. By
lower bound (1), S(G,w) > coWmaz — Co, S0 this span is at most (3¢1/co)S(G,w) + O(1),
as claimed. O

Note that when ¢y > (9/4)c1, the performance ratio of the above algorithm is at most
4/3. In the following two theorems, we give algorithms that improve on the performance
ratio given in Theorem 5.2 for values of ¢y < (9/4)c;.

The two remaining algorithms in this section use the same type of strategy. First, each
node is assigned enough channels from those assigned to its color class to guarantee that
there are no triangles left in the graph. Next, each node borrows any available channels of
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a designated borrowing color. The resulting graph is then shown to be a bipartite graph,
for which an optimal channel assignment is found. (This general approach was first used
for multicoloring of hexagon graphs in [NS97] and [MR97].) The algorithms differ in the
initial separation of channels into different color classes. The algorithm of Theorem 5.4
uses an additional technique of squeezing channels when possible. Both borrowing and
squeezing make use of already assigned parts of the spectrum, and thus do not add to the
total span of the assignment.

In the following, let D represent the maximum weight of any maximal clique (edge or
triangle) in the graph. It follows from lower bound (4) of Theorem 2.1 that S(G,w) >
c1D — ¢1. For ease of explanation, we assume that D is a multiple of 6; it is easy to verify
that a more careful consideration would only add a constant additive term to the span of
the assignment.

We define a corner node to be a node which has at least two neighbors of the same
color class, and no neighbors of the remaining third color class. Based on the color of the
corner node itself and the color of its 2 or 3 neighbors, we can identify six types of corner
nodes (see Figure 4). Furthermore, we fix the designated borrowing colors as follows. For
red, the borrowing color is blue, for blue it is green, and for green, it is red.

b r g
b r
% ~< 9{
b r g
g b '
g b r
g b '

Figure 4: The orientations of corner nodes. After the borrowing phase, corner nodes of

the type in the second row drop out.

Theorem 5.3 For any 2¢; < ¢g < (9/4)c1, G = (V, E,co,c1) a constrained hexagon
graph, and w an arbitrary weight vector, there is a linear time approrimation algorithm

: . : -2 9c1—4
for channel assignment in (G, w) that has performance ratio 1 4+ 3< - €4 01301 <0
Proof:  The algorithm proceeds in four phases. The first two phases assign a total of

D channels, partly according to Algorithm E (Phase 1) and partly according to Algorithm
F (Phase 2). The next phase is a borrowing phase in which nodes borrow any available
channels of the borrowing color, i.e. any channels that are unused by all of its neighbors
of the borrowing color. The resulting graph is shown to be a bipartite graph, for which an
assignment is found in Phase 4 using Algorithm A.
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Phase 1: If D > w4z, use Algorithm E on (G, w') where w'(v) = min{w(v), D —2wmaq }-
In this case, ¢ = 3¢y, so the span of the assignment is at most (D — 2wyq4)3¢1 — €.
If D < 2wy, skip this phase, and take w’(v) = 0 for all v. The span needed for
this phase is no more than max{0, D — 2wz }3c1.

Phase 2: Let T' = min{2wmaz, 6Wmaer —2D}. Use Algorithm F on (G, w”), where w” (v) =
min{w(v) — w'(v),T/3}, taking T as defined.
Note that in this case, ¢ = ¢y/2, so the span of the assignment is min{2wmaz, (6Wmaz—
2D)}Co/2 + 2c¢g.
We claim that after this phase, there are no triangles left in the resulting graph.
This is because maz{0, (D — 2wmagz) } + min{2Wmaz /3, 2Wmaz —2D/3} > D/3, so in
Phases 1 and 2, at least min{w(v), D/3} channels are assigned to each node v. Since
in any triangle, the sum of the weights is at most D, the claim follows.

Phase 3: Any node which has still has unfulfilled demand tries to borrow channels as-
signed in Phase 2 from its neighbors of borrowing color. Precisely, let v be a node
with w(v) > w'(v) + w”(v), and let wp(v) be the maximum number of channels used
during Phase 2 by any neighbor of v of of its borrowing color, so wp(v) is the maxi-
mum of w”(u) over all three neighbors u of v which are of v’s borrowing color. Then
we assign an additional min{w(v) — w'(v) — w"(v),T/3 — wp(v),T/6} channels to
v from the second channel set of the borrowing color of v, starting from the highest
channels in the set. (T = min{2wmaz, 6Wmaer — 2D}, as defined in Phase 2.)
Correctness of this phase: Since any two channels assigned to v in this phase are at
least ¢g apart, and are not from the two of the three parts of the spectrum where
channels were assigned to v in earlier phases, the co-site constraint is respected. Since
only channels unused by any neighbor are used, and all channels are at least ¢; apart,
the inter-site constraint is respected as well. Thus there are no conflicts caused by
the assignment in this phase.

We claim that the resulting graph is bipartite. We show this by arguing that, at
this point, no corner nodes that have neighbors of the non-borrowing color are left.
The argument is only given for red nodes but by symmetry it translates easily into
an analogous argument for blue or green nodes. Recall that for a red node, the
borrowing color is blue.

Let v be a red corner node with at least two green neighbors, that all still survive in
the graph after Phases 1 and 2. Let a = w(v) — (w'(v) + w”(v)), and assume that
a > 0. It suffices to show that v can borrow « channels in Phase 3. In other words,
we need to show that a < min{T'/3 —wp(v),T/6}.

Node v has at least two green neighbors of initial weight greater than D/3, so any
triangle that includes v also includes a green node of weight greater than D/3. It
follows that any blue neighbor u of v has initial weight w(u) < D — D/3 — w(v).
For any blue neighbor u with w”(u) > 0, w"(u) = w(u) — w'(u) < 2D/3 — w(v) —
maz{0, (D — 2wmaz)}. I D < 2wpgq, then T = 2wy, and o = w(v) — T/3, so
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w”(u) <2D/3 — w(v) < AWz /3 — w(v) =T/3 — a. Also, a < wpae —T/3 =T/6.
If instead D > 2wpqz, then T = 6wpe, — 2D and o = w(v) — D/3, so w"(u) <
2D/3 — w(v) — (D — 2Wiaz) = T/3 — a Also, since w(v) — (D — 2wpmar + T/3) <
3Wmar — D —T/3=T/2—T/3, we have that a < T'/6.

Therefore, in both cases wp(v) < T/3 — a and @ < min{T/3 — wp(v),T/6} as
required. Since node v could borrow at least a colors in Phase 2, its demand is
completely fulfilled after the first three phases.

An analogous argument for the blue and green corner nodes shows that all corner
nodes with at least two neighbors from their non-borrowing color receive enough
channels and drop out before this phase. Since all the remaining corner nodes have
the same “orientation” (see Figure 4), there can be no cycles in the graph.

Phase 4: Let w denote the weight left on the nodes after the assignments of the first
three phases. Use Algorithm A to find an assignment for (G,w), which has a span
of coWmaz-

The assignments of all four phases are then combined without causing conflicts, in the
same way as in the theorems for odd cycles. Note that the assignment of Phase 3 does not
add to the span. If D > 2wpaq, then T = 6wpar — 2D and Wiae < Winee — D /3. So the
final assignment has span (3D — 6wpaz)c1 + (6Wimaz — 2D)co/2 4+ co(Wmar — D/3) +O(1) =
(460 - Gcl)wmaw + (361 - 400/3)D + @(1)

If D < 2wz, then Phase 1 is skipped, and in Phase 2 each node of maximum weight
receives T'/3 = 2Wyq,/3 channels. So in this case, Wiz < Winaz —T/3 = Wmaz/3, and the
final assignment has span at most (2wpaz)co/24 co(Wmaz/3) +O(1) = (4/3)cowmaz +O(1).
The result then follows from the lower bounds (1) and (4) of Theorem 2.1, and the fact
that 400;()661 + 3017300/3 > 4/3 when 2¢1 < ¢g < (9/4)cy.

|

The above theorem yields an algorithm with performance ratio that is always less than
4/3 +1/100. In particular, the maximum value of the performance ratio is reached when
co/c1 = 3/v/2. When ¢y = 2¢; or cg = 9c1 /4, the performance ratio is exactly 4/3.

Theorem 5.4 For any ¢y < 2¢1, G = (V,E,cp,c1) a constrained hexagon graph, and
w an arbitrary weight vector, there is a linear time approximation algorithm for channel
assignment in (G,w) that has performance ratio 4/3.

Proof: The algorithm consists of four phases. First Algorithm F is used with a spectrum
of D channels. In Phase 2, nodes try to borrow available channels of the borrowing color. In
the next phase, some of the channels assigned are “squeezed” closer together where possible
to accommodate more channels. The remaining graph is then bipartite, and Algorithm B
is used. The precise description of the phases follows. In the following, let

L = maz{cow(u) + (2¢1 — cp)(w(v) + w(r))| {u,v,r} a triangle},



Les Cahiers du GERAD G-2000-11 15

and let T' be the smallest multiple of 6 larger than maz{L, Dc;}/c;. It follows from lower
bounds (2) and (4) of Theorem 2.1 that T'c; — O(1) is a lower bound for the span of any
assignment.

Phase 1: Use Algorithm F on (G,w’) where w'(v) = min{w(v),T/3} and T is defined
above. In this case, ¢ = ¢;, so the span of the assignment is T'c;.

Phase 2: Any node v of weight greater than 7'/3 borrows min{w(v)—T/3,T/3—wp(v), T/6}
channels from the borrowing color set where wg(v) is the maximum weight of any
neighbor of v of the borrowing color of v. The channels assigned in this phase are
taken only from the second channels set of the borrowing color, and start with the
highest channels. The correctness of this phase follows from the fact that only chan-
nels unused by neighbors are used, and all channels are at least ¢y apart from each
other, and at least ¢; apart from any neighbor.

Phase 3: Any remaining node for which all neighbors of its borrowing color have used less
than 7'/6 channels from their first color set, will squeeze their assigned channels from
their second set as much as possible. Precisely, let v be a red node with weight more
than T'/3, such that each of its blue neighbors has weight at most 7'/6. Then replace
the last T'/6 —wp(v) channels from Ry by min{w(v)—T/3—wp(v), %(T/G—wg(v))}
channels with separation ¢q which fill the part (of length 2(7/6 — wg(v))c1) of the
spectrum occupied by the last 7'/6 — wp(v) channels of Rs.

For example, let T' = 24, ¢g = 3, and ¢; = 2. Suppose v is a red corner node with at
least two green neighbors, where w(v) = 13 and let wg(v) = 1. In Phase 1, v received
the channels 21, 25,29, 33 from the set Ry, whereas at least one blue neighbor of v
received the channel 19 from B; and no other channels from B; or Bs were used by
any neighbor of v. Then in Phase 2, v borrows all four blue channels in Bs, and
in Phase 3, squeezes the part of the spectrum [21,33] of Rs to get five channels. In
particular, it uses the channels 21, 24, 27, 30, 33 instead of the four channels mentioned
above. The reader can verify that in this example, co-site and inter-site constraints
are respected.

Correctness of this phase: Since we only squeeze that part of Ry where the inter-
spersed channels of By are not being used, the inter-site constraint is not violated.
Since channels with separation ¢y are used, the co-site constraint is respected. Thus
there are no conflicts caused by the assignment in this phase.

Furthermore, we claim that the resulting graph is bipartite, by showing that, at
this point, no corner nodes with non-zero weight are left that have two or more
neighbors of non-borrowing color. Consider a red corner node v and suppose that
it still has two or more green neighbors. Then node v had initial weight at most
2D/3 < 2T/3, since it has green neighbors of initial weight at least 7'/3 > D/3.
Also, since every triangle that includes v also includes one such green neighbor,
wp(v) <D —w() —T/3 <2T/3 —w(v).

Suppose first that w(v) = T/3 + o with 0 < a < T//6. We then show that v can
borrow « channels in Phase 2. In this case, wp(v) < 27/3 — w(v) = T/3 — «, so
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a <min{T/3 —wp(v),T/6}, as required. So no weight is left on v after Phase 2.
Suppose instead that w(v) = T/2 + «, where 0 < a < T/6, and wp(v) = 17/6 — 3,
where 0 < § < T/6. Then min{w(v)—T/3,T/3—wp(v),T/6} = T/6, so in Phase 2,
node v borrows 7'/6 channels from By. In Phase 3, node v can replace 3 of its
channels from Ry by min{a + £, 20% [} channels with separation ¢g. But

TCl Z L Z cow(v) + (261 - C())(U)B + T/3)
co(T/2+ @) + (2¢1 — c0)(T/2 = B)
= Tecy + cpa — (2¢1 — ¢9) 3,

so a < 2618—3605, and a + (8 < 26% 0, so in Phase 3, 3 channels previously assigned to
v are replaced by a + ( new channels. So v receives T'/3 channels in Phase 1, T/6
channels in Phase 2, and replaces 3 channels by a+ ( channels in Phase 3. Therefore,
the weight left on v after this phase is w(v) — (T/3+T/6 — 5+ (a+ 3)) = 0.

An analogous argument for the blue and green corner nodes shows that all corner
nodes specified in this phase receive enough channels and drop out before this phase.
Since all the remaining corner nodes have the same “orientation” (see Figure 1), there
can be no cycles in the graph.

Phase 4: Let w be the weight vector remaining after Phase 3. We use Algorithm B

to find an assignment for (G,w), which has a span of L' = maz{cyw(u) + (2¢; —
co)w(v)| (u,v) € E}.
The bound L’ may be achieved at either isolated nodes or edges, and we show that
in each case, L' < Tc¢1/3. Let v be a red node which has become isolated after
Phases 1-3. Note that in the following case analysis, w(v) refers to the initial weight
of the node, while w(v) denotes the weight left on v after Phases 1-3. Recall that
wp(v) is the maximum weight on any blue neighbor of v.

wp(v) > T/3: In this case, v could not borrow or squeeze, so the remaining weight
on node v is wW(v) = w(v) — T'/3. Since

Tcy > L cow(v) + (2¢1 — ¢o)wp(v)

>
> cow(v) + coT/3+ (2¢1 — c0)T'/3,

we have that cow(v) < T'c1/3.
T/6 < wp(v) < T/3: In this case, node v could borrow T//3 — wpg(v) channels in the
second phase of Algorithm F, so wW(v) = w(v) —T/3 — (T//3 —wp(v)). Since
Tey > L > cow(v) + (2¢1 — co)wp(v)
= co(w(v) +2T/3 —wp(v)) + (2¢1 — co)wp(v)
= cow(v)+ co(27/3) — (co — c1)(2wp(v))
cow(v) + co(2T/3) — (co — 1)(2T'/3),

v

we have that cow(v) < Ty /3.
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wp(v) < T/6: In this case, node v could borrow 7'/6 channels in the second phase
of Algorithm F, and squeeze a portion of its channels in Phase 2. In Phase 2,
B = T/6 — wp channels from Ry with separation 2c¢; are replaced by %ﬂ
channels with separation ¢g. Therefore, wW(v) = w(v) — (T/3+T/6 + 2610—;606),
and

Tey > L > cow(v) + (2¢1 — co)wp(v)

2c1 — ¢

= co(@(v) + T/2+ =—25) + (21 — co)(T/6 ~ )

= cow(v) +co(T/2) 4+ (2¢1 — co)T'/6

= Cow(’u) + (C() + Cl)T/?)

> cow(v) + (27'/3)c,

so cow(v) < Tey/3.

It remains to show the upper bound on L’ when it is achieved at an edge. Let u and
v be the nodes achieving the maximum for L’. Then

L = Cow(u) + (261 — Co)W(U)
< co(w(u) —=T/3) + (2¢1 — co)(w(v) — T/3)
< L—2Tc/3
S T01/3

The assignments of different phases are then combined without causing conflicts, in
the same way as in the previous theorems, to give a final assignment of span at most
(4/3)T'c; + ©(1). From the definition of T', we have that T'¢c; — ©(1) is a lower bound,
which gives the required performance ratio of 4/3. |

Table 2 below summarizes the results of this section. Note that the given values are
upper bounds; as ¢y approaches 3¢y, the performance ratio approaches 1, and similarly,
the performance ratio approaches 4/3 at both ends of the range 2¢; < ¢y < 9¢; /4.

c1 <cy <2 201<Co<901/4 901/4§Co<361 co > 3¢y
Perf. Ratio /3 473+ 1/100 473 1

Table 2: Upper bounds on performance ratio on hexagon graphs for different values of ¢
and c;.

6 Conclusions

We described new algorithms for channel assignment with arbitrary co-site and inter-site
constraints on odd cycles and hexagon graphs. For odd cycles, our algorithms are optimal
or near-optimal. We conjecture that in the cases where we do not achieve optimality, the
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existing lower bounds for odd cycles are inadequate. For hexagon graphs, for the case
co < 3c1, we give approximation algorithms with performance ratios of at most 4/3 + ¢
(when ¢y > 3¢y, there is a straightforward optimal algorithm). We point out that this
matches the performance ratio of the best known algorithm for multicoloring on hexagon
graphs, for most values in this range, and is only greater by a very small factor for all
values (see Table 2).

Our algorithms are centralized and static algorithms. However, in practice, channel
allocation is a distributed and online task; future work will involve the investigation of
efficient online and distributed algorithms for this problem.
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