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Abstract: It is well known that the mixed linear complementarity problem can be used to model the
equilibrium in energy markets as well as a host of other engineering and economic problems. The binary-
constrained mixed linear complementarity problem is a formulation of the mixed linear complementarity
problem in which some variables are restricted to be binary. This paper presents a novel approach for
solving the binary-constrained mixed linear complementarity problem. First we solve a series of linear
programs that enables us to replace some of the complementarity constraints with linear equations. Then we
solve an equivalent mixed integer linear program formulation of the original binary-constrained mixed linear
complementarity problem (with a smaller number of complementarity constraints) to guarantee a solution
to the problem. Our computational results on a wide range of test problems, including some engineering
examples, demonstrate the usefulness and the effectiveness of this novel approach.

Key Words: Mixed linear complementarity problems, mixed integer linear program, reformulation lineariza-
tion technique, electricity market, linear programs.
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1 Introduction

The discretely-constrained mixed linear complementarity problem (DC-MLCP) is a formulation of the mixed
linear complementarity problem (MLCP) in which some of the variables are restricted to be discrete. The
DC-MLCP has many practical applications. For example, it includes a realistic model of market equilibrium
in electric power markets and for grid based industries [17, 18, 31]. In most of these applications, the
discrete variables are binary and they might for example represent the ON/OFF position of power generators.
Therefore, this paper focuses on DC-MLCP with binary variables, we will call this problem the binary-
constrained mixed linear complementarity problem (BC-MLCP).

More formally, the mathematical formulation of the BC-MLCP is described as follows. Given the vector

1

q= (Z;) € R™ and the matrix A = (Au Alz) e R find (;) € R™ x R™, where ny + ny = n, such

A21 A22
that:
1
0<q"+( A" AH)(;)Lzlzo (1a)
1
0=¢*+( A¥ A%2) ( 22 ) , 2% free, (1b)

where some components of the variable (i; ) are constrained to be binary. z!' and 22 are called the comple-

mentarity and the free variables, respectively.

The DC-MLCP has not been studied widely in the literature. Gabriel et al. [17] proposed a mixed linear
integer programming (MILP) approach in which the complementarity constraints, as well as the integrality
of the discrete variables are relaxed. They showed that their approach was suitable to energy markets. Their
approach has also been successfully used to solve the Nash-Cournot game with application to power markets
[18], and to solve the electricity pool pricing [31].

As opposed to the DC-MLCP, the linear complementarity problem (LCP) has attracted a lot of interest
due to its wide range of applications [10, 6, 7, 2, 38]. Several solution techniques have been proposed in the
literature for the LCP [11, 24, 28]. Most of these techniques (Lemke’s algorithm, Projected Gauss Seidel,
etc.) are iterative algorithms and they make use of linear algebra to solve or approximately solve the LCP,
see [25, 26, 5, 36, 37, 28]. Some of these methods are impressively successful when the matrix A has a
particular structure. The classes of positive semi-definite (PSD) and P matrices are the most interesting of
these classes. For the class of PSD matrices, the LCP always has a solution provided it is feasible i.e. the
linear constraints are consistent, as shown by Cottle et al. [6].

It has been shown that solving an LCP is equivalent to finding a stationary point of a bilinear programming
problem (BPP) [29]. In this case, the LCP has a solution if and only if there is a global solution to the
corresponding BPP with optimal value equal to zero. However, the BPP is an NP-hard problem. Therefore
using global optimization techniques for the BPP in the case of the LCP will not make the problem less hard.
Al-Khayyal [1], Judice and Faustino [22], and Judice [23] have solved the LCP using an equivalent quadratic
programming formulation.

In this paper, we propose a new solution method for the BC-MLCP. Our method consists of three
components. Firstly, we implement a bound refinement procedure to tighten the upper bounds of the com-
plementarity variables. Secondly, we consider the RLT relaxation of the complementarity constraints and
solve a series of LPs that enables us to replace some of these constraints with linear equations. We present
theoretical results to show that we do not lose any point that satisfies the BC-MLCP constraints. Finally,
we have a third component to our algorithm which ensures that it always finds a solution that satisfies all
the constraints of the BC-MLCP. This is the approach proposed by Sherali et al. [34] for LCPs. It consists
of solving an MILP that is equivalent to the BC-MLCP. We validate our proposed solution method on some
1400 test instances that include well known engineering applications.

The rest of this paper is organized as follows. In Section 2, we present the different reformulations of the
problem that the reader will encounter in this paper. We review the relevant literature in Section 3. The
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description of our proposed solution approach is presented in Section 4 and the computational experience is
discussed in Section 5. Finally some concluding remarks are given in Section 6.

Notation: Let N = {1,...,n1,n1 +1,...,n1 +n2} = {1,...,n}, B={i € N : z is binary} and Ny =

{1,...,n1}. In this paper, n; and ny designate the number of complementarity and free variables, respectively,
and n = nj + ng is the total number of variables.

2 Problem formulations
In this section we present the different formulations used throughout this paper.
2.1 An equivalent reformulation of the BC-MLCP

In order to simplify the notation used for problem (1), we set z = (i; ), and we let 4; € RY™” be the i*" row

of the matrix A, and ¢; the i*" element of the vector ¢q. Then solving the BC-MLCP is equivalent to finding
a point z € R™ that satisfies the following system:

¢+ Ax>0 fori=1,...,nq (2a)
(¢ +Ax)z; =0 fori=1,...,m (2b)
¢+ Az=0 fori=ny+1,...,n1+ns (2¢)
x; free fori=ni+1,...,n1 +no (2d)

x; >0 fori=1,...,n (2e)

xz; € {0,1} forie B (2f)

Assumption 1 There exists a finite solution to the BC-MLCP i.e., all the continuous variables satisfy —oo <
I <z; <wu; < +oo forie N\ B.

Gabriel et al. [17] give motivations for Assumption 1, and propose a method for finding suitable bounds.

Lemma 1 Suppose that Assumption 1 is in force such that 0 < z! < ! with u} > 0 for alli € N1\ B, and
12 <22 <w? with u? > 1? for alli € No\ B. Then, without loss of generality, z; € [0,1] for alli € N \ B.

Proof. From the lemma’s premise, there exists finite bounds such that 0 < zll < ul1 for i € N7 \ B and
,lf

i with 0 < s},s? <1.

1 2
17 <z} < for i € Ny \ B. Thus, we can form a new variables s{ = 2% and s7 = 25—

The original LCP (¢, A) is given as

< gt AV 4 A2 >0
¢+ A%t 4+ A%222 22 free

1
where z',22 are respectively, the vector of nonnegative and free variables and where ¢ = <32> A =
(ﬁ; g;z), conformal with z',z2.  Define the positive diagonal matrices D' = diag (u') and D? =

diag (u2 - 12) whose diagonals are the u} and u? — [? values for 2! and 22, respectively. Clearly, in light of
the positive diagonals of D!, s! =0 < 2! =0 and s} > 0 < z! > 0. Note that D? also has positive diagonals.
We do have the following:

ql—i—Allzl +A1222 _ ql +A11D181 +A12D282+A12l2
— (q1+A12l2) +A11D181—|—A12D282
— Z]vl—f—gllsl +A~12827
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where ¢* = ¢' + A2, All = A1 D! and A2 = A12D2,

Analogously, 0 = @+ AN A2 5 0= ¢ + A2gl 4 /TQQSQ, with ¢ = ¢ + A2212,A21 = A21Q1
and A??2 = A?2D? so that the solution set of LCP(g, A) maps one-to-one to the solution set for LCP(g, A),
where g = (Z:) , and A = (Au A> ) Thus, without loss of generality it can be assumed that z; € [0, 1] for

221 A'22
alli € N\ B. O

We can therefore define the following set F, which is equivalent (in the sense that a solution x to any
) to the set of all the solutions of the

optimization problem over the set F is a solution to the BC-MLCP
BC-MLCP that satisfy Assumption 1.

¢+ Az >0 fori=1,...,n
(qi—l—AiJJ)l‘i:O fori=1,...,n
F=<KzxzeR" ¢+ Axz=0 fori=ni+1,...,n1+no
0<z; <1 forie N\ B
x; € {0,1} fori € B

Note that F does not directly relate to an MLCP as it is not a square system. This is because the
constraints x; < 1 for all ¢ € N\ B and z; € {0,1} for all i € B do not have associated dual variables. The
rest of this paper focuses on finding a point = € F that is a solution to the BC-MLCP.

2.2 The F relaxation of the set F

Following the idea of the RLT relaxation [33], we introduce the variables y;; = x;x; for all ¢,j € N and
relax the quadratic constraint y;; = x;2; with the linear inequalities y;; > 0, ; — y;; > 0, ; — ;5 > 0 and
Yij — x; —x; + 1 > 0 for all pairs 4, j. These inequalities are also known as the McCormick inequalities [27].
We also relax the binary constraints as 0 < z; < 1 for ¢ € B.

The RLT relaxation of the set F is given by the set

¢+ Aix >0 fori=1,...,ng
n
q;T; + ZAijyij:O fori=1,...,nq
j=1
~ ¢+ Axr=0 fori=ni+1,...,n1 +ng
F=KzeR" 0<z; <1 fori e N
Yi; =0 fori,j e N
Yij < T4 fori,j € N
Yij < T fori,j € N
Yij + 1> x + 2 fori,j e N

It is important to note that if both x; and x; are binary, then the McCormick inequalities are equivalent
to y;; = x;x;. Otherwise, they simply represent valid inequalities or linear over- and under-estimators of
the quadratic equation y;; = x;x;. This is the reason why F is a relaxation of the set F. In addition, it is
clear that for all z € F, one can find y € R(3) such that (z,y) € F (take y € R(2) such that its components
correspond to y;; = ;x;).

2.3 Sub-problems related to F

In this paper, we present an LP-based procedure that successively fixes the complementarity constraints
(¢; + A;z)x; = 0 to either ¢; + A;x = 0 or 2; = 0, for ¢ € Ny. So, for a given index ig € Ny, we define the
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corresponding relaxed sets as:
¢+ Ax>0 fori=1,...,n
n
qixi+2Aijyij:O fOI"L':L...,TLl,Z.#Z.O
j=1
qi+Aix:0 foriznl—i—l,...,nl—i—ng
~ 0<z; <1 fori e N
+ n =~ L7 =
Fio_ reR Yi; =0 fori,j e N
Yij < T4 fori,j € N
Yij < T fori,j € N
Yij + 1> x + x5 fori,j e N
dip + Aigz =0
and
q +Ax >0 fori=1,...,ng
n
ql$Z+ZA2Jij:0 forizl,...,nl,i7éio
j=1
¢+ Az =0 fori=n1+1,...,n1 +ny
=0 n 0<z; <1 forie N
Fip =@ ER yi; > 0 fori,j € N
yijgaﬁi fori,j € N
Yij < fori,j € N
Yij +1>x + x5 fori,j € N
ZL’Z‘OZO

]:70' and ]:"2) differ from F only in that the ith equation of the form g;z; + Zl Aijyi; = 0 has been replaced

by the equations ¢;, + A;,x = 0 and z;, = 0, respectively.

3 Literature review

n

Jj=

We refer the reader to [6, 5] for more details on LCPs. For the sake of brevity, we restrict our literature
review to approaches that are relevant for a better understanding of this paper. Specifically, we focus our
review on the RLT method proposed by Sherali et al. [34] for solving the LCP, and the bound refinement
procedure of Sherali and Tuncbilek [35] which can be useful to strengthen the relaxation of F.

3.1 The RLT approach for the LCP

Sherali et al. [34] proposed an enumerative algorithm that solves the LCP exactly. Their approach solves an
equivalent MILP reformulation of the LCP based on the RLT relaxation. In fact they showed that the LCP,
as formulated in (1) with ny = 0, is equivalent to the following MILP:

min qTU + Z Z Az‘jwi]’ (3&)

vw i=1;5=1
s.t (3b)
E Akjwij + qrv; > 0 V(i, /{1) (3C)

j=1

S Az +aqr > Y Agjwij +qrv; for ik e N (3d)

=1 j=1
0<w; <1 fori,j € N (3e)
wjj = forje N (3f)
v; € {0,1} forjeN (3g)
Wi >0 for i, €N (3h)
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w;j < fori,j € N (31)
wi; < v; fori,j €N (3))
wij + 1> +v; for i,j € N. (3k)

Note that v; = 0 if ; = 0 and v; = 1 if ; > 0, and the variable w;; represents the quadratic term z;v; for
all pair 4,j. The paper [34] proposed a branch-and-bound method for solving problem (3). It is important
to mention that such a branch-and-bound algorithm can converge even faster if some valid inequalities are
added to tighten this RLT relaxation. Audet et al. [3] and Djeumou-Fomeni et al. [8] propose several families
of cutting planes for this purpose.

The second component of the solution approach proposed in the current paper uses an RLT relaxation of
the complementarity constraints. However, it differs from the method in [34] in the sense that it uses the
traditional RLT relaxation (y;; = x;x;) without introducing new binary variables. It also solves a series of
LPs in order to replace some of the complementarity constraints with linear equations.

3.2 Bounds refinement

One way of strengthening the relaxation of the set F is by tightening the bounds of each variable z;. Given
the nonconvex nature of the set F, finding such bounds is non-trivial. A range reduction procedure was
proposed for this purpose by Sherali and Tuncbilek [35]. This technique, which proved to be useful for
solving nonconvex optimization problems (see [3]), works as follows. For 0 < z; < 1, one can obtain bounds
l;,ﬁi on variable x; s.t. 0 < l~Z < z; < @; <1 by minimizing (respectively maximizing) x; subject to the set
F. Given the solutions (z~,y~) (respectively (zT, 1)) of such a minimization (respectively maximization)
problem, the bounds I; and @; are given by I; := max{z; , \/E}, @; == min{z;", y/y;;}. This procedure can
be repeated as long as the bound of one of the variables is improved.

4 Qur solution approach for the BC-MLCP

In this section we describe our proposed solution approach for the BC-MLCP. This approach proceeds in
three main steps. The first step consists of reducing the upper bounds of each complementarity variable
using the bound refinement procedure of Sherali and Tuncbilek [35] as discussed in Subsection 3.2. In the
second step, we solve a series of LPs which enables us to fix some of the complementarity constraints to
linear equations. Finally, we solve an MILP that is equivalent to the original BC-MLCP with a reduced
number of complementarity constraints. In Subsection 4.1, we show how some complementarity constraints

can be replaced by linear equations, and in Subsection 4.2 we present our proposed solution method for the
BC-MLCP.

4.1 Replacement of the complementarity constraints

In this section we show how we can replace some of the complementarity constraints by solving a series of
LPs. One way of finding a point that belongs to the set F is by solving any optimization problem over the set
defined by F. Any such problem will be an AP-hard problem as it is a nonconvex mixed integer nonlinear
program. However, we show that one can solve a finite series of LPs over the set F and use the results to
replace some of the complementarity constraints with linear equations. In order to do so, we proceed as
follows.

For iy € N1, we define the following LP : min, e # Lig- We can use the solution of this LP to replace
the complementarity constraint (g;, + Ai,z)x;, = 0 with a linear equation using the following result.

Theorem 1 Let us assume that F is non-empty. For ig € Ny, let x;  be the optimal objective value of

min _xz;,. We have the following:
(z,y)EF

1. Ifx} #0, then all the feasible points of F are contained in the set defined by }:;: Thus the constraint
(¢iy + Aigx)ziy =0 can be replaced by q;, + A;yx = 0.
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2. If z; = 0 and the problem mim~+ x4, s infeasible, then all the feasible points of F are contained in
(Tay)e}-q‘,o

the set defined by .7}2) Thus the constraint (¢;, + Ai,x)xi, = 0 can be replaced by x;, = 0.

Proof.

1. By definition the set F contains the set F. In addition, z; # 0 means that there is no feasible point
(z,y) € F that satisfies x;, = 0. Therefore, there is no such point in F either, and the complementarity
constraint (g;, + A;,2)x;, = 0 can only be satisfied if ¢;, + A;,z = 0.

2. Let the problem ( H)IIEI;:_ . Tig be infeasible. This means that there is no feasible point (x,y) € F

x,y i
that satisfies ¢;, + A, i 0. Therefore, there is no such point in F either, and the complementarity
constraint (g;, + A;,)x;, = 0 can only be satisfied if z;, = 0.

O

Remark: It is important to note that when z7 = 0 and the problem min~+ x;, is feasible, no conclusion can
(z,y)GJ:iD

be drawn i.e. we do not have any justifiable reason to replace the complementarity constraint (g;, +A4;,)x;, =
0 with either ¢;, + A;;z =0 or x;, = 0.

A result that follows from Theorem 1 and that can help limiting the number of LPs to be solved is described

as follows. We consider the LP min _x;,, and let (z*, y*) be an optimal solution and z}  its optimal objective
(z,y)eF
value. We define p; to be the allowable increase associated with the variable x; for ¢ = 1,...,n. By definition,

the allowable increase of a variable for an LP defines the range within which if the coefficient of this variable
in the objective function is increased, the optimal solution will be unchanged. We refer the reader to [4] for
further details on the sensitivity analysis of linear programming. We have the following result.

Theorem 2 Let us assume that F is non-empty. For ig € Ny, let x;  be the optimal objective value of

min _x;,. Suppose that x} = 0. Fori # io, if z] # 0 and p; > 1, then we can replace the complementarity
(z,y)EF

constraint (¢; + A;x)x; = 0 with the equation ¢; + A;x = 0.

Proof. Let i # i so that 27 > 0 and p; > 1. Note that the coefficient of x; in the current objective function
is 0. From the definition of the allowable increase, p; > 1 implies that (z*, y*) will still be an optimal solution
of the LP min (z;, + ;). Since z} = 0 and x} > 0, then for the same reasons as in Theorem 1, there is

(z,y)EF
no point (z,y) € F that satisfies ; = 0. Consequently, the complementarity condition (g; + A;z)x; = 0 can
only be satisfied by ¢; + A;x = 0. O

The result of Theorem 1 enables us to design a procedure that successively replaces some of the comple-

mentarity constraints with linear equations. This procedure starts with 79 = 1, then solves the LP min =z;,
(w,y)eF

and if any condition in Theorem 1 is satisfied, then the complementarity constraint (g;, + A;,x)zi, = 0 is
replaced appropriately. This is then repeated for ig = 2,...,n1, except for indexes ¢ € N; that already
satisfy the condition of Theorem 2. The detailed step-by-step execution of this procedure is given by Algo-
rithm 1. Our computational experiments show that this procedure alone is capable of solving some BC-MLCP
instances.

4.2 On finding a solution of the BC-MLCP

In this subsection we describe the different steps of our proposed solution method for the BC-MLCP. Our
approach proceeds in three main steps. First, we reduce the upper bounds of each complementarity variable.
Then we fix some of the complementarity constraints to linear equations. Finally we solve an MILP that is
equivalent to the original BC-MLCP with a reduced number of complementarity constraints. A more detailed
description of each step is given as follows.
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Algorithm 1 : Procedure to reduce the number of complementarity constraints

Initialize ig = 1
while ig < n; do

Solve the LP min _x;,.
(z,y)EF
if the above LP is infeasible, then

Stop and exit (the BC-MLCP is infeasible).
else
Let (z*,y*) be its optimal solution.
if (¢ + Ajx*)zf =0foralli=1,...,ny and zF € {0,1} for all ¢ € B then
Stop and output z* as a solution of the BC-MLCP.
else
if x7 > 0 then

n
Replace the constraint g;,z;, + > Ai,Yip; =0
j=1

with the equation ¢;, + A;,2 = 0.
(We can further set z;, = 1 if iy € B.)

else
Solve the LP  min  x;,.
(zy)eF;
if this LP is infeasible then
Set x;, = 0.
end if
end if
end if
end if
g =19+ 1
end while

1. Reducing the upper bounds of complementarity variables: In order to reduce the upper bound of
each complementarity variable, we implement the bound refinement procedure of Sherali and Tuncbilek

[35] described in Subsection 3.2. So for each i € {1,...,n1}, we solve the LP max x;, and replace the
reF
upper bound of the variable x; with the optimal objective value of this LP. This reduction process

contributes to the success of Algorithm 1. For example, the improved upper bound on the variable x;
can cut-off the intersection between the hyperplane ¢; + A;z = 0 and the z; axis. This makes it easier
for Algorithm 1 to replace the complementarity constraint (¢; + A;z)x; = 0 with either ¢; + A;z = 0 or
xXr; = 0.

2. Replacing the complementarity constraints: At this stage, we implement the procedure described
in Algorithm 1, which is the result of Theorem 1. It is important to note that fixing one complementarity
constraint may affect the fixing of another complementarity constraint. This suggests that the order
in which the variables are considered can affect the total number of complementarity constraints fixed.
Therefore, in our implementation we have decided to repeat Algorithm 1 until it is no longer possible
to fix any complementarity constraint.

At the end of this step, we define the following sets: N;™ = {i € Ny : (¢;+ A;x)z; = 0 is replaced by ¢;+
A;x =0} and NY = {i € Ny : (¢; + A;z)z; = 0 is replaced by x; = 0}.

3. Solving the final MILP reformulation of the BC-MLCP: The procedure of replacing the com-
plementarity constraints may end with either Nf UNY = N; or Nf UNY C Ny
If N;" U NY = N; then all the complementarity constraints have been fixed and therefore the set F is
equivalent to
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¢+ Az=0 foriENl+
z; =0 for i € N1O
Fl={zecR" g +Ax=0 forie N\ N
0<z; <1 forie N\ B
z; € {0,1} forie B

Hence, we find a solution to the BC-MLCP by solving an MILP over the set F' with an arbitrary

objective function.

If Nt UNY C N i.e., only some of the complementarity constraints have been fixed and therefore the

set F is equivalent to

F?=

rzeR"

qi+Aix20
¢+ Az =0
.Q?Z':O
qi+Aix:O
.’EZ-G{O,].}

for i € Ny \ (N;" U NYD)
for i € Ny \ (N;" U NYD)
for i € Ny
for i € NY
fori e N\ Ny
forie N\ B
fori € B

Note that finding a solution in the set F? is again equivalent to finding a solution of a BC-MLCP
problem, but with a smaller set of complementarity variables. In our approach, we follow the idea of
Sherali et al. [34] and define an MILP in the form of (3), which is equivalent to finding a solution in

the set F2. This MILP is defined by:

min
T,v,w

s.t.

qTU +

> Aijwi

i€N\ (N UND) €N

n
> Apjwi; + qrvi >0
=

n n
Z Aijj +qr > Z Akjwij + qrV;
Jj=1 j=1

¢+ Ax=0
z; =0
g+ Aixz=0
z; €{0,1}
0<w; <1
wjj = T
v; € {0,1}
w;; > 0
Wwij < T
wi; < v;

wij—klzxj—kvi

(4a)

(4b)
Vi, k € N1\ (N;"UNY) (4c)
for i,k € Ny \ (N;" UNY) (4d)
for i € N; (4e)
for i € NY (4f)
forie N\ Ny (4g)
for je B (4h)
fori € Ny \ (N UN?),j €N (4i)
for i € Ny \ (N;" UNY) (43)
for i € Ny \ (N;" UNY) (4k)
fori € Ny \ (NJUN?),j €N (41)
fori € Ny \ (NJ UN?),j €N (4m)
fori e Ny \ (N UN?),j €N (4n)
for i € Ny \ (N{" UNY),j € N. (40)

5 Computational experiments

We report computational results on a variety of test problems that include pure LCP, MLCP and BC-MLCP
instances. Some of these problem instances are well known engineering applications. We have used problems
that are important from both the theoretical and the practical point of view. The instances are described in
Subsection 5.1 and the results are presented in Subsection 5.2.
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5.1 Test instances
5.1.1 LCP benchmark examples

We carried out the first set of tests on LCP examples from the literature. These are LCP instances that are

known to be hard to solve. They are defined as follows, where e = (1,1,...,1).
e LCP 1. This test instance is taken from [9], where the vector ¢ = —e and the matrix A; is defined as
in (5).
e LCP 2. This test instance is taken from [19], where the vector ¢ = —e and the matrix A, is defined as
in (5).
1 2 2 2 4 -1 0 0
2 5 6 ... 6 -1 4 -1 0
Av=1 . Do ; : Ay = ; Do (5)
2 6 10 ... 4n—3 o 0 ... -1 4
e LCP 3. This test instance is taken from [29], where the vector ¢ = —e and the matrix Az is defined as
in (6).
1 2 2 2
0 1 2 2
As = 0 0 1 2 (6)
000 ... 1

e LCP 4. This test instance is also taken from [29]. For this instance, the matrix A4 is the same as the
matrix Az defined in (6) but the vector ¢ is now given ¢ = (1,1,...,1,0). This problem is known not
to have any strictly interior point.

e LCP 5. This test instance is taken from [19], where the vector ¢ = —e and the matrix A5 is defined by
Ay = diag(1/n,2/n,...,1).

5.1.2 An energy network equilibrium problem

This test example is the energy network equilibrium problem with multiple players described in Gabriel
et al. [17]. This problem features four energy price-taking producers denoted A, B, C, D with the first
two located at node 1 and the latter two at node 2. The production levels are denoted as ¢, where node
n € {1,2} and producer p € {A, B,C, D}. Similarly, the sales levels are denoted as sP. Lastly, at node 1,
the two producers A and B have the additional option of sending energy to node 2 and fi3, ff represents
the associated amounts of flow. (Note that the producers at node 2 are not allowed to ship their product
to node 1.) Each producer solves an optimization problem for which the KKT conditions are necessary and
sufficient. The KKT conditions of each producer are given by:

e Producers X = A, B at node 1.

0< —m +6% Ls>0 (7a)
0<AX+AX =X Lg¥ >0 (7b)
0< —mo4 (129 +112) + 05 L fi5>0 (7¢)
0<q —ap LA 20 (7d)
0=s% — ¢ + fiy, 5 free. (7e)
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e Producers X = C, D at node 2.

0< —mp+65 Lsx >0 (8a)
0<1 +AF =6 LgFf >0 (8b)
0<@ —¢3 LA 20 (8¢)
0=s5 —q5, 57 free. (8d)

In addition to the KKT conditions of the four producers, there are market-clearing conditions that force
supply to equal demand:

0= [814 + SlB] - (al - blﬂ-l)v 1 free, (9&)

0= [520 + sf + f1A2 + fg] — (ag — bama), o free. (9b)

There is also a network system operator (NSO) who makes sure that the network is running smoothly. This
operator solves an optimization problem for which the KKT conditions are stated as follows:

0<—757 =2+ + e Lg1n >0 (10a)
0<g12 =912 L ez >0, (10b)
0=s3 —q3, 57 free. (10c)

Finally, the following market-clearing condition is added to determine the congestion tariff:

0=g12 — [fi3 + [, 712 free. (11)

The MLCP model of this problem is obtained by combining equations (7)—(11).

5.1.3 A two-node energy system

This example, taken from [18], presents a Nash-Cournot game between two energy producers. Each pro-
ducer decides on their production level g,,p € {1,2} to maximize their profit function [a — b(g1 + ¢2)]gp —
(quf, + ppqp) subject to their production capacity constraints s,g¢min < ¢p < Sp@maz, Where s, is a binary
variable that is 1 if player p decides to produce and 0 if not. Here the binary variable s, might for example
relate to the on/off status for a power generation unit. If on, then the minimum and maximum production
quantities are in force. If off, then both the upper and lower bounds are equal to zero. The BC-MLCP model
associated with this example is defined as follows.

0< —2g,(b+ Bp) +bg—p — (a — pp) + (Azwx - )‘;;nm) Lg =20, (12a)
0 < $pGmaz — qp L A >0, (12b)
0 < —SpGmin + @p L AT >0, (12¢)
0<1-—s,16,>0, (12d)
sp € {0, 1}, (12e)

for all p € {1,2}. The parameters are a = 9,b=1,8; = f2 = 1,p1 = 1, p2 = 3, Gmin = 1.5 and Ga. = 4.
5.1.4 Random BC-MLCP instances

We randomly generated BC-MLCP test instances as follows. First we generate the matrix A at random with
all the entries following a uniform distribution in the interval [—20,20]. Then we generate a vector x at
random with entries following a uniform distribution in the interval [0, 20] for the complementarity variables
and [—20,20] for the free variables. We choose a percentage (a%) of these entries and change their values
to either 0 or 1. This represents the percentage of binary variables present in the problem. We have done
three sets of experiments with different values of a.. A first set with o € {10, 20, 30,...,100}, a second one
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with @ € {20,40, 60,80}, and a third one with o = 60. We also set a fraction (p%) of the variables to be
the complementarity variables. We have also experimented with various values of p € {50,70,90}. If all the
non-binary entries of x are non-zero, we force some of them to be zero. The vector ¢ is then calculated in
the following manner. For i € {1,...,n1}, if x; # 0 then ¢; = —A;z, if ; = 0 then ¢; = —A;x + ¢, with €
being uniformly drawn between [—5, 5], and finally for ¢ € {n; +1,...,n1 +na}, ¢ = —A;x. This procedure
is standard for generating random instances of linear programs with equilibrium constraints (LPEC).

5.1.5 A market-clearing problem as BC-MLCP

In order to test our algorithm on a more practical BC-MLCP instances, we consider the power market-
clearing problem presented in Section 3 of [17]. This is a market-clearing problem of a multi-period power
network, which features 6 (production/consumption) nodes, 8 producers and 4 demand blocks. The model
corresponds to a multi-period auction in which producers submit production offers consisting of energy blocks
and their corresponding selling prices as well as start-up and shut-down costs. In addition, consumers submit
consumption bids consisting of energy blocks and their corresponding buying prices. This model clears the
market by maximizing the social welfare which is computed using the producers offers and the consumers
bids (i.e., the “declared” social welfare). We refer the reader to [17] for a full description of this problem and
the definition of its parameters. The variables of this problems are:

e Pf: the power produced by block b of unit i in period ¢.
° Ptlj?k: the power consumed by block £ of demand j in period t.

e &mat: the Lagrangian multiplier associated with the bound of the production for block b of unit 4 in

period t.
) ,ut[j).zu“”: the Lagrangian multiplier associated with the bound of the demand for block k£ of unit j in
period t.
e 1N the Lagrangian multiplier associated with the minimum power output of unit i in period t.
Vinm
the line relating nodes n and m in period t.

and v1¢: the Lagrangian multipliers associated with the limits of the transmission capacity of

® J:,: the voltage angle of node n in period t.

o &% the Lagrangian multiplier associated with dyy,.

e C7 and CE: are respectively the non-negative start-up and shut-down cost of unit i in period ¢. Their
corresponding Lagrangian multipliers are 5\, and nJ, respectively.

e vy;: the binary variable describing the on/off status of unit ¢ in period ¢. Its corresponding Lagrangian
multiplier is g%

® )y the Lagrangian multiplier associated with the equation that enforces the power balance at node n
in period t.

o ¢ tl(nzl): the Lagrangian multiplier associated with the equation that imposes the reference node.

5.2 Results

In this subsection, we present our computational results. All our routines were coded in the C programming
language and compiled with gce 4.6 [20]. All the results were obtained by running our code on a laptop with
processor at 1.98 GHz and 4 GB of RAM. All the linear programs and mixed linear integer programs were
solved with the simplex and MIP solvers of CPLEX version 12.6 [21]. All the complementarity constraints of
our computational experiment are met with an accuracy of 1071°.

5.2.1 LCP benchmark examples

For the purely LCP instances, we report our results in Table 1. For each class of LCP problem LCP 1, LCP
2, LCP 3, LCP 4 and LCP 5, we generate 5 instances of size {1000, 1500, 2000, 2500, 3000}. We report in
Column 3, the number of iterations processed by Algorithm 1 for each instance. In Column 4, we report
the total time needed to solve the LCP instances. Columns 5 tells whether the solution found satisfies all
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the complementarity constraints or not, while Column 6 tells whether or not the branch-and-bound phase of
our algorithm was needed to solve the instances. We can see that for all of these problems, the procedure
described in Algorithm 1 finds a solution that satisfies all the complementarity constraints. It can also be
seen that apart from the class LCP 1, which needed three iteration into the first run of Algorithm 1, all the
other classes of problems only needed 1 iteration to solve the problem.

Table 1: Results for the LCP test problems

Inst. n f iter. time (s) comp. BnB
Alg. 1
1000 3 49.317 yes No
1500 3 184.853 yes No
LCP1 2000 3 494.625 yes No
2500 3 931.146 yes No
3000 3 1733.607 yes No
1000 1 14.602 yes No
1500 1 48.092 yes No
LCP 2 2000 1 117.575 yes No
2500 1 222.218 yes No
3000 1 382.391 yes No
1000 1 13.921 yes No
1500 1 47.254 yes No
LCP 3 2000 1 113.614 yes No
2500 1 223.516 yes No
3000 1 388.519 yes No
1000 1 14.115 yes No
1500 1 46.62 yes No
LCP 4 2000 1 112.738 yes No
2500 1 223.116 yes No
3000 1 387.519 yes No
1000 1 21.354 yes No
1500 1 72.419 yes No
LCP 5 2000 1 175.861 yes No
2500 1 329.954 yes No
3000 1 573.764 yes No

5.2.2 An energy network equilibrium problem

Our results for this test problem are reported in Table 2. We provide the value of each variable as found by our
algorithm. We can note that some of the values in our results are different from the ones reported in Gabriel
et al. [17]. This shows that this problem has more than one solution. Note that the branch-and-bound was
not needed here as Algorithm 1 alone was capable of finding this solution.

Table 2: Output of the energy network equilibrium problem

Prod. A Prod. B Prod. C Prod. D Network Output Param.

a5 B3 s 5 S22 0 g1z 5 fiter. 11
gt 10 B 3 ¢ 5 ¢ 0 ez 2 time(s)  0.023
flA2 5 le2 0 )\20 0 )\QD 0 T 12 Comp.  yes
M2 AB 0 5 15 P 15 w15 BnB No
s 12 8B 12 T2 2.5

5.2.3 A two-node energy system

These results are reported in Table 3. Our results are similar to the ones found by Gabriel et al. [18]. This does
not necessarily suggest that there is a unique solution to this problem. Note that all the complementarity
constraints are satisfied as well as the binary requirement on the variables s; and sy. For this instance,
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Algorithm 1 was able to provide a solution that satisfies both requirements without the need of the branch-
and-bound phase.

Table 3: Output of the two-node energy system

Param. q1 q2 s1 sy Apper  ymex ymin o ymin

Values 1.625 1.5 1 1 0.0 0.0 0.0 1.625

5.2.4 Random BC-MLCP instances

For randomly generated instances we carried out three sets of experiments. First we wanted to know if the
percentage («) of the binary variables present in the problem could affect the performance or the computa-
tional time of our algorithm. For this experiment, we generated 10 instances with n = 200,n; = ne = 100
for each value of a € {10, 20, 30,...,100}. We present the general overview of this experiment in Figure 1la.
These box plots, for each value of «, represent the spread of the computational time needed to solve the
instances. The general tendency of these graphs suggests that problems with a higher number of binary
variables may be the easiest ones for our algorithm. Without the outlier in the results of a = 30, the plot of
the average computational times (Figure 1b) would follow the same tendency.

Oxtlier
A4 1CT
1,200~
250.00

1,000

200.00

800

Outlier

600 l

o

150,00

CPU Time (s)

100.007]

400=)

Average CPU Time (s)

50.00

& é & & = = oo

T T T T T T T T
10%  20%  30%  40%  S0%  60%  70%  80%  90%  100%
Percentage of Binary Variables

200

T T T T T T T T T T
10% 20% 30% 40% 50% B0% 70% B0% 90% 100%

Percentage of Binary Variables
(a) General tendency (b) The averages

Figure 1: CPU time Vs percentage of binary variables

Our second round of experiments was purely to test the performance of our algorithm on BC-MLCP
instances. For this experiment, we generated 10 instances with n € {20, 40,60, ...,200},n; = ny = n/2 for
each value of o € {20, 40, 60, 80}. The results of this test are shown in Table 4. In this table, the time reported
in Column ‘Time’ is the average computational time over 10 instances. The size of each instance is in Column
‘n’, the average number of complementarity constraints fixed by Algorithm 1 is in Columns ‘Fixed’. Column
‘4BnB/10’ gives the number of instances, out of 10, for which the branch-and-bound phase was needed to
solve the problem. Finally, Column ‘Comp.’ tells whether the all the complementarity constraints have been
satisfied for all the 10 instances or not. Our computational results show that our algorithm is very efficient
in solving BC-MLCP instances. We can note that out of 400 instances tested, the branch-and-bound phase
was only required once. One can also note that with these parameters, our algorithm does not require more
than 10 minutes before finding a solution for the BC-MLCP instances.

For these first two sets of experiments, one can notice that the running time of our algorithm gets
relatively smaller when the percentage of binary variables present in the problem increases. This may be
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Table 4: Results of randomly generated BC-MLCP instances

With 20% Binary With 40% Binary
n Fixed #BnB/10 Time (s) Comp. n Fixed #BnB/10 Time (s) Comp.
20 2 0 0.03 yes 20 1 0 0.02 yes
40 2 0 0.24 yes 40 1 0 0.17 yes
60 6 0 3.20 yes 60 2 0 1.42 yes
80 7 0 9.65 yes 80 3 0 4.54 yes
100 7 0 25.54 yes 100 4 0 14.99 yes
120 9 0 74.41 yes 120 1 0 11.97 yes
140 4 0 57.99 yes 140 0 0 18.92 yes
160 10 0 239.11 yes 160 4 0 122.56 yes
180 10 0 502.20 yes 180 5 0 312.67 yes
200 28 1 765.26 yes 200 2 0 170.57 yes
With 60% Binary With 80% Binary
n Fixed #BnB/10 Time (s) Comp. n Fixed #BnB/10 Time (s) Comp.
20 0 0 0.01 yes 20 1 0 0.01 yes
40 1 0 0.16 yes 40 0 0 0.07 yes
60 0 0 0.56 yes 60 0 0 0.31 yes
80 1 0 1.90 yes 80 2 0 2.02 yes
100 0 0 5.22 yes 100 0 0 5.17 yes
120 0 0 10.12 yes 120 0 0 5.21 yes
140 0 0 17.41 yes 140 1 0 26.00 yes
160 0 0 37.18 yes 160 1 0 27.10 yes
180 1 0 66.38 yes 180 1 0 45.88 yes
200 1 0 100.90 yes 200 2 0 103.05 yes

counter intuitive for readers that are familiar with integer programming. Recalling that the McCormick
inequalities are equivalent to y;; = z;x; when z;,z; € {0,1}, our explanation for this behaviour is that,
when there are more binary variables in the problem, many of the McCormick inequalities will be equivalent
to y;; = x;x; and the RLT relaxation will be closer to an equivalent reformulation. As opposed to integer
programming where one is looking for an optimal solution, in this problem, we are only searching for a feasible
solution.

We carried out a third set of experiments with randomly generated BC-MLCP instances to investigate
how the density (number of non zero elements) of the matrix A and the proportion of the complementarity
variable could affect the performance of our approach. For this experiment, we generated 10 instances for
each combination of n € {20,40,60,...,200}, A € {25%, 50%, 75%} and respectively 50%, 70% and 90% of
variables being complementarity variables, where A is the density of the matrix A. This made a total of 900
additional test instances for our approach. The results of this experiment are reported in Table 5. We notice
that when we consider 50% of the variables to be complementarity variables, Algorithm 1 often solves the
BC-MLCP problem, regardless of the density of the matrix. When the number of complementarity variables
increases (70% and 90%), the branch-and-bound step becomes necessary, but the number of complementarity
constraints fixed increases, which helps the branch-and-bound algorithm to converge faster. We note that
the computational time also becomes very large for the instances with higher percentage of complementarity.
However, this does not suggest that our algorithm is not capable of solving pure LCP instances. Our results
on “difficult” pure LCP instances (see Table 1) prove the strength of our algorithm for LCPs.

5.2.5 A market-clearing problem as BC-MLCP

In this subsection, we present the results obtained by our algorithm when solving the energy market-clearing
problem from Gabriel et al. [17]. In Table 6, we report the values of the variables related to each producer.
The values of variables related to each demand block and the values of nodes specific variables are given
in Table 7 and in Table 8, respectively. In addition to the values reported in these tables we also had
ymin — (), ymar — () for all t,n, m, and ftl(n:n = 0 for all t. Some of these values match with those reported
in [17]. For this problem, the branch-and-bound phase of our method was required in order to find a
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solution. However, Algorithm 1 was able to replace up to 99 (out of 248) complementarity constraints with
linear equations.

Table 6: Producers variables

G G i U U
Producers P, Htib pg " Tt Cy
t=1 t=2 t=1 t=2 t=1 t=2 t=1 t=2 t=1 t=2
i=1 0 0 2 0 0 10 0 0 0 0
=2 0 0 4 0 0 8 1 0 0 0
=3 50 25 6 0 0 6 0.8 0 0 0
i=4 50 25 8 0 0 4 0 0 0 0
i=25 50 25 10 0 0 2 0 0 0 0
i=6 50 25 12 0 0 0 0 0 0 0
i=17 50 50 14 2 0 0 1 0 350 0
=8 50 50 16 4 0 0 1 0.4 500 0
D D max )
Producers Mt Cii ti Vti
t=1 t=2 t=1 t=2 t=1 t=2 t=1 t=2
i=1 0 0.2 0 0 0 0 0 0
i =2 0 0.57 0 0 0 0 0 0
i=3 0 0.5 0 0 0 0 1 1
i=4 0 0.4 0 0 300 0 1 1
i=25 0 0.22 0 0 450 0 1 1
i =06 0 0 0 0 600 0 1 1
=7 0 0 0 0 350 100 1 1
=8 0 0 0 0 500 0 1 1
Table 7: Demands variables
D D
Demands Ptjk Hijk
t=1 t=2 t=1 t=2
j=1 0 50 0 6
j= 100 50 0 6
j=3 100 50 0 7
j=4 100 50 1 7
Table 8: Nodes variables
Nodes Stn in" Ain
t=1 t=2 t=1 t=2 t=1 t=2
n=1 0 0 0 0 26 14
n= 0.002 -0.005 0 0 26 14
n=3 -0.0017  0.005 0 0 26 14
n=4 0.1067 0.03 0 0 26 14
n=>5 0.125 0.025 0 0 26 14
n==6 0.0933 0.02 0 0 26 14

6 Conclusions

We have presented a novel exact solution method for the BC-MLCP. Our method starts with a sophisticated
pre-processor which considers the RLT relaxation of the complementarity constraints and enables us to replace
some of the complementarity constraints with linear equations by solving a series of LPs. This pre-processor
is then followed by the solution of an equivalent MILP reformulation of the BC-MLCP with a reduced number
of complementarity constraints, which ensures that our algorithm always finds a solution that satisfies all the
complementarity constraints as well as all the integrality conditions. Our computational results on a variety
of both practical and theoretical examples show that the pre-processor often suffices to find a solution. They
also show that our method can be used for pure LCP and MLCP.
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For future research, one could incorporate cutting planes in the second phase (Algorithm 1) of our approach

to strengthen the RLT relaxation. Several cutting planes have been proposed in the literature for this purpose,

see

for [3, 8]. This will enable Algorithm 1 to quickly find a solution with only few iterations.
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