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1 Introduction

Cutting plane methods were proposed independently by Kelley [27] and Cheney and Gold-
stein [5] as a solution technique for constrained convex optimization problems. Although
they may not compete with some of the efficient methods for smooth optimization, they
are one of the first and fundamental solution approaches for nondifferentiable optimization.

The fact that they rely on polyhedral approximations of convex functions, makes the
technique suitable for nondifferentiable optimization. It forms with subgradient optimiza-
tion [39] the two major solution approaches for nondifferentiable problems. The cutting
plane algorithms that are being designed over the years are getting more sophisticated and
ultimately, showing promising computational results and stable numerical properties.

In this article, we give an overview of cutting plane methods for nondifferentiable opti-
mization problems. We start with a brief introduction to cutting planes. We then give a
generic cutting plane algorithm, that will be used to describe some of the main variants.

2 A generic cutting plane algorithm

To describe the general cutting plane approach, we consider the following nondifferentiable
problem

[NDP ] : min f(x)
s.t. g(x) ≤ 0,

where f and g are real-valued, continuous, nondifferentiable, convex functions. Convexity
implies that there is at least one supporting hyperplane to f at every point x0 of the domain,
whose equation is given by

y = f(x0) + ξf
0 (x − x0),

where ξf
0 is any element of the subdifferential ∂f(x0) of f at x0. (For ease of notation we

assume that subnradients are row vectors.) Recalling that a supporting hyperplane gives
an under-estimates of f , the subgradient inequality

f(x0) + ξf
0 (x − x0) ≤ f(x) (1)

can be used to approximate f by the maximum of a set of piecewise linear functions.
Therefore, given a set of points xi, i ∈ I and their corresponding subgradients ξf

i , f is
tangentially approximated by

f̄(x) = max
i∈I

{
f(xi) + ξf

i (x − xi)
}

. (2)

Inequality (1) implies that f̄(x) ≤ f(x) for any index set I. Larger sets will give better
approximations. The same can be said about g, leading to the polyhedral approximation

ḡ(x) = max
j∈J

g(xj) + ξg
j (x − xj).
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where ξg
j are subgradients of g at a collection of points xj indexed by J. Thus, [NDP ] can

be approximated by,

min
{

max
i∈I

f(xi) + ξf
i (x − xi)

}

s.t. max
j∈J

g(xi) + ξg
j (x − xj) ≤ 0,

which is equivalent to,

min v

s.t. f(xi) + ξf
i (x − xi) ≤ v ∀i ∈ I

g(xj) + ξg
j (x − xj) ≤ 0 ∀j ∈ J

(3)

Problem (3) is a linear program that is easier to deal with than the original problem.
It is to note, however, that this is only an approximation of [NDP ], that gets better as
more constraints are added. Let us denote by [MPk] the relaxed master problem (3) with
index sets Ik and Jk whose optimal solution is denoted by (xk, vk).

By transforming [NDP ] into (3), nondifferentiability is eliminated at the cost of having
a problem with a very large number of constraints. To get around that, cutting plane
methods use only a subset of these constraints and generate the rest as needed. In fact,
they would handle a series of relaxed master problems [MPk] and stop when an opti-
mal (satisfactory) solution to [NDP ] is reached. [MPk] is a relaxation of [NDP ] as, by
convexity of g,

{
x : max

j∈Jk

{g(xj) + ξg
j (x − xj)} ≤ 0

}

contains {x : g(x) ≤ 0}, while, by convexity of f ,

max
i∈Ik

{f(xi) + ξf
i (x − xi)} ≤ f(x)

for all x ∈ {x : g(x) ≤ 0} . This relaxation gets tighter as more points are included in the
index sets I and J. This implies that the optimal value vk is a lower bound on the optimal
value f(x∗). This relaxation gets tighter as more points are included in the index sets I
and J. The hope is that termination occurs before the sets I and J get enormously big.

The idea described above can be put into the following generic cutting plane algorithm

• Initialize:

1. Get an initial upper bound vu and a lower bound vl for the optimal solution
f(x∗).

2. Get an initial relaxed master problem [MP0].
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• Iterate (k)

1. Get a query point xk and a corresponding lower bound v+
l

2. If xk is infeasible to [NDP ] (g(xk) > 0), then the oracle of g generates a feasi-
bility cut of type g(xk) + ξg

j (x − xk) ≤ 0.

3. If xk is feasible to [NDP ] (g(xk) ≤ 0), then the oracle of f generates an opti-
mality cut of type f(xk) + ξf

i (x − xk) ≤ v and an upper bound v+
u .

4. Update the bounds

(a) if xk is feasible to [NDP ], then vu = max {vu, v+
u } .

(b) vl = min
{
vl, v

+
l

}
.

5. Update index sets

(a) If a feasibility cut is added then Ik+1 := Ik and Jk+1 := Jk ∩ {k}.
(b) If an optimality cut is added then Ik+1 := Ik ∩{k} and Jk+1 := Jk ∩ {k}.

6. Either Stop or k := k + 1

In the course of the cutting plane algorithm, upper bounds are usually achieved through
the objective evaluation at a feasible point. Lower bounds are either given by the optimal
solution of the relaxed master problem, or by evaluating the dual objective at a feasible
dual solution. For the stopping criteria, the algorithm may be stopped if the bound on the
duality gap drops below a certain threshold. This is given by the difference between the
best known upper and lower bounds.

At each iteration of the method, we can construct a bounded polyhedral set, namely
the localization set, that is guaranteed to contain the optimal solution. Given an upper
bound vk

u to [MPk], it is given by

Fk(vk
u) =

⎧⎨
⎩

(x, v) : v ≤ vk
u;

f(xi) + ξf
i (x − xi) ≤ v, i ∈ Ik;

g(xj) + ξg
j (x − xj) ≤ 0; j ∈ Jk.

⎫⎬
⎭

The localization set Fk(vu) is a bounded polyhedral subset of the feasible region of
[MPk] that contains any optimal solution (x∗, f(x∗)) to [NDP ]. To see that, f(x∗) ≤ vk

u

as vk
u is an upper bound on the optimal value. Furthermore, by the feasibility of x∗ and

the subgradient inequality g(xj) + ξg
j (x∗ − xj) ≤ g(x∗) ≤ 0 for all j ∈ Jk and by the fact

that [MPk] is a relaxation of [NDP ], f(xi) + ξf
i (x∗ − xi) ≤ vk ≤ f(x∗) for all i ∈ Ik.

Although every cutting plane method follows the above general scheme, different query
point choices produce different algorithms. Prior to discussing a few of them, we would like
to stress that some methods are explicitly based on the localization set, and require that
this set be bounded. This might not hold in particular in the initialization phase, since
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no cut has is yet present, and no upper and lower bounds on the objective are known.
Therefore, one has to introduce box constraints. This may not even suffice if the first
generated cut is not an optimality one, because the localization set remains unbounded in
the z variable. One must then proceed with a an auxiliary phase I problem.

3 Kelley’s cutting plane method

This is the classical cutting plane method that was originally described by Kelley [27] and is
present in the original Dantzig-Wolfe [8], [7] and Benders [4] decompositions. At iteration
k, the method solves the relaxed master [MPk] and uses its solution xk to generate further
cuts.

As [MPk] is a relaxation of [NDP ], vk gives a lower bound to f(x∗) which is mono-
tonically increasing. In addition, when xk is feasible, f(xk) gives an upper bound that,
unfortunately, is not monotonically decreasing. The difference between the updated bounds
gives an estimate of the duality gap and can be used as a practical stopping criteria. The
exact optimal solution of [NDP ] is detected when xk is feasible and f(xk) = vk, which is
equivalent to having 0 ∈ ∂f(xk).

This optimal point strategy assumes that the relaxation is a good approximation of the
original problem, but this is only true when a big number of cuts has been generated. The
method is globally convergent [48], but in practice, it sometimes shows a slow pattern of
convergence [36].

4 Centre of Gravity Method

This the method was first proposed by Levin [33] as the first cutting-plane method that
generates query points at the centre of the localization set. Choosing the centre of gravity
to generate query points seems to be the natural choice. In fact cutting through the centre
of gravity of the a localization set of volume V and dimension n produces two sets, each
with a volume of at least [

1 − (1 − 1
n + 1

)n

]
V.

Therefore, after k iterations the volume of the localization set shrinks at a constant rate
of

(
1

1−exp(1)

)
. This rate of convergence is the best that can be got [47]. Unfortunately,

finding a single centre of gravity could be as difficult as solving the original problem.
For some simple convex bodies such as ellipsoids, cubes or spheres, calculating the

centre of gravity is relatively easy. This idea is the motivation behind the largest inscribed
sphere method of Elzinga and Moore [12], the Volumetric method of Vaidya [44] and the
Analytic centre cutting plane method (ACCPM) of Goffin and Vial [21], [22], [24].
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5 Largest Inscribed Sphere Method

The query point of this method is chosen as the centre of the largest inscribed sphere in
the localization set. Its calculation is based on works of Nemhauser and Widhelm [35] who
showed that the minimization of the simple linear program

min σ
s.t. aT

i x + ||aT
i ||σ ≤ bi i ∈ I

gives the radius σ and the centre x of the largest inscribed sphere in the bounded polyhe-
dron {x : aT

i x ≤ bi, i ∈ I}. The method is detailed in [12].

6 Volumetric Method

Vaidya [44] proposed the volumetric centre as a query point. It is the maximizer of the
determinant of the Hessian matrix of the logarithmic barrier function. This choice is
motivated by the observation that for every point of the localization set, an inscribed
ellipsoid can be constructed. The point that gives the maximum-volume inscribed ellipsoid
is the minimizer of

1
2

log
(

det
(∑ aia

T
i

(bi − aT
i x)2

))

where ai are the columns of the matrix defining the localization set.

7 Bundle Methods

Bundle methods were first proposed by Lemaréchal [31]. The method has developed over
the years building upon the pioneering works of Kiwiel [28]and Lemaréchal [32].

The method adds a regularization term to the estimation of f and solves

min
{

max
i∈Ik

f(xi) + ξf
i (x − xi)

+ 1
2αk

‖x − xk−1‖2
}

s.t. max
j∈Jk

{g(xj) + ξg
j (x − xj)} ≤ 0

(4)

to get the next query point xk. The main idea is based on the fact that (2) is a good
approximation of f when the next iterate is not far from the previous ones. Problem (4)
is equivalent to the quadratic program

min v + 1
2αk

‖x − xk−1‖2

s.t. f(xi) + ξf
i (x − xi) ≤ v, i ∈ Ik,

g(xj) + ξg
j (x − xj) ≤ 0, j ∈ Jk.
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The nice feature of Bundle methods is that they limit the number of hyperplanes that
are used to approximate f. The set of subgradients (the bundle) is updated at each iteration
and kept moderately small. As a result, (4) is solved very quickly.

Techniques to estimate αk are treated in [29] where three different values are proposed.

8 The Analytic Centre Cutting Plane Method (ACCPM)

To overcome the difficulty associated with the calculation of centres of polyhedrons and
still use a central point strategy, ACCPM uses concepts form the interior point literature
that have proven to be highly efficient.

The query point for ACCPM is the analytic center of the localization set Fk(vu). This
new notion of centre was first introduced by Sonnevend[41], [42], [43] as the the unique
pair

(
xk

a, v
k
a

)
that minimizes

log(vk
u − v) +

∑
i∈Ik

log[v − f(xi) + ξf
i (x − xi)]

+
∑

i∈Jk

log[−g(xi) + ξg
i (x − xi)].

This function is a potential function similar to the one used by Karmarkar[26] when
presenting the first interior point algorithm. Its minimization is equivalent to the solution
of a linear program by any interior point method. The primal projective algorithm is
favored due to its ability to deal with dual infeasibilities. It is, in principle, a modified
Newton method applied to the minimization of the potential function [9].

The Newton procedure for computing a central point
(
xk

a, v
k
a

)
of Fk(vu) identifies, upon

termination, a dual feasible solution to [MPk]. Evaluating the dual objective at this point,
gives a lower bound to the optimal solution of [NDP ]. In addition, if xk

a is feasible to
[NDP ], i.e. g(xk

a) ≤ 0, then f(xk
a) is an upper bound. Unfortunately, xk

a never coincides
with the original optimizer x∗, as it can never be a vertex, so the stopping criteria can only
be based on the difference between the upper a lower bounds. The algorithm would stop
if that gap is sufficiently small.

The convergence analysis of the method is done in [20] and [37]. ACCPM is readily
implemented [25] and has shown promising results in solving different large-scale problems
[2], [3], [19], [34]. The method was modified to use weighted analytic centres as a query
point [23], to add multiple cuts at once [17], to use a primal-dual interior point algorithm
for the calculation of analytic centres [11] and to accommodate quadratic cuts [10].

9 Concluding Remarks

Cutting plane methods are an effective solution approach for nondifferentiable optimiza-
tion. This has proven to be true when advanced methods such as Bundle and Analytic
Centre methods were designed. Not only they make use of recent advances in optimization
theory, they also resulted in efficient computer implementations.
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Manipulating the set of cuts is an important enhancement factor to cutting plane meth-
ods. In the addition of cuts, introducing a whole set at once is more effective than intro-
ducing single cuts as it allows the fast accumulation of information about the problem.
This is possible for certain classes of problems where disaggregation is possible. This is
true for Dantzig-Wolfe and Benders decomposition with primal and dual block diagonal
matrices respectively.

The second improvement is in the manipulation of number of cuts in the relaxed master
problem. Keeping all cuts may lead to a better approximation but it also requires huge
amounts of storage space and solution time. Thus well defined cut-dropping strategies will
considerably improve the performance of the method.

A final remark concerns the use of heuristics with cutting planes. They can be used to
initialize the method so that sufficient cutting planes are obtained to start the method, or
take over the search for optimal solutions when the method stalls.
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Mathematics, pages 311–327. Birkhäuser Verlag, Basel, Switzerland, 1988.

[43] G. Sonnevend. “Applications of the notion of analytic center in approximation (esti-
mation) problem.” Journal of Computational and Applied Mathematics, 28:349–358,
1989.

[44] P. Vaidya. “A new algorithm for minimizing convex functions over convex sets” Math-
ematical programming, 73 (1996) 291–341.

[45] P. Wolfe. “A method of conjugate subgradients for minimizing nondifferentiable func-
tions,” Mathematical programming study, 3 (1975) 145–173.

[46] Y. Ye. “A potential reduction algorithm allowing column generation,”SIAM Journal
on Optimization, 2 (1992) 7–20.

[47] Y. Ye. “Interior point algorithms: Theory and Analysis” John Wiley & sons, 1997.
[48] W. I. Zangwill “Nonlinear Programming: A unified approach” Prentice Hall, 1969.


