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Abstract: This paper presents a distributed and dynamic programming framework to the mining rate target
tracking of multiple mines under financial uncertainty. A single mine’s target tracking is stated as a stochastic
optimization problem, and the solution is obtained by solving the dynamic program which gives the optimal
production rate schedule of each mine as a Markovian feedback control on the price process. The global
solution is distributed on multiple mines by a policy iteration method, and this iterative method is shown
to provide the unique equilibrium among Markovian strategies. Numerical results confirm the efficacy of the
proposed global method compared to individual optimization of mining rate target tracking.

Key Words: Mining rate tracking, stochastic optimal control, dynamic programming, financial uncertainty,
distributed control.
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1 Introduction

A mining complex is composed of multiple mines, material types, and several processing streams including
stockpiles. A global optimization framework for a mining complex should take into account the dynamics
and mutual constraints of the overall complex. In this paper we will investigate mining rate target tracking
of multiple mines in a mining complex over the life of operations from which life of mine schedules are
generated. It is important to maintain a steady mining rate during the life of mine since moving mining
equipment and relocating personnel is costly. However, in changing market dynamics the tradeoff between
following the planned mining rate and cost of rate change forms a dynamic stochastic optimization problem,
which is termed mining rate tracking problem.

Three fundamental properties affect mining rate planning in a mining complex: metal uncertainty, finan-
cial uncertainty and inter-dependence of mines in a mining complex.

First, since the metal content of each mining block is not known, the associated financial value of a block
is stochastic. Traditionally, to overcome this stochasticity, scenario methodologies are applied (Ramazan and
Dimitrakopoulos 2007, 2012; Boland et al. 2008), the cost function is assumed to be linear and stochastic
mixed integer programming (SIP) based solutions are adopted. Since the number of mining blocks is usually
very large, heuristic approaches have been applied (Lamghari and Dimitrakopoulos 2012). Secondly, the
valuation of a block directly depends on the metal content. However, the price of the metal is a stochastic
process. Since mining rate tracking is a horizon optimization problem and the price is observed progressively
on the horizon, this introduces feedback controls to the tracking problem. Lastly, there are mutual constraints
that have to be addressed by all mines such as stockpiles and processing destinations that are common parts
of a mining complex. Therefore, a global optimization framework is needed.

Even though financial uncertainty has been addressed less than geological uncertainty in the mining
literature, there has been progress in the recent years. Simulation based approaches have been presented by
Abdel Sabour and Dimitrakopoulos (2009, 2012), and a methodology to quantify the effect of price uncertainty
within reserve estimates has been given by Evatt et al. (2012). A graph based parametric maximum flow
algorithm for developing ultimate pit limit and phase design under metal and financial uncertainty has been
presented by Asad and Dimitrakopoulos (2013).

In this paper, we provide an optimal control framework to address financial uncertainty and global opti-
mization in mining rate tracking of multiple mines in a mining complex. We present a stochastic optimization
framework where individual target tracking on the horizon is shown to be in the class of Markovian feedback
controls where the price process is progressively measured, but only the instantaneous price is used to form
the mining rate, whereas the stochastic properties of the price process are employed in the dynamic program.
Since the dynamic optimizations of the mines are coupled, a distributed policy iteration method is provided,
and it is shown that successive iterations converge to an equilibrium, and this equilibrium is unique.

It is to be noted that in this work we take a distributed approach rather than a centralized framework
that optimizes the mining rates of all mines in the complex. The main reason is computational. In the
proposed framework, each mine calculates its mining rate autonomously, and this gives a chance for parallel
computation and speed in decision making in an environment where every decision is dependent on volatile
prices.

We present the assumptions below.

Al: The existence of a target extraction rate function is assumed for each mine parameterized by the price
process and the extraction rates of other mines, denoted as W*(p;, Z;),t > 0, where p;, t > 0, is the price
process and Z;,t > 0, denotes the average extraction rate of all mines. O

The mines are not independent; for instance, if all the mines increase their extraction rates, even though
mines respect their individual constraints, the global constraints could be violated or stockpile capacities that
are commonly used could be exceeded.
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A2: It is assumed that the metal price follows a stochastic differential equation (Schwartz, 1997) which is
subject to Brownian increments, nowhere differentiable, Markovian and given by

dpe = f*(pe; p)dt + o (pe)dw, (1)
where fP(p; ) is the drift and o(p) is the volatility, whereas w is a standard Wiener process (Brownian
motion). O

The time evolution of the probability density function (¢, p:) of the metal price that is modeled through
(1) is given by the Fokker-Planck equation which in physics provides the evolution of the probability density
function of the velocity of a particle given by

0.C(0,p0) + L7 (s (L0 — 32,0 (00)*C(1,e) = 0, @)

where a closed form solution may exist depending on the properties of fP and o. Since the time varying
distribution of the metal price is explicitly stated through a partial differential equation (PDE), stochastic
mining rate target tracking can be simply formulated as a stochastic mixed integer program with recourse.
However, despite its simple model, the solution would be hit by the curse of dimensionality in the uncountable
and unbounded state space, and would be computationally intractable to provide Monte Carlo solutions even
if the distribution (2) is very roughly sampled. In this paper, optimal mining rate tracking is solved via a
dynamic program formulation solvable in closed form, therefore the approach offers a significant complexity
advantage.

Classical optimization and control theory studies problems with a single decision maker and offers many
tools and algorithms that can guarantee a certain performance and robustness. Decentralization of a global
system immediately poses new problems to be solved such as those raised by the well-known Witsenhausen
counterexample (Witsenhausen, 1968), or the stability issues which arise for systems subject to communica-
tion constraints (Nair and Evans, 2004). Viewed from this perspective, attention is needed for the utilization
of parallelization. There are cases in which an equilibrium may not exist where no unilateral deviations are
profitable. Even if an equilibrium exists, iterations of the distributed sub-problems might not converge to
this equilibrium. In this paper it is shown that for the distributed mining rate target tracking, there exists
a unique equilibrium, where no unilateral deviation is profitable, and a policy iteration method is shown to
converge to this equilibrium.

The remainder of the work is organized as follows. In Section 2 we introduce the mathematical model
where each individual optimization problem is formulated as a mining rate target tracking problem. In
Section 2.1 we solve the dynamic program and present the closed form solutions that generate the optimal
mining rate of each mine. In Section 3 we present the distributed algorithm and show the convergence of the
algorithm towards the equilibrium where profitable unilateral deviations do not exist. In Section 4 we briefly
mention the maximum likelihood method to calibrate the stochastic price process parameters, and provide
some simulation results.

2 Optimal target control

Here we introduce the mathematical model for the mining rate tracking optimization. Each mine tries to
track the planned extraction trajectory in order to fulfill its planned schedule. The optimization is computed
on a horizon through a cost function where both deviations from the target and change in the rate of mining
are penalized. Moreover, these plans are dependent on the stochastic process p;,t > 0, the price process.

In the rest of the paper mine & is denoted as agent Ay, and K agent systems Ay, 1 < k < K, and a single
stochastic process p;,t > 0, are considered, where the dynamics are defined by
dpy = ppedt + opdwy,
dz® = udt,

(3)

t > 0,1 <k < K. Here p is the drift and o is the volatility for the metal price. The terms xf € R and u,’f €ER
represent the mine extraction rate and rate change for mine k, 1 < k < K at time t. We use u to denote
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“control” throughout the rest of the paper since it controls the mining rate on the horizon. The process w
denotes a standard Wiener process in R on a sufficiently large underlying probability space (Q,F, P) such
that w is progressively measurable with respect to F* := (F¥,t > 0); thus, all the history of the Wiener
process is available at time t.

The initial states are deterministic and known by all agents. It is assumed that Eww? = 1, and p2 < cc.

K
Denote the state configuration by x = (x!,--- ,2%)7, and average state by z = (1/K) Y z*.
k=1

The individual discounted quadratic cost function that penalizes a mine’s deviation from its target and
control action is given by

o0 2
(P, u™") = E/ e ot {qk (mf — ‘I’k(pt;i‘t)) + Tk(uf)z} dt,
0

o0 (4)
D= E/ e 02k, ul)dt.
0

Note that even though the horizon extends until oo, the target ¥* determines the life of mine. The
coefficients ¢*,7* € R, will be called the cost parameters. The function u* (+) is the control input of the
agent Ay,1 < k < K, and u* denotes the control inputs of the complementary set of agents A_j, = {A; :
j # k,1 <j < K}. Note that each agent’s target W* is a dynamic quantity changing in time. Each mine
wants to track its optimal target; however, changing mining rate is costly, and this is reflected through the
penalization of action in the cost function.

2.1 Control actions of individual agents

Here the dynamic program that solves optimal mining rate tracking for system (3) with the cost function (4)
is presented. The existence of a solution to the dynamic program is shown, its particular form is provided,
and the optimal control action is obtained in analytical form.

For the optimality analysis, first introduce the admissible control set U which consists of all feedback
controls adapted to F}’;t > 0. In other words, at time ¢, action wu; is allowed to use all the history of the
disturbance process up until time .

In the framework in this paper, the agents are in a relation such that each agent’s behaviour evolves as
a function of other agents’ states as well as the stochastic process p. Since py, t > 0, is a stochastic process,
the interaction is dynamic.

Without a loss of generality, for a system where K = 3, the dynamics of A;, the evolution of variables
that affect its mining rate, may be written in the form

dz] [0 0 0 0] [« 1 00 0 0] [ul 0
dez| o 0 0 o] |22 ol ,,. o1 0 o] |u 0
dt| = 1o 0 0 of 23] %F o] W%t o 0 1 of [w3|“TP] o (5)
dp,| |0 0 0 ul |p 0 000 0o dw,
= Axydt + Brujdt + M usdt 4 op; (013, dw,)T

Note that z; := [z}, 22, 23, p] T, ue == [u}, u?,u?, 0], and the states of other agents as well as the process

pe, t > 0, are augmented to the individual state of the agent Ay.

A3: The methodology in this paper accommodates all continuous linear functions of p and z with a finite
number of parameters. Without a loss of generality it is assumed that U¥(p, ) is in the form of

Uk (p,z) = x + a*p - Bz, (6)

where y,a*, 3 € R. O
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The previous assumption is for technical reasons. In the remainder of the paper linearity of the tracking
function will be employed to find a closed form solution to the dynamic program. For this system the following
definitions are made:

T
1 BB B 1\ 1 B BB 4
=(1+=,=, =, — 1+, = = —
Q (+373737 a)q(+37373’a )
T
1 ﬁ 5 ﬁ 1 1
=14+=,=,=,— .
P (14282 Y o
For an initial state 2o and a given u=* := u=¥, 0 < 7 < oo, the value function is defined as
V(woiuy"*) = inf Ji(u,u™"). (7)

Lemma 2.1 For all 0 < t < oo, the value function (7) is the solution to the dynamic program and is given
by the Hamilton-Jacobi-Bellman equation

6V(mt,ut_k) — inf {l(xt,uf) + (8xtV(xt,ut_k))T (Axy + BkuéC + Mkut)}

ukeUu
1
- iaz’ﬁaiwpﬂ/(a:t,u[k) =0. (8
O
The proof is given in the Appendix.

Lemma 2.2 There erists a unique U* € U such that Ji(a%,u=%) = iknf Je(uF u=F), and if i* € U is
ukelU

another control such that Ji (%, u=F) = Ji(uF,u=*), then Pq(a* # 4*) > 0 only on a set of times s € [0,00)
of Lebesgue measure zero. O

The proof is generic and therefore is omitted (Fleming and Rishel, 1975).

Lemma 2.3 For system (5) the minimum cost-to-go is quadratic in x; consequently, V can be written in the
form
V(2 up ®) = 2T TR (), + 22T 55 (5 u7%) + ¢*(1). (9)

O
The proof is given in Section 2.3 in Anderson and Moore (1989).

We inject (9) in (8) and obtain the optimal action (u*)* together with (11) and (12).

(uf)* = —(rk)*lBkT [Hkxt + sf(ut_k)] , (10)
where
SIF = I A + ATTIF — TIF B*(#%) "' BMTIF + QF, (11)
and o
- Zh = (A= BN BT - 6)sf (u ) + My — (12)

Note that even though u* is allowed to observe all the state space history up until ¢, the optimal control
uses only the current state and current price; therefore, it is computationally easy to generate. The algebraic
equation (11) is solved offline and at each time instant the optimal control needs to compute (12). Even
though the solution to the dynamic program is a PDE (8), (12) is an ordinary differential equation (ODE),
and can be easily solved backwards in time. Note that even though a closed form exists for (10), there does
not exist a closed form solution for (11), and needs to be solved numerically.
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3 Coupled systems

The solution to the optimal mining rate tracking was provided in the previous section; however, each agent’s
calculation requires all the rest of the agents’ action data. In other words, the individual optimization
problems are coupled; therefore the equations need to be solved altogether. The first question to answer is
the existence of an action profile to the set of coupled equations. Here we prove the existence, and the action
profile is unique under a set of conditions. The second question is the existence of a method to reach this
equilibrium. We show in this section that the policy iteration methodology provides the unique equilibrium,
where there does not exist a unilateral action that provides a smaller cost for any agent.

The proposed solution is iterative. Agent 1 calculates its optimal action, then Agent 2 calculates its
response, then Agent 3 and so on. The algorithm converges with probability 1 as the iterations size tends to
infinity; and practically, the algorithm can be stopped at some threshold.

Note that due to the stochastic process’ presence, the trajectories cannot be obtained offline as the group
evolves by reacting to the process p;,t > 0, which is continuously subject to disturbances.

For the group, we shall now specify the coupled equation system:
da¥ = Az.dt + B*uFdt + M u.dt, VE,
dséC

dt
uf = —pF=1 BrT [Hkxf + Sf(ut_k)] , k.

= (A — BM* 1 BMTITF — 51T 6k 4 IMPu, — 0, Yk (13)

Here we introduce T : Cp[0, 00) — Cp[0, 00) which is the operator for (13), and where C, denotes the set
of all bounded continuous functions. Hence, we can write (13) as

up = T(ug),0 <t < 0.

3.1 Equilibrium

In this section the equilibrium properties of (13) are analyzed. At each time instant and at each point in
the state space each agent solves (13). Here we show that the system of equations regarding the optimal
actions of all agents in the system has a unique solution. We also present the policy iteration procedure that
leads to the unique solution of the system of equations when applied by all agents in the system. Due to the
stochastic process p;, t > 0, this procedure is repeated by each agent until the fixed point is obtained at each
time instant.

Theorem 3.1 The map T : Cp[0,00) — C[0,00) has a unique fized point which is continuous on [0,00). [

Proof. The existence and uniqueness of a fixed point is guaranteed by Banach’s fixed point theorem through
the continuity of the operator, completeness of the space of bounded continuous functions on the infinite
interval and provided by the contraction argument that |T(z)| < ~y|z|, where v < 1 is satisfied. O

The main result of this section immediately follows Theorem 3.1.

Corollary 1 The equation system (13) admits a unique bounded solution. O

3.2 Policy iteration

We now describe the iterative policy of an agent. At time ¢ € [0, 00), for a fixed iteration number n > 0 and
T € [t,00), suppose that there is a priori u, € Cp[0,00). Then the best response action of each agent is in the
form of uf(n+1) = —(r*) "L BFT[IT* (25T p, )T + 5% (u, (n))]. We get the recursion for u as u, (n+1) = Tu,(n).
The procedure can be applied for all ¢ < 7 < T', and the recursion converges to a unique u},t <7 <T. This
procedure is independently performed by each agent in the system at each time instant.
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Proposition 3.1 lim u;(n) = uj where uj € Cy[0,00) for all 0 <t < 0. O

n—00

Proof. It has been shown in Theorem 3.1 that T is a contraction. Therefore, for any u(0) € Cs, le u(n) =
u* € Cp follows. O

Before we present the subgame perfect equilibrium theorem, we employ the technical assumption below:

A4: Agents can only use Markovian strategies, i.e., we rule out equilibria based on future punishments.
O

A Markovian strategy ; of a player is defined to be a strategy where for each ¢,~;(t,z) depends on Fy,
the o-field generated by the agents’ trajectories and the price process {z%,p,;0 < 7 < t,1 <k < K} only
through ¢, {z¥ p;1 < k < K}.

Let us define I to be the class of mappings 7 : [0,00) x RE+! — R with the property that u(t) = (¢, z)
is adapted to F, the o-field generated by the agents’ trajectories and the price process {z¥ p,;0 < 7 <
t,1 < k < K}. Therefore T' is more general than Markovian strategies. A subgame perfect equilibrium of
the dynamic game with the set of agents K with dynamics (3), and with the cost functions (4) is a strategy
profile v* € T such that for any history h, the strategy profile v*|; is a Nash equilibrium of the subgame
based on the history h.

The following corollary follows Proposition 3.1.

Corollary 2 Within Markovian strategies for agents with dynamics (3), the action profile obtained when all
agents apply (10) at any t > 0, with the iterative procedure described above is the unique subgame perfect
equilibrium of the game. O

The system has a unique equilibrium within Markovian strategies, and the action profile corresponding to
the equilibrium can be obtained by an iterative algorithm applied by each agent. The equilibrium is shown
by use of a fixed point argument, and the procedure is explained by a policy iteration methodology. At each
time instant each agent considers future evolution, and calculates the best response action. This procedure
leads to the unique best response profile, and the equilibrium is obtained.

4 Numerical results

4.1 Data calibration

In previous sections a framework for mining rate tracking under financial uncertainty was provided. For
practical implementation in order to employ the particular function in (3) as the price model, function
parameters need to be calibrated with real data. In this section maximum likelihood estimates are employed
in order to estimate the parameters. Black-Scholes formula uses the lognormal diffusion which is modeled by
Geometric Brownian Motion (GBM)

dpy = ppidt + oprdwy, (14)

po > 0, where p and o in (5) are the percentage drift and percentage volatility respectively.

Ito’s lemma is employed to write

1

= adt + odw;.

Maximum Likelihood is employed to estimate the non-random parameters of the geometric Brownian
motion in (15). The likelihood function is defined as

L(0) = f(x;0),
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a function of 0 for a fixed value of data . The maximum likelihood estimator is defined as

0 = argmazgeo f(x;0)
= argmazgL(6)

= argmazyl(0)
for any monotonic increasing function () of L(6).

We discretize (14) with Euler-Maruyama method and for h > 0 write

1
log P, —log Py = (,u — 202) h+ \/EO'N((L 1).

ri(h) = log (P]::).

Note that the sequence (ry) is independent and identically distributed with N(ah,o?h). Recall that
Gaussian distribution is specified with the first two orders. We define 6 = («, 0?) and the joint measurement
distribution is written as

Now, 71, is defined as

1" RN
f(?‘,@) = (W) exp{2a2h ;(Tk Oéh)z} .

Then, we take the logarithm and obtain

n 1 < 1 1 <
log f(r;©) = 5 log(2m0?) — 2027 Zr?f + 2077 Z 2rpah — 5527 ZthQ.
k=1 k

=1

We take the first derivatives with respect to o and o2 and obtain

b= 3 ), (16)

4.2 Example

In this section a mining complex of three gold mines is simulated for a single scenario. The optimal mining
rate schedule of each mine will be calculated under the uncertainty of gold price for 20 years. First, in order
to properly model price stochasticity, Maximum Likelihood estimates will be obtained for the parameters
and o in (5). Then, using the distributed policy iteration method, the mining rate schedule is obtained for
the three mines.

In Figure 1 the ounce price of gold from 1978 till 2012 is shown. Then, (16) and (17) are employed to
obtain estimates. In Figure 2, 50 simulations that were performed using the estimates are presented, and it
is seen that simulations nicely cover the actual price history except for the very beginning of the history.

The target extraction rate (6) parameters are y = 100 and 8 = 1 for all three mines and « = {1.25,1.5,
1.75} respectively. These mines also have different flexibilities in changing their mining rates, therefore, r
parameters are selected as r = {150, 125,100} respectively.

A single scenario for 20 years horizon is given in Figure 3. We see that the simulated price is highly
volatile. Each mine calculates its optimal mining rate using feedback on the gold price and by iteratively
exchanging information, the mines reach an equilibrium where each mine establishes its optimal schedule.
The optimal mining rates using the proposed distributed optimal control is plotted in Figure 4.
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Figure 1: Historical gold price chart
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Figure 2: Gold price simulations using the ML estimates

The extraction rate of mine 1 is plotted with blue, mine 2 is plotted with green and mine 3 is plotted
with red. It is seen that mines do not react uniformly to the changes in price. Mine 1 and mine 2 maintain
a more reactive scheduling while mine 3 keeps a more steady mining rate.

In Figure 5, for comparison we plot the optimal mining rate of each mine through individual independent
optimization. In this figure, all three mines monotonically follow the changes in price. The effect of global
distributed approach is clear. It treats the mines in a non-uniform way, where mines with less penalty of
deviation from their target are rewarded with more of the common resource; which leads to a smaller cost
globally.
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Figure 4: Global mining rate tracking

5 Conclusion

In this paper we have studied a mining rate target tracking problem where each mine’s extraction target is
assumed to be a function of the stochastic price and other mines’ extraction rates. Since the price process is
modelled as a stochastic differential equation on a continuous horizon, a scenario method would lead to an
optimization problem with a prohibitive number of variables. For individual tracking we employ a dynamic
programming approach and solve the problem on the continuous horizon. For parallelization, we employ an
iterative solution, and show that the iterative method leads to a unique equilibrium.
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Figure 5: Individual mining rate tracking

This paper deals with complexity in two ways. First, we separate the individual mine scheduling problem
from the global mine extraction rate target problem. The proposed methodology works on a higher level of
hierarchy than the individual optimization of a single mine. This is a significant advantage because individual
optimization is itself a stochastic optimization problem due to the metal content uncertainty. This way we
are able to treat two uncertainties separately. Secondly, we take a distributed approach, and instead of trying
to solve the target tracking globally, each mine extraction tracking is done in parallel in an iterative manner
until the iterations converge.

Even though the paper assumes a simple tracking function class, the proposed method is easily readily
extendible to a more complicated function with a much higher number of parameters. How to characterize
this function and how to calibrate these parameters with respect to the given data are subjects of future
research.

Appendix A — Proof of Lemma 2.1
Proof. For very small At > 0 we use the identity e ** ~ 1 — §At and obtain

V(2 u;®) = inf {l(xhuf)At +(1- (SAt)V(;vHAt,u;fAt)} . (18)

ukeu
For V(¢4 at, Uy, fAt), Taylor series gives
_ _ _ _ 1 _
V(ztyat, utfm) ~ V(g u®) + 0,V (g, uy F)AL 4+ 8,V (2, uy ) Az + iTrazmptV(a:t, u; ®)(Ax)?,
which after applying Ito’s rule can be written as
1
~ V(g ur®) + 0,V (e, uy ®)At + 0,V (x4, uy ®) (Azy + BRul + MPuy) At + 502Tr8§IptV(xt, u; M)At (19)

We inject (19) into (18), take At — 0, and obtain (8). O
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